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A b s t r a c t 

Methods a re i n t r o d u c e d to d e c i d e the 
s o l v a b i l i t y o f t r a n s f o r m a t i o n p r o b l e m s . 
Such methods may be a p p l i e d to save some 
o f the p rob lem s o l v i n g e f f o r t . S u p p o s i ­
t i o n f o r a p p l y i n g the s t a t e d methods i s 
t h a t i n f o r m a t i o n about the s t r u c t u r e o f 
the p rob lem space i s a v a i l a b l e f o r 
d e t e c t i n g s e p a r a t e d subse ts o f the 
s i t u a t i o n s e t . S o l v a b i l i t y o f t r a n s ­
f o r m a t i o n prob lems is d e c i d e d by means 
of systems of s e p a r a t e d subse t s of 
s i t u a t i o n s . For a c l a s s o f prob lem spaces 
the d e t e c t i o n o f s e p a r a t e d subse ts o f 
s i t u a t i o n s and the d e c i s i o n o f s o l v a b i l i ­
t y o f p rob lems a r e i n v e s t i g a t e d i n more 
d e t a i l . 

I n t r o d u c t i o n 

The s o l u t i o n o f t r a n s f o r m a t i o n prob lems 
can be more e a s i l y found i f i n f o r m a t i o n 
about the s t r u c t u r e o f the p rob lem space 
is a v a i l a b l e . Such i n f o r m a t i o n may be for 
i n s t a n c e a n e v a l u a t i o n f u n c t i o n d e s c r i b ­
i n g an a p p r o x i m a t i o n o f the goa l d i s t a n c e 
o r an a p p r o x i m a t i v e d e s c r i p t i o n o f the 
a p p l i c a b i l i t y s e t s o f the o p e r a t o r s 
(Poh l / l / t B a n e r j i / 2 / ) . 

S t r u c t u r a l i n f o r m a t i o n about the p rob lem 
space may a l s o be used to d e c i d e the 
s o l v a b i l i t y o f any g i v e n p r o b l e m . T h i s 
saves f r u i t l e s s e f f o r t i n h a n d l i n g i n -
s o l v a b l e p r o b l e m s . A u t h o r s u s u a l l y do not 
pay a t t e n t i o n t o t h i s i m p o r t a n t q u e s t i o n ; 
one e x c e p t i o n i s the a r t i c l e b y T i k l o s s y 
and Roach / 3 / . 

I n the p resen t paper t h e r e w i l l b e g i v e n 
s t a t e m e n t s about the s o l v a b i l i t y o f t r a n s ­
f o r m a t i o n problems in a prob lem space 
depend ing o n s t r u c t u r a l p r o p e r t i e s o f the 
p rob lem s p a c e . 
In s e c t i o n 2 we s h a l l d i s c u s s q u e s t i o n s 
o f s o l v a b i l i t y o f p rob lems and g i v e gene­
r a l methods f o r d e c i d i n g s o l v a b i l i t y i n a 
p rob lem space . 
S e c t i o n 3 c o n t a i n s the d e f i n i t i o n o f a 
s p e c i a l c l a s s o f p rob lem spaces - the s o -
c a l l e d b i n a r y - coded prob lem spaces. 
F i n a l l y , i n s e c t i o n 4 we a p p l y the gene­
r a l methods s t a t e d i n s e c t i o n 2 t o b i n a r y -
coded prob lem spaces* 

Come genera l remarks on s o l v a b i l i t y 
of t r ans fo rma t i on problems 

Let S be the f i n i t e nonempty set of s i t u a 
t i o n s of a problem space and F the f i n i t e 
nonempty set of 1-place opera tors over S. 
That i s , f o r each where 

v.e want to i n v e s t i g a t e two impor tan t 
quest ions on s o l v a b i l i t y o f t r ans fo rma­
t i o n problems in problem spaces ( S , F ) . 
F i r s t l y , i t i s i n t e r e e l i n c t o know 
whether e l l poss ib le problems ( s 1 , s 2 ) 
in s problem space are s o l v a b l e . Problem 
spaces w i t h t h i s p roper ty are c a l l e d 
t o t a l l y - s o l v a b l e problem spaces. 
econd ly , we wish to formulate a method 

fo r dec id ing the s o l v a b i l i t y of any g i ven 
problem. 
For i n v e s t i g a t i o n of s o l v a b i l i t y of 
t rans format ion problems the concept of 
type-k-separatec ' subsets of the s i t u a ­
t i o n set S is in t roduced as f o l l o w s : 
Let S1 be an a r b i t r a r y subset of S. 

D e f i n i t i o n 1 : 

In the rep resen ta t i on of a problem space 
as a d i r e c t e d graph a t y p e - l - s e p a r a t e d 
subset of S corresponds to a subset of 
nodes not being l e f t by an arrow and a 
type-2-separa ted subset of S to a subset 

* The e x p r e s s i o n m e a n s e x a c t l y the 
same as 

29 

Peter F l o r a t h 
Academy of Sciences of the GDR 

Peter Florath 

ON METHODS TO DECIDE SOLVABILITY 
OF TRANSFORMATION PROBLEMS 



of nodes not being arrived by an arrow. 
Therefore, for instance, in the problem 
space presented in Figure 1 {s5, s8} is 

a type-1-separated subset, {s1, s2} is 
a type-2-separated subset and {s7' s9} 
is a type-3-separated subset of S* 

Using Definition 1, the following 
theorem may be formulated on the total 
solvabi l i ty of a problem space. 

Theorem 1; A problem space (S, F) is not 
totally-solvable if and only if there is 
a nonempty proper subset of S which is a 
type-1-, type-2- or type-3-separated 
subset of S. 
Proof: Suppose there is a non­
empty proper subset S1 of S which is a 

separated subset of one of the three 
types. Obviously, in this case there 
also exists a nonempty proper subset S1 

of S which is a type-l-6eparated subset 
of S. Then the problem (s1 , 82) with 

and is insolvable. 

Suppose (S, F) is not to ta l ly -
solvable and let s1 be any situation in 

S. If there exists no nonempty proper 
subset of 5 which is a type-k-separated 
subset (k * 1, 2, 3) then we can show by 
induction that each can be arrived 

from S1 by applying an applicable ope­
rator sequence. Hence, a l l possible 
problems in (C, F) are solvable. This 
contradicts the assumption and completes 
the proof* Q.E.D. 

Theorem 1 implies that algorithms which 
detect type-k-separeted subsets may be 
used to decide the total solvabil i ty of 
a problem space. 

Now to the second main question, the 
decision of the solvabi l i ty of concrete 
problems. 
Let S1 be a nonempty proper type-1-
separated subset of S. Then a problem 
(S1 ,S2) with ' is not solvable 

i f 

Analogous statements hold for type-2-
and type-3-separated subsets. 
Let be a set of type-

1-separated subsets of 5 then, for de­
ciding the insolvabi l i ty of a problem 
(s 1 , s2) in (S, F) we can use the 

following 

Decision Rule 1: (S1, s2) is not solvable 

if there is an such that 

and 
Simi lar ly . Decision fule 2 and Decision 
Rule 3 may be formulated for type-2- and 
type-3-separated subsets, respectively. 

On the other hand, if is any set of 
(not necessarily disjointed) subsets of 
S then we define so follows, assuming 
k - 1, 2, 3: 

Definit ion 2: 

is a consistent type-1-system of subsets 
of S. 
Using a consistent type-k-system of sub­
sets and the corresponding decision rule 
for deciding solvabi l i ty of transforma­
tion problems, we comnonly detect only 
some of the insolvable problems. But 
about the solvabil i ty of the other 
problems in the problem space we know 
nothing. Therefore, it seems to be 
necessary to introduce the concept of an 
admissible system of subsets. 
Let be any set of subsets of S, then we 
define (k = 1, 2, 3) : 

Definition 3: 

is an admissible type-k-system of sub­
sets of S if and only if for a l l 
s1, the following is true: (s1 , s2) 

is solvable if and only if for a l l 
holds condition Ck, where C1, C2 

and C3 are defined as follows: 
C1: 

C2: 

C3: 

Then, using admissible type-k-syeteme, 
we decide the solvabi l i ty of a trans­
formation problem (s1 s2) in the fo l l o ­
wing manner: 
We construct the set 
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g r a p h a r e l a b e l e d b y t h e i n d i c e s o f t h e 
c o r r e s p o n d i n g o p e r a t o r s . 
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With respect to the form of the a p p l i c a ­
b i l i t y c o n d i t i o n s , subclasses o f b i n e r y -
codec! problem spaces may be d e f i n e d . For 
i n s t a n c e , we de f i ne the claess of con­
j u n c t i v e binary-codec' problem spaces 
( c e l l e d b r i e f l y : c o n j u n c t i v e problem 
spaces) in the f o l l o w i n g menner: 

b inary-coded problem spece of degree n 
is a con junc t i ve problem space of degree 
n i f and on ly i f a l l a p p l i c a b i l i t y con­
d i t i o n s p. may be represented as 

Consequent ly, the problem space of F i g u ­
re 2 is a c o n j u n c t i v e problem space* 
For l a t e r i n v e s t i g a t i o n s i t i c con­
ven ien t to de f i ne a b ina ry r e l a t i o n 
over the opera to r set F of a c o n j u n c t i v e 
problem space as fo l l ows 

i f and on ly i f . 

The c lass of d i s j u n c t i v e problem spaces 
may be de f ined analogous to the d e f i n i ­
t i o n of c o n j u n c t i v e problem spaces. 

s o l v a b i l i t y o f t r a n s f o r m a t i o n problems 
in b inary -coded problem speces 

In t h i s s e c t i o n we w i l l s t a te some s o l v a ­
b i l i t y theorems f o r b inary-coded problem 
s pa c e s • 
F i r s t we g ive a necessary d e f i n i t i o n . 
D e f i n i t i o n 4 : 
A b inary-coded prob.iem space of degree n, 
( S , F ' ) w i t h the a p p l i c a b i l i t y c o n d i t i o n s 
p 1 ' , . . . . . , P n ' b i n a r y -

Since the s i t u a t i o n components are b ina ry 
the a p p l i c a b i l i t y sets may be represented 
by Boolean c o n d i t i o n s ( a p p l i c a b i l i t y 
c o n d i t i o n s ) , p 1 , . . .P n , where the 
s i t u a t i o n components stand f o r v a r i a b l e s . 
F igure 2 shows a s imple b inary-coded 
problem space of decree A in graph r e ­
p r e s e n t a t i o n . The edges of the presented 

An example of an admiss ib le system of 
subsets v , ' i l l be g iven l a t e r in F igure 3. 
The concept of us ing systems of subsets 
of S to decide s o l v a b i l i t y of t r a n s ­
fo rma t i on problems mey be genera l i zed to 
us ing systems of t y p e - d i f f e r e n t systems 
of subsets of 5, f o r ins tance to us ing a 
type-1-system and a type-2-system at the 
same t ime• This comes f rom the p o s s i b i l i -
ty tha t sometimes both some t y p e - 1 -
cepr ra ted subsets and some t y p e - 2 -
separated subsets are easy to de tec t end 
to d e s c r i b e , but the d e s c r i p t i o n of an 
admiss ib le t y p e - 1 - or type-2-cyc tem of 
subsets of S is more d i f f i c u l t . 
In t h t next s e c t i o n we w i l l i n t roduce a 
s p e c i a l c lass of problem spaces - the 
s o - c a l l e d b inary-coded problem spaces. 



coded problem space of degree n, (S, F) 
w i t h the a p p l i c a b i l i t y c o n d i t i o n s 
P 1 , . . . . . . . . . . . . . . . .P n and only i f fo r a l l 
i = 1, . . . , n the statement P1 ' ->P i h o l d s . 

To decide s o l v a b i l i t y p r o p e r t i e s 
it may be use fu l to approximate problem 
spaces. 
Let ( , F') and (S , F) be two b i n a r y -
coded problem spaces of the same degree. 
Then, (S, F ' ) is c a l l e d an underepprox i -
mat ion o f ( S , F ) i f (S , F ' ) i s a sub-
space o f ( r , r ) . ( r , F ' ) i s c a l l e d a n 
overapprox imat ion of ( r , F) i f ( r f F) is 
a subspace of ( F ' ) 
Using these d e f i n i t i o n s we s t a t e the 
f o l l o w i n g theorem (w i t hou t p r o o f ) : 

Theorem 2: 
1* Suppose ( . , F ' ) is an underapprox i -

mation of (t, F). Then the f o l l o w i n g 
i s t r u e : 
a) I f ( £ , F ' ) is t o t a l l y - s o l v a b l e 

then ( : , F ) i s a l so t o t a l l y 
s o l v a b l e ; 

b) For a l l s , s 2 e S: 
I f ( s . , S 2 ) i s so lvab le i n ( r , F ' ) 
then in ( n , F), t o o . 

2 . Suppose ( ' , F*) is an ove rapp rox i ­
mation of ( " , F ) , Then the f o l l o w i n g 
i s t r u e : 
a ) I f ( T , F ' ) i s not t o t a l l y - s o l v a b l e 

then ( r , F) is a l so not t o t a l l y -
so lvab le ; 

b) For a l l s 1 f 

I f ( s - , s 2 ) i s not so lvab le i n 
(T , F ' ) then a l so not i n ( r , F ) . 

Suppose tha t a b inary-coded problem space 
i s descr ibed by a p p l i c a b i l i t y c o n d i t i o n s 
in d i s j u n c t i v e normal form. Then we ob­
t a i n an underapprox imat ion i f we con­
s t r u c t a set of new a p p l i c a b i l i t y c o n d i ­
t i o n s by t a k i n g only one con junc t i on f rom 
each of the o r i g i n a l cond i t i ons to the 
corresponding new c o n d i t i o n s . The r e s u l ­
t i n g problem space is a con junc t i ve 
problem space. 
we o b t a i n an overapprox imat ion of the 
o r i g i n a l problem space i f we cons t ruc t 
each new a p p l i c a b i l i t y c o n d i t i o n as a 
d i s j u n c t i o n which con ta ins only one 
v a r i a b l e from each con junc t i on of the 
o r i g i n a l corresponding c o n d i t i o n . Th is 
r e s u l t i n g approx imat ion is 3 d i s j u n c t i v e 
problem space. That i s , con junc t i ve p ro ­
blem spaces are s u i t a b l e as under­
approxima t ions of a b inary-coded problem 
space and d i s j u n c t i v e problem spaces as 
ove rapprox ima t ions . The re fo re , w i t h 
respect to theorem 2, s o l v a b i l i t y p r o ­
p e r t i e s of b inary-coded problem spaces 
can be i n v e s t i g a ted by ana lys ing s o l v a ­
b i l i t y p r o p e r t i e s o f these two impor tant 
subc lasses . 
In t h i s paper we s h a l l i l j u s t r a t e t h i s 
a n a l y s i s fo r con junc t i ve problem spaces 

32 

A f t e r i n v e s t i g a t i n g the ques t ion o f t o t a l 
s o l v a b i l i t y we now shalJ de f i ne a method 
fo r the const r u c t i o n of type-k-sys tems 
of subsets fo r con junc t i ve problem spaces. 
For s i m p l i c i t y , l e t us assume tha t the 
graphs de f ined by the problem spaces a re 
u n d i r e c t e d . Consequent ly , each t y p e - k -
ceparated subset must be of type 3 and 
we cons t ruc t type-3-systems of subse ts . 



If information about the appl icabi l i ty 
conditions of a problem space is i n ­
complete, then the described construc­
t ion process yields a consistent but not 
necessarily an cdmissible type-3-system 
of subsets of S. 

Appl icabi l i ty conditions of the ope­
rators : 

There is the cyc le w i t h i n F. 
The corresponding type-3-separe ted sub 
6et i s * *1C. 
I t e r a t i o n of type-3-systerns of subsets 
y i e l d s : 

Figure 3 
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I t is, poss ib le to prove tha t the def ined 
c o n s t r u c t i o n process y i e l d s an admis­
s i b l e type-2-system of subsets of S 
fo r a l l und i rec ted con junc t i ve problem 
spaces i f complete i n f o r m a t i o n about the 
a p p l i c a b i l i t y c o n d i t i o n s i s a v a i l a b l e . 
Moreover, the c o n s t r u c t i o n of can be 
r e a l i z e d very s imply. E s p e c i a l l y the 
i d e n t i f i c a t i o n of an element of 
which should be replaced by two new e l e ­
ments is accomplished through s imple 
c o e f f i c i e n t matching. 
F igure 3 shows an example of a con­
j u n c t i v e problem space and the cons t ruc ­
t i o n of an admiss ib le type-3-system 
fo r t h i s problem spece. In F igure 3 an 
express ion l i k e *11P means a c y l i n d e r 
set o f s i t u a t i o n s . 

Conclusions 

I n s o l v a b i l i t y o f i n s o l v a b l e t r a n s f o r n a ­
t i o n problems may be dec ided , fo r i n ­
s tance , by means of type-k-systems of 
subsets of the s i t u a t i o n s e t , as de f ined 
i n sec t i on 2 . 
Such a d d i t i o n a l expense in hand l ing p r o ­
blems i s p r o f i t a b l e i f i t i s exceeded by 
the saved amount of problem so l v i ng e f ­
f o r t f o r i n s o l v a b l e problems. 
However, i n f o r m a t i o n about the s t r u c t u r e 
of the problem space is necessary for 
d e t e c t i n g type-k-sepa rated subsets of 
s i t u a t i o n s . 
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