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COLLECTIVE BEHAVIOUR OF AUTOMATA AND 
THE PROBLEMS OF STABLE LOCAL CONTROL 

OF A LARGE-SCALE SYSTEM 

The l o c a l c h o i c e o f i n d i v i d u a l a c t i o n s 
i n t h e c o l l e c t i v e w i t h a n t a g o n i s t i c 
i n t e r a c t i o n may i n p r i n c i p l e l e a d t o 
u n s t a b l e , b u r s t - l i k e reg imes i n t h i s 
c o l l e c t i v e . I n t h e m a t h e m a t i c a l model 
o f such a c o l l e c t i v e c o n s i d e r e d be low 
( w h i c h i s c o n v e n i e n t t o t r e a t i n t e rms 
o f a c o l l e c t i v e o f r a d i o s t a t i o n s i n t e r ­
f e r i n g w i t h each o t h e r d u r i n g t h e i r 

i s d e t e r m i n e d w i t h a l l t h e c o e f f i c i e n t s 
c h a r a c t e r i z i n g t h e i n t e r a c t i o n i n t h e 
c o l l e c t i v e . F o r t h i s reason t h e c o h e ­
r e n t l y l o c a l approach t o t h e c o n t r o l 
o f t h a t sys tem n e c e s s a r i l y f o r c e s one 
t o l o o k f o r l o c a l c r i t e r i a o f c o n t r o l 
w h i c h c o u l d a lways p r o v i d e t h e s t a b l e 
c h o i c e o f a c t i o n s (powers ) b y t h e r a d i o -
s t a t i o n s under c o n s i d e r a t i o n . I t i s a 
m a t t e r o f c o n t r o l e l a s t i c i t y t h a t l e a d s 
h im f u r t h e r t o t h e e l a s t i c l o c a l c r i t e ­
r i o n o f power c o n t r o l . T h i s c r i t e r i o n 
seems t o b e t h e most " r e a s o n a b l e " f o r 
such a c o l l e c t i v e , b u t i t i s r a t h e r 
c o m p l i c a t e d i n r e a l i z a t i o n . From t h e 

f o r m a l p o i n t o f v i e w t h e a n a l y s i s o f 
t h e l o c a l c r i t e r i a i s reduced t o 
s t u d y i n g p r o p e r t i e s o f Nash p a r t i e s i n 
c o r r e s p o n d i n g automata games. 
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v e c t o r o f f i x e d p o s i t i v e 
p a r a m e t e r s ; 
t h e s u b c l a s s o f r a d i o s t a t i o n 
c o l l e c t i v e s ; 

A number of i m p o r t a n t p rob lems of 
c o n t r o l systems c o n s t r u c t i o n w h i c h 
because o f t h e i r c o m p l e x i t y w e u s u a l l y 
c o n s i d e r a s b e l o n g i n g t o t h e a rea o f 
a r t i f i c i a l i n t e l l i g e n c e , l e a d s t o t h e 
n e c e s s i t y o f s t u d y o f a sys tem w i t h 
c e r t a i n c h a r a c t e r o f i n t e r a c t i o n o f i t s 
components. Suppose a sys tem c o n s i s t i n g 
o f n components. Suppose t h a t t h e 
i - t h component o f t h e sys tem p e r f o r m s 

I n o t h e r words t h e an tagon ism o f 
aims o f d i f f e r e n t e lements o f t h e 
sys tem and c o m p a r a t i v e l y s m a l l i n f o r ­
m a t i o n c o n c e r n i n g t h e a c t i o n s o f o t h e r 
e lements are main c h a r a c t e r i s t i c s o f 
t h e sys tem i n q u e s t i o n . 

S i m i l a r i n t e r a c t i o n s are t y p i c a l 
o f M a t h e m a t i c a l Economics. F o r example 
one can c o n s i d e r t h e g a i n o f t h e f i r m 
w h i c h i s p u t t i n g i n t o s a l e u n i t s 
o f goods , suppos ing t h a t o t h e r f i r m s 
i n d e p e n d e n t l y are s u p p l y i n g t h e same 
marke t w i t h t h e same goods , t h e i r quan­
t i t i e s b e i n g equa l t o 
r e s p e c t i v e l y . 

The s t u d i e s o n c r e a t i o n o f a n a r t i ­
f i c i a l s i t u a t i o n o f a s i m i l a r k i n d when 
i d e n t i f y i n g peop le s u i t a b l e f o r l i v i n g 
i n f u l l i s o l a t i o n f o r a l o n g p e r i o d o f 
t i m e are w e l l known ( t h e t e s t f o r s o -
c a l l e d p s y c h o - p h y s i o l o g i c a l c o m p a t i b i ­
l i t y ) . 

P r o f e s s o r M i c h a i l L v o v i c h T s e t l i n 
was t h e f i r s t t o draw o u r a t t e n t i o n t o 
t h e f a c t t h a t sometimes " b e h a v i o r a l " 
aspec t s appear i n p u r e l y t e c h n i c a l 
p r o b l e m s , w h i c h seem t o b e v e r y f a r 
f r o m t h e p rob lems o f b e h a v i o u r o f l i ­
v i n g o rgan i sms . One o f such prob lems 
i s t h a t o f s t a b l e l o c a l c o n t r o l o f t h e 
power l e v e l s i n t h e c o l l e c t i v e o f r a d i o -
s t a t i o n s , w h i c h i n t e r f e r e w i t h each 
o t h e r d u r i n g t h e i r no rma l p e r f o r m a n c e . 
I n t h i s p a r t i c u l a r p r o b l e m 
c o r r e s p o n d s t o t h e power l e v e l o f i - t h 
t r a n s m i t t e r and co r responds t o 

t h e s i g n a l - t o - n o i s e r a t i o a t t h e i n p u t 
o f i - t h r e c e i v e r . 

I t i s easy t o see t h a t i n a l l 
examples men t ioned above under t h e 
c o n d i t i o n t h a t t h e a c t i o n i s chosen 
i n d e p e n d e n l y i n each sys tem component 
o n t h e base o f l i m i t e d , l o c a l i n f o r m a ­
t i o n r e l a t e d o n l y t o t h e v a l u e , 
g e n e r a l l y speak ing i t i s p o s s i b l e t o 
have u n s t a b l e , b u r s t - l i k e r e g i m e s . 
I n d e e d , l e t f o r example t h e i - t h compo­
nen t o f t h e sys tem i n c r e a s e i t s 
w i t h t h e g o a l t o i n c r e a s e t h e e f f e c t 

. I n t h a t case a l l o t h e r components 
i n t h e i r t u r n can d o n o t h i n g b u t i n ­
c rease t h e i r a c t i o n s because t h e i r 
" e f f e c t s " f a l l down. A s a r e s u l t t h e 
v a l u e o f t h e e f f e c t i n t h e i - t h compo­
nen t may become even l o w e r t h a n t h e 
p r e v i o u s one and a f u r t h e r i n c r e a s e of 

i s r e q u i r e d , and s o on . 
Thus i n such c o m p l i c a t e d ( l a r g e -

s c a l e ) sys tem t h e n e c e s s i t y o f c l e a r i n g 

t h e e f f e c t i v e n e s s o f a p p l y i n g such an 
n o t i o n i n t h a t sys tem i s . T h i s " e f f e c t " 
i s d e t e r m i n e d b y a l l t h e a c t i o n s chosen 
b y a l l o t h e r mem b e r s o f t h e c o l l e c t i v e 
a t t h e same moment o f t i m e . The i n ­
c rease o f t h e l e a d s t o a n i n ­
c rease o f t h e e f f e c t p r o v i d e d t h a t t h e 
a c t i o n s o f a l l o t h e r mem b e r s o f t h e 
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up t h e p o s s i b i l i t y o f o b t a i n i n g a 
s t a b l e reg ime o f t h e l o c a l c h o i c e o f 
a c t i o n s b e g i n s t o p l a y a f undamen ta l 
r o l e . 

Though t h e m a j o r i t y o f t h e paper 
f o r m u l a t i o n s and r e s u l t s seems to be 
d i r e c t l y a p p l i c a b l e t o b o t h t h e Mathe­
m a t i c a l Economics and t h e g r o u p - p s y c h o ­
l o g y p r o b l e m s , a l l t h e d i s c u s s i o n s 
be low are r e l a t e d o n l y t o t h e power 
c o n t r o l p rob lem i n a c o l l e c t i v e o f 
r a d i o s t a t i o n s . (Note t h a t i n d e p e n d e n t l y 
such a p rob lem i s o f i n t e r e s t f o r one 
t y p e o f commun ica t ion sys tem, namely 
f o r t h e asynchronous address 
commun ica t i on s y s t e m s . ) 

The f o l l o w i n g m a t h e m a t i c a l model 
i s u s e d . The c o l l e c t i v e o f r a d i o s t a t i ­
ons c o n s i s t s o f n p a i r s o f 
t r a n s m i t t e r - r e c e i v e r . L e t b e t h e 
power o f t h e i - t h t r a n s m i t t e r a t t h e 
moment t . We suppose t h a t g e n e r a l l y 
s p e a k i n g a l l t h e p a i r s are i n t e r a c t i n g 
and w r i t e n o i s y i n p u t power coming f r o m 
t h e t r a n s m i t t e r o f t h e j - t h p a i r a s 
i 

Then, the input noise-to-signal 
r a t i o f o r i - t h receiver i s 
eaual to 

Here is addit ive noise power at 
the input of the i - t h receiver; 
is the signal power coming from the 
t ransmit ter of the same ( i - t h ) pa i r . 

I t i s supposed that a l l the i n f o r ­
mation concerning the s i tua t ion in the 
co l lec t i ve of radiostat ions at the 
moment t which is available f o r 
i - t h t ransmit ter consists of two 
quant i t ies (that i s , 
in each pa i r there is an " i dea l " feed­

back). 
When facing such a system one 

should answer the fo l lowing questions. 
Let the posi t ive value be given 

(Here is f i xed pos i t ive parameter 
of the algori thm). 

From the expression (3) it fol lows 
that at each moment t h i s algorithm uses 
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a v a i l a b l e t o t h e 1 - t h t r a n s m i t t e r and 
i t s t a s k i s t o m i n i m i z e i n a d e f i n i t e 
sense t h e C i by means of t h e p r o p e r 
power c h o i c e . As i t was up to now, we 
assume t h a t t h e i - t h t r a n s m i t t e r knows 
o n l y t h e q u a n t i t i e s and 
t h a t C i can depend o n l y upon them 
( i . e . , C i may depend upon t h e 
powers o n l y v i a 
and maybe upon c e r t a i n pa rame te r a p r i ­
o r i known t o t he t r a n s m i t t e r . 

One of t h e most n a t u r a l way of 
s y n t h e s i s o f t h e l o c a l c r i t e r i o n o f 
power c o n t r o l w h i c h p r o v i d e s a s t a b l e 
c h o i c e o f powers i n a n a r b i t r a r y c o l ­
l e c t i v e o f r a d i o s t a t i o n s i s t o i n t r o d u c e 
" p r i c e " f o r t h e t r a n s m i t t e r power . 

The s i m p l e s t c r i t e r i o n o f such 
k i n d has t h e f o l l o w i n g f o r m 

( 4 ) 

where i s a n a p r i o r i chosen f i x e d 
p o s i t i v e pa ramete r ( " p r i c e " ) . 

W e w i l l s t u d y a s y m p t o t i c ( f i n a l ) 
b e h a v i o u r o f t h e c o l l e c t i v e o f automata 
o f power c o n t r o l , C i b e i n g t h e 
p e n a l t y f u n c t i o n f o r t h e i - t h au tomaton , 
i = 1 , . . . , n . O m i t t i n g t h e f o r m u l a t i o n 
o f c o n s t r u c t i o n o f each automaton we 
w i l l t r y t o p rove t h e e x i s t e n c e and 
un iqueness theo rem f o r c e r t a i n e q u i l i ­
b r i u m p o i n t s (Nash p a r t i e s ) i n c o r r e s ­
p o n d i n g games. A f t e r t h a t t h e r e w i l l b e 
e v e r y r eason t o hope t h a t automata o f 
s i m p l e " g r a d i e n t " t a c t i c s w i l l p r o v i d e 
t h e g l o b a l s t a b i l i t y o f power c h o i c e b y 
t h a t au tomata c o l l e c t i v e . However, t h e 
d e s c r i p t i o n o f t h e au tomata p i c k i n g u p 
t h e Nash p a r t y i s beyond t h e scope o f 
t h i s p a p e r . 

The p a r t y o f a game ( i . e . , t h e s e t 
o f a c t i o n s chosen b y i t s p a r t i c i p a n t s ) 

F o r t h e i - t h p a i r o f r a d i o s t a t i o n s 
i t i s n a t u r a l f r o m a p r a c t i c a l p o i n t 
o f v i e w t o t r y t o r e a c h a n a p r i o r i 
g i v e n n o i s e - t o - s i g n a l r a t i o because i t 
i s t h i s r a t i o t h a t i s r e s p o n s i b l e f o r 
t h e p o s s i b i l i t y o f no rma l s i g n a l 
r e c e p t i o n . Bu t on t h e o t h e r hand such 
a c r i t e r i o n o f c h o i c e o f power l e v e l 

I n t h e l a t t e r case i n accordance w i t h 
t h e power c h o i c e a l g o r i t h m ( 3 ) t h e 
powers o f a l l t h e t r a n s m i t t e r s b e g i n 
t o grow i n f i n i t e l y , i . e . , t h e sys tem 
becomes u n s t a b l e . 

Note t h a t t h e answer o f w h e t h e r 
i s o b t a i n a b l e o r n o t may be 

g i v e n o n l y a f t e r a n a n a l y s i s o f m a t r i x 
( 2 ) . Bu t t h e p r o b l e m i t s e l f was f o r m u ­
l a t e d s o t h a t t h i s i n f o r m a t i o n i s n o t 
a v a i l a b l e f o r any member o f t h e c o l ­
l e c t i v e . 

One way o f a l l o w i n g s t a b i l i t y t o 
b e reached d e s p i t e t h e l o c a l i t y o f 

i s t o t a k e i n t o account b e s i d e s t h e 
i n p u t n o i s e - t o - s i g n a l r a t i o t h e power 
c o n s u m p t i o n . To t h i s end we i n t r o d u c e 
t h e f o l l o w i n g f o r m a l d e f i n i t i o n o f 
n o t i o n o f l o c a l c r i t e r i o n o f power 
c o n t r o l C ; 

Assume t h a t t h e v a l u e o f C i i s 
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w h i c h has t h e p r o p e r t y t h a t f o r none o f 
t h e automata i s i t advantageous t o 
change i t s a c t i o n p r o v i d e d t h a t t h e 
o t h e r automata p e r s i s t i n t h e i r a c t i o n s 
w e w i l l c a l l e q u i l i b r i u m i n t h e sense 
o f Nash p a r t y o r s i m p l y Nash p a r t y . 

i s a lways f u l f i l l e d , i . e . C i i s a 
concave f u n c t i o n of t he v a r i a b l e s C i . 
F o r such f u n c t i o n s a l l Nash p a r t i e s 
and o n l y t h e y s a t i s f y t h e system o f 
e q u a t i o n s 

Theorem 1 . F o r e v e r y p o s i t i v e 
v e c t o r t h e r e e x i s t s 
a un ique e q u i l i b r i u m in sense o f Nash 
v e c t o r and c o n s e q u e n t l y 
a un ique v e c t o r 

(The p r o o f s o f a l l theorems i n t h e 
paper w i l l b e o m i t t e d . ) 

I t i s i n t e r e s t i n g t o n o t e t h a t a n 
analogous c r i t e r i o n w i t h " l o g a r i t h m i c 
p r i c e " on t h e power 

( 7 ) 

a l r e a d y d o e s n ' t have such a p r o p e r t y . 
One can see t h a t i n case o f t h e c r i t e ­
r i o n ( 7 ) t h e e q u i l i b r i u m p a r t y e x i s t s 
o n l y f o r f r o m a c e r t a i n r e g i o n , 
w h i c h i t s e l f depends upon t h e d e t a i l e d 

s t r u c t u r e o f i n t e r a c t i o n s i n t h e c o l ­
l e c t i v e . 

Thus c r i t e r i o n ( 4 ) p r o v i d e s t h e 
s o l u t i o n o f t h e p rob lem o f s t a b l e l o c a l 
power c o n t r o l i n t h e a r b i t r a r y c o l l e c ­
t i v e o f r a d i o s t a t i o n s . However, i t has 
a l i m i t a t i o n w h i c h f o r c e s one t o l o o k 
f o r a b e t t e r c r i t e r i o n . 

L e t a l l r a d i o s t a t i o n s n o t i n t e r a c t 
a t a l l 
b u t t h e automata o f power c o n t r o l are 
i g n o r a n t o f t h a t f a c t ( t h e i - t h a u t o ­
maton knows o n l y ! ) . I n 
t h a t case i t i s p r i n c i p a l l y p o s s i b l e 
t o o b t a i n any a p r i o r i g i v e n n o l s e - t o -
s i g n a l r a t i o i n each p a i r o f r a d i o -
s t a t i o n s . U n f o r t u n a t e l y , t h e automata 
p e r f o r m i n g i n accordance w i t h c r i t e r i o n 
( 4 ) canno t p r o v i d e i n t h e e q u i l i b r i u m 
p o i n t t h e a p r i o r i g i v e n n o i s e - t o - s i g ­
n a l r a t i o , t hough i t i s a lways o b t a i n ­
a b l e . I ndeed i t i s seen f r o m e x p r e s ­
s i o n ( 6 ) i n t h a t case f o r any f i x e d 

However t h e l i m i t a t i o n j u s t 
men t ioned i s i n h e r e n t n o t o n l y f o r 
c r i t e r i o n ( 4 ) , a s a m a t t e r o f f a c t i t 
i s a p r o p e r t y o f a l l c r i t e r i a o f a 
s i m i l a r k i n d . 

Cons ide r now a n a r b i t r a r y c o l ­
l e c t i v e o f power c o n t r o l au tomata , 
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i s equa l t o a c e r t a i n a p r i o r i g i v e n 
v a l u e ( i ndependen t o f a d d i t i v e n o i s e 
power o n r e c e i v e r i n p u t ) . 

The reason f o r t h e " n o n - e l a s t i c i t y " 
l i e s i n t h e f a c t t h a t automata can n o t 
d i s t i n g u i s h t h e a d d i t i v e n o i s e f r o m t h e 
n o i s e coming f r o m t h e p a r t n e r s . 

N e v e r t h e l e s s u s i n g t h e same l o c a l 
i n f o r m a t i o n o n t h e c o l l e c t i v e a v a i l a b l e 
t o each t r a n s m i t t e r , one can c o n s t r u c t 
a n o t h e r automata game, t h e e q u i l i b r i u m 
p a r t y o f w h i c h d o e s n ' t have t h e f o r m 
( 8 ) . P a r t i c i p a n t s o f t h a t new game have 
t h e a b i l i t y t o make a d i s t i n c t i o n 
between t h e a d d i t i v e n o i s e and t h e 
n o i s e f r o m p a r t n e r s and f o r t h a t r eason 
t h e a s s e r t i o n o f theorem 2 f o r t h e 
game d o e s n ' t h o l d . 

I n d e e d , a p p l y i n g automaton 
p r o v i d i n g t h e c h o i c e o f a n a p r i o r i 
g i v e n n o i s e - t o - s i g n a l r a t i o (when i t i s 
p o s s i b l e i n p r i n c i p a l ! ) , one can 

f o r m u l a t e t h e game o f automata i n 
w h i c h t h e n o i s e - t o - s i g n a l r a t i o i t s e l f 
w i l l b e t h e a c t i o n o f i - t h automata 
at t h e moment t . I t can be done by 
making use o f an automaton o f s o - c a l l e d 
" t w o - l e v e l s " c o n s t r u c t i o n , where t h e 
f i r s t l e v e l ( au toma ton ) i s t o 
m a i n t a i n a c e r t a i n n o i s e - t o - s i g n a l 
r a t i o , t h e v a l u e o f w h i c h i s chosen b y 
t h e second , " h i g h e r " l e v e l . 

Then Nash p a r t i e s w i l l s a t i s f y t h e 
e q u a t i o n s analogous t o ( 5 ) , ( 6 ) : 

where i s a g a i n a f i x e d n u m e r i c a l 
p a r a m e t e r a p r i o r i chosen i n t h e i - t h 
t r a n s m i t t e r . P e r f o r m i n g i n accordance 
w i t h t h i s c r i t e r i o n t h e i - t h automaton 
decreases t h e v a l u e o f t h e n o i s e - t o -
s i g n a l r a t i o b y t h e way o f a n i n c r e a s e 
o f i t s power u n t i l a f u r t h e r 
n e g l i g i b l e decrease o f t h a t q u a n t i t y 
r e q u i r e s t o o much i n c r e a s e o f t h e 
t r a n s m i t t e r power-

I t w i l l b e shown t h a t t h i s e l a s t i c 
c r i t e r i o n p r o v i d e s u f f i c i e n t " s m o o t h ­
n e s s " o f t h e t r a n s i t i o n f r o m t h e 
s i t u a t i o n w i t h weak components i n t e r ­
a c t i o n t o t h e one w i t h h i g h i n t e r a c t i o n 

p r o v i d e d t h a t C i depends upon o n l y 
and maybe upon some p a r a ­

me te r w h i c h i s a p r i o r i chosen 
i n d i v i d u a l l y i n each automaton ( i . e . , 
t r a n s m i t t e r ) . Then t h e f o l l o w i n g 
theo rem i s h e l d . 
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F i r s t o f a l l i t i s d e s i r a b l e t o 
f o r m u l a t e f o r t h i s c r i t e r i o n a theorem 
ana logous to theo rem 2 . Be fo re t h a t 
w e w i l l g i v e a n i n t e r e s t i n g g e o m e t r i c a l 
i n t e r p r e t a t i o n o f e q u i l i b r i u m p o i n t 
( o r p o i n t s ) w h i c h f o l l o w s f r o m ( 9 ) , ( 1 0 ) , 
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in teract ion of radiostat ions, respec­
t i v e l y ) . 

The proof of the existence theorem 
fo r the equi l ibr ium point is complica­
ted enough in case n > 2 and it was 
done previously only f o r cer ta in 
natural class of co l lec t ive of rad io-
stat ions "where the in teract ion is not 
too strong". 

Session No. 2 Applications 

s t e p s j u s t i f y i n g i n t h a t case t h e 
a p p l i c a b i l i t y o f t h e f i x e d p o i n t 
t h e o r e m . 

Summing u p , one can say t h a t i n t h e 
f o r m u l a t i o n o f t h e p r o b l e m o f s t a b l e 
( e l a s t i c ) l o c a l power c o n t r o l c o n s i d e ­
r e d above, i t i s t h e i n t r o d u c t i o n o f 
a " p r i c e " o n power ( o r o n i t s i n c r e m e n t ) 
t h a t p r o v i d e s g l o b a l s t a b i l i t y . 
I f i t were n o t f o r q u e s t i o n s o f t h e p u ­
r e l y t e c h n i c a l p r o b l e m , w e wou ld say 
t h a t such a " s p l i t " o f a im o f each 
p a r t i c i p a n t ( b e s i d e s t h e n a t u r a l w i l l 
t o o b t a i n t h e m i n i m a l v a l u e o f 
h e wan ts t o gua ran tee t h e s t a b i l i t y ) 
i s ana logous t o t h e n e c e s s i t y f o r a n 
i n d i v i d u a l t o s t i c k t o c e r t a i n mo ra l 
p r i n c i p l e s f o r t h e sake o f s t a b i l i t y 
o f s o c i e t y as a w h o l e . 

pa i r of posi t ive . (hyperbolas 
shown on the drawing are two examples 
of the locat ion of the boundary surface 
of region, f o r weak and strong 

co l l ec t i ve ) . 
Theorem 3» There is always at 

least one Nash equi l ibr ium point in 
the class 

The proof of the theorem consists 
of a number of more or less independent 


