
C O M M E N T I N G P R O O F S 

J a m e s R, G e i s e r 
M a s s a c h u s e t t s I n s t i t u t e o f T e c h n o l o g y 

A r t i f i c i a l I n t e l l i g e n c e L a b o r a t o r y 
C a m b r i d g e , M a s s a c h u s e t t s 

A b s t r a c t 

The goa l o f t h i s i n v e s t i g a t i o n i s the d e v e l o p ­
m e n t o f a s e m a n t i c s f o r 1 o r d e r t h e o r i e s based 
o n c e r t a i n new s y n t a c t i c s t r u c t u r e s i n f o r m a l 
p r o o f s w h i c h d e r i v e f r o m t h e i r p r a g m a t i c and 
s e m a n t i c a s p e c t s . The p r e s e n t r e p o r t i s m a i n l y 
c o n c e r n e d w i t h t hese new s y n t a c t i c s t r u c t u r e s , 
the m o t i v a t i o n b e h i n d t h e m , t h e i r t e c h n i c a l d e f ­
i n i t i o n and t h e i r b a s i c p r o p e r t i e s . T h e i r r o l e 
i n a new s e m a n t i c s f o r l n t u i t i o m stc Peano A r i t h ­
m e t i c i s i n d i c a t e d i n the l a s t s e c t i o n . 

1 . I n t r o d u c t i o n 

T h i s p a p e r c o n s t i t u t e s a s u m m a r y o f a s e m ­
i n a r e n t i t l e d " C o m m e n t i n g P r o o f s " g i ven a t the 
A r t i f i c i a l I n t e l l i g e n c e L a b o r a t o r y a t M , 1 . T . 
d u r i n g the s p r i n g o f 1974. The s e m i n a r was c o n ­
c e r n e d w i t h new s y n t a c t i c a l s t r u c t u r e s i n f o r m a l 
p r o o f s w h i c h d e r i v e f r o m t h e i r p r a g m a t i c and 
s e m a n t i c a s p e c t s . T h e s e s t r u c t u r e s can be used 
t o p r o v i d e a s e m a n t i c a l i n t e r p r e t a t i o n f o r p r o o f s 
q u i t e d i s t i n c t f r o m tha t o f M o d e l T h e o r y a n d 
r a t h e r m o r e a k i n t o the c o n s t r u c t i o n s e m a n t i c s 
f o r I n t u i t i o n i s t i c Peano A r i t h m e t i c d e v e l o p e d b y 
K. Gode l a n d the A. L p r o c e d u r a l i n t e r p r e t a t i o n 
o f the l o g i c a l c o n n e c t i v e s and q u a n t i f i e r s a la 
C . H e w i t ' s P l a n n e r L a n g u a g e . The w o r k i s a c t ­
u a l l y a s y n t h e s i s o f e l e m e n t s f r o m Y e s s e n m -
V o l p i n ' s f o u n d a t i o n a l s t u d i e s { l ) a n d G . S u s s m a n ' s 
w o r k on b u i l d i n g a " c a u s a l " h i s t o r y o f a c o m p u ­
t a t i o n f r o m the c o m m e n t s o f the c o r r e s p o n d i n g 
d o c u m e n t e d p r o g r a m (2). 

F o r the m o s t p a r t w e s h a l l r e s t r i c t ou r ­
s e l v e s to the c o n t e x t o f Peano A r i t h m e t i c and 
the p r i m a t i v e r e c u r e s i v e a r i t h m e t i c o f a d d i t i o n , 
m u l t i p l i c a t i o n and e x p o n e n t i a t i o n i n p a r t i c u l a r . 
A t the end o f t h i s r e p o r t a few r e m a r k s w i l l be 
m a d e on how these i d e a s a r e e x t e n d e d to a r i c h e r 
d e d u c t i v e e n v i r o n m e n t . 

I n o u r w o r k w e d i s t i n g u i s h b e t w e e n f o r m a l 
p r o o f s (a sequence o f s e n t e n c e s s a t i s f y i n g the 
u s u a l s y n t a c t i c c r i t e r i a ) and " r e a l " p r o o f s ( a 
f o r m a l p r o o f c o n s t r u c t e d b y s o m e o n e i n a c c o r d ­
a n c e w i t h a m o t i v a t i o n a l s y s t e m o f g o a l s ) . In the 
l a t t e r case each l i n e m a y b e c o m m e n t e d b y 
i n t r i n s i c ( f o r m a l - s y n t a c t i c ) r e m a r k s and e x t r i n -
s i c (goal r e l a t e d ) r e m a r k s . These r e m a r k s not 
o n l y e x p l a i n the p u r p o s e o f a p a r t i c u l a r l i n e , but 
a t the s a m e t i m e e s t a b l i s h c o n n e c t i o n s w i t h o t h e r 
l i n e s ( p r e v i o u s l i n e s and l i n e s ye t t o b e c o n s t r u c t ­
e d ) . I n tac t these r e m a r k s po in t t o c o n n e c t i o n s 
b e t w e e n the v e r y s i gns tha t m a k e up the l i n e s o f 

t h e p r o o f . T h e s e c o n n e c t i o n s , w h i c h , u s i n g 
Y e s s e n i n - V o l p i n ' s t e r m i n o l o g y , a r e c a l l e d 
i d e n t i f i c a t i o n a l c o n n e c t i o n s o r i d s , a r e the 
l i n k s o f a v e r y d e t a i l e d s y n t a c t i c s t r u c t u r e 
w h i c h r e s i d e s i m p l i c i t l y i n r e a l p r o o f s , a s t r u c ­
t u r e o f c a u s a l c h a i n s c o n n e c t i n g the o c c u r e n c e s 
o f s y m b o l s . T h i s i s the new s y n t a c t i c s t r u c t u r e 
m e n t i o n e d i n the f i r s t p a r a g r a p h . 

W i t h t h i s s o r t o f i n f o r m a t i o n i t b e c o m e s 
p o s s i b l e t o a n s w e r a q u e s t i o n l i k e " w h a t p a r t o f 
the t e r m 1 1 . 111 i s r e s p o n s i b l e f o r the t h i r d 
s t r o k e i n the r i g h t h a n d s ide o f the e q u a t i o n 
11-111 = 111111 ?". Such a p a r t w i l l be c a l l e d an 
i n g r e d i e n t o f a t e r m , c o n s i s t i n g o f a c e r t a i n l i s t 
s t r u c t u r e w h o s e a t o m s a r e the o c c u r e n c e s o f 
s y m b o l s in the t e r m . I f we t h i n k o f a t e r m t 
b e i n g e v a l u a t e d t o i t s n u m e r a l v a l u e l t l = l l . . . l 
t hen the i n g r e d i e n t s r e p r e s e n t the c o m p u t a t i o n a l 
h i s t o r y o f each s t r o k e i n I t l . 

M u c h o f the p r e s e n t r e p o r t i s c o n c e r n e d w i t h d e ­
f i n i n g the i n g r e d i e n t s o f a t e r m and c h a r a c t e r i z ­
i n g t h e i r dependence o n the c o m p u t a t i o n a l p a t h s 
u s e d t o e v a l u a t e the t e r m . The s e m a n t i c s w h i c h 
a r i s e s f r o m t h i s c o m e s f r o m c o n s i d e r i n g a p r o o f 
a s e n c o d i n g a p r o c e d u r e f o r m a n i p u l a t i n g l i s t 
s t r u c t u r e s s o t h a t i f , f o r e x a m p l e , the p r o o f i s 
o f t=s t hen the e n c o d e d p r o c e d u r e i n d u c e s an 
i s o m o r p h i s m f r o m the i n g r e d i e n t s o f t on to the 
i n g r e d i e n t s o f s . W h i l e i n g r e d i e n t s a n d the r e ­
s u l t i n g s e m a n t i c s c a n b e i m p l i m e n t e d i t s e e m s 
bes t a t t h i s p o i n t t o t r e a t t h e s e i d e a s t h e o r e t i c a l l y 
and t o b e a w a r e o f t h e i r p o s s i b l e r e l e v a n c e t o 
such c o n c e p t s a s c o n s i s t e n c y , r e l e v a n t e n t a i l ­
m e n t , c o m p u t a t i o n a l e f f i c i e n c y and m e t h o d s o f 
p r o o f . W e won t d e v e l o p e t h e s e c o n n e c t i o n s i n 
t h i s r e p o r t o t h e r t h a n t o b r i e f l y po i n t ou t a c o n ­
n e c t i o n b e t w e e n c o m p u t a t i o n a l e f f i c i e n c y a n d the 
" n o r m a l " f o r m o f a n i n g r e d i e n t i n s e c t i o n 7 . 

j _ - _ R e c u r s i v e A r i t h m e t i c . 

R e c u r s i v e A r i t h m e t i c c o n s i s t s s y n t a c t i c a l l y 
o f t e r m s and e q u a t i o n s , and d e d u c t i v e l y o f c o m p ­
u t a t i o n s ( c o n s t u c t e d by m e a n s o f the r e c u r s i o n 
a x i o m s and the s u b s t i t u t i o n r u l e ) . 

T e r m s a r e e x p r e s s i o n s f o r m e d f r o m 1, + , " , 
exp, ( , ) by m e a n s of the f o l l o w i n g r u l e s . 
1) 1 is a t e r m . 
Z) I f t i s a t e r m t h e n so is t l . 
3) If t and s a r e t e r m s t hen so a r e (t + a), t • s, 
and e x p ( t , s) . 
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W e s h a l l use the s y m b o l s t , r , s , . . . , 
t 1 , r 1 , s 1 , . . . . . . . t o d e n o t e t e r m s . W e s h a l l m a k e 
use o f the u s u a l c o n v e n t i o n s f o r i g n o r i n g p a r a n -
t h e s e s . A l s o note t h a t o u r use o f the w o r d 
" t e r m " d o e s n ' t a l l o w f o r the o c c u r e n c e s o f f r e e 
v a r i a b l e s , i . e . t hey a r e a l w a y s t o b e c l o s e d . * 

T e r m s o f the f o r m 1 , 1 1 , . . . . 1 ( n } 

( n c o n c a t e n a t e d s t r o k e s ) a r e c a l l e d n u m e r a l s . 

A n e q u a t i o n i s a n e x p r e s i o n o f the f o r m 
t = s. 

H e r e s ( r ) deno tes a t e r m i n w h i c h the t e r m r 
has one o r m o r e i n d i c a t e d o c c u r e n c e s , and s ( r ' ) 
d e n o t e s the t e r m r e s u l t i n g f r o m the r e p l a c e m e n t 
in s ( r ) o f r by r ' a t the i n d i c a t e d o c c u r e n c e s o f 
r i n s ( r ) . Note tha t t h i s i s m o r e g e n e r a l t h a n 
u n i f o r m s u b s t i t u t i o n . W e say t h a t L C f o l l o w s 
f r o m L A and L.B b y s u b s t i t u t i o n . 

A p r o o f o r c o m p u t a t i o n i s f o r m a l l y d e ­
f i n e d as a sequence o f e q u a t i o n s each o f w h i c h 
i s a i n s t a n c e o f a r e c u r s i o n a x i o m or e l s e f o l l o w s 
b y s u b s t i t u t i o n f r o m t w o p r e v i o u s e q u a t i o n s . W e 
c o n s i d e r t w o s i m p l e ye t i l l u m i n a t i n g e x a m p l e s . 

3 , C o m m e n t i n g P r o o f s . 

W e b e g i n c o m m e n t i n g t h e s e c o m p u t a t i o n s 
b y m e a n s o f i n t r i n s i c and e x t r i n s i c r e m a r k s - -
t h i s t e r m i n o l o g y i s a f t e r S u s s m a n . T h e n w e u s e 
t h e s e r e m a r k s t o g e n e r a t e i d s b e t w e e n the o c ­
c u r e n c e s o f s y m b o l s i n the c o m p u t a t i o n . By 

* The n o t a t i o n a l m e t h o d s tha t we s h a l l 
d e v e l o p e f o r + , * , and e x p , w i l l s e r v e to 
h a n d l e a l l o t h e r p r i m i t i v e r e c u r s i v e f u n c t i o n s . 

t r a c i n g out c h a i n s o f i d s we can e s t a b l i s h an a c ­
c o u n t a b i l i t y f o r e v e r y s i g n i n the c o m p u t a t i o n . 
T h i s w i l l a t the s a m e t i m e m a k e e x p l i c i t the 
s e m a n t i c s o f t h e c o m p u t a t i o n , i . e . w h i c h o c ­
c u r e n c e s o f s y m b o l s a r e s y n o n o m o u s and wha t 
a r e the c o m p u t a t i o n a l ro les o f each s i g n . 

The i n t r i n s i c o r f o r m a l c o m m e n t s m a k e 
no te of : 
1 ) i f the l i n e i s an a x i o m ; in w h i c h case a p o i n t e r 
i s g e n e r a t e d t o the a x i o m s c h e m a i n q u e s t i o n ; 
2 ) i f the l i n e f o l l o w s b y s u b s t i t u t i o n ; i n w h i c h case 
p o i n t e r s a r e g e n e r a t e d t o the l i n e s f r o m w h i c h i t 
f o l l o w s a n d to the o c c u r e n c e s o f the t e r m to be 
r e p l a c e d . 

The e x t r i n s i c o r g o a l - r e l a t e d r e m a r k s 
c o n s i s t o f : 
1 ) the t o p l e v e l g o a l s t a t e m e n t ( i . e . f i n d the 
v a l u e o f t e r m t ) ; 
2) the a s s e r t i o n t h a t l i n e L (s =. s ' ) is g e n e r a t e d 
i n o r d e r t o s i m p l i f y b y s u b s t i t u t i o n a t e r m t ( s ) 
i n a p r e v i o u s l i n e L 1 ; 
3 ) t he a s s e r t i o n t h a t l i n e L," i s the r e s u l t o f a 
s u b s t i t u t i o n r u l e f r o m l i n e s L , L ' whose p u r ­
pose i t w a s t o a c h i e v e s i m p l i f i c a t i o n b y m e a n s o f 
t h i s s u b s t i t u t i o n ; 
4 ) the a s s e r t i o n t h a t the l i n e m a t c h e s the t o p 
l e v e l g o a l . 

E x a m p l e 2 . 2 i s c o m m e n t e d i n a s i m i l a r 
m a n n e r . 

4 . I d e n t i f i c a t i o n a l C o n n e c t i o n s . 

We now a d d a t h i r d t y p e o f c o m m e n t to the 
a n a l y z e d c o m p u t a t i o n , n a m e l y w e m a k e no te o f 
the i d e n t i f i c a t i o n a l c o n n e c t i o n s ( i d s ) . F i r s t o f a l l 
each a x i o m i s t o b e a c c o m p a n i e d b y c e r t a i n i d s a s 

F o r e x a m p l e , i n A2 we w o u l d say t ha t s a n d 
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t in the r . h . s . a r e r e w r i t t e n f r o m the s and t in 
the l . h . s . and t h i s j u s t i f i e s t h e i r s y n o n y m i t y . O n 
the o t h e r h a n d w e a l s o m a k e a n i d e n t i f i c a t i o n a l 
c o n n e c t i o n b e t w e e n the t w o o c c u r e n c e s o f 1 a n d 
t h i s c o n s t i t u t e s o u r s e m a n t i c a l i n t e r p r e t a t i o n o f 
+ i n t e r m s o f the s u c e s s o r f u n c t i o n x l . 

Now c o n s i d e r M 2 . We say t h a t bo th t ' s 
i n t h e r . h . s . a r e r e w r i t t e n f r o m the l . h . s t . 
S i m i l a r l y the s i n the r . h . a . i s r e w r i t t e n f r o m 
the s i n the l . h . s , . H o w e v e r , we a s s o c i a t e the 
s e c o n d t i n the r . h . s . w i t h the s t r o k e 1 o f t he 
l . h . s . t h i s i s p a r t o f o u r s e m a n t i c a l i n t e r p r e ­
t a t i o n o f * . Thus we a r e l o o k i n g a t m - n as s a y ­
i n g a d d m to i t s e l f n t i m e s ; i n t h i s c o m p u t a t i o n 
n a c t s as a c o u n t e r f o r the n d i f f e r e n t r e w r i t t i n g s 
o f m . The s t r o k e s o f m a r e the c o u n t e r o r c o n ­
t r o l e l e m e n t s i n t h i s c a s e . 

L e t A be an a x i o m a n d i d ( A ) the set o f i d s 
a s s o c i a t e d w i t h A . M o r e e x p l i c i t l y : i f a s t r o k e p 
o n the r . h . s i s s i m p l y r e w r i t t e n f r o m a s t r o k e q 
o n t h e l . h . s . ( w i t h o u t a c o n t r o l e l e m e n t ) t h e n 
put i d ( p , q ) i n i d ( A ) ; i f on the o t h e r h a n d p i n the 
r . h , s . i s r e w r i t t e n ! f r o m q in the 1 . h . s . u n d e r 
t h e c o n t r o l e l e m e n t q ' and u s i n g a n a x i o m f o r the 
o p e r a t i o n f ( e i t h e r • o r exp ) t hen put i d ( p , (q , q ' , f ) ) 
i n i d (A) . * 

Ids c o m e f r o m the s u b s t i t u t i o n r u l e i n a c ­
c o r d a n c e w i t h the f o l l o w i n g s c h e m a . 

T h e s e i d s a c t u a l l y c o m e f r o m the e x t r i n s i c c o m ­
m e n t s a s s o c i a t e d w i t h t h e s e l i n e s : L b ' s p u r p o s e 
i s t o s i m p l i f y the i n d i c a t e d s i n the r . h . s . o f L a . 
Hence the s i n the ] , n . s . o f Lb i s r e w r i t t e n f r o m 
the s in the r . h . s . o f L a . Lc a c h i e v e s the g o a l 
o f L b ; h e n c e the c o n t e x t r i n the r . h . s , o f Lc i s 
r e w r i t t e n f r o m the c o n t e x t r i n the r . h . s . o f L a 
a n d the s ' i n the r . h . s . o f L c i s r e w r i t t e n f r o m 
the s* o f the r . h . s , o f L b . A l s o , the 1 . h . s , o f Lc 
i s r e w r i t t e n f r o m the l . h . s . o f L a . 

F u l l y c o m m e n t e d b y i d s E x a m p l e s 2 .1 and 
Z, Z l o o k l i k e the f o l l o w i n g . 

E x a m p l e 2 .1 C o m m e n t e d b y i d s . 

* A se t o f i d s l i k e i d ( A ) is u s u a l l y t a k e n 
s y m e t r i c a l l y , i . e . , i f i d ( u , v ) i s i n i d ( A ) t h e n 
so i s i d ( v , u ) . 

W e can n o w t r a c e out pa ths o f i d s , t h e r e ­
b y d i a g r a m m i n g the c o m p u t a t i o n a l r e l a t i o n s b e ­
t w e e n the d i f f e r e n t o c c u r e n c e s o f s t r o k e s i n t h e 
p r o o f . F o r e x a m p l e , i n E x a m p l e 2 . 1 , i f w e d e ­
no te the o c c u r e n c e s o f s t r o k e s i n L 3 b y p , p ' , p " , 
q , q ' , q " ( le f t t o r i g h t ) t h e n w e c a n see t h a t p i s 
c o n n e c t e d t o q , p ' i s c o n n e c t e d t o q ' a n d p " i s 
c o n n e c t e d t o q " . F u r t h e r m o r e t h e s e a r e the 
o n l y c o n n e c t i o n s b e t w e e n the s t r o k e s o f L 3 . T h i s 
y i e l d s a v e r y n i c e c o r r e s p o n d e n c e b e t w e e n the 
1 . h . s . and the r . h . s . s t r o k e s o f L 3 . 

The case o f E x a m p l e 2 . 2 i s m o r e c o m ­
p l i c a t e d i n tha t s o m e o f the o c c u r e n c e s o f s t r o k e s 
a c t a s c o u n t e r e l e m e n t s and w h e n i n t h i s r o l e 
t h e y d o not get r e w r i t t e n . L a b l e the s t r o k e s i n 
L5 p , p ' , p" q q ' ( l e f t to r i g h t ) . T r a c e out a p a t h 
f r o m q o r q ' o f L5 t o a p a t t e r n o f s t r o k e s p , p ' , 
a n d p " o f L 5 , u s i n g t h e i d s f o r the a x i o m s a n d 
the s u b s t i t u t i o n r u l e . We see t h a t q t r a c e s out 
to the p a t t e r n (p , p ' , - ) and q ' t r a c e s ou t to t h e 
p a t t e r n (p, p " , * ) . T h u s we a r e l e a d to say t h a t 
q i s r e w r i t t e n f r o m p u n d e r the c o n t r o l e l e m e n t 
p ' w h i l e q ' i s r e w r i t t e n f r o m p u n d e r t h e c o n t r o l 
e l e m e n t p " . (p , p ' , • ) a n d (p, p " , • ) a r e t h e p a t t e r n s 
in 1 .11 o f L5 " r e s p o n s i b l e " f o r q and q ' r e s p e c t ­
i v e l y i n t h i s c o m p u t a t i o n . T h e s e p a t t e r n s , w h i c h 
w i l l b e p r e c i s e l y d e f i n e d i n s e c t i o n 6 , w e c a l l t h e 
i n g r e d i e n t s o f 1 . 1 1 . G e n e r a l l y s p e a k i n g , w h e n a 
t e r m t i s e v a l u a t e d ( i . e . p r o v e d e q u a l t o s o m e 
n u m e r a l n ) we m a y i d e n t i f y the i n g r e d i e n t s of t 
r e s p o n s i b l e f o r e a c h s t r o k e in n . In s e c t i o n 7 
w e d e t e r m i n e how the i n g r e d i e n t s depend o n t h e 
c o m p u t a t i o n p a t h u s e d t o e v a l u a t e the t e r m t . 

5. C o m p u t a t i o n P a t h s . 

On the p r e v i o u s pages we have p r e s e n t e d 
t w o e x a m p l e s i n s o m e d e t a i l i n o r d e r t o g i v e 
a n i n t u i t i v e p i c t u r e o f w h a t i s h a p p e n i n g w i t h 
p r o o f s , c o m m e n t s a n d i d s . W e s h a l l now t u r n t o 
a d e t a i l e d s tudy o f the p o s s i b l e c o m p u t a t i o n p a t h s 
f r o m a t e r m . 

W e s h a l l r e s t r i c t o u r a t t e n t i o n t o c o m p u ­
ta t ions w h i c h have the f o l l o w i n g ( s t a n d a r d ) f o r m : 
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• 

w h e r e L1 is an a x i o m and f o r i = 1 , . . . , n - 2 , 
L 2 i + 1 f o l l o w s f r o m L Z i - 1 a n d L 2 i b y s u b s t i t u t i o n . 
W e s h a l l a s s u m e tha t t h e s e c o m p u t a t i o n s have 
b e e n c o m m e n t e d a n d the a p p r o p r i a t e ids have 
b e e n m a d e . 

The sequence of t e r m s t (=t1 ), t 2 , . . . , tn 

i s c a l l e d a c o m p u t a t i o n p a t h f r o m t t o t n . C o n s i ­
d e r a s t e p o f the c o m p u t a t i o n ( c a l l e d a s i m p l e 
r e d u c t i o n ) 

We w r i t e r ( s ) - r ( s ' ) to i n d i c a t e t ha t r ( s ' ) has 
been o b t a i n e d f r o m r ( s ) b y a s i m p l e r e d u c t i o n . 
If u = v is an a x i o m we s h a l l a l s o w r i t e u --• v 
a n d c a l l i t a s i m p l e r e d u c t i o n . 

t i o n s — > r d e t e r m i n e s a p a r t i a l o r d e r i n g o f T ( t ) 
w h i c h w e w i l l now i n v e s t i g a t e . 

The n o t a t i o n s - - > r deno tes a c o m p u t a t i o n 
p a t h f r i m s to r . We say tha t t 1 - - > t n i s a s u b -
t e r m pa th i f none o f the r e d u c t i o n s t i : - t i - 1 

i n v o l v e the m a i n f u n c t i o n ( o u t e r m o s t f u n c t i o n 
s y m b o l i n p o l i s h n o t a t i o n ) . 

D e f i n i t i o n 5 . 1 A l o o p c o n s i s t s o f t w o d i f f e r e n t 
c o m p u t a t i o n p a t h s g o i n g f r o m a t e r m t t o a t e r m 
t ' . A d i a m o n d i s a l o o p w h i c h has e i t h e r f o r m 
1 or I I b e l o w . We i l l u s t r a t e t h i s u s i n g • as the 
m a i n f u n c t i o n s y m b o l . 

D e f i n i t i o n 5 . 2 T w o c o m p u t a t i o n pa ths a r e s i m p l e 
v a r i a n t s i f t h e y d i f f e r b y a d i a m o n d , i . e . t h e y 
l o o k l i k e 

D e f i n e I D ( r ( s ) — > r ( s ' ) ) to be the set o f 
d e r i v e d i d s b e t w e e n the s i g n s o f r ( s ) and r ( s ' ) . 
S p e c i f i c a l l y : 
1) I f p is an o c c u r e n c e of a s t r o k e in r ( s ' ) w h i c h 
i s r e w r i t t e n f r o m q i n r ( s ) v i a the i d a t h e n 
i d ( p . q ) i s i n I D ( r ( s ) — * r ( s ' ) ) -
2) I f p is an o c c u r e n c e o f a s t r o k e in r ( s ' ) w h i c h 
is r e w r i t t e n f r o m q in s ' o f Lb v i a c and q is r e ­
w r i t t e n f r o m q ' in s o f the 1 . h . s . o f Lb ( i . e . the 
i d i d ( q ' , q ) i s i n i d ( s = s ' ) , see s e c t i o n 4 ) , and q ' 
i s r e w r i t t e n f r o m q " i n s i n the r . h . s . o f La v i a 
b , t h e n i d ( p , q n ) i s i n I D ( r ( s ) — > r ( s ' ) ) . 
3) I f p is an o c c u r e n c e of a s t r o k e in r ( s ' ) a n d is 
r e w r i t t e n f r o m q in s ' o f Lb v i a c and q i s r e ­
w r i t t e n f r o m q* in s o f the 1 . h . s . o f Lb u n d e r the 
c o n t r o l o f q " i n the l . h . s . o f L b f o r the f u n c t i o n 
f ( i . e . i d ( ( q ' , q " , f ) , q ) i s in i d (s — s')), a n d q ' a n d 
q " a r e r e w r i t t e n f r o m q * a n d q * * r e s p e c t i v e l y 
i n s i n the r . h . s . o f La v i a b t h e n i d ( p , ( q * , q * * , f ) ) 
i s i n I D ( r ( s ) — > r ( s ' ) l 
4) If u — v is an a x i o m d e f i n e ID (u — *-v) to be 
e q u a l to i d ( u - v ) . 

T w o pa ths a r e h o m o l o g o u s i f t h e r e i s a s e q u e n c e 
o f c o m p u t a t i o n p a t h s P I , P 2 , . . . . P n s u c h t h a t 
P I and P n a r e the t w o p a t h s i n q u e s t i o n a n d f o r 
i - 1, . . . , n- 1, Pi and P i - 1 a r e s i m p l e v a r i a n t s . 
Note t h a t h o m o l o g o u s e v a l u a t i o n pa ths a s s i g n the 
s a m e v a l u e t o a t e r m . 

c a n be r e s o l v e d i n t o a d i a m o n d . (The d o t t e d p a t h s 
a r e s u b t e r m p a t h s . M u l t i p l i c a t i o n i s s e r v i n g a s a 
p a r a d i g m c a s e . ) 

L e m m a 5 . 3b , Any s p l i t c a n be r e s o l v e d i n t o a 
l o o p . 

E v e r y o c c u r e n c e o f a s t r o k e p in r ( s ' ) i s 
a s s o c i a t e d t h r o u g h I D ( r ( s ) — * r ( s ' ) ) w i t h a u n i q u e 
s t r o k e q i n r ( s j o f La o r a u n i q u e p a t t e r n 
( q # r q * * , f ) o f s t r o k e s i n r ( s ) . 

I f t j , . . . tn is a c o m p u t a t i o n pa th P a n d tn 

i s a n u m e r a l t h e n P is c a l l e d an e v a l u a t i o n p a t h 
and t n i s c a l l e d the v a l u e o f t i w . r . t . P . 

D e f i n e T ( t ) t o be the set o f a l l t e r m s o c -
c u r i n g i n the c o m p u t a t i o n p a t h s f r o m t ; the r e l a -

L e m m a 5 . 3 i s an a n o l o g u e to the C h u r c h -
R o s s e r t h e o r e m f o r the L a m d a C a l c u l u s . The 
p r o o f o f t h i s a n d o t h e r r e s u l t s i s b y a n i n d u c t i o n 
a r g u m e n t o n the r a n k r k ( t ) o f a t e r m , w h e r e r k 
i s a n i n t e g e r v a l u e d f u n c t i o n ( p r i m i t i v e r e c u r s i v e ) 
d e f i n e d so t h a t a) i f s is a s u b t e r m of t t hen r k ( s ) 
< j j c ( t ) and b) i f s—♦ t t h e n j - k j t ) < Hk(s) . The 
e x i s t e n c e o f s u c h a f u n c t i o n s h o w s us t h a t any 
c o m p u t a t i o n p a t h f r o m t has l e s s t han o r e q u a l t o 
r k ( t ) s t e p s . I f w e w e r e u s i n g a l l p r i m i t i v e r e c u r ­
s i v e f u n c t i o n s t h e n s u c h a r a n k f u n c t i o n c o u l d be 
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( w h e r e the i n d i c a t e d 
p a t h s a r e s u b t e r m c o m ­
p u t a t i o n p a t h s ) 

( w h e r e bo th b r o k e n pa the 
a r e s u b t e r m p a t h s ; w e 
m a y a s s u m e t h a t e a c h 
i n v o l v e s t h a t s a m e a s ­
s o c i a t e d s u b t e r m p a t h s 
s - - > s ' and r - - > r ' . 



g e n e r a l r e c u r s i v e but no t p r i m i t i v e r e c u r s i v e , 
e . g . l i k e A c k e r m a n ' s f u n c t i o n . The o r g a n i z a t i o n 
o f t he p r o o f i s to d o v e t a i l 5 . 3a a n d 5 . 3b , f i r s t 
p r o v i n g 5 . 3a f o r r k ( t ) < n and t h e n 5. 3b f o r r k ( t ) 
< n . The p r o o f i s s o m e w h a t m o r e c o m p l i c a t e d 
t h a n the u s u a l one b e c a u s e we do not r e q u i r e 
s u b s t i t u t i o n t o b e u n i f o r m , a c o n d i t i o n w h i c h 
w o u l d c o n s i d e r a b l y s i m p l i f y the s t r u c t u r e o f T ( t ) , 
n a m e l y a n y s p l i t o f a m a j o r c o n n e c t i v e w o u l d a l ­
w a y s i m m e d i a t e l y r e s o l v e : 

6 . I n g r e d i e n t s . 

D e f i n i t i o n 6. 1. L e t q1, . . . , q deno te the o c c u r ­
e n c e s o f s t r o k e s i n the t e r m t . l n g ( t ) d e n o t e s the 
set o f l i s t e x p r e s s i o n s o b t a i n e d f r o m q1 , . . . q n , 
" , a n d e x p , a c c o r d i n g to the f o l l o w i n g r u l e s . 
1) 9 , . . . . . . .qn a r e in I n g ( t ) . 
2) I f i_ a n d j_ a r e in I n g ( t ) and f i s • o r e x p t h e n 

The m e m b e r s o f l n g ( t ) a r e c a l l e d the 
a b s t r a c t i n g r e d i e n t s o f t , a n d q , , . . . , q a r e c a l l ­
ed the s i m p l e i n g r e d i e n t s o f t . Ing ( t ) d e n o t e s 
the se t o f s i m p l e i n g r e d i e n t s o f t . I n the e x p r e s s ­
i o n ( i , j , f ) , j i s c a l l e d t h e c o n t r o l e l e m e n t and 
i i s c a l l e d t h e r a w m a t e r i a l . To u n d e r s t a n d t h e 
m o t i v a t i o n b e h i n d t h i s d e f i n i t i o n l e t u s once a g a i n 
consider the r e c u r s i v e d e f i n i t i o n of u. v : u J = u 
a n d u - v l r u. v + u. T h u s v ac t as a c o n t r o l e l e ­
m e n t a n d u as a f i x e d p a r a m e t e r . C o r r e s p o n d i n g ­
l y , i f i a n d j w e r e i n g r e d i e n t s in r and s r e s p . 
t h e n in the t e r m t e q u a l r * s , ( i , j , f ) w o u l d be 
an i n g r e d i e n t i n t w i t h j as the c o n t r o l e l e m e n t 
and i as the " r a w m a t e r i a l " t o be r e c o p i e d . 

I n the a n a l y s i s o f i n g r e d i e n t s and h o w t h e y 
change as we t r a c e out the i d s in a c o m p u t a t i o n 
i t soon b e c o m e s c l e a r t h a t these changes t e n d t o 
r e s p e c t the i n t e r n a l s t r u c t u r e o f i n g r e d i e n t s and 
c a n b e c h a r a c t e r i z e d a s " h o m o m o r p h i s m s " o f 
t h i s s t r u c t u r e . So we m a k e a d e f i n i t i o n . 

D e f i n i t i o n 6. Z. A m a p p i n g H: I n g ( t ) — * I n g ( s ) is a 
h o m o m o r p h i s m (horn) i f f f o r a l l ( i , j , f ) i n I ng ( t ) 

H ( ( i f j i , 0 > = < H ( i K H £ ) , f ) . 

F a c t s about H o m o m o r p h i s m s . 
6 . 3a I f H , G : I n g ( t ) - * I n g ( s ) a r e h o m o m o r p h i s m s 
w h i c h a g r e e on I n g Q ( t ) t h e n H = G. 
6. 3b Any m a p H : I ng 0 ( t ) -—* lng (6 ) e x t e n d s to a 
u n i q u e ho rn f r o m Ing ( t ) i n t o I ng ( s ) . 
6. 3c Horn H is 1-1 on I ng ( t ) i f f H is 1-1 on 
I n g 0 ( t ) . 

T h e r e a r e i n f i n i t e l y m a n y a b s t r a c t i n g r e ­
d i e n t s i n Ing ( t ) o n l y s o m e o f w h i c h r e p r e s e n t r e a l 
c o m p u t a t i o n s . We now u s e the i d e a o f h o m o m o r p h ­
i s m t o s i n g l e t h e s e out i n a p r e c i s e m a n n e r . 
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8 . F i n a l R e m a r k s . 

The i d e a s p r e s e n t e d i n t h i s p a p e r can 
s t r a i g h t f o w a r d l y b e a p p l i e d t o o t h e r d e d u c t i v e -
c o m p u t a t i o n a l s y s t e m s s u c h a s the L a m d a C a l ­
c u l u s and C u r r y ' s C o m b i n a t o r i a l L o g i c . 

The n e x t s t e p i n t h i s i n v e s t i g a t i o n e x ­
t e n d s o u r a n a l y s i s t o the f u l l 1 s t O r d e r I n t u i -
tionistic Theory of P e a n o A r i t h m e t i c . The 
s e m a n t i c s d e v e l o p e d p r o v i d e s a m e a n s w h e r e b y 
w i t h e a c h t h e o r e m A we can a s s o c i a t e a c o l l e c t ­
i o n M ( A ) o f p r o c e d u r e s e x t r a c t e d f r o m the p r o o f s 
o f A . T h i s w i l l be the s u b j e c t o f a s e c o n d p a p e r 
b e i n g p r e p a r e d u n d e r a n N S F g r a n t t h r o u g h 
B o s t o n U n i v e r s i t y . 

The L e m m a is p r o v e d by i n d u c t i o n on n 
and d o v e t a i l i n g I and I I . L e m m a 5. 3 p l a y s a 
m a j o r r o l e . A s a n i m m e d i a t e c o n s e q u e n c e o f 
t h i s L e m m a w e ge t the m a i n r e s u l t o f t h i s s e c t i o n . 

T h e o r e m 7. 7 . ( I n v a r i a n c e of I n g r e d i e n t s . ) L e t P 
a n d Q b e t w o e v a l u a t i o n p a t h s f o r t . T h e n f o r 
a l l p i n I n g o ( t ) , H [ P ] { p ) = H [ Q ] { p ) . 

T h e r e i s a n a t u r a l d i r e c t i o n o f s i m p l i f i c a ­
t i o n b u i l t i n t o the e q u i v a l e n c e r e l a t i o n = , n a m e l y 
we w i l l say t h a t ( ( i , k , f ) , ( j , k , f ) , g ) r e d u c e s t o 
( ( i , j g ) , k , f ) . We t h e n d e f i n e an i n g r e d i e n t t o be 
i n n o r m a l i f i t c a n ' t b e r e d u c e d n o r does i t 
c o n t a i n a n y i n g r e d i e n t s w h i c h can b e s o r e d u c e d . 
I f one t r i e s t o m a k e a c o s t e s t i m a t e f o r v a r i o u s 
c o m p u t a t i o n p a t h s i t a p p e a r s t ha t i f H [ P ] { q ) i s i n 
n o r m a l f o r m t h e n P i s the l e a s t e x p e n s i v e c o m ­
p u t a t i o n p a t h . Such e s t i m a t e s a r e no t s o e a s y t o 
m a k e i n a r e l i a b l e w a y bu t the e x a m p l e s w h i c h 
h a v e b e e n s t u d i e d a r e q u i t e s u g g e s t i v e . 

T w o e x a m p l e s w i l l g i v e s o m e i dea o f h o w 
t h i s s e m a n t i c s w o r k s . 

Suppose A is the s e n t e n c e T h e n 
M ( A ) w i l l c o n t a i n the p r o c e d u r e s w h i c h c o m p u t e 
the i s o m o r p h i s m s H [ P ] : I n g o d e ­
t e r m i n e d by e a c h e v a l u a t i o n p a t h P f o r t . 

Suppose A is the s e n t e n c e T h e n a 
p r o c e d u r e i n M ( A ) w i l l b e a m e t h o d f o r c o n v e r t -
i n t a p r o c e d u r e i n M ( B ) i n t o a p r o c e d u r e i n M ( B ) . 
I f A is the s e n t e n c e t h e n a p r o c e d u r e in 
M ( A ) w o u l d c o n s t r u c t a s e n t e n c e D ( w h i c h i s 
e i t h e r B o r C) and a p r o c e d u r e in M ( D ) . 
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Our E x a m p l e 7. 1 s u g g e s t s t h a t as we 
m o v e f r o m one c o m p u t a t i o n pa th P to a s i m p l e 
v a r i a n t P ' o f P we w i l l f i n d t h a t H C P j ( q ) i s 
c h a n g e d i n t o a n e q u i v a l e n t i n g r e d i e n t H [ P ' 3 ( q ) ; 
t h i s is the c o n t e n t of T h e o r e m 7. 7 . 
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Abst ract 
In t h i s paper the a p p l i c a t i o n of some 
deep theorems of mathematical l o g i c is 
shown i n the f i e l d o f a r t i f i c i a l i n t e l l i ­
gence. Namely, us ing some of the r e s u l t s 
of d e f i n i t i o n theory we g ive the mathema -
t i c a l base to systems f o r automatic des ign­
i n g . /SAD/, These systems are capable 
of so l v i ng cons t ruc t i ve tasks of such k ind 
that need some c r e a t i v i t y from the psycho­
l o g i c a l po in t of v iew. Above tasks conta in 
the i m t l i c i t e d e s c r i p t i o n o f the object 
to be con t ruc ted . F i r s t o f a l l tha t u n i t 
is i nves t iga ted at SAD which provides an 
e x p l i c i t d e f i n i t i o n to the c i rcumscr ibed 
o b j e c t . 

I n t r o d u c t i o n 
One of the main d i r e c t i o n s in research of 
a r t i f i c i a l i n t e l l i g e n c e i s developing 
problem so l v ing systems namely, systems 
f o r automatic des ign ing /SAD/, Thei r 
p r a c t i c a l importance is i nva luab le . These 
systems are capable to solve cons t ruc t i ve 
t a s k s , A task i s cons t ruc t i ve i f the u n ­
known is some k ind of an ob ject of which 
c h a r a c t e r i s t i c s are descr ibed in the con­
d i t i o n s of the ta3k . Two k inds of these 
are d i s t i n g u i s h e d : 

1. The ob jec ts to be constructed are d e f i n ­
ed e x p l i c i t l y : 
a / w e l l - d e f i n e d task 
b/ incomplete ly def ined task - here the 

cond i t ions provide an incomplete 
d e s c r i p t i o n of the ob ject 

2. The ob jec ts to be constructed are d e f i n ­
ed i m p l i c i t l y . 
In these take the ob jec ts are not named 
on ly c e r t a i n expectat ions are given 

about them. 

Designing tasks appearing on the expecta­
t i o n s of a non-pro fess iona l customer 
belong to l a t t e r t ype . I t can ' t be expect ­
ed from him to g ive an e x p l i c i t d e f i n i t i o n 
of a requ i red program e . g . w i t h the i n ­
pu t -ou tpu t r e l a t i o n . A l l he can do is to 
g ive some h i n t s on h i s own expecta t ions 
towards some "p rograml ike" t h i n g . 
S i m i l a r problems occur at dec i s ion making 
where in fo rmat ion is i m p l i c i t l y connected 
w i t h the quest ion to be decided about . 

A SAD capable of so l v i ng the 3econd type 
cons t ruc t i ve task , must cons is t of the 
f o l l o w i n g two basic oomponents: 
1 . H i g h - l e v e l problem d e f i n i n g u n i t which 

prov ides an e x p l i c i t d e f i n i t i o n to 
the i m p l i c i t ob jec t d e s c r i p t i o n 

2. Solv ing u n i t which c a r r i e s out the 
e x p l i c i t l y def ined task 

Mathematical l o g i c and i t s model theory 
prov ides p len ty o f f a c i l i t i e s i n S A D 
research . In our present study we i n t r o ­
duce the usefu lness of d e f i n i t i o n theory , 
an i n t e n s i v e l y developing f i l e d o f model-
theory , from the po in t of view of SAD. 

Bas ic d e f i n i t i o n s 

The f o l l o w i n g t r i p l e form a language: 
( syn tax , the set o f poss ib le wor lds , v a l i ­

d i t y ) , o r f o rma l l y L = ( F , M , F ) . 

A type t is a p a i r of f u n c t i o n s , i . e . 

s e t . 
Mere Do t and Rgt are the domain and the 
range of t r e s p e c t i v e l y . Dot ' is the 
set of r e l a t i o n symbols and Dot " is the 
set of f u n c t i o n symbols. 

In the fo l l ow ings we suppose tha t a t - t y p e 
f i r s t - o r d e r langugage 
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i s g i v e n . Here is the set o f t - t y p e 
s t r u c t u r e s . t - t y p e s t ruc tu re i s a 
f u n c t i o n f o r which 

is the un iverse o f the 

f o r each r e l a t i o n 

Aboves are to be found in more d e t a i l s 
in [1] No ta t i ons of common knowledge 
are a lso to be found t he re . 

Prom now on when program is being d i s ­
cussed r e l a t i o n symbols w i l l be used in 
desc r i b ing the camputer programs where 
such symbols may show what r e l a t i o n the 
i npu t -ou tpu t should have. This d e s c r i p ­
t i v e method provides a f a r more n a t u r a l 
hand l ing of the programs than the des­
c r i p t i o n s of programs by f u n c t i o n s , 
s ince t h i s approach is more close to the 
i n t u i t i o n o f the non-programer customers. 

I n t u i t i v e d e s c r i p t i o n o f SAD based 
on the d e f i n i t i o n theory 

Let be a set of f i r s t - o r d e r formu­
l as which prov ides the knowledge of a 
d i s c r i p l i n e w i t h i n tha t designing w i l l 
occur . S.E.P P prov ides the semantics 
of a programing language and the proper ­
t i e s o f d i f f e r e n t implemented programs. 

The customer give3 h i3 requests w i t h the 
help of a set of formulas . This 
i m p l i c i t l y de f ines one or more r e l a t i o n 
symbols and/or f u n c t i o n symbols which 
do not occur in Dot' U Dot" . in the 
f o l l o w i n g s wi thout l i m i t i n g g e n e r a l i t y , 
we supposec that g ives the i m p l i c i t 
d e f i n i t i o n of on ly one r e l a t i o n symbol 
"P. E.g. . g ives the i m p l i c i t d e f i n i ­
t i o n of such a program of which input 
and output are in r e l a t i o n P. Let 
denote the set of formulas d e f i n i n g the 
r e l a t i o n P i m p l i c i t l y . 

L e t t h e extension o f the 
type be the syntax of the 
f i r s t - o r d e r language extended by r e l a t i o n 
P. Thus 

T car ry out the design of the requ i red 
ob jec t we have to give i t s e x p l i c i t 
d e s c r i p t i o n by a formula of , F . bo as 
to have the requ i red program w r i t t e n in 
our programing language we have to f i n d 
such a formula from F which def ines V 
e x p l i c i t l y . 

what is the task of a h igh- leve l problem 
def in ing un i t supposed to be at SAD? It 
has to f i nd a d e f i n i t i o n on the base 
of knowledge to the requested expecta-
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I f the answer to question 1. is negative 
then the knowledge w i th in the d isc ip l i nes 
defined by is not enough fo r the 
e x p l i c i t descr ipt ion of the required ob­
j e c t . 

On the basis of aboves a "h igh - l eve l " 



problem d e f i n i n g u n i t of SAD should 
operate the f o l l o w i n g way. 

The basic knowledge of SAD is provided 
by set of formulas • The customer 
g ives h i s requ i red ob jec t d e s c r i p t i o n by 
the help of set of formulas 
As a f i r s t step the u n i t has to f i n d an 
exact answer f o r the ex is tence of , 
but s ince i t ic to complicated a task 
the f o l l o w i n g way is chosen. F i r s b the 
system con t ro l s whether con t r ad i c t s 
to knowledge , i . e . i t t r i e s to deduce 
the i d e n t i c a l l y f a l s e from . 
I f t h i s doesn ' t suceed w i t h i n a present 
t ime per iod then the system presupposes 
the ex is tence of a formula and i t w i l l 
proceed onto the 2. task , i . e . produc­
i n g 
Let us suppose tha t we succeeded in 
producing such a fo rmu la . It is fo l lowed 
b y t i s t r y i n g : 

I f t h i s is t rue then r e a l l y becomes 
the requirements o f the customer i f n o t , 
then it may be supposed tha t the knowledge 

of the SAD is not s a t i s f a c t o r y f o r 
d e f i n i n g . Therefore has to be 
extended t i l l and aboves have to be 
repeated nov; f o r set of formulas 
The system w i l l go on w i t h t h i s e i t h e r 
u n t i l i t proves the i m p o s s i b i l i t y o f 
on the basis of the extended set of 
formulas o r , i t succeeds to produce 
formula • Of course the system goes 
on w i t h t r y i n g only f o r a f i x e d t ime . 
W'e note tha t the extension of set of 
formulas need i nduc t i ve l o g i c a l means 
from the system. 

Now we s h a l l see t ha t case when 
de f ines V only up to the d i s j u n c t i o n , 

The so obtained formulas 
have to be c o n t r o l l e d one by one. So 

This con t ro l goes on u n t i l the f i r s t 
f o r which , I f ne i the r 
s a t i s f i e s above cond i t i on then i t might 
be supposed tha t the knowledge is 
not s a t i s f a c t o r y . In t h i s case the p r o -
decure goe3 on s i m i l a r l y , i . e . is 
extended u n t i l , e t c . 

Usefu l theorems of d e f i n i t i o n 
theory 

In t h i s chapter we in t roduce those theo­
rems of d e f i n i t i o n theory wi thout proof 
which prov ide the e x p l i c i t d e f i n i t i o n o f 
P on the basis of and • Their 
p roofs can be found in [1 ] . I t is 
expected to ob ta in d i f f e r e n t types of 
theorems depending on the strenght of 

V/'e begin w i t h the theory c o n t a i n ­
i n g the weakest cond i t ions f o r 

I f and a model is g iven then 
the cond i t i ons of the theorems con ta in 
e i t h e r that how many r e l a t i o n s 
are there f o r which ; or 
tha t how many such r e l a t i o n s are 
there to such a r e l a t i o n so as 

1.Theorem /Chang - Makkai Theorem/. I f 
f o r every model / f o r which 
of 

then there are a f i n i t e number of pa ra ­
met r i c formulas 

The theorem i n t u i t i v e l y s ta tes i f 
c i rcumscr ibes the r e l a t i o n P in some 
measure then there e x i s t s a parameter-
- v e c t o r a n d there are 
formulas 
such tha t one of them g ives the d e f i n i t i o n 
of P. In o ther words the set of formulas 

def ines P e x p l i c i t l y up to pa ra ­
meters and d i s j u n c t i o n . 
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Theorem 2. I f set of formulas is 
such tha t to each model i t i s 

then there e x i s t s a f i n i t e number of 
f i r s t - o r d e r parametr ic formulas 

The i n t u i t i v e meaning of the theorem 
i s as i t f o l l o w s : i f the number o f 
r e l a t i o n s s a t i s f y i n g set o f formulas 

is l ess than the number o f a l l 
poss ib le r e l a t i o n s then up to d i s j u n c t i o n 

pa rame t r i ca l l y def ines r e l a t i o n P. 
The cond i t i on of the theorems claims tha t 
not a l l the poss ib le r e l a t i o n s should 
car ry the c h a r a c t e r i s t i c s descr ibed by 
the set of formulas 

Above theorems /Theorems 1. and 2 . / are 
t rue also f o r tha t case when the number 
o f the s u i t a b l e r e l a t i o n s i s less than 
not , b u t i . e . i n t h i s case 
there e x i s t s a f i n i t e number o f f i r s t ­
-order parametr ic formula and such a 
parametervector that one of the formulas 
w i l l g ive the d e f i n i t i o n o f r e l a t i o n P 
by the su i t ab le parametervector . 

Theorem 4 . I f i s such tha t 
in every model i s 

then the statement of the 
prev ious theorem is true# 

I n t u i t i v e l y the above theorems /Theorems 
3 . and 4 . / s ta te the f o l l o w i n g : i f 
i s such that i t s requ i red c h a r a c t e r i s t i c s 
arc f u l f i l l e d in every model by at l e a s t 
f i n i t e number of r e l a t i o n s then there 
e x i s t s such a formula f o r 
c a l c u l a t i n g parameters and there 
e x i s t formulas out of v/hich 
one de f ines r e l a t i o n P by the parameters 
determined by 

Fron the po in t of view of SAD t h i s means 
that a theorem prover extended by i n d u c t ­
ive elements can prove, tha t 

On the basis of t h i n proof a zero-order 
termvector muct bo selected so 
tha t . A f t e r t h i s i t has 
to be proved, that 

Then on the basis of knowledge we 
se lec t the su i t ab le d e f i n i n g formula 

* 
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In these theorems s i m i l a r l y to Theorems 
3. and 4. the formulas and 
the formula serve to def ine the 
parametervector . The d e f i n i t i o n of r e l a t ­
i on 3 is done also on the basis of 
those descr ibed a f t e r Theorem 4- There is 
a d i f f e r e n c e only when d e f i n i t i o n is done 
on the bas is of Theorem 5, because here 
we have to t r y out the formulas not on ly 
accord ing t o b u t also 
accord ing to • 

The cond i t i ons of Theorems 5. and 6. f o r 
are so much st ronger than those of 

Theorems 3. and 4. tha t now we c la im the 
ex is tence of such a f i n i t e k which is 
upper-bound of the number of su i t ab le 
r e l a t i o n s in each model. 

The is t e s t rongest in tha t case 
i f th is cond i t ions are s a t i s f i e d i n each 
model by at l eas t one r e l a t i o n . Now we 
discuss those theorems which r e f e r to 
t h i s . 

Theorem 7. /Svenonius' Theorem/: I f f o r 
each model 

then there e x i s t s a f i n i t e 
there e x i s t such formulas 
in F eo t h a t , 

I n t u i t i v e l y i t means tha t i f we take two 
extensions and of any mo­
de l so tha t these become models of 

and these are isomorphic then 
• 

In t h i s case the set of formulas 
de f ines r e l a t i o n P up to d i s j u n c t i o n . 

Theorem 8. / B e t h ' a Theorem/: I f the set 
of formulas, is such that f o r each 
model 

then there e x i s t s such a formula 

I n t u i t i v e l y i f i a so s t rong that 
every model _ _ can be extended to a 
model o f b y a t the most one r e l a t ­
ion then de f ines r e l a t i o n V 
e x p l i c i t l y . 

Conclusion 
As we could see from aboves the model 
theory prov ides mathematical bases s u i t a b ­
le f o r the development o f d i f f e r e n t k inds 
of SAD important in the p r a c t i c e . This is 
expec ia l l y important because to const ruct 
i m p l i c i t l y descr ibed ob jec ts from ps icho-
l o g i c a l po in t of view is a task demanding 
c r e a t i v i t y . The degree of c r e a t i v i t y p a r t ­
ly depends on the c i r cumsc r i p t i on of the 
requ i red ob jec t and p a r t l y on the develop­
ment of the corresponding d i s c i p l i n e . With 
the help of the theorems of d i f f e r e n t 
s t reng th descr ibed in aboves we can ob ta in 
d i f f e r e n t SAD-s of d i f f e r e n t degree of 
c r e a t i v i t y . So f a r we can see tha t the 
research o f a r t i f i c i a l i n t e l l i g e n c e 
requ i res the a p p l i c a t i o n of deep mathe­
ma t i ca l r e s u l t s of mathematical l o g i c . To 
make SAD more e f f e c t i v e we need the 
f o l l o w i n g problem to be so lved : 
and are g iven then what cond i t i ons 

should s a t i s f y so as to have a 
formula e x i s t i n g f o r which 
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