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1 Introduction

It is known that systems with large number of degrees of freedom display similar
behaviour in certain asymptotic regimes independently of numerous microscopic de-
tails of the system. In the theory of strongly developed turbulence this universality
is connected with long-distance asymptotics of velocity correlation functions. The
main indication of the universality in the turbulence comes from the well-known Kol-
mogorov scaling theory [1] describing the large-scale behaviour of equal-time velocity
pair correlation function.

In the present paper we discuss the problem of universality for two models: (¢)
the model of randomly forced stationary and strongly developed magnetohydrody-
namical turbulence (MHD) and () the model of turbulent diffusion of passive scalar
admixture (PA). After a brief description of the statistical methods used accompa-
nied by the functional-integral approach we focus our attention to specific problems
which are typical of the application of the renormalization group (RG).

The RG method represents a powerful, general and systematic technique in the
theory of critical dynamics [2, 3], quantum-field theory or e.g. in the models of
polymers. Since 1977 several authors [4]-[7] have applied the RG method to the
model of randomly stirred fluid. This model describing hydrodynamic systems ran-
domly stirred up by forces active at large spatial scales is considered to be close to
the statistical behaviour of turbulent velocity modes at very high Reynolds numbers
[8, 9]. Here the application of the RG method allows an investigation with minimal
empirical input and adjustable parameters.

In hydrodynamics stochastic evolution of the local velocity field ¢ = (), z =
(#,t) of incompressible fluid is described by the Navier-Stokes equation

N({#};[w)) = 87 + (5.V)7 - vV = f, (1)
and the incompressibility conditions
Vi=0, V.ff=0. )

The statistics of ¥ is completely determined by the non-linear equations (1), (2) and
certain assumptions about the statistics of the external large-scale random force f”
The dissipation term 1y V2% contains the parameter of kinematic viscosity vp.

As in refs. [4]-[7], [10] the random forces are chosen Gaussian with the probability
distribution having the weight

e | -5 [ [tnf@ D e el fe)| . ®

with the notation: z; = (Zj,t), [dz; = [d3; fdt for j = 1,2; d is the space
dimensionality. The superscript ”v” denotes that f" corresponds to the forcing of
the velocity field. Complete determmatlon of the forcing statistics requires definition
of the averages

(fF@) =0, (7 (@)f](z2)) = Djs(z1 — 23 [9u]) - (4)
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For positive values of the coupling parameter g,, > 0 the distribution function kernel

d4k
(2m)d

D;s(31920]) = g 8(2) B e iR (5)
s a positive—deﬁnite (d x d)-square matrix of the forcing correlation functions, where
Pk ) = 6;; — k;k,/k? is a solenoidal second-rank prolector and g,, is the coupling
parameter. From {5) we see that time correlations of f” have the character of white
noise, while the spatial falloff of the correlations is controlled by the parameter e.
The matrix (5) shows translational invariance and for the value € = 2 becomes
scale invariant. The value ¢ = 2 is physically most acceptable, since it represents
the assumption that random forces act at very large scales, which substitutes the
effect of boundary conditions. The central problem of the e-expansion, i.e the final
continuation from € = 0 to sufficiently large € = 2 has been discussed in [11].

In the studies of statistics of the turbulence the most important measurable
quantities of interest are N-th order correlation functions

(Ujl(xl)vj2($7)vja(x3) o .,U]N(‘TN))’ 1<, <4, r=12---N. (6)

In this paper we have applied the RG method along the way initiated in [10]. The
nature of the method adapted from critical dynamics (e.g. see [3]) is a formal map-
ping of the stochastic model (5) to a quantum field formulation, which is determined
by an effective "action” S{v ¥} constructed on the basis of the original stochastic
problem. This action is a functional of the stochastic velocity field & and an indepen-
dent transverse auxiliary field ¢". Then the correlation functions (6) can be expressed
as variational derivatives
6V (4)

Fo— Avi—0y 7
0AY (1) AY, (22)8AY, (23) - - - 6AY, (zn) o= =0 (M

where the generating functional G is
G(E”,E“'):/DED& exp[S{a,a»} +/dz (X“.m E“’.m)] . (8)
with the effective action
s} = ; [an / dez {18 vj{@1) Dy (21 ~ 22: [g1s]) 3 (22) }
/ dz . (N ({5); o)) (9)

and A‘”,A‘”’ are so called source ﬁelds, which are equivalent to the regular external
forces; DUDv" is the measure of functional integration over the fields ¥ and &. Then
the turbulence problem is transferred to calculation of functional integrals. They can
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be in principle calculated perturbatively by means of the Feynman diagrammatic
technique, which has been first applied to hydrodynamics by Wyld [12].

In the present paper we have studied the universal statistical features of two mod-
els. The first is the model of stochastic MHD described by the system of equations
for the fluctuating velocity and magnetic fields [13, 14]

N{#}; wol) - BV)b = F*, (10)
B+ (5.5 — (B.V)5 — vouoV2h = f*.

The second model is the statistical model of diffusion of passive admixture (PA) char-
acterized by the concentration ¢(z) in the turbulent environment ( see e.g.[18],(24])

N({#} wl) = f*,
B + (7.V)e — nouoVie = f°. (11)

The statistics of the random forces ]a’,fc introduced here will be specified later. It
is a well-known fact that the diffusion of the magnetic field and the concentration
has a different physical nature, therefore in this paper we do not distingush between
magnetic and passive scalar inverse Prandtl numbers uo as it can be seen from (10)
and (11).

It has been shown[14] that the behaviour of invariant variables corresponding
to (10) and (11) leads to some common features in both problems in the universal
Kolmogorov regime [17]. This is mainly due to that in the suitably reparametrized
stochastic MHD theory the prefactor of the Lorentzian term (56)3 vanishes at large
spatial scales, i.e. the Lorentz force in the universal regime ”dies out”. We have
compared vector and scalar stochastic models (10) and (11) in the framework of the
RG double-expansion scheme, which will be specified later.

For the purposes associated with the ‘application of the RG we introduce one-
particle irreducible (1PI) Green functions [16]. These functions provide a useful tool
for the study of RG problems in the theory of the turbulence [10]. For our purposes
we introduce two types of 1PI Green functions ' which correspond schematically to
connected Feynman diagrams with two or three external legs.

For 3-d stochastic MHD within the one parameter e-expansion scheme the fol-
lowing one-particle irreducible Green functions

I\uu’ , I-\bb' , Iw’bb , (12)
possess superficial ultraviolet (UV) divergences [14].

A detailed analysis [18] of the renormalization of the passive scalar problem has
shown the presence of superficial divergences in graphs corresponding to the 1PI
Green function

v

ree, (13)

in the case of the e-expansion scheme.



Ronis [19] has proposed a double-expansion approach with a simultaneous devi-
ation 26 = d — 2 from the spatial dimension d and also a deviation ¢ from the k2
form of the forcing pair correlation function proportional to £2~26-2¢_ This work deals
purely with an incompressible Navier-Stokes system and is based on the fact that
at d = 2 a new divergent 1PI Green function I occurs. The main conclusion of
the paper cited is that final prediction for the averaged energy dissipation composite
operator is not trivial.

Of special relevance to the our investigation is the paper of Honkonen and Nal-
imov [20], which is in particular a critical response on the work of Ronis [19]. The
essence of the argument used in [20] is that a non-local term

dd—' dd-o el 3 S ddl—(‘: k2—25-—2£ E 2z
g T T(Z1,1) 0Ty, 1) W exp |tk (&1 — 1)

Is not renormalized and counter terms rémoving the divergences must always be
local in space and time. The paper [20] contains not only the criticism of incorrectly
applied renormalization, but puts forward a constructive proposal how to remove
correctly the divergences by means of the local counter term GAVED

Inspired by the study [20], we present here a generalized treatment of the models
(10) and (11). In these theories the nonlocal terms of the action

S\ T Al g o
/ddfl /ddfz b'(Z1,t) ¥ (5,, 1) /(27r)d kAm2-2a exp [zk.(xl —-$2)} (14)

. Y B} FE s oo
/ddml /ddxz c(&h,t) d(Z2, 1) / @) k22 oxp [zk.(zl —zz)] (15)

(where a free parameter a is used to control the power form of magnetic and passive
scalar forcings) requires the presence of analytic counter terms proportional to

VR, v (16)

The next section starts from the quantum field functional formulationvof the
problem of the turbulence for MHD. Such a formulation is suitable for the analysis
based on the RG, which is described in detail in the third section. In the fourth
section the RG analysis has been applied to the statistical theory of diffusion of PA
in a turbulent environment. Finally the conclusions are presented, and the models
are compared. The systematic classification of the RG fixed points (FP) and stability
regions of different scaling regimes are presented in Appendices I and II. A useful

methodological guide the reader can find in Appendix II1, where the extraction of
superficial divergences from the function I'“’® is presented.

2  Functional model of stochastic MHD

Let us consider the model (10) supplemented by the forcing statistics
([ (z)fi(z2)) = 0,



(f;’(h)f:(ffz)) = Up uf;’ Dj, (21 — x93 [Lgum,guzo])
(fz)fi(x2)) = ugvg Dis (1 — 23 [a, goros Geo)) (17)
where the correlation matrix
d'k - -
Dy (r:{A.B.C}) = tz)/ Pu(Ryexp [ iF £ ]
x [Bk2—26—2A(+Ck2] (18)

is determined by the pa1amete1s A, B and C. Transversality of f)(x), o). is a.

consequence of the equations Vi=V0h= 0); The matrix D, reflects a detailed
intrinsic statistical definition of forcing, whose consequences are deeply discussed
in [22]. The necessity to introduce a combined forcing, and also to include the
additional couplings (g.2,gs2) in order to obtain multiplicatively renormalizable 2-d
stochastic MHD is absent in the traditional formulation of stochastic hydrodynamics.
The definition (18) includes two principal - low- and high-wave number - scale
kinetic forcings separated by a transition region at the vicinity of the characteristic
wavenumber of order O([ng/gvgg]% ). In the language of classical hydrodynamics the
forcing contribution o« k2 corresponds to the appearence of large eddies convected
by small and active ones. In analogy with (9} the stochastic MHD system can be
described by the field-theoretical action

SMHD = /d.’[l /dl‘g

{“0 W (ll)D {z1 — x5 (1, Gv10s Gu2o)) v (x2) +

+ g wo’ by(x1) Dy, (71 — 23 (@, goro, gozo]) by(72) } +

+ /dzﬁ'.( ({8): el + (B9)5)
+ 7. (-atz? + uo oV + (E.V“i)a— (5.6)17) . (19)

From previous work we know that this action containing non-analytic terms (here
proportional to constants gu10, ge10) needs the introduction of two new terms (pro-
portional to g,0 and gezo). All dimensional constants g,16, ge10, guz0 and gezo, which
control the amount of randomly injected energy given by (17), (18), play the role of
coupling constants of the perturbative expansion. Their universal values have been
determined after the parameters ¢,6 have been choosen to give the desired power
form of forcing and desired dimension. In addition to this for § = } one can obtain
the action at 3d.

For the convenience of further calculations the factors vjug and yju? including the
“bare” (molecular) viscosity vo and the "bare” (molecular or microscopic } magnetic
inverse Prandtl number 4o have been extracted.
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3 Calculation of the fixed points

Let us summarize the main points of the RG procedure, which we have used. The
general properties of applied methods and perturbative techniques are described
elsewhere [16).

The model (19) is renormalizable by the standard power-counting rules, and
for & — 0,¢ — 0,d — 2 possesses the divergences (12) and also additional UV
divergences ™', T typical of d = 2. In the diagrammatic representation the
one-loop contribution to these functions looks as follows

v b
L+ Wk
3 + p
b 1 b b 3 & b
b b b’ b
b b v b v’ b v
+ i + - +
vi b v v b v v’ b v
b p b' g b p
2 b v _b » b
vi..D £ v
+~v// ib + _+_<V\/;b‘ + V\ b
v’ L’_ v’ v X;.\JL v v \’ b
Vb Vo b V. b

In the framework of the quantum-field RG the computing of these Feynman
diagrams includes:

N . . . . / v / v
1. the association of cubic terms of (19) with the vertices T 0! Q,—< b
Q'.—<g of the diagrams; ]
2. the association of the elements of the free propagator A with the internal dia-
grammatic linesv’__ ¥ b b, v v b b

The free propagator A calculated from the quadratic part of (19) has the matrix



structure

0 0 AY 0 0 0 Yo w0
A = 0 0 0 A% _ | o 0 0 b b (20)
” A¥Y 0 AW 0 vi Y 0 WY 0
0 A 0 A% 0 b b o b b

A% (k1) = AU~k —t)= 8(t) P, (k) exp[—vo k%], (21)
Agg’(E,t) = AYY(—F, —t) = 0(t) P;s(k) exp [~uorok®t] ,
o 1 -
AV (k1) = 5 Uo Vg Piy(k) (guro k™27 + gy ) exp [—vk*[t]] ,
- 1 -
Al;i(k,t) = U vg Pys(k) (gbu? f2ee-2 +gbgo)exp [~uuk2|t|] .

The superscripts vo', b, v'v, b'b, bb, vv in (21) correspond to notation of the lines
of diagrams; @(¢) is the usual step function.

Having in mind that we need to calculate only divergences of diagrams and we
are not interested in their finite parts, we performed (i) the integration over the
internal time of diagrams (see Appendix III); (ii) the integration over the internal
wave-numbers of diagrams with noninteger dimensionality 2 + 26 (dimensional reg-
ularization); (iii) the extraction of the poles

Pol . binati 11 1 1
oles 5, = linear combination of terms {5, Ry @t 6} , (22)
(for § — 0,€ — 0) in agreement with the general minimal subtraction scheme (23]

After the ultraviolet divergences have been removed, the continuation back to
the original or "physical” values § — %, € — 2, (d — 3) is possible.

The UV divergences can be removed by adding suitable counter terms to the basic
action S¥HP obtained from (19) by the substitution: gy10 — 12 gu1, Guao — £ 2 g2,
gb10 — 1201, gb20 — /1—26952, Vo — v, ug — u where g is a scale setting parameter
having the same canonical dimension as the wave number.

The original form of SE*P implies the counter terms

roHanter = / dz [V (1-2,) VT4 uv (1- Z) b2 E-i—
+ 3 (Z4— Dur®gy, ;4_26 TV + % (25 —1) w1 gy p“” AvAT N
T SR I (23)

determined to cancel the superficial UV divergences of the Green functions.
Within the ultraviolet renormalization the divergences appearing in the form of
a Laurent series in (22) are contained in the constants Z;, Z3, Z4, Zs renormalizing
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the "bare” parameters eg and the constant Z renormalizing the fields g, B. Their
general form is
Z; =1 — Poless, , Jj=142---5. (24)

Due to the Galilean invariance of action (19) the fields ¢, ¥ are not renormalized.

A property essential for application of the RG method is that the counter terms
(23) can be chosen in a form containing a finite number of terms of the same algebraic
structure as the terms of the action (19). Then all UV divergences of diagrams may
be eliminated by a redefinition of the parameters of the original theory.
Renormalized Green functions are expressed in terms of the renormalized para-
meters '

guv1 = Guio /'L_zf lez’h Gv2 = gu20 #26 Z12ZZZ4_1’
gnn = gbio #_2(“ le22Z3—1a b2 = Gh20 ﬂ25 ZIZ22Z3_125—1’
v o= I/OZI_I, UZUOZQ_IZI (25)

appearing in the renormalized action SE"° = S¥*° — SME  connected with the

action (19) by the relation of multiplicative renormalization

SELE B, e} = S0 5, 527 7, B 2% eo).

The renormalized action Sg, which depends on the renormalized parameters e(y),
yields renormalized Green functions without UV divergences. The RG is mainly
concerned with the prediction of the asymptotic behavior of correlation functions
expressed in terms of anomalous dimensions «; by the use of 8 functions, both
defined via differential relations

- 0lnz
’Y]"‘/j‘ au

Jyg .
o> Mg = ﬂ@b’ Wlth g= {gulvgvhgblvgb%u}v (26)

where the subscript ”0” refers to partial derivatives taken at fixed bare values of eg.
Using the RG routine the anomalous dimensions 7;(g., gs, g,2) can be extracted
from one-loop diagrams. The definitions (26) and expressions (25) for d = 2 + 26
yield
Bot = gn (264271 +72), Bpz =02 (26+2n+mn — %),
Bot = gn(—2ae+7+272 —73), Bgz =92 (26 + 1 + 272 — 73 — )
Bu u(n —72)- (27)
The partial derivative with respect to p in (26) generates § and ¢ ~ dependent terms

which cancel some "mixed” poles of the type (22). As a consequence a finite result
can be written

1 _ lgv‘gb
"= é@;(#gv+gb), "= T
(28)
1 1 ugi+gi

T3 = E(gb—gu), 74:327r—g;2—_’



where the notation g, = ¢u1 + gu2, g5 = go1 + g2 has been used. Calculations also
show that there are no divergences in I'*"*" in one loop approximation and therefore

Y5 = 0, Z5 = 1, (29)

which is a specific property of two-dimensional MHD.

Correlation functions of the fields are expressed in terms of scaling functions of
the variable s = f s € {0,1). Then the asymptotic behaviour and the universality
of MHD statistics stem from the existence of a stable FP. The continuous RG trans-
formation is an operation linking a sequence of invariant parameters g(s) determined
by the Gell-Mann Law equation

d_y(_f_)_ﬁ_w . brevation 3= {T... 00 Tee. o T .

s =~ P (g(s)) with the abbrevation § = {g,1: 9.2+ o1 Fo2r T} - (30)
where the scaling variable s parametrizes the RG flow with initial conditions gl.=; =
¢ (the critical behaviour corresponds to infrared limit s — 0). The expression of the
B(g(s)) function is known in the framework of the §, ¢ expansion (see Eqs.(28) and
also {27) ). The FP g*(s — 0) satisfies a system of equations Fy(g*) = 0, while a
stable FP, weakly dependent on initial conditions, is defined by positive definiteness
of the real part of the matrix = (83,/09)|s+. In other words, a FP is stable if all
the trajectories g(s) in its vicinity approach the FP.

The initial conditions gl,_; = g of the equations (30), dictated by a micromodel,
are insufficient since our aim is the large-scale limit of statistical theory, where g* =
7ls—o. The RG fixed point is defined by the equation

plg")=0. (31)

For §(s) close to g* we obtain a system of linearized equations

(1s1—9> @-g) =0, (32)
ds
where [ is (5 x 5) unit matrix. Solutions of this system behave like § = g* + O(s")
if s — 0. The exponents ); are the elements of the diagonalized matrix Q% =
{ A, Az, Az, As, As ) and can be obtained as roots of the characteristic polynomial
Det(Q — AI). The positive defineteness of {2 represented by the conditions Re;(A) >
0,7 =1,2,...5 is the test of the infrared asymptotical stability of discussed theory.
Within the approach discussed above we have found a nontrivial stable kinetic
FP [25] of the RG with the universal inverse Prandtl number

17~ 1
ut = \/_—: 1.562,

the values of the coupling parameters

647 ¢ (2e + 36) . 64m €
= Gu ews 0 T Gw bt (3)

*



and
951 =952 = 0.
The values of ¢}, and g}, correspond to those found previously in [20].

Detailed numerical calculations have shown that the region of stabilityof the
kinetic FP is limited by the values of the parameter a < 1.42 independently of the
value of 6 = é/e.

The results obtained for magnetic FP (e.g. for all possible FP’s, where u* = 0 )
differ from those obtained in previous work [13, 14] with respect to the stability of
the scaling regimes. We have arrived at the conclusion that the double expansion
method leads to anunstable magnetic regime. All the FP’s are listed in Appendix L.

4 Stability of kinetic scaling with passive admix-
ture
Let us suppose that the transport of PA in the turbulent environment is characterized

by the system of equations (11). A similar model was studied in [18], but here, as in
the previous section, we introduce more complex forcing with the correlation function

2,3

uv —2(ae
)Dn(ll — 233 [a, 1, gep72F9))). (34)

(fAz)f(z2)) = @7

where g. is a coupling parameter. The PA theory also can by transformed to a field
theory with the basic action

1
SSA = 5/d1‘1/d?£2
{ Up l/g U;(II)DJS ("I"l - ‘T?;[lagvl.“ztvgwﬂ_z&]) Us(m2)

1
d-1

+ /dx{c’[—8,c+uz/V2c—(17.Y7)c]+17'.[—N({6};[u])]}, (35)

+

w2 (1) Dy 21 — 221 [a, 1, gon209) ) (22) }

containing the parameters u, v, ¢u1, gu2, e, @ (the notation is compatible with the
previous section). Then the counter terms to the basic action are

’ggunter = / d.‘l: [V (1 - Zl)alv;')f"‘*‘ uy (1 - Z2)C’V2c
1
+ 5(2Zi = 1ur’gu u ™ TV (36)
1
+ 5 ( Z5 _ 1) u21/39c #—2(az+6) CIVZC/ )
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All the UV divergences (13) are present in the one-particle irreducible Green func-
tions I'**', [, T¥"Y" ['“¢". Their one loop diagrams are

P 7 '
b3 c c 7 (& by C’

Having performed the standard calculation of Z;, Z3, Z4, Z5, we have found the
system of one loop 3 functions corresponding to the model (35)

B = gu (—2e+72+271), Bz =gu2 (26 + 72 +27 —74),

Be = g.(2ae+26—1s), Bu=u(n—m), (37)
where the v1, vz, v3 functions are
2
_ ug G _ _ug,
"N = 3277'7 Y2 = 87r(u + 1)» V4 327rgu2 (38)
and g, = g1 + gv2. In contrast with (29) we have found
u Gu1 9eGu1 G2 9cGu2
Zs =1 — A4s, As = CALE LAl
s 5 57 16ger(u+1) [ 6+ (1 +a)e * € + ae ) (39)
with non-zero ( 1)
gulgct+
=2 T 40
s 8rge(u+1) (40)

The solution of the system of equations 8,, = B,, = 8. = P, = 0 with the aid of
(37), (38) yields for the kinetic FP the same g}, g5, u™ as in (33) and

o =(3a+36-1)". (41)

We remind again that § = 8/e. The calculation of the @ matrix (up to the O(e)
order) at this fixed point yields

(42)

3

, 2 L 17— VT
Qdias = ¢ ( S(=1+3a+35), 17 12‘/_

4436+ /-8 126 + 982 )
3 .

From this expression we see that the region of stability of the-kinetic FP is ¢ > % -6
for 6 > 0.

A classification of remaining fixed points of the PA problem is presented in Ap-
pendix II.

5 Conclusions

In the present work we have investigated and compared properties of two models,
which display similar asymptotic behaviour: stochastic magnetohydrodynamics and
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diffusion of passive admixture in a turbulent environment. We have constructed field
theoretical actions corresponding to the original stochastic problems. The actions
are shown to be multiplicatively renormalizable for d > 2. We have constructed an
expansion of both models in two dimensionless parameters: the deviation of the space
from two and the deviation of the exponent of the powerlike correlation functions of
stochastic forcing from the logarithmic value.

The principal consequences of the renormalizability conditions are (i) more com-
plex form of the action [20] or alternatively (i) more complex forcing correlation
function [22] including large and small scale terms (18).

The results emphasize the sensitivity on the expansion strategy in many aspects.
The double-expansion scheme with very complex structure of FP’s has revealed some
essential differences between transport of vector (MHD) and scalar (PA) species in
turbulent velocity field. In the framework of the MHD model we have found only
one stable kinetic FP corresponding to the known Kolmogorov scaling. The expected
magnetic regime is unstable. At d = 2 diagrams of I'*"" are superficially divergent by
power counting. However, calculations have shown that the one-loop contribution to
I vanishes. Contrary to this, the model of PA yields non-zero function I even
in the one-loop order. An open question is, whether the higher order corrections
would generate essential changes to the picture of stability of the MHD model.

An important question is the physical relevance of the models discussed. A per-
haps oversimplified idea would be to consider the results of the double-expansion
scheme physically suitable to describe the quasi two dimensional {2 < d < 3) turbu-
lent flows of the atmospheric and oceanografic systems and the more complex action
(35) should describe a random spreading of pollutants in the turbulent atmosphere.

The most relevant physical picture of the turbulence is related to the kinetic FP.
The next short table summarizes the information about the regions of stability of
the kinetic FP obtained using different expansion schemes.

theory Regions of stability
double expansion | e-expansion
MHD |a < 1.42 a <115 [14]
PA |a>1/3-46 a> 2/3 [24]

From this table we see that the character of inequality (i.e < or >) remains the same
despite the small differences of the boundary parameters. The universal values of
the inverse Prandt]l numbers (the same for both the models)

common . inverse Prandtl number
double expansion | e-expansion

MHD and SPC | u* = 1.561 [25] | u- = 1.393 [18, 14]

exhibit an agreement with the general formula [26] obtained using e— expansion

scheme
. 1 8(d+2)
u(d)—i[-—1+ 1+—d——

b
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After the substitution d.= 2, d = 3 we obtain the numerical values
u™(2) = 1.561, u™(3) = 1.393

which are consistent with the previous table. A remarkable feature of the results
corresponding to expansion schemes applied and also a common feature of the models
investigated is that the asymptotical stability of the kinetic FP is qualitatively not
very sensitive to the way of the energy injection. We hope that all possibilities of
petturbative RG are not drained off from afar and our work will have a stimulating
influence on the development more eludicated expansion procedures.

M.Huatich is grateful to D.I.Kazakov and to director D.V .Shirkov for hospitality
at the Laboratory of Theoretical Physics, JINR, Dubna. This work was supported
by Slovak Grant agency for science (grant 2/550/96).

Appendix I: Classification of fixed points of sto-
chastic MHD .

In this Appendix we review all the FP corresponding to MHD. For unstable fixed
points we use an abbreviation (U.1-U.12), whereas the stable ones ( but unphysical,
ie. when at least one fixed parameter is negative) we denote as ($.1-5.2). Our
investigation was made for the region of the parametric space, where a > 0, 6=
6/¢ > 0 and ¢ > 0. We have fully excluded the complex fixed points from our
consideration. When possible, we have tried to express the FP and the full structure
of the diagonalized §2-matrix in the most general form. In some cases, however, due
to very complicated algebraic structure of the expressions obtained, we were forced
to investigate the asymptotic stability only numerically.

U.1:
g = 0,¢5,=0g,=0 g5,=0, u*is free parameter,
Qfes = 2¢(0, 8, 8, —a,—2).
U.2
gl = 0, gl = —4n(1£VIT)ed, g5 =0, g5, =0,
. —1+ V17
= ———
2
U.3:
g = 167¢ gy = 0, g5 = 0, g5 =0, u" =0,
Q4 = e(£2,5+ 26, 2(1 +8),5 — 2a).
U.4:

g = 0, g =—16mbe, g; =0, g5 =0, " =0,
Qdes = ¢(+26,—36, —(2a + 56), —2(1 + 8)).
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. 167 be . . 967 b ¢ .
9n = 0, gu2=_1—1"‘v 9o =0, gbzz_u“" u" =0,
) 2 L
Qdes = ¢(—26,—2(a + §), ——1(11+26) 5 %5).
U.6
g = 0,9, =—64rbe, g5, =0, g5, = —64mbe, u” =0,
Qdes = (-6, 8,56, —(1+ 28),—(a + b))
U.7:
u"+95
= 0, g5, = —3276
9 3 gu2 T E(u")2+8u"+7’
* - ¢ (’Ll.)2 + u‘ - 4 *® &
g = 0, g, = 32m56( e © —2.72816.
U.8
. 7(11 + 246 + 46%)e ,  w(5+ 26%)e
gUl = = k] g02 = _———:_—’
1+46 144
gy = 0,05, =87(5+26)¢, u* =0.
U.9:
. —8m(53+ 1568 + 15362 + 548%) . 8m(59 + 1808 + 1716 + 548%)e
g = 27(1 + )2 P O 27(1 + 6)? ’
- _ % _167(19 + 398 + 188%)e .
gb] - . gb2 9(1 + 5) 3 .
U.10:
@ o= 0,g0= —8—"(38(1 + 816 + 9v/20a? + 7626 + 8162)e,
167
@ = 16 (26a + 458 + 5v/20a? + 766 + 8162)e,
. 167(19 + 396 + 186%)
Gpr = = , u =0.
9(1+98)
U.11
*+5 (u ) +u —4
o s L e N S W ol i A S )
9u1 01 92 3277'0,6( )2+8U +71 bl 3 7['(16( ‘)2+8u*+7 92
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where u* is the real and positive root of equation

(w*)Pa + 2(8 — a){u*)? — (11a + 246)u* — 706 — 44a = 0.

U.12:

. er(11 + 12a — 4a® + 365 — 8ab) er(2a — 5)?

v = ’ : = F3 ? n =8 5—2 ’
9n 143 92 Y In em( a)
g = 0, u" =0

S.1:
. 8er(2 +36)(1 —V17) _86%(1—\/ﬁ) « 0 ot =0
91 9(1 +5.) s Ju2 9(1 +5) y Gn1 » Ge2 ’
. -1 -17
1= e——
2
The point is stable in the region a < 0.74.
S.2:

8er(53 — 162a + 171a? — 54a® — 66 + 18aé)

*

Fa = 27(1+ 8)(a-1) ’
. _ 8em(—59 +180a — 1714’ + 544°)
$2 = 27(1 + 6)(a — 1) ’
16em(—1 ~ 18a?
0 = 6em(—19 4 39%a — 18a )’ o =0, u* = —7+ 6a.

9(a —1)

For this fixed point we have found that the interval of stability of the critical regime
15 0.5 <a <0.73.

Appendix II: Classification of stochastic fixed
points for PA.

These are FP of PA (we use the notation of the previous Appendix):
U.1:

g = 0, gl,=0, ¢ =0, u" = free parameter,
Qo = (0, 26, 2(a +8), —2).

U.2
5 é -1+ V17
* = 0, r=—4 li\/ﬁ 6, :2“ = Y= )
gul gu2 7l'( )C g 2a+35 u 2
: . FIT6 5 -
Q% = (=26, T ———, —(2 F 36), 2a + 36).
€( Tt (2 ¥ 36), 2a + 36)
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o= 0, g, = —16rde, g* = ——, u" =0,
9n Gu2 9e pY;
%9 = ¢(£26,-2(1 +8), 2(a + 26)).
U.4
» 167 e, g 0, ¢’ ————1 =0
v - bl U = bl c = =y u = bl
91 G2 g 1tat3d

09 = €(£2,2(1 4 8), 2(~1 +a +§)).

An alternation of the signes of the kinetic FP (41) gives a non-physical analog which
is stable:

§.1:
.o_ BreQ-VIT)(2438) . 8re(1-VIT) , 1
$a = 9(1+9) T 0048 T Tl 130t 30)
. 1417
Uu = ——3——,
Qfiss _ 6(2(_”5”35),“35* \/—38—125+952’17—|i2\/ﬁ)'

and the interval of Kolmogorov scaling stability is a > i- b

Appendix III: Superficial UV divergences of the
. /

function <7,

In this appendix we present some details of calculation of the renormalization con-

stant Zs from (39). We start from the expression for the one loop contribution to
the function I'“', which is given by the Feynman integral

ddk_; = CCf =+ 7 vy 7 N N
[ o [ o %@ oAz Gaia, (43)
where A} is the same as in the (21) and ACC(E,t) propagator is
A“(E,t) = %uy2 (plock2em2 4 1% ) exp [—uuk2|t|] . (44)

The time integration and the trace over the indices j, s yields
o whd LAk (k) — ¢?k?
1‘1°°P(q)_ T2 / (27)4 k2 (k2 + u(k — §)2)
% (ﬂzek—zc—zagul +#—2§gv2) (,ﬂ'“uE _ e u-z&gc) .
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The transformation of (45) into the spherical (k, ) coordinates
k.q=kqcosp, @€ (0,21), ke<0o00> d¥F =k*¥dkdy (46)

and the separation of the quadratic in q part leads to
19% . u?? > dk .
[s = - =——T9] = —— _( o 47
5 2 Aq? l—loop(q) =0 8n(u + 1)'/;: 2 U Gv29c (47)
+ ‘u2c(1+a)]\1v--2[0+((1-+-a)]gu1 + ltZ((—B]k—2cgc + M2(a(—5)k—2a(gv2) )

This integral diverges logarithmically as &6 — 0 and ¢ — 0. The limits of integration
< 0,p > have been omitted in (47), since integration does not lead to divergences
for small &. Further, in agreement with the general rules of the minimal subtraction
method [23], we use the convention

* dk 1
u"/“ e = = as a—0 (48)
and find
Poles e [Fs] = u2V39cA57 (49)

with As given by (39). Consequently, since the action (35) includes the term ¢/'V3¢/
multiplied by the prefactor u?»2g,, the expression for Zs can be expressed as (39)

Zs =1 — As. (50)

A differentiation with respect to p with fixed bare parameters gives the recurrent
relation for v5 = d1ln Zs/01n ulo (see (40) ).
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Inatiy M. o p. ' E17-96-317
BexrtopHas H ckanstpHas Molens TypGyneHTHOM audidy3uu B6AHIM pa3MEPHOCTH 1Ba.
PeHOpMIPYNoBoii aHanu3 ¢ UByMs NapaMeTpamMy pavioXeHHs

. MeTOIOM KBaHTOBO-NONEBOH PEHOPMATHIALMOHHOH FPYNMbl 6bL1a HyNeHa CTOXACTHUECKAE MOJETL
CTAUMOHAPHON K CHIBHO PA3BUTON MATHMTO-TMIPOIAHHAMHYECKOKR TYPOYNEHTHOCTH M MOJleNb, OMHCHIBA-
10Ulas NacCHBHYI0 NPHMECh B TyDOYICHTHOR cpejte BOAM3W pasMEpHOCTH NPOCTPAHCTBA, PABHOM LBYM.
B ouHonetaeBom npuGaHXeHHH MCNONBLIOBATACH TCOPHS BOIMYIUEHUH NO 1BYM NAPAMETPAM — OTKJIO-

" HEHUIO NPOCTPAHCTBEHHOH PA3MEPHOCTH M CTENEHHONO MHUCKCA B KOPPENATOPE CNYYalHON CHIMW OT HMX
KPUTHYECKUX 3HAYCHMI. Bbino NpoBe/ieHO CHCTEMATHUECKOE UCCNECA0BAHHE BCEX BO3MOXKHBIX PEXHMOB
C y4eToM ux Gm3nueckoro cmeicna. [ing obenx moueneit Gbul0 TOATBEPXIEHO CYIUECTBOBAHHE KHHETHYE-
CKOW (PHKCHPOBAHHOM TOMKH,  aCCOLMHPOBAHHON C yHMBEpCATbHBIM pexuMoM Konmoroposa. B 3tom
peXHMe GBLIO BHIYHCIIEHO YHUBEPCANbHOE 3HaveHMe (i = |,562) obpaTHbix unces Mpanatns. Ucnonsly-
EMbli METON IBORHOTO PAVIOAKECHUS CPABHUBANCS C E-PAVIOKEHHEM, OOBIYHO MIPHMEHSEMbIM B CTATHCTHYE-
CKO# TypOYyNeHTHOCTH. )

Pa6ota Bbirionnena B Jlabopatopuu Teopetnueckoit ¢msuku M. H.H.Boromo6osa OUSAH.

Coobwenne OGLEIIHHEHHOTO HHCTHTYTa slepHBIX HcatenoBanuit. lybua, 1996

Hnatich M. et al. E17-96-317
Vector and Scalar Model of Turbulent Diffusion near Two Dimensions.
The Renormalization Group Analysis with Two Expansion Parameters

The model af randomly forced stationary and strongly developed magnetohydrodynamical turbulence
and the model of passive scalar in turbulent environment have been studied by means of the quantum
field-theoretical renormalization group near two dimensions. A perturbative, two-parameter expansion
scheme, the parameters of which are the deviation from the spatial dimension and the deviation
of the exponent of the powerlike correlation function of the random force from their critical values, has
been used in one-loop approximation. Systematic investigation of all possible critical regimes,
corresponding to the fixed points of the renormalization group, has been performed taking into account
the criterion of their physical relevance. For both models the analysis has confirmed the presence
of a kinetic fixed point associated with the Kolmogorov universal regime. In this regime the ufiversal
value (u” = 1.562) of inverse Prandtl numbers has been calculated. A compéi:ison of the double-expansion
method and the -expansion scheme usually applied in the statistical turbulence has also been carnied out.

" The investigation has been performed at the Bogoliubov Laboratory of Theoretical Physics, JINR.

Communication of the Joint Institute for Nuclear Research. Dubna, 1996
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