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Abstract

The complete calculation of all final state quark-antiquark polarization effects
is given.
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I. INTRODUCTION

Spin polarization effects in high energy quark-antiquark-gluon production in electron
positron annihilation seem to gain interest in current experiments. On the one hand it is
now possible to obtain substantial electron linear polarization at the SLAC Linear Collider
[1] which improves measurements of cross sections and asymmetries. On the other hand it
is to expected that observations of fianl state quark-antiquark-gluon jet polarizations may
improve our understanding of the physical production process itself, as well as the mechanism
of jet production.

Previously the gluon linear and circular polarization have been calculated for polarized
electrons and positrons in the quark mass zero approximation [2], where it was shown that
the gluon polarization is strongly influenced by beam polarizations effects.

In the present paper we present a complete calculation of all final state quark-antiquark
polarization effects. The quark-antiquark polarization independent cross section has been
obtained by several groups [3,4] for unpolarized leptons and [5] for polarized electrons and/or
positrons.

II. THE QUARK/ANTIQUARK POLARIZATIONS
The cross section for flavour f, differential in angles and scaled quark and antiquark
energies ¢ and Z, respectively, is given by [6]
Bo qqg

dexdzdm (27r

as v v
{Lx'yH'{'ypu + 2Ref(s)L"ylZH::Zuu + |f( )|2LI‘1 HZZ/H/} (21}

where x is the azimuthal angle of the electron momentum p_ in the coordinate system with
the z-axis along the quark momentum q. L&, LY and L% are the lepton (e4,e_) tensors

¥Y?
and H’Y’YUV’ HA{ZW and H éZyu the corresponding hadron tensors for photon interaction,

interference of photon and Z; interaction, and Z, interaction, respectively. We include the
effects of electron and positron longitudinal and transverse polarization, and the lepton
tensors are given by

L = SL + ELE +
Ly = —(v=E — af)L‘l“' (vf —aZ) L8 +vlf +all’, (2.2)
L% = [(1)2 + a®)= - 2va§] LY + [(v + a®)¢ — 2va:.:] Ly — (v* —a®)LY",

which include longitudinal polarization, lel, effects, = = 1 — P_EPB and £ = pl_ PJlrl.
Transverse polarization effects are contained in L§” and L4”. The lepton tensors are (6]

LY = 4(plp” + pp% — ¢" pyp-),
LY = —4ie™ aﬁpipg,

L/iu — 4(p+p_) (Pi-uP.Lu 4+ Pi-uP_Lu) + (P_LP_L)L :
Ly = dicapys [PLophg™(PEp! — P2p0) — (pi, P & p-, P2)].



The hadronic tensors are [6]

_f _
H“{'wu = Z Hl{‘YHV’Y = (83) lQiH‘);uV’

colors,S,3,e
H)g = Y HiHyz = (85)7'Q; [vH,, — aHL,) (24)
HZZp.u =) H ZHVZ = (8s)™" [(v? + a?)Hx);W 2affoA;w + 2afmeVuu] .
In order to simplify the presentation we define the term
"), =H], +HY, (2.5)

We extend the hadron tensors to include quark and antiquark polarizations

Hx);uu = Vuu + ‘HV;u/ + vau + H{ji;/f, (2.6)
and similarly for HAW and HVW The hadron tensors are obtained in Appendix A:
Hy, = =3Tr M dM}, Hyl, = —"Tr 5 Mo 4,
B = 5T M. BT, Hyl, = —3Tc 95 M g0,
Hi, = 5T SM,.4M), H = BTy MBI, (2)
m?‘ggguf = ELTr Mo M, Hg;if = _‘T;LTI' Vs $H/MuaMua
miHy, = T §dM,.. 34M;,

and the correspondlng Hv,m HS AW and Hv tensors are obtained by the transformation
(e §,8 o S,pev,m; — —my). Here S' and S, are the polarization four vectors for
the quark antiquark respectively, and the reduced matrix element M, is given by

1 1
M, = oYp Tt ZIE’YOI g/'Yu 249 5= Tu Y (2-8)
as explained in Appendix A. The quantity
Wa "qﬁ - _({_‘1’ (29)

Q9 49

is convenient for simplification of the calculations and for the presentation of the results.
It satisfies W - g = 0, thereby demonstrating explicitely the gauge invariance of the matrix
element, Eq. (2.8), M,,g* = 0.

The quark polarization four vector S = (S;, S) is given in terms of the polarization of
the quark in its rest system ¢ by

5, = il
mf’
E
S=¢tyclg=L, (2.9)
my
Here ¢* is the transverse and ¢! = ¢ - § is the longitudinal polarization. The covariant
polarization satisfies
q-S=0, S§?= (%=1, (2.10)

for the unit polarization vector ¢.



II1. THE HADRON TENSORS

The structure of the hadron tensors Eq. (2.6) is such that only four trace calculations are

necessary. The other hadron tensors are obtained by transformations indicated below. We

S.f S,Zf and HS§,Zf

choose the four tensors E{jﬁ;f , Hiw , Hy'o Var > Which are explicitely given below.

The hadron tensors are

—_ 1 ~ca _ B

Hyl, = ——H;2/(S,5 - 4,9), (3.1)
my

o 1 = _

Sf _ 55,5 _ .
HV;“/ - —‘m—f Apv (S - q)) (32)
~o5 - 1 _ 1 . _

Hy =y |W2S°5° 4 —(SWg* — SqW™)5° — —(SWg" — SqW=)$*
L 5gg787 — 55| ¢ (3.3)
(¢9)? (79)? i '
with
toupy = Goulsy + Gar 98, — 9aBGuvs (3'3)
1 g - _— Ly
f
1 ~cas -

Sf _ 5.1 - R
HA;w - —_'l;—f- Vuv (S - q)’ (30)

5 _ 1 _ 1 - _

Hin =im? [W?5*5° + q—g(SWg“ — SqW*)S8 + @(SWg“ — SgW*)SP
1 _ 1 .
— Sgg*SP + ——8¢g*SP| enu- 3.7
(99)? (29)* ad (37)

Note that except for the change of sign on the third and fifth term and the replacement of
taupy by the antisymmetric tensor i€,,4,, Egs. (3.3) and (3.7) are identical.

1 S & _ 29 gv
Hyll = < H3 2 (S, — q,9) = —Wig,, + —22 (3.8)
Vi = v ) wt Ta9) (@)

1
m2Hy 2 = imy [WZS" A —g(San — gWS*)g*
q

1 g°
+—(Sgq* — qqS*® (Wﬁ——_—>]ea L. 3.9
qg( 99% — q9S°) 72 ub (3.9)

The hadron tensor H{?i;zf is very complicated when written out in full. By the use of Eq.
(B.3) in Appendix B we can write it in the form

. 1 1 o
miHy = — [iwzsaq” t {(gWg” — qgW?)5* + (SWg* — SgW")qﬁ}] 5
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X (50[3”5515,,5 + taﬁuet'yaus)
1 —
+——— 19.9"5%0° — 9,7(q9S® — Sg¢®)¢°| 5°°
(29)a9) [ uq"5°9° — 9,7 (a9 99°)9 ] q
X (6(}[311560-765 + taﬁuetg»yse)
+(¢,S & ¢, 5). (3.10)

The 175 ufu, HS Auv and stf tensors are obtained from corresponding S dependent tensors
by the transformation (¢ & §,S < S, < v,m; — —my). For completeness we give in
Table 1 the hadron tensors written out in full. The calculations are checked by comparison
with previously obtained results [6].

0 _ 1 2Q9> o)
B = e ae) [(Q‘*’ "igg )T @ o

— (QZ — 2mj 35) 0uqv + M5 [(Q9)u — 9,9.)] + (¢ & «i)] ,

Hyl, = (qg;(i_g)smﬁ [(Qq m; fj ) Q- (& q)] : (3.11)

0zf _ _ 1
(99)(49)

~ q9 =
[(qq — mfe.—) G + ugv + (g & q)] :
q9
In this way the calculation of H Viuf ) ijuf ,H -, and HY Anv are checked by comparison with
Eq. (3. 11) by the use of the transformation indicated. Note also that the rather complicated

tensor HVW equals me?,fuf for S = g and S = g, which is a test on this calculation.

Expressed in terms of the momenta and polarizations the S and S dependent tensors are

— im _
Hy!, = L [S"{(Qq mfe?‘q) Q@ —q) + (qé—mig) fiﬁ—figqﬁ}

(29)(29)
+549°7" + Sgg@"qﬁ] Eappu, (3.12)
+“§—g“’— (4943, Qb — Qg{S, Ghw) + (2,8 & 4, 5)] , (3.13)

where {a,b},, = a®*bPtaus, = a,b, + a,b, — abg,,.

5= Gt (90 + @i ) (500t (T =) 5.1

+22{ 1000, ~ Qo0 ) + Sila o)~ (], 10

: 2
At [{ (qfi —m; gg) S + 5q¢°
A (29)(ag) T 4g
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+59 g - Qgé")} Feauan — (0,5 & S)] | (3.15)

m2HSZ = _ i B _ on By, i - m2l — &8
1y (49)(q9) [(SgQ 519)¢" + {(qq fqg) @-9

+ (qci — m?%) ¢’ —q9Q° + ng"} S"} Eauvy (3.16)

= -~ 1 m2 m2 1 — m2
m2H55;Zf=—{[— L +—<—-——f—+_—f)] S“qﬂ+—[(—gg+—f) g
Fmve (g9)(q9) 2 \(g9)? ' (g9)? g9\ a0 g}’

N oo [(Sa S\ . o go .
BRI N
q9 q9 49 99 499

X (5043;&6516;/6 + taﬂuft'y&uc)
1 -
t——— |9.4"S°9° — 9,7 (q9S® — Sqq®)g° | 5°¢°
(29)(a9) [ g 3 ) ]

X (Eaﬁucag—yge + taﬁuctg’ygc)

+(q,S & ¢, 3). (3.17)

IV. THE POLARIZATION DEPENDENT CROSS SECTION

We shall at the present presentation concentrate on longitudinally polarized electrons
and positrons, since this is the most interesting case experimentally. The case of transversly
polarization may be incorporated in the present formulation when needed.

The cross section Eq. (2.1) is conveniently written in the form

dsa}qg 1 o? a, 1

dQdxdzdzi 4 (2r)? s (1 —
+h$(s,6,2) (% + 25°) + £(5,6,2) (X5 + X3)

+h(5,6,5) (Y6 +Y5°) + 195, 6,5) (25 + 25)] (4.1)
where

Xo+ X5 = (B! + H™) | (p5r +9lp2),

Yo+ Yo = (Hy + H3%) (36” — pip2),

Zo+ 25° = (HY" + Hég’zf)aﬁ (r502 +pip?), (4.2)
X5 = (H‘i’f)aﬁ (p37% - ip%),
Yy = (H3'),, (52 +9hp2),
25 = (H57) , (v3p? - wip2),



with the definitions for (Hy/).g etc.

sV~ 2)(1 = D) HYL, = (HY) tasss
s7H (1 —2)(1 - 2)HS, = (Hﬁ’f)"ﬁ 1Eaupy
s~ 2)(1 - D)HY, = (B3 ieaup, (4.3)
1= 2)(1 = D HEL = (B tasrs

for the symmetric and antisymmetric tensors. We have used ref. [6], leaving out transversal
lepton polarizations

1 = S 4L
Lz = —(vE— af)L{" — (v — aZ)L5", (4.4)
L5z = [(v* 4 o®)Z — 2val] LY + [(v* + a®)€ — 2vaZ| L%,
with =2 =1-— PﬂPﬂ and ¢ = Pl — Pl and I* and L given in Eq. (2.3). We have further
used the multiplication rules [7],
Lot =2 (0,795 +9.°95") ,
uarn ™ = =2 (02795° ~ 92°957) - (4.5)
The coupling functions h(fl), h(fz) and hges) are given previously [6]

hgel)(s, £,2) = Q?E —2Q¢Ref(s)(vE — ab)vs + | f(5)P[(v? + a?)Z - 2va§](v§ + afe),
hP(s,€6,2) = 2QRef(s)(vE — aZ)ay — 2| £(s)|*[(v* + a®)é — 2va=]v;ay, (4.6)
h(fs)(s, £,Z) = 2|f(8)]*[(v? + a?)E - 2va§]a§.

The new coupling functions related to the single polarizations S or S are
R (s,6,2) = Q3 — 2Q Ref(s)(v€ — aZ)vg + |f(s) (v + a®)€ ~ 20aE](v? + a2),
R (s,€,E) = 2Q; Ref(s)(vE — af)as — 2|f(s) (v + ¢*)Z — 2vat]vsay, (4.7)
hs,g)(s, £,2) = 2|f(s)*[(v* + a®)¢ — 2vaE]a§.

Note that A"(¢,Z) = A{)(E,€), 1D(€,2) = AP (Z,€) and 1P(€,2) = AP)(Z,¢), which

reflect the transformation properties of Hg’iy to H‘f"fm Hg"{u to Hii,, and Hg’fyf to H{S,"fuf It

should be noted that the coupling functions are the same for interactions with no polarization
dependence (e.g. Hy”) as for interactions with S, § dependence (e.g. Hy ).

The Xo, Yo and Z; functions are given previously [6]

Xq = _ m—_%l‘—g [5132(1 +,82COS20)+W2] + m—} [.732(1 +COS20 ) - 8z ]
0= 21—z T f 16 L9 g g
+z 2,0 &90),
m: oz A
}/(,:2{(x~—2—fl ¢ )mﬂxcosa-(x®£,0®«9)}, (4.8)
-z
772 oz
f f 7
Za = -7{4 (1 ) o) e e )
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The polarization functions are

— m: 2
xgzgn{m(l_%_%ljj

+ [(m - %lx——gm) (22 —m%) —mi(1l — :c)] cos 6
ﬁi—? r, \ Z(1—2) B
—Q(x— 5 1_5) 5. Bz cos b
_ 2 _
5 (1-—%——-7%118::”) (mﬁzcosﬂ—{-(?—x)ﬁfcosg)}, (4.9)

YE]S-_—C“{.’E.’E (a:-i—f—-——mj— xj )(ﬂz—ﬂ—COSECOSO) —2(1 - z)zp
2 (1-z)(1-2) ‘ i

) (cos @ — BBz cos 0_)

me a
+z( _—Qil—-ga:) [xgﬂz+cos€(zﬂ$cose+iﬂfcosﬂ)]

5 3 ) [:zg + Bz cos é(zﬂz cos § + 83z cos 9)]

2z i T Iz 2. .27
+:c,8$ (IL'— 71 —.’i‘) [1 - - T(l —,BECOS 0):| s (410)
2
S — el |1z + 59 3 $+‘”_$_9)_ﬁ Zg
Z mC {[1 z,+ =(2 :r)( " - 5 1_3 cos
l-g, l/z+z  a, 2)}@ .

while the polarization correlation functions are given by

= _ T2 =
X’OSS — C“C“f {3; (1 — T, Téil:igx) (cochosG — ﬂfﬂf)

—_92 _
_Bl—— (1 — Ty — TQ—f—m + :1:) [:ngﬂf + cos O(z 3, cos 8 + Tz cos 9)]
- z

28z mi ( Izy . 2‘>
~ 28 (:c 5 T—3 l—z— 5 sin 0 (4.12)
+(.’L‘ < j;,Ba: < 55,0 =4 é),

=
S5 _ i) a5 T oA
Yy® = ¢l¢ {m(l Ty~ 3 1_$) (5zcos9 ﬁxcosé’)

=2 _
+I (1 —z, — %x : I) [xg cos 0 + Bz(z B, cos § + 7z cos é)]
=2 =2
+m?3 (:c — —n—;—f-%) [a“:(l - z) - —Tr-;—fxg] cos 9_} (4.13)

—(.’E = 3_3',,83 < 5570 \id é)a

m§ z,

755 = —icllfll { [__ (1 T 5o a:) cosf + —Q—(fa%—i_—)—xﬁxfﬂ@(cos 8 — cos 9 cos 6)




1 _ _
-5 ( zf: + ZP;z cos 19) (z; cos 8 + z3; cos 9)] cos

4
+(z & 1,0, & B:,0 < 0).

1 _
+- [mg + (285 cos 0 + z8z cos 9)2] cos 19} (4.14)

V. QUARK-ANTIQUARK POLARIZATION EFFECTS IN 99 AND ¢gg FINAL
STATES

It is of considerable use for the understanding of the polarization effects to write down
the cross section for ete™ — ¢g for longitudinally polarized electrons, positrons and quarks
and antiquarks. From the same procedure as above, replacing M, by 7,, one readily find

d2 aq 3 a2 ) _ 2 9 = .
d‘;f - E?{h( () [(1 = ¢IEM)(1 + cos 0) + m3(1 + ¢I¢M) sin? 6]

+20®(s)(1 — ¢ cos § — ?h(s)(s) [(1 =11 + cos? 0) + (1 + ¢ sin? ]
)

+2h (s)(C1 = (M) cos 6 + A®)(5) (N — (1)(1 + cos? )
—h(g)(s)ﬁfe(C” — M cos 9} , (5.1)

with 8 = /1 — “rﬁf‘ and where the lepton longitudinal polarizations are contained in the
coupling functions A()(s).

It may be instructive to write down the gg-cross section at the Z; resonance, which shows
more clearly the correlations of electron and quark-antiquark polarizations:

d?o(E =2Mz) 3 @ 21,0
dQ) 16 (élsin2 ZGW) r2 (v et 2avP_)
x {(v% +a2) [(1 = (ITI(1 + cos? 0) + m2(1 + (1) sin? 0]
—4Pzv5a5(1 — )3 cos 6
=2

m = = .
——Q—faf. [(1 — M1 + cos?8) + (1 + (N1 sin? 0]
+4 P, (v? + a?)((“ — M cos — 2vsaB(¢I - (1 + cos? 6)
—4Pgzmrat (¢~ ¢ cos 0} . (5.2)
We have here for simplicity and also because it is experimentally relevant, considered po-

larized electrons only, with polarization P_, while P, = 0. The polarization of the created
and decaying Zy-boson is [5]

—2av 4 (v? 4+ a?)P_
Pz, = —— .
v¢+a? — 2valP_

The cross section for e*e™ — ¢gg is obtained from Eq. (4.1), written out in the notation
of ref. [6] with Fi(z, Z) the polarization independent form factors, ¢ (z,z) the polarization

9



dependent form factors and .7-',-46(:1:, ) the polarization correlation form factors. Integration
over x gives

d? G}qg a? as 1

d0dzdz ~ 87 s (1-z)(1- m){ h(fl)(s) [.7:1(38,52)(1 + cos? 0) + Fy(z, :Tc)]

+%h§l)_(s) [Fg(x, z) cos® 0 + 5}"5(:15, :‘i)] + 2h§2)(5)f3(x, T)cosf
+h5¢7)(s) [C”ff(w, z)— (,:”.7:15(3:, :E)] cos 6 + h(fs)(s) [C” (fg(a:, z)(1 4 cos® 8) + F(z, z) sin? 0)
—ll (.'Fg(x, z)(1 4 cos? ) + fg—(z, z) sin? 9)] + h(fg)(s) [C”f;,f(a:, z)— C—”.’Fg(x, :E)] cos @
+CIZ0 (A(s) [FE¥(, 2)(1 + cos? 0) + F§¥(z, 7)]

—2 _ _ _
+%’ihffl)_(s) [fgc(x, z) cos? 0 + Fi(z, :E)] + 2h(f2)(s)]:§<(x, ) cos 9) } , (5.4)
where hgel)_(s) = h(fl)(s) - hffs)(s).

The form factors are given by the polarization independent functions [6]

2
N _mfxg 2 32 My %\ apa, 3o
fl(m,m)—(l 5 1_33)2: 53:—{—(1 5 1_j>:vﬂi(1 5 Sin 9),

3
Fa(z,z) = :1:3 — §i2ﬂ§ sin® ¢,

- ™ % mj :”y
Fi(z,z) = (m — 5 1= x) zfBe — (x - — ) Z [z cos ¥, (5.5)

—y m; m
f4($,$)—2(1~*§~1“:‘§> 2ﬁ251n 19+m l 1_‘779 (1_2(1~m)(1—5)>},

Fs(z,z) = 2*B2sin® P — 2(z? + 4z, — 4) — 2m

(1 — x)(l z)’

and the functions related to polarizations are

Fi(z,z) = (2z — o) (x Zfz cos z?) +m; {lf,@; sin ¥ — 2(1 — )

“2B.
4a 4 1 :ixg + (m+ 1 —7 ) ‘”gz cosﬂ} — Fi(z,2), (5.6)
Fi(z,2) = 2°B, (1 — gl?m) + z—i - QT;Z:E (z +Z+ xg%:—;)
BYRE
—Z—j(ﬁz—ﬁfcosﬂ)( 262 in? 19+m21$_~”’$), (5.7)
Fi(x, &) = m?? (z?ﬁ; sin? ¥ —4(1 — z,) + F%) , (5.8)

10



{(z7)= 2 _ T ( 1“‘”)__& _T oz 2
fs(m,:z:)_ﬂx 2$,3x x+x+xgl_x 28, 1 57 T (2:1:,3 cos’ 9 +m )
_a;_m(ﬂx—ﬂicosﬂ) (2xzﬂ2cos 19+m2 % )
m: [/Z 1-
e[ 2 i) ¥

The ]-'((:z ) functions are obtained by 1nterchang1ng quark and antiquark quantities. We
agree with reference [8] on the form factor F¢(x, Z) which was calculated in that paper, and
with reference [9] on F{(z,z) and Fi(z, ).

The polarization correlation functions are

ik T

2 = =2
N B L g _x_ﬂf_— _mtx,
Fri(z,z) = [CE.’E (1 Ty = =)= j)) cos ¥ xﬁx:mg (a: 5 1—:17:)

i (l—xg—m_ f) mﬂm-i—xﬂzcosﬂ)—#(x@x,ﬁx@ﬂx)]

/61' 2
72 2 - 2 =2
+—sm 9 ﬂf" [1 - T’é— (1 + i— + x(ﬁ j)ﬂ - —Tg—fgc(z,f), (5.10)
< 2 _ 52 Z
F(z,z) = — ((2 - z4) mf(l — m)fl — :Ic)) cos
_ Tg 1 z, 3) . 2
zL Pz a o 197 11
+z8,z3 (l—x 21*5:—{—2 sin (5.11)

— =2
+2i§f(1_i)(1 Tg) (z—%lj_ +(zez ﬁxéﬁx)]
o Z2B; m2 I z?
—2sin? 9 3 [1__2—<1+;+x(1—§c)>]
P (A2 0) - F(2,2) (5.13)



> 11—z

Clr 2) = 22 cosd 4 &
Fs*(z,z) = z; cos -|-21

g

z3,Z Pz sin* 9. (5.14)

-
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APPENDIX A

It is convenient for the calculation to rewrite the Z-coupling matrix element

_ | At f+my g+ 4 —my
Us | £ ” Yu(vs — agys) + vu(vs — asys) 209 £l vy,
in the form %y M. (v — asys)e®vy with
YoV Vud Vo 9o ¢
M, =Wuy, + - Wy =—— =—. Al
g " 29 249 99 49 (A1)

By removal of the explicit appearence of the mass, M,, has become an odd function in
7, which appears to simplify trace calculations. When we apply the projection operators
1+~ 8)(d+my) and 3(1+7s5 F)(d—my) for quarks and antiquarks respectively, we find

for the 77 hadron tensor HéZW, Eq. (2.4), which is summed over gluon polarizations,

1

g = =T (195 8)(d + ) Mua(og — a35)(1 + 3 B)(d — m7) vy + a35) 3T

= —f;Tr {W} +03) [AMua AP, + mpys SMua M, — g Mouoys § M
—m} SMyof M| — 2vsa; [ys dMoua A, + my FM,udM,
~my Moo M, — miys Moo § M| — (v} — a2) [m2 M, M,
+m s fMya My, — myMooys SEM o+ 8 dM,a 57 M) }. (A2)
From this equation follow the hadron tensors listed in eq. (2.7) by comparison with Eqs.
(2.4) and (2.5).
i, =- [%qu"q + (W — 1)"—;—5j -W@ +(ge q)] tautus

1 gW
7S, = im [WzS"qﬁ + o (W™ = SgWe) ¢ + Toges? - wes?
q

Sg . 1,
—(qg)zg qﬁ‘*'ag Sﬂ} Eaupu;

s 1 1 _
H3S — mfe |:-2—W25a5ﬁ + ;g— (SWy¢* — SgW®) SP
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(qg)zgasﬂ (Q7 S = 67 S)J tauﬁvv

o ﬁ
H?t,;{u =1 [§W2qaq— + (qW - l)gzq— - Wa (q 4 ‘j) Eaufby,

Hyl, = —m; [WzS“ +— (SWg — SgW®) ¢ — %V—g"sﬁ + Wess

Sg o =3 1 o
(qg)2 q — @g Sﬁ] tauﬁl—u (A3)

HSS — sz [QWzS“Sﬁ-}- — (SWg* — SgWw*) S#

99
59 4 _
_(qg)2g Sﬂ - (qa S & q’S)jl €aupy,
1
mzHo,Zuf = m2 [——Wzg L+ Jugv TN _J ,
PV =T 7 et Ty T D

. 1
mffHS’Zf = imy [WfZS'a'q[3 - q—(SWq" — gW85*)g?

B8
(qu — qg9S5°) (W" - %)} Eaufu

m2Hy 0 = [ w2seq’ + o {(quﬁ — qgW?)S* + (SWg¢* ~ SgW")q"}] g
(Eaﬁﬂﬁa'y&u + tﬂﬁuetwﬁu )

'ys6 o ¥y SS__S 5\ o Sva—ﬁ
(qg)(qg) l9.975%9" — 9,7(ag 99°)9°| 57

X (Eaﬂueegry&e + taﬁVEta'y:SE)
+(g,5 ¢, 9).

APPENDIX B
It is sometimes useful to note the relation [7]
— béi 4t B B.1
TV Vo = 1YsEmapy + tuvapy’, (B.1)
with €,,4p the completely antisymmetric tensor with eg;23 = 1 and

tuaB = Juw9ap — JuauB + 9us9va-

With the help of relation (B.1) one can write down in closed form the trace of any number
of 4’s, the well known traces

Tr TYuTvYaYo = 4tuuom‘7
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Tr V5 YuTvVYaYo = 47:5/“/&0,

and the not so well known traces

Tr Y YaYorr¥e = 4 (Eﬂvaﬁewyaﬁ + tuvaptiye ﬁ) )

Tr Y57 VYoV Ty Ve = 4 (Ewaﬁtw'yaﬂ - tuvaﬁswwﬂ) :
The similarity between €,,q4s and t,,s is shown in the relations

EpavBy, aaﬁ = -2 (guwgua - g,uaguw) 3

tuauﬂtw ag = 2 (guwgua + g;mguw) 3

and

tuuaﬁtw—ygﬁ = guutw'yaa - gp.atw'yau + guatw'yau,

tuuaﬁaw»ya = gpuswvaa - guaew'yau + guaew'yapa

and

euuaﬂewqgﬁ = guwtua'ya - gu'ytuawa + guatuaw'y - guatuw'ya-
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