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ABSTRACT

Locality and spectrum properties are
used to derive representations for +the scaling
functions of deep inelastic scattering and anni-
hilation processes. A generalized crossing rela-

tion among these scaling functions emerges.
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The study of the structure of hadrons has largely profited from
the investigations of deep inelastic lepton nucleon scattering. In. these
processes the question of a possible connection between deep inelastic

electron nucleon scattering
! n . n
e+ p—> e+ "anything
and the deep electron positron annihilation process
= n . "
e+e' — p+ anything
1)

involving the structure functions W and W for scattering and annihilation,

has become important. Drell, Levy and Yan proposed crossing relations
respectively. In a model of scalar currents and particles, which we choose
for the discussion in this note for reasons of simplicity, the crossing

relation of these authors reads

W(qz, u) = - Wz u). (1a)

An immediate consequence of this is the crossing relation for the corres-

ponding scaling functions F and ¥

Flw) =— Fl-w) (1v)

in the annihilation region -1 EC\)SO, where the scaling variable is
defined by @ = -2pq/q2. Recently a number of papers 2) has dealt with the
problem of crossing for scaling functions in various models. The most
general discussion starting from a light cone expansion has been given

by Gatto and Preparata 3) who modify Eq. (1b) for the case where F(e&))

exhibits a cut in the annihilation region.

It is the purpose of this letter to propose representations for
both scaling functions F(G)) and F(GJ) from explicitly exploiting loca-
1ity and spectrum. As a result both scaling functions are determined by
one and the same double spectral function, which itself is entirely given
in terms of final hadron states. An immediate consequence of these repre-

sentations is a generalized crossing relation among F and F.

We start from the connected part of the virtual non-forward

"Compton amplitude" for scalar particles and currents
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which we represent by an ansatz which takes fully into account locality,
: *

physical spectrum and crossing symmetry
ret
T (q%@% st u) =
0 00 o0 ' 2 (3)
2, [dg™[da"[ds’ §4.0,st) [ 1, 4
n:3 , ' ' .
a g s Grg)eteyls-s S

**
Here the integrations extend over normal discontinuities ). We have used

the following notation (p2 =p'2 =M2), Q= (a4p'-p), s= (q+p')2,
u==(q-p)2, t;=(p'—p)2, the subscript + refers to a small positive
imaginary part of q, in the corresponding variable. Representation (3)
can be justified in a similar way as the representation for the three-point
function in Ref. 4). By the same arguments the triple discontinuity

occurring in (3) is given by

6(a.) 6(0.) Oqrp) 9(4%Q%5,t) =
-;-_'-3 f dxd d?% o e PP (o) 3exy g Ilo> @

2
with j(y)= (0 +n°)@(y), #(y) being the interpolating field of the scalar
particles. For g we have the obvious crossing property

e = =~ = " - (= = (" = T - e S = € O S S e o R SR S e o e S S

*) For the sake of simplicity we do not incorporate single and double
spectral contributions. Modifications of our results due to those
additional terms will be given in a forthcoming publication.

**)

For the discussion in this note we neglect all anomalous discontinui-

ties.
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The non-forward structure function A is proportional to the

imaginary part of Tret:

Ag% QY s tu) = 2 B T7 2

_4_ 1} iqx . = f . ret (6)
thdx e " <pl[30), 3‘(O)J,,»c: 2ri d'sc?oT '

As a direct consequence of the causal representation we get

r® Alq? @ s, 'l’ u) =

o L dethae 2@ Q'sf)[ 1 4]
{é(qo)g(? ‘1 )f dafd 0'2 Q?- s'- s * s'-u
t t

W2elqe) €(6:) 0G*-97 )60 gL Yelaorn) 0(s-s,) 94’ @2 5,t) +€ ) O(u- s)gé;‘a‘uty }

. Ql lt
}G(Qo b ;) /a’q' ds' 37(4 ?,_s )[s'is + s'ju]

L eq.)e(a.,\ 9(‘7’-‘1: ) 9(0‘-9, )[€(q.+p,,) 0s-5,) 94345 t )+ €u-p) 6u-5) 914 47 u,tZ] }
(97455, ¢)

+{e(‘io*P") B(s-5,) fd(rzj/d@" (q'lq ) 0'- 4:.)
9w %

(1)

- T el €) 664™q, ) 6(8%a2) el p.) 06-5) 943425 ¢) f

2 ” * t
ool 252

- T2 e(q.) €@) 0(3%9.1)6(a%92) €qu-p) Olu-5,) 94’ @2 u,t) f .



The four terms in curly brackets are the discontinuities in the four in-
) 2 2 .
variant variables q , Q, s and u, respectively. They correspond

to the four diagrams a,-d) of Fig. 1.

The term represented by the third curly bracket in Eq. (7)
restricted to forward direction describes (via the optical theorem) the
process e+p—e'+"anything". Therefore, the structure function W for this

process is given by

©

” 2 'f 0.2 S) 0)
W(?Z.S)= (s+M>q%) 9(S-$¢)i:{'3/ d' / aQ"” ?z(?; :z ) (8)
9 (4724)&%-)

We emphasize that the scattering process is kinematically constraint to

2
q <0, i.e., to a region where A has no q2 discontinuity, so that i€

prescriptions in this variable are irrelevant. This is no longer true for
the annihilation process e+e'!—p+"anything" given by the u discontinuity
of the Compton amplitude. In this process we have q22>0 so that for
q2:>qi we have a q2 discontinuity. Tgis q2 giscomtinuity is actually

a forward direction 1limit of both the ¢ and Q° discontinuities. From
Fig. 2 which pictures the annihilation process it is obvious that the

i€ ©prescriptions have to be opposite in the variables q2 and Q2. This
argument shows clearly that the annihilation process has to be obtained as

a limit of the non-forward Compton amplitude. Thus, we have for the

structure function W of the annihilation process

W(qzr U) =

| 0) |
~€(urMiq2) Olu-s,) és &*fd yro, + 4 66242 94295 u,0)

Already at this point, i.e., for finite virtual photon mass q2,

we can establish a generalized crossing relation for structure functions




W) -

N , » (10)
-2 W(ghu)- 2 elurH02)00u-5) 0442) 939", 4,0)

Here, a few remarks are in order:

1) +this relation connects the structure functions for scattering and
“annihilation processes even for definite final hadron states, e.g.,

e+p—e'+p+T is related to e+e'—=p+p+T;

2) the generalized crossing relation replaces the naive crossing relation

(1a) which is suggested by the kinematics of the two processes;

3) the positivity of the cross-sections related to the structure functions

is guaranteed by the expression (4) for the spectral function
2 .2
g(q »Q 1ySyt);

4) the signs occurring in Eg. (10) depend on the Bose statistics of the

scalar particles. They turn into plus signs for Fermi statistics.

The transition to the deep inelastic region (i.e., Bjorken limit)
of the structure functions W and W can now be studied in detail. To
this end we assume that the triple discontinuity g(qz,Qz,s,O) itself shows

scaling behaviour of the following form

Lm "G €50 = YL, ¢)

%E,gf fixed

(11)

The crossing relation (5) implies

Plxy) = Plyx). (12)

Obviously, our approach is independent of any assumptions about leading
light cone behaviour, nevertheless the power n can be related to the power
of the leading light cone singularity, e.g., n=71 corresponds to a
behaviour of the form é(xo) (xz) (free field case), n=0 to

x? A (e (xo) J(xz):] [current divergences in a free quark model 5>:| .



-6 -

Introducing the scaling assumption (11) into Egs. (8) and (10)

we obtain the relations

Yixy)
F(w) ((D 4)n n3/d (X* )(y+ )

(1< w¢ oo)') (13)

and

F(w (‘f) 2?‘7—&)*- o 30 4+0 )”‘0) (4_(.)<o) (14)

where the scaling functions F(w) and F(w) for scattering and annihila-

tion, respectively, are defined by

Flw) = (&/M (9 elqr-w) W(g%s) ) (15)
_q - 00
w frxed

Flo)= &m  (9*)" €(-q%0) Wigsu) . (16)

q—)M

w fixed

We should like to comment these results with some remarks.

1) Scaling of a given type in the deep inelastic scattering region, charac-
terized by the power n in Eq. (11), implies the same type of scaling
in the deep annihilation region. This is a direct consequence of the

restriction to triple discontinuities in ansatz (3).

2) Equation (14) is the generalized crossing relation for scaling functions
correcting Eq. (1b). The double spectral function Qb(x,y) can directly
be constructed from Egqs. (11) and (4), thus it is entirely given in terms
of physical intermediate states, thereby taking into account the physical
spectrum in all variables. Positivity constraints on 1”(x,x) are
obviously satisfied because of Eq. (4). Finally, we point out that
V/(x,y) determines completely F(w) and F(w)
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3) Gatto and Preparata 3) discussed a relation of similar structure as
Eq. (14). The difference to our work lies in two points
i) they start from a light cone expansion for the commutator, ii) their
correction term occurring in the relation for F(ao) is not given in a
constructive form and only indirectly related to F(O)) by delicate

limit procedures.

4) The representation (13) for the deep inelastic scaling function Mw)
shows that F(@) has a cut for - ®m<@<1, arising from normal
discontinuities in the mass variables of the virtual photons. The
deep inelastic scattering region lies along the real axis 1<@W<owm,
i.e., to the right of the cut. According to the generalized crossing
relation (14) the information about the annihilation structure function
is given by the real part of the analytic continuation of F(a)) onto
its cut between 0< (@ <1 plus the term containing the double spectral

function '41 at equal arguments.

5) In models which do not exhibit a cut in F(a)) in the interval
O0<@w <1 the generalized crossing relation (14) reduces to Eq. (1b),
originally proposed by Drell, Levy and Yan 1). In this case, the
integrations in the representation (13) extend only over the intervals

0<x,y<1.

6) Positivity constraints on F(®w) and F(w) are satisfied because of

those fulfilled for W and W.

As a last point supporting our ansatz we should like to mention
that the commutator A(qz,Qz,s,t,u), Eqs. (6) and (7), taken to its
Bjorken limit vanishes in forward direction in the interval -1<@ <1,
i.e., the sum of all discontinuities in Eq. (7) adds up to zero in this
region. The same feature occurs in light cone models and canonical field

theory.

For predictions of scaling functions one has to start from a model
for the triple discontinuity g(qz,Qz,s,O), Eq. (4). The scaling functions
will then be given in all regions. Moreover, the approach to scaling, i.e.,
the non-leading terms in the Bjorken limit, is completely determined from a

study of W(q2,s) and W(qz,u) given by Egs. (8) and (9).
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In a forthcoming paper we will give a resonance model for the
scaling functions in the deep inelastic scattering and deep annihilation

region,

We should like to thank C, Llewellyn Smith for reading the

manuscript and for a discussion,
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FIGURE CAPTIONS

Figure 1
Discontinuities of the virtual non-forward Compton
amplitude
a) in the variable q2;
b) in the variable Q2;
c) in the variable s;
d) in the variable u.,
Figure 2

Diagrams for the annihilation cross-section.
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