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Abstract

The static field classical configuration in (1+1)-dimensions for new non-
linear potential models is investigated from an isospectral potential class
and the concept of bosonic zero mode solution. One of the models consid-
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state, whose potential in the stability equation corresponds to broken a

supersymmetry.
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I. INTRODUCTION

Rencently, static classical configurations that are exact solution of the equation of
motion in scalar potential model have drawn much attention mainly because they have
found interesting applications as a solitary wave [1]. There are several methods to con-
struct soliton (kink) solutions associated with some nonlinear differential equations [2].
The kink of a scalar field theory is a static, non-singular, classically stable and finite lo-
calized energy solution of the equation of motion [3]. When ¢(z,t) = f(z — vt), a kink
solution is called solitary wave. The classical solutions in quantum field theories have been
recently overviewed [4]. There one can see how a quantum field theory has topological
and nontopological soliton solutions in higher spatial dimensions. In literature, there is a
surprisingly number of scalar potential model in higher spartial dimensions with exactly
solvable equation of motion. Also, a variety of classical finite-energy static solutions are
known.

The connection between supersymmetry in quantum mechanics (SUSY QM) [5-8} and
the topological and nontopological solitons in terms of a scalar potential for the case with
only one single field has been approached in literature [9-13]. Recently, the reconstructing
2-dimensional scalar field potential models have been considered starting from the Morse
and the Scarf II hyperbolic potential and quantum corrections to the solitonic sectors of
both potentials are point out {14].

In the present work, from a nonpolynomial potential in supersymmetric quantum me-
chanics, we will construct new potencials as a function of one single real scalar field. We
consider the interesting program to construct new potential models in 1+1 dimensions,
which the essential point is associated with the translational invariance of the static
field configuration [9]. There the aim is to construct field potential models via SUSY
QM considering an one-dimensional quantum mechanical isospectral potential class such
that corresponding fluctuation operator Schrédinger-like eigenvalue problem as a stability

equation exactly sovable associated to the ¢* model. However, the corresponding field
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potential could not be put in a closed form. Indeed, we show that in such a procedure
there appears a new nonpolynomial field potential model with infinite-energy static con-

figuration, so that such a new potential may not be considered as a well defined theoretical

field potential model.

Actually, we will bring two constructions of classical solutions. In the first case we
obtain the well-known topological kink and in the second case we obtain a nontopological
static configuration which is not a kink. In the second case the new static field configura-
tion is not a smooth function of position coordinate because it has a divergence for some

values of the spatial coordinate.

We also construct some pictures of the field potential models (figures I and III) and

the static classical field configurations (figures II and IV).

II. STATIC CLASSICAL CONFIGURATION

Consider the Lagrangian density for a single scalar field ¢(z,t) in (1+1)-dimensions,

in natural system (¢ =1 = #), given by

£(8,0,8) = 30,609~V (9), ()

where V(¢) is any positive semidefinite function of ¢, which must have at least two zeros
for kinks to exist. It represents a well-behaved potential energy. However, we have found
2 new potential which is solveble exactly in the context of classical theory in (141)-D
which is not a kink.
The field equation for a static classical configuration ¢ = ¢, (z) becomes
2
- @)+

with the following boundary condition: @(z) — @uacuum(T) as £ — +oc. Since the

|4 (d’c) =0, éc =0, (2)

potential V{(¢) is positive it can be written as

V(o) = ;U(9), (3)
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4
giving the well-known Bogomol'nyi condition,
d¢
— == 4
£ = +U(9) @

where the solutions with the plus and minus signs represent two configurations.

I1I. STABILITY EQUATION AND NEW POTENTIALS

The classical stability of the static solution is investigated by considering small per-

turbations around it,

¢’(I: t) = ¢C(I) + 77(3?,1‘), (5)

where we expand the fluctuations in terms of the normal modes,

77(3:1 t) = Z Ennn(m)eiunt; (6)

n

the ¢.s are so chosen that 7,(z) are real. A localised classical configuration is said to be
dynamically stable if the fluctuation term does not destroy it. The equation of motion

becomes a Schrédinger-like equation, viz.,

(@) = witmn(e), F = —0 + V(4. ™

dxz?

According to Eq. (3) one then obtains the supersymmetric form {13},

V"(¢e) = U (o) + U(¢)U" (¢e), 8)

where the two primes mean a second derivative with respect to the argument.
If the normal modes of (7) satisfy w,? > 0, the stability of the Schrodinger-like equation
is ensured. Now, we are able to implement a method that provides a new potential from

the potential term that appears in the fluctuation operator.

Next, we consider the following generalized isospectral potential as being the potential

term (8) to the fluctuation operator:
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Viz;a,f) = m? [3tanh2 (%x) _ 1]
+ 2m?2g [sech“ (%x) (Ztanh (%1) + gsech"‘ (\%1) x) x] :
x = x(z;0,8) = {a +8 [tanh (%x) - %tanha (%z)] }_1 , (9)

where o and § are constant parameters. This nonpolynomial potential satisfies the con-

dition w,? > 0 and the ground state associated to the zero mode (w? = 0) is given by

n9(z; @, B) = Nx(x)sech? (%z) ’ (10)

where N is the normalization constant. Note that if |a| > 2:,?, the eigenfunction of the
ground state is non-singular. This ground state was independently constructed by two
authors [9,10] as 8 = L, /37"%.

It is well-known that the bosonic zero mode eigenfunction of the stability equation is

related with the kink by

d
1%(z; ¢, B) —-9:(2), (11)

so that at priori we can find the static classical configuration by a first integration. Thus,

from the potential

V(bie6) = & (3%) , (12)

we can obtain a class of scalar potential V(¢) = V{(¢; , ) which has exact solutions.

There, we can find various static field configurations, however, let us consider here

only two cases.
Caso (i): =0 andazQN\/g

In this case, x(z) — Z, so that from (9) and (10) we obtain the following bosonic zero

mode solution
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and the nonpolynomial potential becomes

Vi_(z) = m? {3tanh2 (%m) - ] . (14)

Notice that the two Schrodinger-like fluctuation operators associated with both V(z; a, 8)
and V(z) nonpolynomial potentials are positive semi-definite and completly isospectrals.

However, their factorization has been implemented from distinct superpotencials. Indeed,

while the Riccati equation
Vi(z) = W2(z) + Wi(=) (15)
has a particular solution given by

Wi(z) = —V2migh (%m) , (16)

which provides

ngo_)(m) — ef My = %\/—3_\_%366}12 (%:r) = ), (17)

where n®(z) is in according to Eq. (13), the Riccati equation

Voo = Vg, B) = W2(z) + We(z)
has a particular solution given by Wy(z) = —En (no(z; @, B)) -

By substituing Eq. (13) in Eq. (11), we get the well-known kink of the double-well
potential

ox(z) = \anh (;’% ) (18)

When we put the value for the position coordinate in terms of the kink, L.e. z = (),

we find the ¢ —potential model with spontaneously broken symmetry in scalar field theory,

Vo) =3 (¢ ’—”;)2 . (19)

viz.,

»
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The mass kink is finite, but in the next case we obtain an infinite mass. Such a classical
configuration can not represents a stable particle. The pictures of the potential (19) and

of the kink (18) are in figures I and IL. Note that both are smooth functions of field and

spatial coordinate, respectivelly.
Case (ii): a =0
In this case, from (9), (10) and (11) we obtain the following nonpolynomial potential

within the singularity region:

V(g) =75 (1+3e ) (1-3¢) (20)
where v = —‘% and )\ is adimensionless constant.

The vacuum state, ¢,, is given by

8, = Lenl), )

This nonpolynomial potential does not have a discrete symmetry as ¢ — —¢ and there

exist only one vacuum state so that it is nontopological.

From (3), (4) and (20), for the minus sign of the Bogomol'nyi condition and the

coupling constant A # 0, the static classical configuration has the following explicit form

oo B[ 2

2 1 — itanh? (\/X:c)

where the integration constant is taken to be zero. Note that this static configuration

: (22)

satisfies Eq. (11) and the following boundary conditions ¢.(z) —* ¢, 85 T = +00. The
pictures of the nonpolynomial potential and the static solution are in figures IT and IV.
However, in figure IV we have plotted this static field configuration only for the region in

that it is well behaved without no singularity.

The energy density for the static solution for the nonpolynomial potential is given by
-1

E(z) {sz’nh2 (\/§mx) (1 - %tcmhz (-%x))z} (23)

which leads us an undefined total energy or classical mass. Here, we have used the explicit

relations between the static configuration and one-dimensional spatial coordinate.
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IV. BROKEN SUSY QM

In this section, we consider the fluctuation operator in context of the supersymmetry
in quantum mechanics (SUSY QM), whose supersymmetric partners are constructed from
the stability equation. In N = 2—-SUSY, we define the following first order differential

operators

d
Af = =+ Walz), A7 =(47)". (24)

The bosonic sector fluctuation operator is given by

_ d? Yl
F_=A7A; = g T V(@) Vau(z) = Vi, (25)

so that in terms of the superpotential we obtain the following nonlinear first order difer-

ential equation

Va-(z) = W(z) + W(z) = V(z;0, 8) (26)

where the prime means a derivative with respect to z.

The superpotential that solved this Riccati equation for the nonpolynomial potential

has the following explicit form

m tanht (%x) +3

W) =~ () 3 - tank2 (z2)]

(27)

Note that this particular solution to the Riccati differential equation has the following

asymptotic behaviour: Wy(z) = —v/2m as z — oo and Wa(z) = v2m as £ — —o0. The

supersymmetric partner of F,_ is given by

Foy=A; AT = —di; + Vi(z)
Var(z)= Wi(z) — Wi(z) = m? {1 + tanh? (%m) } : (28)

These fluctuation operators are isospectral and consist of a pair Schrédinger-like Hamil-

tonians of Witten's model of broken SUSY [5] Note that the shape invariance condition
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[6,8] is not satisfied for V.. given by Egs. (26} and (28), i.e. Voi(z;a2) # Vo_(z;0:) + R,

where a;,a; and R are constants.

The eigenvalue equations for the supersymmetric partners Fp, are given by

Funi (z) = widni?(z), ol =w?, wf=0 (29)

n’

which in general F;_ can have as eigenstates the well-known normal modes. However,
when o = 0 the bosonic zero mode (wj = 0) satisfies the annihilation condition

1
sinh (\/§m:1:) (2 + sech? (%z))

This eigensolution is not normalizable, so that the bosonic sector fluctuation operator

A =0 = n(2) x

=19(z;0, ). (30)

2
does not have the zero mode. In this case, the integral fj‘: (néo_)(a:)) dz is undefined.

This result is in according to Eq. (10), for @ = 0. Furthermore, bosonic zero mode satisfies

() = 24 ¢.(z). The fermionic sector fluctuation operator Fy; does not also have the

0
zero mode because né _2,

A?ﬂgﬂ =0= né‘i’ x sinh (\/Emz) [2 + sech?® (%x)] (31)

because it is not normalizable. In this case we have broken SUSY. Indeed, it is easy to

see that

[+m (nﬁ?(m))z dz — oo.

==}

The eigenvalues wyy and eigenfunctions ng’;) can be exactly solved in a similar way for a
general potential. All eigenvalues of F, are eigenvalues of Fp_, i.e. wg’i) = wé'_l) > 0, so

that the ground state and the excited state of both F3; have energy different from zero.

V. CONCLUSION

In this work, we investigate the classical stability of a new isospectral nonpolynomial

potential model with static classical configuration which solve exactly the equation of

motion.
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Indeed, the classical finite-energy static solutions appear in field theoretical models
with spontaneously broken symmetry (SUSY), for example, in the double-well potential
given by Eq. (19). It is well known that double-well potential model which has two zeros
corresponding to the vacuum states ¢; and ¢o. In this case the topological kink interpolate
smoothly and monotonically between ¢ and ¢, according to figures I and II. But in our
nonpolynomial scalar potential one build a static, infinite-energy and classically singular
field configuration, which is in a nontopological sector. Indeed, we have found a new field
potential model given by Eq. (20) that is solved exactly in the context of classical theory
in (1+1)-dimensions.

In conclusion, we found Vi and Vi, = Voy is a supersymmetric potential pair with
unbroken SUSY, so that Fi— refers to the bosonic sector of the SUSY fluctuation operator
Fsysy, while Fy, is the fermionic sector of Fsusy- In this case, n§°_’ then becames the
unique normalizable eigenfunction of the Fsysy corresponding to the zero mode of the
ground state. On the other hand, the spectra to F,y are identical and in this case, there
are no zero mode for the ground state i.e. w. = w4 > 0, thus one has broken SUSY.

Therefore, our nonpolynomial potential does not have the reflection symmetry o —
—¢, with a stability equation so that it does not lead to either a bosonic zero mode or
its supersymmetric partner because both eigenfunctions are non-normalizable with SUSY
broken. Thus the above scheme to construct new field potential models is not always

physically acceptable, because it may lead to infinit energy configuration.
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FIGURES

4 *=3 x2 =1 g

FIG. 1. Double-well potential V(y) = -é- (y? - 4)2 yfor A= %, m=1
x4 +3 *2 +1 o, 1 2 E 4

21

x2

FIG. 2. The Kink y = ¢(x) of the double-well potential, for A = %, m = 1.
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FIG. 3. Nonpolynomial potential, for A = 1,

m=1.

=1 +0.8
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FIG. 4. Static classical configuration associated to the nonpolynomial potential in a well

behaved region, for A =1,

m = 1.
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