
A NEW METHOD FOR PROVING CERTAIN PRESBURGER FORMULAS 

A b s t r a c t 

T h i s paper d e s c r i b e s a new method f o r d e ­
t e r m i n i n g the v a l i d i t y o f c e r t a i n fo rmulas f rom 
Presbu rge r A r i t h m e t i c , namely those w i t h o n l y 
u n i v e r s a l l y q u a n t i f i e d v a r i a b l e s . T o d o t h i s t h e 
n o t i o n o f a P resburge r f o r m u l a , i s g e n e r a l i z e d 
s l i g h t l y t o t h a t o f a q u a s i - l i n e a r f o r m u l a . 

T h i s so c a l l e d " s u p - l n f " method seems p a r ­
t i c u l a r l y s u i t e d f o r p r o v i n g c e r t a i n v e r i f i c a t i o n 
c o n d i t i o n s t h a t a r i s e f rom program v a l i d a t i o n , 
e s p e c i a l l y those i n wh ich " p r o o f b y cases" i s r e ­
q u i r e d . I t a l s o e l i m i n a t e s t h e need f o r p r o o f b y 
e n u m e r a t i o n , i n h e r e n t in some methods d e s c r i b e d 
e a r l i e r I n the l i t e r a t u r e , wh ich sometimes r e q u i r e 
a search t h rough a l a r g e number of c o n s e c u t i v e 
I n t e g e r s . 

These a l g o r i t h m s have been programmed and 
used e x t e n s i v e l y as a p a r t of an au toma t i c theorem 
p r o v i n g sys tem. 

1 . I n t r o d u c t i o n 

P resburge r A r i t h m e t i c . 
An e x p r e s s i o n Is s a i d to be a f o rmu la in 

P resburge r a r i t h m e t i c i f I t I s a ( w e l l ) formed 
a l g e b r a i c e x p r e s s i o n , a l l o w i n g o n l y v a r i a b l e s , 
I n t e g e r c o n s t a n t s , a d d i t i o n and s u b t r a c t i o n , the 
a r i t h m e t i c r e l a t i o n s < and =, the p r o p o s i t l o n a l 
c a l c u l u s l o g i c a l c o n n e c t i v e s , and q u a n t i f i c a t i o n 
( e i t h e r u n i v e r s a l o r e x i s t e n t i a l ) . Cons tan t 
m u l t i p l i c a t i o n i s a l s o a l l o w e d . See [ 3 ] , Dav is 
[ 2 ] , and Cooper ( 1 ] . 

The P resbu rge r a l g o r i t h m i s a d e c i s i o n p r o ­
cedure f o r P resburge r a r i t h m e t i c : Given a f o r m ­
u l a i n P resburge r a r i t h m e t i c dec ide whether i t i s 
t r u e o r f a l s e . Two main s t eps are u t i l i z e d i n 
t h i s p r o c e s s : (1) E l i m i n a t i o n o f q u a n t i f i e r s 
(and rep lacement o f v a r i a b l e s by c o n s t a n t s ) (11) 
E v a l u a t i o n o f the r e s u l t i n g f o r m u l a (which has no 
v a r i a b l e s ) t o de te rm ine i t s v a l i d i t y . 

which Is descriDea oeiow, nanaies only the case 
of Presburger formulas w i th un i ve rsa l l y q u a n t i ­
f i e d v a r i a b l e s . But i t avoids the need for long 
searches through consecutive in tegers , and f a c i l ­
i t a t e s c e r t a i n types of "p roo f by cases." I t is 
not c lear whether our methods can be extended to 
handle a l l Presburger formulas, w i th both un i ve r ­
sa l and e x i s t e n t i a l q u a n t i f i c a t i o n . 

Presburger a r i t hme t i c has many app l i ca t ions 
In the f i e l d of prov ing asser t ions about computer 
programs* There a theorem about the program, is 
requ i red to be proved. Such theorems are o f t en 
not o r i g i n a l l y s ta ted as formulas in Presburger 
A r i t hme t i c but are reduced to such as the proof 
proceeds. For example f o r an arrav A. we might 
be g iven the theorem: 

* 
Backchalnlng on the second hypothesis gen­

erates the subgoal which is a 
formula in Presburger A r i t h m e t i c . Not ice t ha t 
j is a u n i v e r s a l l y q u a n t i f i e d va r i ab l e or f ree 
v a r i a b l e and hence must be t rea ted as a skolem 

constant in the p roo f . Many app l i ca t ions r e s u l t 
In Presburger formulas w i t h only u n i v e r s a l l y 
q u a n t i f i e d v a r i a b l e s . In t h i s paper we descr ibe 
a procedure, the sup - i n f method, fo r dec id ing the 
v a l i d i t y o f such formulas. 

F i r s t l e t us note tha t the above formula 
_ Is e a s i l y v e r i f i e d by adding the 

negat ion of the conclusion to the hypothes is , 
g e t t i n g and then combining to 
get the c o n t r a d i c t i o n Our p ro ­
cedure does e s s e n t i a l l y the same t h i ng on t h i s 
example. We now descr ibe in Sect ion 2 our p r o ­
cedure for determin ing the v a l i d i t y o f u n i v e r ­
s a l l y q u a n t i f i e d Presburger formulas. In Sec t ion 
3 we def ine the p i v o t a l a lgor i thms SUP and 
INF and prove in Sect ion 4 of [8] tha t they 
terminate w i t h des i rab le outputs when app l ied to 
q u a s i - l i n e a r formulas. Several examples are 
l i a t e d in Sect ion 3 , and given In more d e t a i l in 
Sect ion 5 of [ 8 ] . This method has been p r o ­
grammed and used ex tens ive ly in a program v e r i ­
f i c a t i o n system [ 6 ] . 

2 . The S u p - l n f Procedure 

An Example u s i n g the p r o c e d u r e . 
We b e g i n w i t h an example and t hen o u t l i n e 

t h e gene ra l p r o c e d u r e . 
L e t F be the theorem 

wh ich r e q u i r e s t e s t i n g t h e e x p r e s s i o n f o r each o f 
the i n t e g e r s , j = 1,2, . . . , 3 5 . I n f a i r n e s s t o 
Cooper I t shou ld be s t a t e d he re t h a t such adverse 
examples a p p a r e n t l y do n o t a r i s e o f t e n in t h e 
a p p l i c a t i o n s he c o n s i d e r s i n [ 1 ] . 

Our method, and I n more d e t a i l i n [ 8 ] , 

The s k o l e m i z a t i o n p rocess w i l l n o t b e d i s c u s s e d 
h e r e . These u n i v e r s a l l y q u a n t i f i e d v a r i a b l e s 
(o r skolem c o n s t a n t s ) w i l l b e r e f e r r e d t o a s 
" v a r i a b l e s " i n t h i s pape r . 
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v a r i a b l e s We w i l l negate F and c o n ­

v e r t i t t o the e x p r e s s i o n ( 8 ' ) be low, wh ich g i ves 
a range f o r each of these t h r e e x ' s . (Ex ­
p r e s s i o n s ( 5 ' ) , ( 7 ' ) , and ( 8 ' ) co r respond t o e x ­
p r e s s i o n s ( 5 ) , ( 7 ) , and (8) g i v e n l a t e r i n our 
gene ra l p r o c e d u r e ) . 

We f i r s t o b t a i n 

Q u a s i - L i n e a r Formulae. 
The reader w i l l observe t h a t e x p r e s s i o n 

( 8 ' ) i s n o t a P resbu rge r f o r m u l a because i t c o n ­
t a i n s n o n - i n t e g e r c o n s t a n t s and 

t h e symbol " m i n " . We now r e l a x t h e c o n d i t i o n on 
t h e i n t e g e r c o n s t a n t s t o a l l o w any r a t i o n a l number 
as w e l l as and However, the v a r i a b l e s 
(such as x 1 , x 2 , x 3 i n the above example) w i l l 

r e p r e s e n t o n l y n o n - n e g a t i v e i n t e g e r s . We a l s o 
a l l o w t h e symbols "max'' and " m i n " . Such an e x ­
tended P resbu rge r f o rmu la w i l l b e c a l l e d q u a s i -
l i n e a r . I t w i l l b e c a l l e d " q u a s i - l i n e a r i n L " 
i f each o f I t s v a r i a b l e s i s a member o f t h e s e t L . 

We now d e s c r i b e our g e n e r a l p rocedure f o r 
d e t e r m i n i n g the v a l i d i t y o f such q u a s i - l i n e a r 
f o r m u l a s . 

2 
How 3 < 2X 2 -1 i s d e r i v e d f r o m i s e x ­
p l a i n e d i n S e c t i o n 3 o f [ 8 ] . 

In ou r example above we had o n l y one F i T h i s 
has been the case in most examples we nave t r i e d 
so f a r . 

4 
I n p r a c t i c e we do n o t a lways conve r t t he e q u a l i ­
t i e s t o i n e q u a l i t i e s , b u t r a t h e r use a " s u b s t i ­
t u t i o n o f equals* ' t echn ique t o g a i n e f f i c i e n c y . 
See [ 9 ] . 

I n s o l v i n g f o r x 1 i n a n e x p r e s s i o n l i k e 
sup we o b t a i n two answers : x. 

x3 - 2 and i n s t e a d of one, as i n d i c a t e d 

i n f o rmu la ( 6 ) . However, t h i s p resen t s n o d i f f i ­
c u l t y i n p r o c e e d i n g t o ( 7 ) and ( 8 ) . 

The f u n c t i o n MAX (See S e c t . 3) is a p p l i e d to the 
a . . . I f t he maximum i s n o t i m m e d i a t e l y a t t a i n ­
ab le then the symbol "max" i s employed. S i m i ­
l a r l y f o r MIN. See f o r example , ( 7 ' ) and ( 8 ' ) 
above. 
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where each FL has t h e f o rm 

(9 ) 

and the a re q u a s i - l i n e a r exp ress ions 

i n t h e x1. 

Now we d e t e r m i n e t h a t F is v a l i d by show­
i n g t h a t each F L i s f a l s e . 

S i n c e the a L K and b L K a re u s u a l l y e x ­

p r e s s i o n s in t h e o t h e r x i (as was the case in 

our example) i t i s no t immed ia te l y obv ious how 
one can t e s t f o r t h e i n v a l i d i t y o f ( 9 ) . Our 
method ( t h e " s u p - i n f " method) f o r d o i n g t h i s i s 
s i m p l y t o t e s t whether the i n t e r v a l 

c o n t a i n s n o i n t e g e r , f o r some k , k = l , 2 , . . . , n , 
where sup . xk and i n f S xk a re d e f i n e d as 

f o l l o w s : 

D e f i n i t i o n s . 
I f S i s a s e t o f i n e q u a l i t i e s o f t he fo rm 

(9 ) and x 1 ' , x 2 ' , . . . . . . , x ' a re r e a l numbers, t h e n 

(x 1 ' , x b ' , . . . , x ' ) i s s a i d t o s a t i s f y S i f each 

i n e q u a l i t y in S becomes t r u e when each symbol 
xK is r e p l a c e d by the number xk ' . 

I f A i s a q u a s i - l i n e a r e x p r e s s i o n i n 
x 1 , x 2 , . . . , x n . and x 1 ' x ' 2 , . . . , x ' a re r e a l 

numbers t h e n 

denotes the number g o t t e n f rom A by r e p l a c i n g 
each symbol xk by t h e number xk ' 

I f A i s a q u a s i - l i n e a r e x p r e s s i o n i n 
x 1 , x 2 , . . . , x , t hen supS A i s d e f i n e d to be 

t h e l e a s t upper bound o f a l l numbers 

where ( x ' 1 , x 2 ' , . . . , x n ' ) i s a sequence o f n o n -

n e g a t i v e i n t e g e r s s a t i s f y i n g S . S i m i l a r l y , 
i n f S A i s the g r e a t e s t l ower bound o f such 

s 
numbers. When no c o n f u s i o n w i l l a r i s e we om i t 
t h e s u b s c r i p t S and w r i t e sup A and i n f A. 

Thus t h e v a l i d i t y o f F haa been reduced 
to d e t e r m i n i n g sup . x. and i n f . xk , where S 

i s the se t o f c o n j u n c t s o f ( 9 ) . We compute 
supS xk and i n f s xk by the a l g o r i t h m s SUP 

and INF g i v e n i n S e c t i o n 3 . 
I n S e c t i o n 4 o f [ 8 ] we p rove t h a t i f S i s 

any s e t o f i n e q u a l i t i e s o f t h e form (9) where we 
assume o n l y t h a t t h e a L i , b L f are q u a s i - l i n e a r 

i n x 1 , . . . , x , t hen the o u t p u t s SUP ( x k , N IL ) 

and INF ( x k , N I L ) a re numbers 

w i t h t h e p r o p e r t y 

Some D i s c u s s i o n of t h e P r o c e d u r e . 
T h i s p rocedure f o r d e c i d i n g the v a l i d i t y o f 

a q u a s i - l i n e a r f o rmu la (and hence f o r a u n i v e r ­
s a l l y q u a n t i f i e d P resbu rge r f o rmu la ) i s c a l l e d 
t h e s u p - i n f method. O f course i t serves much t h e 
same purpose as the methods of Cooper in [ 1 ] and 
o t h e r s . However, we f e e l t h a t the s u p - i n f method 
has some advan tages , e s p e c i a l l y f o r p r o v i n g 
theorems a r i s i n g f rom program v a l i d a t i o n . 

One such advantage is t h a t a h y p o t h e s i s , 
such as 

f rom our e a r l i e r example ( 3 ) , can be s t o r e d in 
t h e c o n c i s e fo rm 

to be used to e s t a b l i s h v a r i o u s c o n c l u s i o n s as 
r e q u i r e d . Thus i f w e d e s i r e t o e s t a b l i s h 
(2x 2 < 3) we need o n l y upda te (10) w i t h i t s 

n e g a t i o n (3 < 2 x 2 - 1 ) to get ( 8 ' ) and t h e n show 

t h a t ( 8 ' ) i s i n v a l i d . A l s o , u s i n g t h i s same 
h y p o t h e s i s (10) we m i g h t ( l a t e r ) be r e q u i r e d to 
p rove ano the r c o n c l u s i o n , wh ich i t s e l f has a 
h y p o t h e s i s , such as 

w h i c h is used to p rove x3 < 8. 

A l s o a s ment ioned e a r l i e r i t avo ids p r o o f 
b y searches t h rough l o n g l i s t s o f i n t e g e r s . 

Wh i l e these arguments have m e r i t , t hey a r e 
n o t ou r ma in reason f o r p r e f e r i n g t h e s u p - i n f 

1 T h i s c o n j e c t u r e has r e c e n t l y been p roved c o r r e c t 
by Shotak [ 1 0 ] . 
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F u r t h e r m o r e , w e c o n j e c t u r e t h e r e t h a t i f t he 
s e t S i s i n " n a t u r a l f o r m " , i n t h a t i t has been 
d e r i v e d f rom a theorem F by the p rocedure d e s ­
c r i b e d above, then e q u a l i t y h o l d i n the above 
f o r m u l a , i . e . , 



method, which is our des i re to e f f i c i e n t l y handle 
c e r t a i n "p roo f by cases. " This is expla ined in 
[ 8 , pp. 11-15), and in [ 7 ) . 

3. Algor i thms 

Here we descr ibe the p i v o t o l a lgor i thms 
SUP and INF. 

If A and B are q u a s i - l i n e a r expressions 
in L (see d e f i n i t i o n in Sect ion 1 ) , then so 
a lso are ( A + B ) , max(A,B), min(A,B) , and r * A, 
where r is a r a t i o n a l number. We can a lso 
d i v i de a q u a s i - l i n e a r expression A by a non­
zero r a t i o n a l number r by m u l t i p l y i n g by i t s 
inverse, i . e . , 

Le t S be a set of i n e q u a l i t i e s of the 
form where a and b are q u a s i -

l i n e a r in Recal l the 

d e f i n i t i o n s of ' ' given in 

Sect ion 2. We now give algor i thms f o r computing 
supS x i and i n f S x i fo r a given S. S w i l l 

be assumed to be f i xed throughout the remainder 
o f t h i s s e c t i o n . 

SIMP is an a lgo r i thm that puts expressions 
in canonical form. See ( 8 , 7 ] . A l l outputs from 
the a lgor i thms SUP, SUPP, INF, INFF, are au to ­
m a t i c a l l y s i m p l i f i e d by apply ing the a lgor i thms 
SIMP to them. 

SUP and INF. 
SUP and INF are each ca l l ed w i t h two 

arguments, J and L. J is an expression and 
L Is a l i s t . SUP(INF) attempts to f i n d the 
l a rges t (smal les t ) value that J can have con­
s i s t e n t w i t h the I n e q u a l i t i e s in S. (See d e f i ­
n i t i o n s of supS xk and infS xK in Sect ion 2 ) . 

L is a set of v a r i a b l e s . The f i r s t c a l l to SUP 
(or to INF) is usua l l y given w i th NIL fo r L; 
va r i ab les are then sometimes added to L by r e ­
cu rs i ve c a l l s to SUP and INF. See Tables I , I I . 

SUPP and INFF. 
SUPP and INFF are ca l l ed w i th arguments x 

and y. x is a va r i ab l e and y is an express ion. 
SUPP is ca l l ed by SUP when J is a v a r i a b l e 
and J 4 L. S i m i l a r l y INFF is ca l l ed by INF. 
SUPP is designed to handle the case when SUP(J,L) 
re tu rns an answer which contains J i t s e l f . 
See Tables I I I , IV. 

The ac t i on of SUP can be viewed as p u t t i n g 
together a s t r i n g of i n e q u a l i t i e s . For example, 
I f S cons is ts of the i n e q u a l i t i e s 

then SUP(J,NIL) w i l l determine 
and re tu rn 3 as the cor rec t va lue . 

cons is ts of 
then gets and 
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I t must solve t h i s i n e q u a l i t y to determine: 
and again r e t u r n the co r rec t 

va lue 3. This type of " s o l v i n g " is done by the 
a lgor i thm SUPP. That i s , SUPP (and analogously 
INFF) handles the cases when SUP(J,L) might r e ­
t u r n an expression con ta in ing J i t s e l f . 

For ins tance, In the above example, where 
S cons is ts of 
s ince J is a v a r i a b l e and the a l ­
gor i thm SUP (Step 2.2) f i nds the member 

of S w i t h J as i t s middle term, 
and then puts Z: = (SUP k { J } ) . Since 
SUP(k,(J}) (even tua l l y ) re tu rns the va lue ( 6 - J ) , 
a c a l l is made to SUPP(J, (6 -J ) ) which re tu rns 
the co r rec t value 3. In eva lua t i ng SUPP ( J , 
( 6 - J ) ) , SUPP expresses (6-J) in the form 
b J + c , w i t h b = - 1 , c = 6, and re tu rns the 
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I t is c lear that the methods of in teger 
programming [11] can be used to prove theorems 
of the type we consider here, and s i m i l a r l y our 
procedure can be thought of as another method 
fo r s o l v i n g in teger programming problems. 
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