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Inside a bounded rectangular volume (|x| < a, |y| < b, !z| g ¢) the
main component (By) of the W75 magnetic field has been measured [1]. By
parameterizing this component only, enough information has been obtained
to calculate the smaller components (Bx and Bz) in a manner which guarantees

that Maxwell's equations are satisfied.

A program (SUPER) to fit the main field component as described here,

. *
is available in 'PHYSICS PROGRAMS AND ALGORITHMS'( ).

METHOD

The principle of the method, lies in the fact that the three components
of the magnetic field (Bx,By,Bz) must be derivable from a potential ¢m(x,y,z)

. s . 2
which satisfies the Laplace equation V ¢m(x,y,z) = 0.

One possible form for such a potential would be:

2 2
¢m(x,y,z) = exp(ax + yy + Bz) wherea + B + YZ =0

or, generalising this slightly in terms of trigonometric and hyperbolic

functions,

¢m(x,y,z) = (acos(ax) + bsin(ax))(cosh(yy) + csinh(yy))(dcos(Bz) +
esin(Bz)) + Ay,

2 2 2
where a,b,c,d and e are constants and where now Y =a + f . The term

(*%)

Ay contributes a constant term in the fit to By

(*) As we will see Ay represents the constant term in the fit to the main
_component By. It will later be absorbed into the series.

(**) CERN software pool.
AMO/mk



This will hold for any value of the parameters 0 and B, and thus for
any linear combination of them. To form one such linear combination, we

write

a =%J-and B =§£ for i,j = 0,1,2,3 v.vuun N»
[o} o

where X and z  are parameters to be used as scaling factors.

Hence, in terms of the set coefficients {a..,b..,c..,d..,e..
’ { 1J’ IJ’ 13, 1J’e1J} we may
construct the following solution to Laplace's equation:

J . .
¢, (%,5,2) = Z Z cos( M)cos(J: ) + bijcos(—?—z->si J;(“—")

i=0 J-o o o o o

I S SO
X 9x y dy ’ 'z )
the following expressions for the three components of the magnetic field

can be obtained:

B = 2: J {aijcos(lz)sin(Jx) - bijcos(Iz)cos(Jx) + cijsin(lz)sin(Jx)

X 1,]

. . 2 2
vdijsln(lz)cés(Jx)} . {s1nh(y I”+J7) + eijcosh(y 2 + Jz)

B = - E;% (12 + Jz)%{aijcos(lz)cos(Jx) + bijcos(Iz)sin(Jx)

+ cijs1n(1z)cos(Jx)

+

dijsin(Iz)sin(Jx)} . {cosh(y 12 + J ) + e, J81nh(y/{2 J2 }+ A.
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Note that all other terms other than A have an integrated (over Z) average

- of zero.

B = 2: II ..8in(Iz)cos(Jx) + bijsin(Iz)sin(Jx) - cijcos(lz)cos(Jx)

St a
z  i,j |'ij
UL inniyvi2 + 35 + eijcosh(y/Iz + JZ)}...(Z)

- dijcos(Iz)31n(Jx)I 1

X

where I -‘fl i, J= L j.
o - "o

Note that a knowledge of By throughout a volume would determine the

coefficients in (2) except for

a ,b,,¢.,d.,d.ande .
oo i0° 0] 10° 0] 00

However, these coefficients are not required in the expressions for

Bx and Bz, and correspond to a constant term in the potentialteq. (1.

SYMMETRIES IN THE LAMP W75 MAGNET

Using the coordinate system illustrated below,

\\7 POLE TIP //

Y

oo

/( POLE TIP 4\\

in which the z-axis is defined along the direction of the beam, two

symmetries of the W75 field (both of which have been observed) may be

described.

(a) By(+y) = 4+ By(-y) (i.e. both Bx and Bz are zero on the plane y = 0).

This implies that only even functions in y may exist in the expression

for By’ so that the coefficients eij in eq. (2) must all vanish.



(b)
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ABy(#x) = + By(-x) (i.e. Bx must vanish on the plame x = 0).

This implies that only even functions in x may exist in the expression
for By’ so that the coefficients Bij’ dij in eq. (2) must all

vanish. Thus eq. (2) reduce to

N.
zf I 51n(Iz) - c, cos(Iz)1 cos(Jx)sinh(y 12 + J )/R
e ij J i

o]
N
"
[V],,.z W

o

1.

B = 2: 2: .I a cos(Iz) +c, s:.n(Iz)1 sin(Jx)sinhk(y 12 + J )/R
X f ij
i=0 j=0
N. N,
P Ay 7 2
B = z: cos(Iz) + c. sin(Iz)}cos(Jx)cosh(y I7+J7)
Yy i i\ 1]

I i, 7= ;— .j and R,. = /12+3%. .
(o] (o] J

where I

Note that the only coefficients that cannot be computed from measurements

on B (i.e. a__ and ¢ _.) do not contribute to any of the three expressions.
y oo A

We have absorbed the term VI +J  into the definition of the coefficients

and at the same time included the term A as the first term of the series

for By. Bx and Bz have no contribution from the term with i = j = O.

DETERMINATION OF THE COEFFICIENTS

The coefficients {aij’cij} have been determined by fitting the

expression for By in eq. (3) to the field measurements using the least

squares method; i.e. by finding that set of coefficients which minimises

the sum

€
b
S = %; Ga < ,

where

y ~
€abe = Babe Babe ) = Bape * kZ Iaklcos(Kzabc)

, 1 2 2
+ ckzsxn(Kzabc)I cos(an)cosh(Yab + L7)

(3)

i
Iy



for K = (JL k B -
R b

o]

z )

o
. X = a

x-position at which By is measured

= bth y-position at x

= x
yab a
z = cth z-position at x = x =
abc P a’ ¥ T Vap
= me nt of B at the poin z
Babc measurement o y t point (xa’yab’ abc)
Oébc = error on the measurement Babc which for simplicity can be set to

1.0 as the error is generally independent of a,b,c. In fact the

method described here relies on this independence.
- These coefficients will then be determined by solving the two equations

S aS . .
52 e 0 for each i and j.

ij

Explicitly writing down these equations yields

ccos(Jxa)cosh(yabv’I2 + J2

B
2

c
cos (Iza
- abc ©
a

bc

b

= - 2:{Zcos(an)cos(Jxa)Zcosh(yab,{2 + Lz;cosh(yab 62 . JZ‘
kf‘a .

a

[aklcos(Kzabc) + cklsux(l(zabc)]cos(lza

c 02
abc

bc) 1
f

-»

and B :
2: abe sin(Iz_, )cos(Jz_)cosh(y /12 + J2
abe 02 abc a ab

abc

= - E% {gcos(an)cos(Jxa) Ecos(yab/l(2 + Lz)cosh(yab/I2 + J2 ’

2:[ak£c°s(Kzabc) + ckRSin(Kzabc)]Sin(Izabc) 1
e : 7 f (4)
o .
abc

for all i and j.
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Now, providing the field measurements have been taken at regular intervals

in z (which we have done), these equations may be simplified by choosing

the scale factor z, so that gf covers the full range % uniformly and

applying the orthogonality properties of sine and cosine functions. With

a suitable re-definition of the error 0,;. (see Appendix) they may be °* .

reduced to the following two uncoupled sets of equations . -

. B i
z: ;bc pos(Izabc)cos(Jxa)cosh(yab/IZ+J2 * .
abc © '
abc
f cosz(Iz ;
[2 2\ 2 abc’ |
= - P Rt
iaiugcos(an)cos(Jxa)bcosh(yab I1°+L )co§h(yab I1°+J )E 02 I
. abc
and .
abc : 2 2
2: sin(Iz Ycos(Jx _)cosh(y . VI"+J7)
5 o 2 abc a ab
abc
sinz(Iz )
_ f (2 2 2 2 abc }
= E;billg cos(an)cos(Jxa)gcosh(yab I7+L )cosh(yab I°+J )E 5
abc
Vi,j
Introducing the definitions
Gij = z Babc cos(Iz )Jcos(Jx )cosh( 12+J2) ‘
abc 2 abc a Yab
abc
cosz(Iz )
ij - 5 L2 2 2 abc
Hz Ecos(an)cos(Jxa)bcosh(yab I +L )cosh(yab I17+J )E-—_—:;f___- C
abc .

the first of these equations may be written St



io io io io
G Ho H1 ceeee HNj aio
it gl . a,
o ; il
i2 ‘ ;
G . . ai2 i
. = 1. . . i Vi (5)
i;. . . . . i
1NJ iNj iN
G Ho HN. aiN.
J L ]
L J L J

and similarly for the coefficients cyse

Applying orthogonality properties to the z-dimension, then, not only
allows an independent solution to each of the two sets of coefficients,
a,.

1]
into Ni independent sets of j equations for both sets of coefficients.

and cij’ but also separates the Ni X Nj simultaneous equations involved

If we nmow define our other free parameter, X s such that we may apply
orthogonality properties to the cosine terms in X in eq. (4)
(i.e. X, =X ) in the same way that we have done with z, the H-matrix

can, in fact, be diagonalised to give the solution

Babe 7 2
5 cos(Izabc)cos(Jxa)cosh(yab I°+J7)
abc Gabc
a,, = - (6)
t cosz(Iz )
2 2 2 2 abc
' z
g cos (Jxa)bcosh Yab I7+J )E 02
abc

and similarly for the coefficients cij’ where, again, the error matrix

O, pc must be slightly re-defined to allow exact cancellation in the sum

_over x terms as well as z.

Jxm
.. _ v o
One should note that defining XO = Xmax such that x' = g-— ranges
“from 0 -+ T will cause a problem in that many more terms will be required

in the fit - if indeed a fit is now possible. The problem stems from the
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fact that cos nX have a zero derivatives as X - T and so it will be
difficult to fit a field that varies a lot as x - xmax (as will be the
case if Xmax corresponds to the pole piece). Thus one should choose a

value of x > x .
o max

Similarly since the Z dependence of the fit has zero derivatives
at Z = * Zmax (for cosine terms), one should not attempt to fit a subset
(in Z) of the field map - but rather fit the whole field volume down to
|B| = o. *

RESULTS OF THE FITTING

"Eq. (5) has been solved using the main field component measurements
of the LAMP W75 magnet for all combinations of the maximum number of
terms up to Ni = 40, Nj = 8. 1In each case the field was reconstructed
at all data points using eq. (3), and the overall accuracy of the fit

determined by computing the rms error, Orms’ defined as

4 ' N CALC DATA2
o = r (B - B )/N  DVM units,
rms abe abc abc

where N = total number of data points and 1 DVM unit = 4 Gauss.

This error is plotted as a function of the total number of terms

used for I =2500A in fig. 1. This illustrates a good plateau in o

* rms
4( ).

starting at roughly N, = 25, N, = Histogram of the individual errors,
1 J

(Bearc ~ Bpata
distribution peaked about zero. A more detailed scrutiny of these error

) are shown in fig. 2. These exhibit the expected symmetric

distributions shows that the larger deviations from the measured field
occur predominantly, in those regions of the magnet near the coils and

pole tips.

(*) Footnote to LAMP group

Unfortunately extrapolations of the fit to regions of large

x (56 < x € 65 cms) are required to fill in unmeasured regions of

the W75 field [3]. For this reason high powers in x, and hence the
number of terms in j, should be restricted to avoid strong oscillations
in the extrapolated field; the number of terms in j used in the fit
must therefore be the smallest consistent with a good fit to the data
(i.e. Nj = 4).



APPENDIX A

The orthogonality properties of sine and cosine functioms, i.e.
th cosiz cosjz = aij etc., cannot be directly app&ied in this case as
we are dealing, not with an infinite sum, but with a sum over a finite
number of terms; this will always leave us with non-cancelling contributions
. from end point terms of the sum to violate the supposed orthogonaliéy.
Howevér, if we introduce the function

D
-

_J1 for z ¢
" \2 for z =

™
i

I+ I+

D(z)

«

these end terms can be forced to cancel [2], leaving the three identities

.

i cosiz cosjz “ cosziz
) £os1z cosjz _ £os 1z} |
« I T 3@ | i

5 SIn;?z;OSJZ = 0 Vi,
- 4
m siniz sinjz T sinziz
= ————— [
and §“ D(2) _zﬂ 5 | %ij

"To apply this to eq. (4) we need only make the transformation

LJo@ for z ¥ #m
o(z) \¥2' o(z) for z = ¢



- 10 -

REFERENCES

[1] Note to the LAMP gfoup entitled 'W75 Magnetic Field Measurement'
‘ by A.M. Osborne, 17/1/74.

[2] C. Lanczos - Applied Analysis p.233.

[3] Note to the LAMP group entitled 'W75 Magnetic Field' by
A.M. Osborne, 16/5/74.



_11-

FIGURE CAPTIONS

Fig. 1

Fig. 2

Fig. 3

rms error for fit to the measured y-component of the field
at a current setting of 2500 amps as a function of the

number of terms used in the fit.

Distribution of errors for fit to field at a current setting

of 2500 amps.

Plots of By and Bz as a function of z for 7000 amps obtained

from the fit. Field units are arbitary.
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