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1, Vector Potential Ekpsnsions. 

The Mark F.F,A,G. aagnttostati c f i e ld  so far considered f s governed by the 

follmfng boundary ~c#ldft%cms: mi the median planeg 

The magnet poles for a f i e l d  satwyirtg these condlttfms will have either a 

very large and fncmenPmk gap-widening in the radial dfrect%on, or w i l l  recfxisre 

a c q l f c a t e d  and likewise Efteomfent set of electsfcal polefact v3lndfnga 
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cemented t o  the iron rmsrface if the gap width is to be kept constant or newly 

constant, For this reom it may therefore be mivantageous t o  cemider also the 

field with the biPundrsry aandftionsg 

B,(~,B,D) = ~ ( N P - ~ Z - ) ~  

(2) -M 

B z ( ~ ~ 3 0 )  s ~ ~ ( ? ~ p  + f r i n  M ~ $  c -h)] 

The spiralling feutrpc of the f geld. governed $xy the coaditfm (1) .nd (2) 

is recognized by the set sf logarfthaic spirals 

for which the tarpent of the sine-ftnctim redwes to the cmtant C. con- 

Bbing the e@, (2) and (3) one abtaffrs the vertical comrpanat 

LIN 6 c:) I(&+ J Y  n) 

cu ~ , ( b ~ e ~  J e 1 6) -  B 0 eM J 

showing that on the median plane this field will be comtm~t along my spird  

inside a given -met sector. H m e g  for field (2) the amanted featme of field 

(I) fst psmztfcritly %Tz.lnmd* 

Evidently, if m e  can obtrain a veckar pcrtdfnf far the co~q~lex f i e l d  whf& 

satf sf i e s  the badndary condftf ens 

5 0  

it will be an easy matter of superposftfsn and proper choice of eon st ant:^ t o  
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construct the vector potentials for the f ields governed by the conditions (1) or 

(2) 

A vector potential for the f i e l d  (5 )  may be determined an the f m s  

where the fwctfolrr R rmd O, ot the vertical c o a d t w t e  a have t o  be de- 

terained sach that both Mawell's equations m d  the b m w  cmditlon. ( 5 )  a r e  

satisfied, 

By the potential (6) the f ield 5 - PZ is 



for all faZ,egess k 

?he lmunm cmditiom for these differentia e@ions may be mitten down 

by inserting z - 0 in eqs. (7)  and camparing the result with eqs. ( 5 ) ~  

th@ mtem (8), ( 9 )  one readily finds the s~tlutim? 



Inserting this solution into the series (6 )  wc obtain the wetor petmtillr 

Thc f i e l a  ( 1 ) aid (2) art iraw regarded as soepeapasf ti ong of a f"Iertter4'ftfd 



involving ttre flutter-factor f and a nan4l~tter field. Tht f~llowing table 

shows how the constants should be chosen in the eq3. (11) and (12) to gfve the 

different p m t s  of the two types of fiela eartmidered. 

' k e  vectcar potentials sbtolined in this mnnner nu~y be expressed as f o l l m x  

Far field (1)s 





ie ld  (2)t: 



921) k-an+2+~1!/1 
I-'; ; v; = N(/- 'My) 

me results (13) and (17) me exiwt.  he pma. series in ( ~ ) L i f i v o ~ r P d  in 



The e p t i o n s  of mtion for a chm@~d particle (mm 4 charge q)  miag in 

a mgrpletostatic field g i v a  By its vcqtor potanti.l X ere mest readily derived 

frm Jacclbi t s priaciple r 
12) 

where 5 = n; is the rnomentlrm of the pPrticle pnd d ? is the vector elem& of 

ax l-kh along the orbit. In the case of s magnetwstatic f i e ld  the uacntm 

has a constant nodul p = ( p 1 hence the ~ i a $ i p ~  (22) llsy be tnkcn between 

def h i k e  I farits, 

one obtains from eq, (22): 

r Here Jwobiss principle (22) in three dilnensf ons (r, e, z) f s mmerted ento 

& Wiltan"s primiple in two diraensicas (r,z) with e as independent variable, 



a being the 
S o l v b ~  %ha ccp. (27) for r' md z' gives 

introdwine these velocities inte the s e d  eq. (26) me o h t @ i ~  tb 

which n m  give us the c h c n l  equations of motlrm (28) and 



hme wriL&ka ocn dinuwicmles fmQ 

If ma, m in section 1 ., chooses & g&je such thnt the ge- ca~prmcnf. Mnishcr 

Ckpoosing the referme circle of rtiulitis r, in the eustoarar~twy s a h  that 

(32) 

derived for the tm types of fields hare carwidered f~81 the eqa. (13)~ (17) and 

(33). ?ha; reat2t is listed in the f~11wiq: 



Far f ield ( 2 )  o 

h+;~@) e- 
L 
k= I an- 



For field (2): k 
- - ( N B  -a.irMI) 

= ($' E 
/v 4 

rr, 

Q+~-N~)I]  k % ) k  
k= 

- k (No - 2 ~ m )  
3 - ( h ~ * )  = (yj?-' .- M * 

3 2  

where $, T:, U& V: are given by (18)~ (19)~ ( 2 0 ) ~  (211, and 



3. The Rate of Convergence. Truncation of the Series, 

A l l  p m r  series in fn the differential eqo;~atiom of motion 

(31) w i l l  converge for Z 4 ni r( a condition which is necessarily fulfilled in q 

machine. However, on account of khe large values of the parmeters k, 1\1 and I, 

the convergence w i l l  be relatively slm, especially a t  the beginning of the series, 

In digital computer work it w i l l  therefore be necessary to  carry  & f ~ i r l y  large 

number of term in the series before any truncatian is p d s s f b l t .  
00 

The truncation of the series should be performed by replacing the s\es 
w 3 L u= \ 

and Z of egurmtio~ (341, (36) by and respeetfyelyg r 
A* D k= I u- 0 

the series thereby being replaced by polynomials containing q ar (q h 1) terms. 

By wing this  procedure the errors introduced by %he truncation w i l l  mot'destroy 
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the fqaortmt Liduvillian character of the d i m .  h e  will thereby be cal~u- 

rating the Liouvillism lnotion of a charged particle in an rrpproxiarately H8xwellitan 

field. (One ny if desired and with the sane result use one mrmbcr q - e  qi for the 

G, S arid U series representing the influenct of the non-flutter field, anel a 

different number q = q2 for the F, H, T and V series representing the flutter 

The rate of convergence of the F, H, T and V series may be studied in an 

approximate way by assuming that 

which will be nearly true in any -hifie or model, 

The truncated series involved in the calculation are then approxirmatefy the 

following: 
r 

3 
oecuring in the expression for - (ha *) for both field (1) md (2), ah 

2 
occurins in the expressions for - ( k D q ~ )  and 1- (LA@)  a t  for both 

3 t  
fields, and 

occuring in the q ~ c s s i m s  far and i ) ( k o ~ h )  for both fields. 
r 3 L  

Each term In the series above will be appro~i.mately the Same as in the 

exact series, The approxirate series may therefore be used to detenrfne the 



a~eurracy of the Cruncrateei exact serieso 

The series C need not be considered becwe: this will cmverge faster  than 

the series B and has the same number gf terns as B. 

Also, the G,.S and U series need not be considered in this  connection, a8 

they w i l l  always converge more rapidly than the F, H, T and V series. 

It follows frona the above that  the ra t@ of convergence is solely 

detemined by the magnitude of the parameter H, Also, it follows tht the number 

q of terms necessary t o  obtain a certain degree of awuracy in the truncated 

series w i l l  depend m the helargest Mlw of M 3 one wishes t o  handle with the 

equations, . 

The following table shows p as a function of t h i s  largest value of I! 5 and 

the least  number of correct significant figures wanted in the truncsnted series; 

r 

The accuracy of the calculations performed w i t h  the cqs, (31) w i l l  of cowse 

depend on the choice of q. However, no analytical nethod has yet hten found to  




