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ABSTRACT

An unsubtracted dispersion relation which relates
the real part of the pion-nucleon charge-exchange forward
amplitude to the total cross-sections for ’lTi-p scattering
is written down. The validity of this equation is discussed
and its relation to the ance subtracted dispersion relations.
It is used to calculate the real part of the forward charge-
exchange amplitude : the results are presented and their

comparison with experiment discussed.
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1., Introduction.

It is well known that dispersion relations for forward
scattering amplitudes, and particularly those for the pion-
nucleon forward scattering amplitudes, are uniquely suited
for a direct comparison with experiment. This is a con-
sequence of unitarity, in the form of the optical theorem,
which relates the imaginary part of the forward amplitude to

the total cross-section:

T +
a5le) = .f?awwL), (1)
+

A%(wL) are the imaginary parts of the forward scattering
amplitudes in the centre of mass system, the superscripts z
refer to ni—p scattering; dt(wL) are the total cross-
sections; wy is the energy of the pion in the laboratory
system and q 1is the magnitude of the pion momentum in the
centre of mass system. e may use equation (1) to express
the real part of the forward amplitude in terms of the total
cross-section and the differential cross-section in the

forward direction:
]

q + 2772
- [z:%d(O{)] (2)

+ N
where D§=(wL) are the real parts of the forward amplitudes
=A% o)) [P 5 () P
g=0 B> L7} B\'L
is the differential cross-section for the forward direction
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f.D;:(wL)I =
dn

B=o

+
in the centre of mass system and dd"(wL)/df1

in the centre of mass system. Because of equations (1) and

(2) the dispersion relations for the pion nucleon forward -
amplitudes may be expressed, apart from the coupling constant

and in the case of the usual once subtracted relations the
scattering lengths, solely in terms of di(UﬁJ) and <16i(wL)/dflb=o
at physical energies, which are directly measurable quantities

*)

experimentally,

*) These are the nuclear scattering cross-sections: at low
energies a correction must be made for the Coulomb inter-
action.
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The usual once subtracted dispersion relations for pion-

nucleon forward scattering take the form

D;(w "é (I+/U")[(a+2&: )4— —t ]q, 276 1%
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where M and p are the masses of the nucleon and the pion

2
respectively; qp, = ij -1; ay and ag are the scattering
lengths in the T 4 and T = g; states respectively and
f2 is the unrationalized renormalized vector coupling

li

constant, P denotes a principal value Cauchy integral.
Although early attempts to compare these with experimental
data led to an apparent disorepancyl), later comparisons
using better data have shown that there is good agreement2)°
A recent analysis by WoolcockB) finds a 98% probability

that the relations (3) are in agreement with the experimental
data up to 220 MeV. At higher energies there is good
agreement with the data available, in particular with an

accurate result by Foote et a1,4) for n+-p scattering at 310 MeV.

An unsubtracted disper81on relation can be derived which
relates &= E)(w ) - D {} nd L? (w ) - ¢ (QLﬂ
V2 GE
(O wL) 2

real part of the charge exchange forward amplitude, and is

The former of these quantltles is equal to Re.f

given in terms of the charge exchange forward differential

cross~section in the centre of mass system by:
& (Dw0-Dfw)| = |Re. £r0w )

1 Z Bw,,_ DB(w,_) = e. ‘(O"‘)t_)
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The purpose of this paper is to present calculated values for

Re.fC°E°(O,wL) obtained from the unsubtracted dispersion relation.

In Section 2 the relationship between this unsubtracted
dispersion relation and the subtracted relations (3) is discussed:
it is shown that the unsubtracted relation can be derived from
the subtracted ones by using a sum-rule, whose validity has been
demonstrated within the experimental errorsS). Although the
verification of the sum-rule ensures the agreement with experiment
of the unsubtracted relation as a consequence of the agreement of
the subtracted relations, nevertheless a direct calculation of
Re.fC°E’(O,wL) from the unsubtracted relation will have much
smaller errors. This is discussed in Section 4 together with
the results of the calculation. In Section 3 the sensitivity of

" the results to the values of Gi(wL) at high enofgies is investie
gated and in Section 5 the comparison of the results with experi-

mental data is discussed.

2. The Unsubtracted Dispersion Relation.

A sum-rule may be derived by taking the limit at infinite
energy of a combination of the subtracted dispersion relations

6)

(3). This sum-rule may be written in the form:

som { (BB g} = 72 (10 ) armay

/=00
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Although no 'proof! has been given that the left hand side of

this equation should be zero this result follows from simple -
phenomenological arguments. In any model where the assumption
is made of a finite interaction radius, the asymptotic behaviour
of the forward amplitude is such that DB(wL), AB(wL) cannot
increase more rapidly than q x (constant). The assumption that

3016/p the interaction becomes purely absorptive in the high energy limit,



which follows from the relative phase space available to an
infinite number of absorptive channels as opposed to one elastic
channel, gives the result that DB(wL)/AB(wL) - 0, It immediately
follows from this argument that the term on the left hand side of

equation (5) should vanish,

“An evaluation of the integral with the experimental data for
[é-(wL) - 6+(wLi} , assuming d—(wL) = 6+(wL) above 2 GeV, showed

that a value of zero for the right hand side of equation (5) is
5)
5

we now take the difference of the two equations (3), to obtain the

indeed consistent with the accepted values for f2, a;y @ If
subtracted dispersion relation for [Pg(wL)-Dg(wLZ] s Wwe may then
substitute from equation (5) for 8y - az- If we assume that the

term on the left hand side of equation (5) vanishes we are left with

- *
the unsubtracted dispersion relation for [PB(wL)—Dg(wL{] s which is:

_ _ 'f*, 4“ {:‘2‘ wt_ c 17{ UL}L—‘ / — ) g
[ DB@J“) DB(wL\,] = rca J- 1 P — @ [LT (&}D" (j‘?«),l )J
Lq/L 2/‘7 CIJL /W(UL - L\)L L .

We notice that when wL = p this is the sum-rule.

The convergence properties of the integral in equation (6)
are the same as of that in the sum-rule: in the latter case
comparison with the experimental data seems to justifyy the assump-
tion that the integral converges and support the validity of a

cut-off procedure in evaluating it.

3, Contributions from the Total Cross-Sections above 2 GeV,

The subtractcd dispersion relations (3) are quite insensitive
to the values of the total cross-sections at high energies. Cal-
culations of these dispersion integrals have usually been made

under the assumption that 6-(wL) = d*(wL) = 30mb  above 2 GeV.

*)

In the Born term we have neglected the factor

(@-(M/ZM)€V<§—(uz/ZwLM)%>
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The present experimental situation is that d—(wL) decreases
from about 30mb at 2 GeV to about 25 mb at 20 GeV and
[?'(wL) - d+(wLij decreases slowly from a value of about 2.5mb
at 2 GeV to about 1l.5mb at 20 GeV YZ It may be shown that
the effect of these deviations from constant values of di(wL)
on the values of Dé(wL) and D;(wL), calculated for example
for wp o= 4, is.considerably smaller than the errors involved
ih the.calculation. This is also true of the effect due to
putting d_(wL) = 6+(wL) = 0 above 20 GeV. So the good con-
vergence properties of the once subtracted relations make them

insensitive. to the high energy data.

The effect of the results for the total cross-sections
between 2 GeV and 20 GeV on the sum-rule (5) has been discussed
by Hamilton 8. Here again the calculation was originally made
under the assumption that 6"(wL) = G+(wL) = %30mb above
2 GeV., It was shown that in this case also the deviation of
the total cross-sections from these values between 2 GeV and

20 GeV produced an effect which is less than the errors involved.

We have seen in Section 2 that the sum-rule (5) is simply
the unsubtracted dispersion relation (6) evaluated‘ét threshold
(wL = W) An evaluation of equation (6)_at energies above
threshold could be more sensitive to the high energy contribu-
tions because of the diminished role of the Born term and its
assoclated. error, and from the welghtlng factar qu/qL which
enhances the integral term relative tOlD (w ) - D (w ﬂ

as w, incrcases. Bquation (6) has also thc advantage that,

L
as a dispersion relation, it can be evaluated for different
values of wy, at which experimental measurements of dcc -E. /dfﬂﬁ

=0
have been made, thus providing better statistics than the

‘single evaluation of the sum-rule (5)

The experimental data are discussed in Séction 5. It is
CE. at 371 MeV is well

seen that the measurcment of dc

suited for a comparison with the theoretical result for

[? W ) - DB( w )] and we shall see how sensitive this -
3016/p comparlson is to the hlgh energy data° The experimental result
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is

CL c

ao = 386{ + 025 wmb

a0 .,
Taking the valueig (w ) - 0o (w ﬂ - 13 % omp  (Figure 1)
gives the resultiPB(wL) - D (w 8 0.611 ¥ 0.02, in units
ﬂ: L= c = 1, The oaloulatad value (Figure 2) is 0.608.,

The approximate error in this value, based on the estimate

given in equation (7) is

qu

X 0.2 o~ 0,025,
2n2q
L
The contribution to the calculated result coming from the total
cross-scctions between 2 GeV and 20 GeV is = 0.,06: this is
larger than the combined errors from the calculated and experi-
mental values,
The comparison at this energy can finally be used to
estimate an upper limit on the value of the integral in equa-
tion (6) from 20 GeV to oo. This inequality can be written

approximately as
A da{' - +
T ‘g}[ﬁ@ﬂ)—&(@ﬁ] < 0.02
20 Gev -
in units A= pu = ¢c = 1,

4. Results and Discussion.

C.E. - T +
The values of - JE-Re,f N (:(ﬁB(wL) - DB(wL)>)
calculated from equation (6) are shown in Figure 2 together

with the values of -JZ Im, fC L°(O w ) ( [6 Ou -0 On ] )

.Tho integral was evaluated using the values fox‘Lg (w ) - (w ﬂ

shown in Figure 1. The data below 360 MeV are those llsted

3) 9)

by Noyes and Edwards with the results of Kruse and Arnold

also taken into account. From 3A0 MeV to 1500 MeV the

results of Brisson et al.lo) are used and these are continued

smoothly to give a constant value for 6_(wL) - 6+(wL) of 2mb
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between 2 GeV and 20 GeV 7X A cut-off was inserted at 20 GeV.
2 .

f was assumed to have thc value 0,081 ¥ 0,002, Figure 3

=1, C.E. 2 C. 1. 2

;b‘Re.f (0,u,) +‘Im.f (o,wLﬂ

11)

shows the values of dd

obtained from the results in Figure 2

It is clear from the discussion in Section 2 that. these
results are not independent of those obtained from the subtracted
disﬁérsion relations, However in using the unsubtracted dis-
persion relation we“are automatically taking account of the
cancellation, due ﬁo the sum-rule, between the large and increasing
terms (NwL), coming from the first two terms on the right hand
side of equation (3), and the integral term which-is also large.
Thus a direct calculation of the unsubtracted dispersion rela-
tion, based on the assumptinn that the sum-rule holds exactly,
avoids the large errors which arise in each of the terms on

the right hand side of equation (3) for values of w. appreciably

greater than 1. "
Except near the threshold, when the errors in both of the
terms on the right hand side of equation (6) are of a similar
magnitude, the error in an eveluation of the unsubtracted dis-
persion relation comes chiefly from the principal value integral
term. Aﬁ éétimate of this error is not easily made since this
depends not only on the experimental errors in the values of
the total cross—sections but also on the errors in the deriva-
tives of these quantitics with respect to w. . An estimated

L
average value of this error is:

TR ) .

< by
w,' Q%

N
—~
-3
N~—r

in units A=pu=c= 1; for values of Uﬁi between 1 and 12.5.

Of course this error will not really be independent of w,

L
will be better determined than for others, giving a smaller -

for some values of w the derivative of‘[? wL - 5" (w )]

error, and vice versa. However this is probably a reasonable
average error. In estimating this value two sources of error

have been ignored:(i) the contribution to the integral from
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cnergies above 20 GeV; (11) pOSolbl@ dev1atlons ofld (w )=0o (w )i
from a smooth behaviouw (blgure 1) between .1.5 GeV and 4 GeV,
there being =a lack of experimental information in this encrgy
region, The first of these effccts has already been discussed

in Scction 3: it would give a constant correction (independent
of wL) over the cnergy region of ?nterest. A possible additicnal
"structure! in [6—(wL) - 6+(szj between 1.5 GeV and 4 GeV
could introduce a correction which should be small for wL>< 8

but could show a quite strong energy dependence in the region of
wp 12, Evidence for either of these two effects could appear
in-a comparison of the results shown in Figures 2 and 3 with

experimental data.

5., Comparison with Experimental Results,

It may be seen from equation (4) fhat the error in a cal-

culation of Re, fC°E°(O w ) from the expcrimental values for dd 7&q4

and [ (w ) - ¢ (w )J is given by

6([\)9 JK (o W) / Y g (3;02; ‘)&: fO’(uL\ a‘(ce,)] {Im ﬁz;—%ﬁz

Re.ﬁ 0@u{3 e —~7~’?E} doCE

[do w0 )= 0 e ) }
an [re WC] PR

L

Beo

g

s CE
(drc

CE. 2
AL Q;O/ERQ 'f(o}wLﬂ ] (8)

It is clear from this that the most favourable encrgy regions in
which to make an accurate detcrmination of ReofC°E'(ngL) will
be those for which (dcc“byhﬂl>/I?e.f&EL(oswLﬂ2 is as near to 1
=0

as possible. Slnce

oot E pC.E. <

= /f (o ("JL\’/
dﬂ -»)
B0

it follows that these will be the values of w, for which
'Im fC.E(O, )‘ /(QUCJVdQ‘ ) has the smallest values. This is
important, as the relatlve error in lg W ) -0 T(w )] is

gencrally rather large,
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From these considerations we see that the encrgy regions
suited for a comparison of the dispersion relation (6) with
experiment are those in which ]Re,fC$L(O,wL)!/IIm.fCJE1O,mL){~is large
and at any rate > 1. Figure 2 shows that this condition is
gsatisficd in the encrgy regions O to 120 McV, 250 to 600 MeV
and 1050 to 1600 McV 111

The recsults of Caris ct al.lz)bgtween 230 MeV and 371 MeV
are shown in Figurcs ? and 3. In Pigurc 2 it is seen that
these are in good agreement with the theorctical values for
Re.fC'E’ (O,wL): the small errors attached to the experimen-
tal results show that thesc lie in one of the favourable energy
regions for a determination of Re.fC°E°(O,wL). That the experi-
mental results at the lower energies lie consistently above the
theoretical curve suggests a small modification in the shape of
the 3-3% resonance shown in Figure 1, between 220 MeV and

350 McV. This would also improve the agreement in Figurc 3.

Preparations arc at present being made at Saclay for an
experiment which will measure d60£7dfllﬁ_o in the forward
dircction at cncrgies between 1000 MeV ;nd 1400 MeV 151 A
comparison of thesec rcsults with thosc of Figurcs 2 and 3 should
show up any lerge deviations of [0_(wL) - 6+(wL)] from the
valucs of Figurc 1 between 1.5 GeV and 4 GeV,

It is clear that the energy region between 300 MeV and
600 MeV should provide the most precise comparison of the
dispersion relation rcsults with experiment. A verification of
this dispersion rclation provides, at the same time, a check on
the validity of charge independence for pion-nucleon inter-
actions at these encrgies 142 The only results at present avail-
able in this region are at 317 eV and 371 MeV: tinese results
provide a reasonably stringent test of the unsubtracted dispersion

relation.
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Figure Captions

Figure 1: [é-(wL) - d+(wL{§ N

. ) " L - +
Figure 2: The calculated valuecs for LDB(wL) - DB(wLﬂ ,
represented by the solid line; [Ag(wL) - A;(wL?J

is represented by the broken line.

. ag "
_F}gure 3 Calculated values for ETaY ‘3:0.
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