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Abstract

The scaling property, characteristic of cosmic ray acceleration, is investi-
gated with the Kolmogorov distribution for chaotic processes The width pa-
rameter L is found to be about the same for the spectra of v, u, and p with
L = 0249 4+ 0 010, just like their spectral index 7 = 2 773 £ 0 019 of the power
law These scaling properties suggest that the spectrum may be represented by
a one-dimensional Ulam map, its Liapunov exponent determined by 7 indicates
4 jumps of shock waves to achieve the acceleration of these particles
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An investigation of the spectrum of cosmic ray particles is imperative for under-
standing the complex process of their acceleration As the neutrinos are mostly from
decays of muons, the width of their spectra is expected to be different from that of
muons However, from recent precise measurements of v, spectrum by the AMANDA
Collaboration [1] and v, spectrum by the Super-K Collaboration [2], it is found that
their width is about the same as those of muons at high altitudes by the MASS Col-
laboration [3] and the CAPRICE Collaboration [4], as well as muons at sea-level by
the Kiel-Durham Collaboration [5,6] Furthermore, these widths are comparable to
that of protons at high altitudes by the AMS Collaboration [7] On the other hand,
the spectral index of all these spectra turns out to be practically the same These
intrinsic properties of scaling, essentially different from the case of particles produced
by high energy accelerators, are to be accounted for by any analytical model to de-
scribe the cosmic ray spectrum

As regards the momentum spectrum of cosmic ray particles, partly because of
the chaotic nature of their acceleration process, and partly because of the parabolic
shape of their spectrum in the log-plots, therefore for their description, it is appro-
priate to use phenomenologically the Kolmogorov distribution [8], together with the
power law predicted by the shock wave acceleration [9] We will see that the spectral
index represents actually the Lyapunov exponent [10] Consequently, it determines
the number of shock jumps [11] for the acceleration of cosmic ray particles We recall
that it is rather straightforward to derive the Kolmogorov distribution from the basic
equation of energy gain of the original Fermi model [12]

We use the phase space

C = LOg P> (1)
as kinematic variable and write
dd—; = Ne~(+¢P2L P <P, (2)

where ¢* is the shift of the spectrum maximum, L is the width parameter and N is
the normalization coefficient, whereas

d _C
dP P

< being the spectral index and C the normalization coeflicient As the second deriva-
tive d?n/dP? of the lognormal distribution (2) is negative definite, therefore the tan-
gent slope starts from zero at the maximum, then decreases monotonically to —oco as

P — oo It follows that the two distributions (2) and (3) may be joined tangentially
at Py according to

P > P,, (3)

Log P, =2303y L - (%, 4)

so that the power law (3) is to correct the tail of the lognormal distribution (2) and
represents actually the asymptotic behavior of the spectrum

We use these distributions to analyze the spectrum of cosmic ray particles Con-
sider first the v, spectrum of the AMANDA Collaboration [1] and the v, spectrum
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of the Super-K Collaboration (2], as shown in Fig 1 The dotted and solid curves
represent the least-squares fits with (2) and (3), respectively The parameters of log-
normal fits are summarized in Table I, together with the average momentum < P >
(in GeV/c) computed according to the fit Note that their average momentum dif-
fers by ~ 200, due to the large difference in the position of their maximum at
antilog(—(*) = 37 07 GeV/c for v's of AMANDA compared to 0109 GeV/c in the
case of Super-K

As regards the power law fit with Eq (3), it is not applicable to the Super-K
spectrum, as its momentum range is too restricted For the AMANDA data, we find
(in solid line)

v, =27754+ 0253, C, = (4284 148)10°

A comparison with the data indicates that the fits are very satisfactory indeed,
as shown in Fig 2 the test by the moment analysis of both spectra The points
corresponding to the first 5 moments (triangles and nablas for the Super-K and the
AMANDA data) are all close to the bisector If we tentatively assume

(Mmt) i = c[(Mmb)esp)%, (5)

the validity of the phenomenological distribution (2) requires both parameters « and
¢ to be consistent with 1 We find

a=0996+0005 ¢c=0849+00172 for AMANDA,

a=1063£0004, c=1190=+ 0020 for Super-K

It is interesting to note that the width parameters L of these two distributions
so different in their shape are about the same within ~ 1 2 standard deviations In
fact, L = 0218 may fit the AMANDA spectrum as well with ¢* = —1 586 £ 0 009
comparable to the free-parameter fit listed in Table I This implies the scaling prop-
erty, namely one of the two spectra may be superposed onto another by sliding itself
along its coordinate axes Furthermore, the spectral index + is comparable to those
of muons and protons (see below), as well as a-particles and heavy nuclei of cosmic
rays [13]

Next, we consider negative muons at various high altitudes from 26 to 225g/ cm?
of the MASS Collaboration [3], and at mountain altitude 886 g/cm? residual atmo-
sphere of the CAPRICE Collaboration [4], then at sea-level 1036 g/cm® from the Kiel
Collaboration [5] and the Durham Collaboration [6] The fits according to (2) and
(3) are shown in Fig 3(b) by the dotted and the solid curves, respectively The pa-
rameters of the lognormal fits and the estimates of < P > are listed in Table I Note
that the estimates of < P >, for the CAPRICE experiment [4] at 24 - 255 g/cm” are
less than those of other u experiments because of restricted momentum range

As for the power law fits (in solid lines) we find

Yu=2763+0032, C,=3630x254 for CAPRICE,
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and
v, =2982+£0146, C, = 2150 £ 12 for Kiel-Durham

Here, we find both parameters, ¢* and L remain practically the same, indepen-
dent of altitudes and especially, independent of the location and the time of these
experiments This is due to negligible energy loss suffered by high energy muons
As regards the spectral index of the muons, here again, we find it equal to that of
protons within standard errors

Finally, let us turn to the protons at high altitude, at 3 8 g/ cm?® of the AMS Col-
laboration [7] shown in Fig 4, together with the curves of fits according to (2) and
(3) The parameters of the lognormal fit are in Table I As for the power law fit, we
find

yp =2 76840249, C,=(6136+0102)103

Here again, we find the same spectral index as for the leptons, the mean value of
these indices being

¥ =2773+0019 (6)

It is most remarkable that the width parameter L of these very different cosmic
ray spectra of v, u, and p is practically the same, their weighted average being

L=0249+0010 ~ 0250 (7)

Therefore the dynamical properties of cosmic ray particles differ essentially from
those of accelerator particles We recall that in the latter case, the decay of p —
e+v+Tleadsto L, # L,

This remarkable scaling property implies that as far as the computation of the
momentum distribution is concerned, the phenomenological distributions (2) and (3)
may be replaced by a one-dimensional logistic map of chaotic approach, namely

flz)=1-pz? (8)
by replacing

The parameter u, characteristic of the map, is related to the mean value L of the
spectrum width as follows

p,=§.—]:=2008:|:0024§2 (10)

so that we are dealing with the Ulam map [14] Its fixed point defined by z* = f(z*)
takes place at the end points of the map, namely z* = 1 Whereas its Liapunov
exponent

A=1In2, (11)
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may be either positive or negative in the case of dissipative process

Therefore we may regard the spectral index ~ of the cosmic ray spectrum as a
negative Liapunov exponent, the ratio of its magnitude to In 2 of the Ulam map
determines the number of cycles to accelerate the cosmic ray particles

n=|;;\l-|-=4001:t002724,

ie 4 jumps of chock waves to achieve the acceleration

Finally, we note, in passing, that there exist in the literature sophisticated sim-
ulation models to predict the cosmic ray spectrum by inspiring the Feynman-Yang
scaling for particles from high energy accelerators, characteristic of the forward nar-
row peak As the scaling property is different for cosmic ray particles, therefore, bias
may be inherent in models using such an analogy As in the case of predictions for
the neutrino spectrum of the Super-K experiment [2], namely < P >,= 0871+0 106
GeV/c, 0725+0 196 GeV/c and 0 65040 026 GeV/c according to the Bartol model
[15], the Fluka model [16] and the HKKM model [17], respectively, compared to the
experimental value 0 885 & 0 067 GeV/c The underestimation of these predictions
are tested by the moment analysis according to (5), the parameter c is found to be
less than 1 for all these models [15,16,17]

On the other hand, for the cosmic ray muons at sea-level, the predicted < P >,=
4276 +0 165 GeV/c and 4 804 £+ 0 338 GeV/c by the Fluka and the HKKM model
[16,17] are rather overestimated, compared to the experimental value <P >, =
3675 £0 133 GeV/c, still worse is the Bartol prediction [18] <P >,=2950+1 04
GeV/c These overestimated < P >, are indicated by the slopes & >> 1 (see
Ref [15,16,17]) as is found by the plots of moment analysis according to (5)
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Table I- Parameters of lognormal distributions Eq (2) for v, of the AMANDA Col-
laboration [1], v, of the Super-K Collaboration [2], u~ of the MASS Collaboration 3],
the CAPRICE Collaboration [4], the Kiel-Durham Collaborations [5,6] and protons

of the AMS Collaboration {7

The normalization coefficient N is in events/GeV/c

for the neutrinos, its unit for other particles see figures Average momentum < P >
computed according to the fit

Part g/cm’ ¢ L N <P>GeV/ec
Ve 5000 | —1 569 + 0013 | 0190 £ 0 016 388+ 012 1695 + 22 3
v, 6000 | 0962 & 0097 | 0218 =+ 0023 108 6 4 223 0 885 + 0 067
p~  25-47| 06740086 | 0253+ 0020 | (183 007)x1074 | 1804 & 0022
= 48-83 | 0700+ 0156 | 0252+ 0038 | (112 = 013)x1073 | 1731 = 0020
p~  83-106 | 0510+ 0079 | 02134+ 0018 | (112 = 030)x1072 | 1859 =+ 0015
p~ 106-164 | 0560 &+ 0107 | 0231 £ 0025 | (142 + 0130x10™1 | 1888 + 0012
p~ 164-255 | 0511 & 0062 | 0265 + 0037 109 & 002 1806 + 0181
u 886 | 0360+ 0010 | 0271 4 0005 | (146 + 002)x1073 | 3682 + 0035
p~ 1036 | 035140010 | 0257 £ 0010 | (386 =% 026)x1073 | 3668 + 0170
D 38| 0346+ 0028 | 0230 % 0006 5303 + 31 3368 + 0074
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Figure Captions

Log-plots of the momentmn spectium for cosmic ray v, of the AMANDA Col-
laboration (in circles) and v, of the Super-K Collaboration [2] (in tiiangles)
The dashed curves are least-squares fits with Eq (2), the parameters are in
Table I The solid line represents the power law (3) fit with oy, = 2 775 1 0 250

Plots of the first 5 moments for momentum spectra of 14, v, 1 computed ac
cording to the fits Eq {2) vs those of data Moments test requires all the
points lie on the bisector as shown by the solid line, see text

Muon momentum at various altitudes (in g/cm®) of the MASS Collaboration
13}, the CAPRICE Collaboration [4], the Kiel Collaboration [5] and the Durham
Collaboration [6]. The curves are lognoimal fits, the parameters are listed in
Table I The straight lines ate power law fits with ~, = 2763 t 0032 and
2.982 4 0 146 for the CAPRICE and the Kiel-Durham curves

Spectrum of high altitude protons at 3 g/em® of the AMS Collaboration |7]
The dotted curve represents the lognotmal fit, the parameters are in Table 1
The straight line represents the power law fit with ~, = 2 768 1 (1249
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