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INTRODUCTTON

This paper partially reproduces a series of lectures given

at the University of Rennes (Faculté des Sciences) during the year 1963-6i.,

Although some results are new either in fact or in presentation,
no claim to originality is being made; on the contrery, free use has been

made of the existing literature.

It was thought worthwhile to write down these notes during a
visit by_the author to the NPA Division, CERN. It is a great pleasure to
acknowledge the facilitics made availeble during this stay by Dr. C.A. Romm,

Igader of the NPA Division.
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4. GEHERAL PROPERTTES

Matrix of a drift space

Consider a field~free region limited by two planes normal to
the optical axis (Pig. 1). Therc are no Forces in this regicn and, there-

fore, the eguation of a ray is

X = Az+3 . (1)

Talcing into account the initial conditions, this may be put in the form

X = X0+ 1 x4

I

(2)

<! = %l

where L = z =3z represents the length of the drift space. In matrix form

I €

Mabrix of a lens system

In linear theory, any lens system-may be described by a matrix
n, = (5)

where the elements ajb,c; and d depend on the geometry of the system and
its physical parameters {focusing strengths), but not on the incoming or

outgoing rsy.

If the lens system is preceded by & drift length p and followed
by another drift length g, the complete transfer from the "object point"
to the "image point"™ writes




| ) - N i

H]
X
X

Here, p stands for the object distance which will be counted positive

towards the left starting from the antrance plane, and g stands for the

(6)

image distaence ¢ which will be countcd positive towards the right starting

from the exit plane (Fig. 2).

1e3 Optical characteristics

Multiplying out Bg. (6) we £ind

x (a+~cq)xo4~[ap-kb4—§(cp4—d)]x%

It

?

~x' = exo + {cp+d)xh .

i

These relations reveal all first-order characteristics of the optical

system:

i) Object-image conjugation

We must have x = 0 for x = 0 and arbitrary x% ;

" the conjugation relation writes

cpg+ap+dg+b = 0 .

ii) Image position
Eq. (8) immediately gives

ap+b
cp+d

©

iii) Magnification

The conjugation relation being satisfied; one
| -é;—a+c -a-cél+b
& =% @ = cn+d
1aCe
_ A
]
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consequently,

has

(7)

(8)

)




iv)

where

A = ac-bd (10}

is the determinant of the transfer matrix. In what follows,
we shall assume A = 1, this condition-being elways satisfied
when the space on both sides of the lens combination is at
the same potential. The megnification then becomes

1 : (11)

y'=0p+d'

Focal planes

An incoming ray parallel to the axis will, after going through
the lens system interscet the axis at & point whose distance

from the exit plane is given by

28 .
F,o=-=. . (12)

Similarly, an outgoing ray which is parsllecl 4o the axis origi-~

- nates from a point whose distance from the'entry plane is given

by

Fo . : (13)

o e

Principal planes

These planes are conjugate to each other and defined by unit

magnification.
From
a+cq = 1
we infer
_Hi - 1; 2} (1)
whercas
‘ep+d = 1
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vi)

vii)

- leads to

Focal distances

The focal distance which is the rcciprocal value of the lens
strength is defined as the distance betwoen the focus and the
correspending principal plane. Therefore, we have for the

image side

f :_2-:—;1
i c ¢ c?
and for the object side
£q =_§_1-d::_1.
c e c -
The egquality
W)

is essentially due to the fact . that A = 1.

Antiprineipal planes

Those planes are again conjugate to each other and defined by

negative unit magnificotion.

From

a+oq = -1
we have

ﬁ. - - 14+ a

i e}

whereas

_cpr+d = -
gives

fp. = - 424,

Lo o

(15)

(16)

“7)

(18)

(19)




In the éase of & symmetric lens system, a = d, and these

relations become

conjugation cpa+a(p+g)+b = 0 (20)
i dist . .aprb o
image disbance ¢ =T (21)
1
magnification = e
magnificeoti g R, (22)
.‘-,- c‘r 4 . -_.g
. focal planes P, =B o= - = (23)
.. . g " __1';*8:.
principal planes H, = H = — (24)
focal distance £, =10 =~ A (25
1 o G
antiprincipal planes ﬁi = E% = - 1Z’a (26)

At the risk of repetition, it might be worthwhile to point out

again that all image characteristics, i, are counted poszitive towards the

right starting from the exit planc of the lens combination, wheress all
objeet paramcters, o, are counted nositive towerds the left starting from

the cenirance plano.

Tdoal and practical focusing

An efficient focusing sysitem would reguire, in the electric case
g 8y q 3 3

a purely radial field ard, in the mognetic case, a purely tengential field

(Figw 3). In:both cases, the restoring forco @irected towerds the axis)
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should be proportional to the distence from the azis for optimum focusing
conditions, N
In the standard exially~symmetric electriec lens, ¥ nos only a
. s
small radial component and similarly, in solencidal focusing devices, B
has only o smagll tangential component. In both cases, the focusing forcos

are weal,
The situation displayed in Hig. 3, with rcstoring forces propor-
tionel to the distance from the axis, has not yot becn achieved., However,

e way of focusing far suporior to the old dovices based on axial symmetry,




was propose@.bleoranﬁg Livingston and Snyder in 1952: they were the first
to show that, associalting a convergent lens and a divergent lens, strong
overall focusing might be achieved in electron and corpuscular optics.

The lenses are either electric or magnetic guadrupoles and, in both cases,
the field increases almost linearly with the distance from the axis. The
price one has to pay for tth improvement lies in the eppearance of & cerdain
amount of "sclgmatlsm or, more generally, the deterioration of the optical
guality of the image. However, in many cases and especially in beam trans-
port systems assoclated with acceleroting machines, strong focusing is far

more important than image quality.

2, THE QUADRUPOLE LENS

Z+1 Tield configuration

In both the electric amd magnetic lemses, the focusihg field is
obtained by means of four poles,  We shall confine ourselves to the magnetic
case, breaskdown difficulties preventing the use of electrostatic lenses at
cnergies much higher than 10 V. Figure 4 shows the field configuration
in a L-pole geometry and Fig. 5 gives the direction of the By end By compo-
nents of the field in the four guadrants. The beam is supposed to travel
in the z direction, perpendicular to the plane of the paper. It is rec dlly
seen that By changes sign upon traversal of the x0z planc, whereas By ch&nges

sign when passing through the y0z plane.

10 cvaluatc the flcld distribution ouantltaclvely, one must solve
Laplace 8 oquutlon ‘?2V 0 with the given boundary condltlons. Thls is easily
dono if the 4 poles are egquilateral hyperbolas. In this case, one finds for

%he potential dlstrlbutlon

V=-Gxy I (27)

with G constant. The field components are, therefore, proportional to tho
distance from the axis

By = = %% Gy B = - = Gx . (28)
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On the other hand, the magnetic scalar potential is

Vo= pgonl (29)

where nl is the number of exciting-ampere turns per pole; 1f Ro denotes
the eperture of the quadrupole (Fig. 6), one heas
| 2nl

G = lig RO?' ,.

(30)

'Practically, the hyperbolas will never go to infinity and, therefore,

higher-order terms will appear in the expression of the field componrents;
however, their contribution will be guite small in generel and the field
gradient '
3B+ 85
G = =% = 1

can be considered as a constant to a fairly high degree of ACCUracy .

Forces acting on the beam

The magnetic force on a particle of charge g is given by
The transverse velocity components being very small compared to the longi-

tudinal velocity v, the components of the force acting on a particle may
be written
F;cz—qVBu

(33)
Fy = gqvBr &

Figure 7 shows the direction of the force components in the four guadrants,

" It is seon fhat wherever the particle happens to be, the x component will

tend to pull it towards the y axis and the y component will tond to push
it awey from the x axis. PFocusing will therefore be achieved in the x plane,_

whereas defocusing will take place in the hg planc,
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If one reverses the pelarities in Fig. 7, the situation will.
be reversed, l.e. the gquadrupole will be focusing in the v plane and

defeocusing in the x plane.

Orbits in the guadrupolo

If onc excepts the smell cnorgy transfer from longitudinal to
transverse motion, the lengitudinal velocity v stays constant during the
traversal of the quadrupele, for there is no accelerating force to act
on the particle. The equations of motion may thereforc bo written

at? | S )

2
n T
dt?

-

Fy

wherc m is the rcletivistic mass of the particle

Mg

ne (35)
i -oF .

(mo = rost mass; ¢ = velocity of light) which is constant here as v is

.constant.

Replacing the foree compononts ia Bg. (34) we get

d®x '
i) 9t - - gv By = - gv Gx
(36)
L G
m a*z? = Qv by = gV uy
It is usually more interosting to know the equation of the
trajectories x = x(z), y = y(z) than the position of the particle as a
function of time. Therefore, using (for v constant) the transformation
relations -
Ex e Ex
at®? = dg®
(37)
a*y = v2 d*y
d2 dz?

' 9291/p/sub -




we can write for the differential equaticns of the orbit

2
g:ﬁ +-zg:§:z-'._. O

A2 T oy
(38)
%y _ gqG
foslBeS S A =0 .
dz= v Y
Putting
1{2 e :gg‘-' - 5—5 = wBGr'.-::
) mv » Br
where p is the (relativistic) momentum of the particle and Br is its
magnetic rigidity (momentum per unit charge), we finally have for the
eguatlons of motion
d2}{‘ 27 _
TE t rx =0
(39)
A’y 2.,
dps "y =0,
The solutions can be written immediately in the form
X =a cos kz+b sin kg
| (40)
¥ = ¢ ch kz +d sh kz .
2ol Trapnsfer matrices of a quadrupole
Assdciating to the equation of the orbit in the focusing plane
X =a cos kz+b sin kz , . (41)
~the reolation one cbtains by differentiation
L dx oo '
x' =25 = - ak sin kz+bk cos kz , (42)

one can casily express the constants a and b in terms of the initial
conditions Xo ,x%o which specify the position amd the slope of the ray
entering the guadrupole. If we denote the length of the quadrupole by L,

-

we then obtain

_9291/b/émb
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!
. b
Cx = Xp cos KL o+ ?f sin kL

| (13)
x' =~xok sin kL +x’ cos kL .
A similar calevlation for the défocusing plane gives
Vo
¥y = yo ch kL o= sh K
()
y' = yok sh kL+y% ch kL .
Replacing the dimensionless quantity kL by @
| kL = & , o . (145)
the transfer matrices can be written in the form
1.
cos ¥ T sin @
TC = o (46)
~ksin®# = T.cos @
for the convergent or focusing plane and
4 :
ch ¢ T gh ¢
Td = ' (47)
k sh & ¢h &

for the divergent or defocusing plane.

2.5 Optical properties of the guadrupcle

All first-order optical properties of the guadrupole can be
" derived from these matrices, It is sufficient to apply our general relations
(20) to (26) noting that, for both matrices, a = d.
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Z2ebe1l TFocal nlenes

Prom Eq. (23) we have for the position of the fool

-

B, =F =P = cot o
ic o o] kz
(48)
P 2R =T = - anth &
! kid = Hog T g T ogeeth Y.
.2.5.25 Focal distances
- From Bq. (25) we got
1 Y
N e fa =~ ¥55 5 (49)
wnich can be written in non-dimensional form
T - £./1 = - e (50)
c 4 sin @ d & sh & °

The relations (49) and (50) display the strong astigmatic
properties of the quédrupoie-and suggést:the_use of guadrupole doublets,
triplets or multiplets +o achieve some amount of stigmatism, Moreover,
it is readily seen that a guadrupcle can be defocusing in its focusing
ﬁlane out -can never be focusing in its defocusing plane. In the vast
majority of cases, however, & { /2 aﬁd the intersecticn of the ray with

the axis occurs outside the quadrupole,

2¢D.3 Principal planes

These are given by Hg. (24)

o - __d~cos
Hic - Hoc - Hc Tk sin ¢
(51)
B, o=H . =H, =S '

1d od d "k sh ¢
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Zebasly Image distances

© Bquation (21) shows. that

p cos §+ (1/%) sin @

o = ° pk sin ¢ -cos ¢
{52)
_ _pchd+(1/k) shd
) Q = pk sh &+ ch @ :
It is agein possible to rewrite these relations in non-dimensional form
which makes them more suitable for graphical represen’catibn.
Putting
-2 . g=4 |
we have
_ 1 P2 cot 841
Y% =3 Po-cot o
| (54)
Q. = _ 1 P coth ¢+1
) § Pd+coth ¢ °
245.5 Magnifications
: Using.the,same notations, one finds from Eq. (11)
- o
Bc T o5 T B0 sin 9
(55)

'1 ,
Ba "Bl sh +ch 0

246. Thih-lens approximation

2,641 First definition

A guadrupole is considered to be thin if its longitudinal spacial

extension is small compared to its focal length, i.e. if

-~ 1 ' C(56)

"kend “ksind
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This leads to the ineguality

kT << 1

. (57)

Under these conditions, the transfer matrices Tc and Td

become
1 0
T = (58)
e -5 1 ‘
T 0
T, = (59)
d s 4
where we have put
§ = KL = & 1, . (60)
Br
The focal distances are then
1 Br '
fo=fg==fg =5 =7 - (61)
Second definition
A guadrupole is considered to be thin if it does not modify
the position of the trajectory but only its slope (Fig. 8); therefore,
1t acts as a prism (impulse epproximation).
Quantitatively, this means that in the equations of motion
deki&z!_+ Gx _ 0
‘8z ‘Br
(62)
d(dy/dz) ey 0
. - H

dz. - Br

x and y can be considered as constants

pole. Upon integration, one finds for

during the traversal of the quadru-

the change in slope




L:rL

Adx/dz) = -2 x
(63)
Aay/az) = gﬁ y

and the focal distances (61) follow immediately,

24643 Third definition

A lens can be considered as being thin to the extont that the
distance betwsen its principal planes can be considered small compared to
it focal length. From the formulae glven above, it follows that this

definition is equivalent to the other twoe

2460l  Sccond-order approximation '

In many cases, the first-order approximation is not sufficient.,
One can then use a series expansion of cos ¥ -anl ch & and replace them in

the formulae giving thefoptical cherecteristics.

Carrying out the calculations, one finds teo +the second order

L
£, = fo"“z ‘
(64)
. L
fd = - f'o-f-*é“
S =l = .l L
I%c—}%e"?%fi 2G+12%>
| (65) .

1
it

__' l‘1;-3‘. : L
Hig = Hyg =l = "'2(1"'12 fo> y

Figure 9 shows the position of the imagé principal plames in the two basic

directions.

Obviously 1f, in the formulae given above, L can be neglected with

respect to fo, one agaln finds the simple expressions of the thin-lens theory.,

19291 /p/smb
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The second-order expressions (64), as well as the thick-lens
formulae (49), show that in its focusing plane, a quadrupcle is less
focusing than the ideal thin lens, whereas in its defocusing plane, the

defocusing is stronger than that displayed by the thin-lens approximation.

2« Bguivalent representations

Any quadrupole can be replaced by a thin lens having a drift
space on each side (Tiz, 10). Writing out the cquivalence of the transfer

matrices in the focusing plane

1 . - .
cos ¢ £ sin ) 1 5p 1 .0 1 5o
= X 1 X (66)
=k sin ¢ cos @ o -1 - 1 0 1
¢
one finds
1 . .
e = 3 G
7 k sin
‘ (67)
s = 1~cos &
¢ "k sin 9§ °
Whereas the focusing strength of the equivalent lens is the same as that
of the original lens, the associasted drifi length is larger than L/2.
Bj similar considerations, one finds in the'defocusing pléne
1 .
== = =~k sh &
fa
(68)
ch & -1

T

and, therefore, the virtusl drift 1ength is smaller than L/2,

g In some applications it is useful %o replace an actual guadru~-
pole by two thin lenses seperated by a drift space of length s (Fig. 11).

Writing out again the equality of the transfer matrices, one finds

9291 /p/sub
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1-cos &
8in &

s

(69)

for the focusing plane, and

(70)

for the defocusing plane.

- 3; THE DOUBLET

General properties

Starting from a real object, a simple quadrupole gives a real

image point in its converging plane and a virtual image in its diverging

. Plane. However, the practical use of a focusing systen requires, in general,

& real image in both planes, The simplest device achieving this requirement
is a doublet (Fig. 12), i.e. a set of two guadrupoles of opposite polarity

separated by a drift space.

Figure 13 shows the' envelope of the beam in the plane where the

~Tirst quadrupole.is diverging end the second is wonverging, whereas Fig. 1L

9291 /p/smb

gives the shape of the same envelope in the plane where the first gquadrupole
is converging and the second is diverging. The over-all effest is thaot of
an AG lens whose focusing strength is generally different in the two basic
planes. Although Qg is different from Qu, bidirectional focusing is
?ossible. It 1s indeed secn that in both cases the excursion of the particle
is greater in the guadrupole which is focusing; the restoring force being
proppftional to. the excursion of the particle, the focusing effect will win

over the defocusing effect.




O b

1t hes been shown that the focusing action of a.quadrupole is
weeker than the thin-lens approximetion would indicate, whereas the. defocus-—
ing action of a guadrunole is stronger then that indicated by the same
approximation. The over-all focusing effect of a doublet being duve to the
difference of these partial efféots,rit‘follows that the converging power
of a doublet might be substantial}y smaller than the value given by the
thin-lens approximation. The thin~lens theory is, however, guite usoful
in determining general propertiés of doublets, especially in high~energy

work where the focusing power is small, and also in calculating some secondary

‘effects like aberrations.

The antisymmetric doublet

We shall call a éﬁublet éntisymmetrié if'iﬁé'compbnent QQadrupoles
are of equal length and gradient. IFf 4 denotes the distance between the
offective end plancs of #he quadrupoles (Fig., 15) the transfer matrices in

the twe basic planes are

ch ¢ % sh ¢ 1 d cos & %,sin ) oo
T,q = % X : (71)
k sh ¢ ch ¢ 0 1 ~ksind .  cos &
7 - _ |
cos & % sin & 1 d ch @ I sh & |
Tye = % % (72)
‘ -k sin ¢ cos & 0 1 k sh @ ch ¢
Carrying out the calculations, we find the two expressions
cos? ch&~ sindsh @ ~dk sind chd %(cosﬁ‘ sht+ sindch @) +d cos 9 ch @
T =
0 lk(cos® sho - sin 6 oh &) - dkPsingd shé | c05 8 chf +sind sh & +dk cosd shé
(73)
Tand
cos? chd+ sindsh &+ dk cosd she %{-(cosﬁ sh® +sind ch®) +d cos? chd
T, . = '
do

9291 /p/sub
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(70
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Comparing the last two transfer matrices and using the general

motrix symbolism {5), we infer the following important relations:

Cea T Cac ¥ °
b =D =b
cd dc .
(75)
acd = ddc
dcd 7= a-dc .

~

One metrix is therefore sufficient to describe the antisymmetric

. doublet.

3e347

54502
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Optlchl propertics of the antlsymmetrlc doublet

Applying the general relations (8) to (19) and using reletions (75),
the optical characteristics of the antisymmetric doublet can readily be

derived.,

Focal :distances

From Eq. (16) we have -

1

foa = %a0 = k(sin ¢ ch 8~cos & sh 9+dk sin ¢ sk 0) (76)
Putting
D = % (77)
we can write this in the non-dimensional form
. fcd =.f&c _ 1 . _ _ (78)
L L (sin ® ch ¢~cos § sh #+DJ sin & sh ©) °

Focal wlanes

Equation (23) gives for the image foci

. cos § ch 9= sin @ sh ¢ -dk sin @ ch ¢ i (79)
{ - . {i
Tded T k(sin @ ch 9 -cos ¢ sh ¢ +dk sin 9 sh ) i ‘




cos & . ch d4.s5in J sh € +dk cos & sh @

" k{sin @ ch - cos © sh 0+ dk sin & oh &) ° (79)
These relations can also be written in the non-dimensional form
7 /L_j“ 1-cot ¢ coth $+D@ coth &
ied’ ™ © & cot d-coth & ~DF
(80)
7 /L__ln’iJrco{:ﬁcothﬁ-pDﬁcotz?
ide’ ™ T @ coth ¢ -cotg #+ D8 -

or by using Eg. (48)

. . 1
- _ Fd(Fc"d)+E2
Yied T TF TS
c d
(81)
F(F “d)'Ea ‘
Fide =° F +F,_-a °*
c d.

The last two relations show that it iz not possible to achieve coincidence
Df. the two foedi, Fic s Fi do. would indeed imply

: 2
4 = —= . o : (82)
SR
k (Fd Fc)

which is not possible, F being positive and F being generslly positive.
In exceptional cases, ¥, could be negative so that Eqg, (82) would be satis= .
fied; however, these cases do not ssem to be of 1nteres1: in beam transport
systems for they would imply very strong focusing and intersection of the

ray with the axis occurring inside the lens.

3¢343 Principal planes

From Eqe (14) we heve

_1-cos @ chd+sin @ sh 9+DF sin & ch &
H; oa/L = #(cos @ sh §~5in ¢ ch 6 -D? sin & sh &)

(83)

H ./ - 1=cos @ ¢ch 8~sin @ sh 9-D9 cos & sh &
ide #(cos @ sh ¢ -sind ch #-DF sin 9 sh 4}
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Again3 it 1s not possible to bring into coincidence the principal

planes in the two basic directions, for H, = H. would demand
: led ide

2 sin & sh ¢ +Dd {cos ¢ sh 0+sin @ ch §) = 0 (8r.)

which, expressed in other terms, is exactly the same relation as (82).

Ze5eh Magnifications

From Eg. {11) we have -

-E-lm = P3 (cos @ sh §-sin & oh §-D& sin @ sh O)
cd
+cos 9 ch ¢+sind sh d+Dd cos & sh ¥
S (85)
1
Pt P& (cos & sh ¢ -s5in & ch #~D9 sin & sh )
c
+ cos @ ch-$«'sin @ sh §-Dd sin @ ch & .
It is seen that in an antisymmetric dcoubletd
8ed < &dc v (86)

_ The equality of the two magnifications would again lead to Eg. (82)
or (8}4-)0 I .

%43.,5 Jmage position

Using Eq. (9) the iiﬁage positions may be written
- Fica Pigott

Qog = Fiog +

PHFidc
(87)
0, =T+ Fied Fige ™t
G ide | P"Ficd
with
- 2
) _..E.-Fd F +dk* F T,
=g ~ 2 (88)

K (P, + Ty - &)
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noting that the elements b and ¢ are the same for both transfer matrices (73)
and (7h)s

The image positions can also be written in non~-dimensional form

LTy s . ¥ m

. ;‘Bicd,L-ki

cd T PalP, i)
ide

(89)
0 - P'Fiéc/L'+ T
deo Pnf‘ldc
‘.',Wh?r.e

T S cot ¥+ coth +D& cot & coth & (9(})
T L2 oo D& + coth &= cot & * 7

oyl
<

Finally, replacing in Bg. (89),F; 4/L, Fy4./L and T by their explicit
values, the image distances can be written in a form suitszble for graphical

plotting of universal curves

Q. = 1 P9 (1-cotd cothd +Ddcoth®) - (cotd +ooth §+ D9 cotd cothd)
cd 9 P9 (cotd ~coth @ -DE) + 1+ cobd cothd +D 0 cotd

(91)
0. =127 (1+ cotd coth® +D d cot @) + (cot® +coth @+ D@ cotd cothd)
de ¢ P8 (cothd —cot @+D0) + 1 =cotd cothd +D & coth ¢

34345 Characteristics of the object space

The object focal planes and the object principal planes can

easily be derived from the characteristics of the imaéé spa.'ce.

One has,indeed, by virtue of Eq. (75)

dcd adc
ocdthzhmTzFidc
(92)
ode ~ c c  Tdied

9291 /p/smb




- 22 -

. 0n! the other hand -
t-d 1-~a

cd de
Hopd T e T e T 5 do
T ' (93)
. _ 1-ddc B 1-aod .
ode = . ¢ T e ~ Ticd * : -
34347 Stigmatic operation of an antisymmetric doublet
In general, qugq % ddo and the seme cbject point yields two
different imege poinis according to whether one considers the c¢d plane or §
|
the dc plane. However, for a given position of the objeet point, it is
possible to choose the parameters of tne 1enﬁ system 50 as to obtain a
one~to~one oorrespondence. B
The condition of stigmetism writes
Qog = 93¢ = 95 | - (94 )

‘and writing this out in the two basic planes in terms of the object position

p -+b N p -%b

| %&'fi?"" g pa S Po +da O (95)

Taklng 1nto accounﬁ 3. (75), this be Gomes

cd Py 4‘b dc po'%b acd'-adc

qG o Po*'ado c.péi-an‘ 840~ Qd é | | | ( )

and aS'acd_ﬁ aaq.ﬁe have‘ o o o L
% = Po , | (97)
which 1s also evident for symmetry reasons. Next, for the eguation in po,
we obtaln - '
8.q p,+b
.. PO frard

S cp,ta ?

(98)
ac |
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so0 that
a_ . +4a
cd " Tde b :
e (99)
oY
- p§-(ch-+FdC) Po=-%t =0 . (100)
- ' The solufion is therefore
F.+F,. (@ +F, )
d .
Po=02dciJ Cdg_dc Lt . (101)

For real objects and images, only the upper sign is to be conserved.

In non-dimensional form, Bg. {99) can be written

D® (coth® -cot ¢) - 2cot & coth & * \f [D 8 (cot &+ cothd) +2]% e
Po = Q =

I

# sh2f

29(cot # ~ cothd ~D8)

(
If po is given, Eqa (100) gives the inter-lens spacing corresponding to
stigmatic operation
4 = pé (Fo+Fy) - 2py FFg+ (g -T,)/k2 (
’ ¢ pd-po(Fo+Fa) +Fofy

~or, in non-dimensional form,

D = (Po@ )2 (cot® —coth &) + 2P cob#d cothd +cot @+ cothd _ (
(Pod)? + Py (coth® —cot )~ cot § cothd

'3.3.8 Stigmatism and magnifications

For stigmatic opération, there is en important relation between

- the magnifications in the two basic planes.

. 9291/p/sub
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One has, indeed,

1 DA‘.ﬁ
cpo-%dcd cpo-fddc

fi -

gcd x gdc

1 1

- ”

CPo T84 Py T oy

1
+ c(add%-adc)po-fadd:adc‘

2,2

e p;

) .
Gl Py Soa de’®s c

-ﬂsing.Eqs. (75).and (99),'this becomes

)

By X By =T e =
.-‘Jéwm. e g ( b+ ?222%g2> .ﬂbc +acd a
that is
Bod %83 =1 ¢ S S (10B)

The prdduéf 6f-fhe‘magnifiﬁéfiéﬁs ﬁeing equal to unify, there
cannot be real stigmatism: a small circle will be deformed into.an ellipse
for it gets larger in one plane and smaller in the other. :This situaﬁion
of pseudo~st1gmutlsm is not acceptable in electron mlcroscopy, for example,
where the requlrements -on the 1muge quallty are hlgh but it san be quite
saalsfactory and 1nterest1ng in beam-transport systems where the source

may present some inherent astigmatism.

The general doublet

The main interest of the general doublet, as compared to the anti-
symmetric doublet, lies in the possibility of adjusting independently the

excitations of the individual quadrupoles and, therefore, to have one more




degree of freedom at hand.

- 25 -

In most cases, the lengths of the two clements -

will be equal, but this does not imply any simplification in the mathemati-

ca.l-aspects of the problem.

Figure 16 shows the notations used.

]

cd

de

Carrying out

9291 /p/sub
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Transfer matrices

One has, for the two basic vlanes,

ch ?3'2

kz sh '\'.(}2'

cos &,

_kz Sin 192

8eq T
1 . 1
bcd = d cosdy chd, + % sindy chd, + . cos ¥y shd,
Cog = k, cosdy shi, —k{ sindy chd, ~ dky ky sin @y sh &,
déd = cosdy chd, + dk, ogéﬁi slj.ﬁg + % sindy shd,
830 = 01 cOST, + dly shdy cosd, + 1+ shd, sind,
by, = O chf cosd, + %1 shd, cosd, ;{2 ché, sind,

Cac = ~ ka2 chdy sind, + ky rsh_ﬁ‘a, cosd, - Ak, k; sh &y sind,

=

ko

shd,

X

chd,

=

kp

cO

sin '({}2

s,

1 a cos 9y
b
0 1 “'1{1 Sin?ﬁ]
1 d ch ’5-;
®
0 1 ky, shdy

k4

1{1

cOS

1
ke
ch &4

Sintfh

oF

sh 19'1

the calculations, one finds for the various meirix elements

casdy chd, - dky sindy chd, - %;, sindy sh,
: 2

d. = chz?li 00582 - dk, ch#y sind, ~ 2 shdy sind, .

(106)

(107)

(108)

(109)
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Felre2  Optical characteristics

Al optical characteristics are contained in ihd matrix elements.

One finds for the focel distances

1
fcd T dky ky sin ¥y sh 9, +ky sin &y ch 9, -k, cos ¥4 sh O,
(110)
£.o= ! ' eyt
de ~ dky k, sh 9y sin 9, =k sh &4 cos .+ Lk, ch & sin &,
and, in general, the focal distance will he different.
For the position of the focal planes ong finds
7 _ 1 ki -% coct &4 coth ¥, +d k4 k., coth @,
ied ~ ko ¥, cot 81 - ]:C1 coth 192 "'dk1 ka
- . , _ (111)
P =) ki+lk coth & cot @, +dks ky cot O,
ide ke ko coth  ~lk; cot O, +dk, ks

The abscissae of these foci are different in general but it is possible
to bring them into coindidence except in the case kg = kp, ¥ = §,, which

corresponds to the antisymmetric doublet.

By reversing the direction of the incident ray, it is easily seen
that the optical charwscteristics of the object space in the.cd(dc) plene
can be found simply by using the formulas of the optical characteristics
of the image space in the de{ed) plane and inteféh&nging the subscripts

1 and 2. Thercfore, for example,

1 ko +ky coth 85 cot & +dlky ks cot &

ocd — ky ky coth €, =k, cot &4 +dky ks
T _ 1 ko-ky cot d, coth &y +dky ky coth &3

Odc k‘l 'k1 cot 792 “'kz coth ?91 i dk1 kz ‘

9291/@/EMb



Aedpas  Stigmatic operation

The general condition of stigmalism can be written here

8ca pO‘Fde R ®dc PO'*bdc

—q0 = = _ (113)
- %ea Fo +dod %ic Po ddc
Putting
b b
| ol £, = - 88 :
- Yea 773 . bac = 7 3 (1)
: od de
Ege (113) can be written
Ilicd P04'tcd Fidc P0+th
90 ST = ST . {115)
. 0 ocd G odc
The last equalify gives the value of po for stigmatic operation; the
corresponding value of ¢p can then be found from
FocaFoac) © = FigemFio0) ot g =S (116)
which results from Eg. (115).
The product of the two magnifications becomes, under stigmatic
conditions,
i L 1 \ 1
cd “dc ',ch p0-+dcd | e p0+ddG :
: 1 . 1 -
= a d
cd de
ed <p04—°cd> o (?G-%cdo>
and this.can be written
2 o £ f
= cd deo
Yoa fae TG TR, ) (6, T i
¢ ocd o " ode '




3udselt
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The doubliet in the thin-lons approximation
)

. The thin-lens epproximation can be of considersble usefulness
as o first step in defermining the properties of a deoublet. Of coursc,
its validity is restricted to woak lenses, i.c. to high-encrgy work, but
its correctness can be improved by considering cach of the guadrupoles
composing the doublet as & thick lens and using the thin-lens approximation

only in calculating the propertics of the combination.
Let s bo the seperation of the mid-plancs of the guadrupoles
whosc characteristics are Ly,ky and I,,k» (Fig. 1?). Wo then have

' L
Sj-:d-l-}”% =

. (118)

On the other hand, it burns out to be comvenient to introduce the absolute
values of the focusing strongths of the individusl quadrupoles and take

carc of their signs ih writing the transfer motrices. Thercfore, we shall

put
ok sin o, e = X sh é E
fin ! : Tyg ! !
(119)
‘='1"=' = k2‘ Siﬂ 192 ==;]E‘ : i{a Sh 192 s
fo0 . S Y| :
With these sign conventions, the transfor matrices are
1 0 1o s 1 Q0
1 £29 S 1 I 1 fie
1 0 1 s 1 o]
Td,c = ) ¥ ) X o 1 b 1 . . (121)
foc { fia




3ekee5  Opticel propertics derived from the thin-lens approximation
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;‘nf"Multiplyingfout one finds

Tdc

ed ~

1 e ‘ s
f1c

O A T . 1 1 4 S
f1e¢ fag fi1c f2g f2q

S G - P
T1g " fae” T1q faq Tae

(122)

(123)

From the two matrices we first défive the focal distances of

the doublet combination

1 1 1 S

- e +
fcd Tie faqg ffc faqg

T 1 1 5

-l R + + . .
fde f1g =~ fae T4 Tac _

(124.)

Under the conditions where ons may apply the thin-lons approximation to the

individual quadrupoles, one can drop the subscripts ¢ and d for these elo-

ments and write

with

fcd f1 fg fq fz
L 1 9 s
== e s b 4
fdc ry £, f1fa
1 1
?1 = k-|2 IJ1 Fg = kzz Lg .

(125)

(126)
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It is recadily scen that the doublet provides bidirectional focusing if

R R (127)

For an antisymmetric doublct

L e 1
b =1, = 1o = '1‘;‘;‘; (128)
and
3 S
f =%, == ., . (129)

Considering next the positions of the principal plancs, we

find from the transfer matriccs

'8 ' o -

(130)

Bied " Frofed . Hac =7 fac
for the image elements and
S S
Boca = Fog fea Boae ® Fog Tac (131)

for the objoct cloments,

The distance between corresponding principal planes is therefore

2

BRITE - L ] e L S
o e = F T T (132)
in one plane and
s .
Az(l{)ﬁg.émf‘dc (135)

in the other. The doublet itself con be coﬁsidered as a thin lens if

Az (H) o s Aam (H)
==f?a=wﬁg << 1 7 de .. 1 ' . (134)

cd dc
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These conditions can be writien

S2 << f1C fgd 5° <% f1d fZC ) (155)

in the casc where one may drop the subscripts ¢ and 4 of the individual

guadrupolos, the conditions roduce to

s® << £, F, (136)

or

1
sVl L, << e (137)

For an antisymmetric doublet, this becomes

sL << %E (138)
or in terms of the beam rigidity
Br >> sL G . (139)

Practical use of a doublet

A doublet is a major device in a boam transport system as it
can be used for & variety of purposcs, Typical examples arc focusing
of a parallcl beoam, rendering parallel a divergent beam, focusing of a
divergent beam, focusing of an astigmatic beam, These cases will be

considered in more detail in what follows.

P-J problem

This is o common problem encountered in beam transport. A beam,

- initially parallel, is brought to o focus (Figs 18) in both the cd and de

'm" 9291/b/%mb

plancs.

In the thin-lens approximation, the position of the common focus
is found from Bgs. (12), (122) and (123) to be

5 )
LIRS (1-?7— > = £y, (14-§TE> . (120)
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Putting
S I I B B
P, Tag # T fye fag
(141)
1 s ‘
'(9 = mt:l‘;cs - e '(3 5 oo e emprmes
T Fie Fia ® T fac faa
the solution of Ege (140) can be writton in the form
Op = 0y
8 =
Cp 0y + YOy 0p (BR-0f + oy 0,)
(14:2)
F:me = o - .
Oy By + YOy 0, (BF —0F + 04 0p )
I one moy drop the subscripts ¢ and d of the individual guadrupoles,
these relations become
8 = f1 .:1 "'fz
Ty
o (1u3)

= :
F =1, L:cl_: .
NEi- Tt

Therofore; it is nccessary that £ be larger then f.. More often, s and F

will be given and £, and f, wontcd. From Eq. (143) we find

£y = Vs§-ksF _
. (1106)
fg = = 2

Vet v sF

The practical design of the two guadrupoles (excitations, gecometry,

etc.) can proceed from these data.

9291 /p/sub
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3-5-2 F-p EI‘OblOm
This is the inversc problom: one wants to render parslicl
& boam diverging from o point source (Fig. 19). To solve this problem

it sufficos to inberchange the subseripts 1 and 2 in the vreceding one.

Thus,
5 = 2 U3 ~ Uz
T T 0, + Vo oy (—'2-00-1»61027
' (145)
Gz Oy + YOy 0y (57 = Op + Gy O )
and, if one may drop the subscripts off the individual guadrupolcs, |
s =
(146)
F = »
Here, f, should be 1argcr than 4.
If s and F are given (which is the usual case), the Focal
distances follow from : '
f-; = SF
¥s? & sT
(147)

= Vs¥ { sF .
_It 1s sometlmes useful to know the w1dth of the umerglng parallel

bcam a8 & functlon of thu 1n1t1a1 dlvergonce. ﬁrom uhe transfor mqtr1x3
this is found 4o be

R=% - grsp , | (148)

9291/p/smb
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Particularizing to the two basic planes, one has
I »

R@1=VS+F (Vs +F-+s)
(149)

By, =Vs+ P (Vs+F+vs) .

The beam is therefore wider in the de plane,

In many cases, it is nccessary to go beyond the first approxi-
mation and use the thick-lens approach., With our previous notations wo
find from tho conjugation relaticon for the case under consideration and

considering the two planes (Fig. 20)

ed p'kdcd =0 (150)
Cao PHdge =0
Rcd = 8 P4‘bcd (151)
%c‘ﬁﬁcp+bm:°
Putting
| ay = cos ¥y - pky sin Oy

£: = ch 9 + plky sh ¥4 (152)

Ay = day +7p cos”§1-+%1 sin oy

By =dBy+p ch 61-Fl sh &,

iy

using Egs. (108) and (109), and éarrying'out the calculations, one finds
from Egs. (150) - o

k, th ¢;

tl

(153)

k2 'bg '82 E-L .

*) Therc is no possible confusion betweon the matrix eclement d and the
distance between the end faces. of the.guadrupoles, . which.is. also...
denotod by d.
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The thin-lens approximaticn proves its usefulness here as it yiclds
approximate values, the knowledge of which considersbly facilitates
he solution of the system (153). It should be noted that in this

sot all charactoristic paramcicrs of the first quedrupole arc localized

on the r.h.s wheroas the 1.h.s. contains only the parameters of the

socond guadrupole.

The problem is simplificd if one of the quadrupoles is given both
in geomctry and focusing strength,.the other either in geometry or focusing
strongth, and the distance d is sdgght'to obtain o perallel beam from an

initially divergont one. Combining the lost two equations, one has

%_' (COt ‘82 + coth ﬁa) = E.L - 'é‘__1= (15)4_)
e B1 23
and upon subkstitution of
1
By b= &
By a +-?,Gh_ 17Pk1 sh‘ 1
B4+ ch 9y #pk, sh &4
. (155)
‘ cos ¥4+ sin &

oy cos &4 - Py sin &,

ong finds

1 (cot 9, + coth &) = 1 /pky ch ?17f5h iy . pkj.gos ¥4 + sin &y . (156)
kp ki \pky sh @y + ch 8y  Dky Sih 4 = 08 U5

Herc, one has only cne transcendcntal equation to solve and again the

two sides of the eguation. Aftor sclving this equation, d can be found
by one or the other of Hg. (155%

The width of the beam con be found from Egs. (151). Carrying

- out the caleulations, one finds

9291 /p/smb

_ Ay
foa = o5
L B (157)
-
_R,eiq,_f cos ¥,

Knowledge of thesd valucs wﬁllfpéfﬁit dctermination of the lens aporturc.
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%e5¢3 P-I' problem

In trying to focus an initially divergent beam, it is again
conveniont to first use the thin-lons opproximation (Pig. 21) to obtain
"'some'par'ametors with which To start in more accurotc celevwletions. In
fact, tho problem under considorstion is onc of siigmatism. From the
two transfor metrices (122) and (123) we can write the condition of

stigmatism in. the form

_ s+F1(1-%’§== 5+ F 1 oo
. s o N fic f1d
' Fg L F == . i (158)
o g5 F S - E T : :

fad Tog 20 fae

Using the same notations as above and cerrylng out the calcu-

latlons, onc finds

(159)

i .7 In«thé--—ééﬁs_je where tho subscripts can be dropped, these relations

reduce to
Sf',

V52 + 0, - 1y

F1 =
, (160)

- af's, . .
F, = .

Usually Fy and P, will be knowm 5 *the required focusing strengths

are then obtained from

£y

' s{s+7,)}
Pt S+ Ty ) (Fs +Fp 4 5)
S(S-ﬁ- Fy)
N(s#F2)F #Fows) . *

(161)

ki)

i

£,
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I% may be. of some .use to kmow the mognificetions under. stigmatic operating

conditions. From Bgs. (11) and (160) ono finds

o “uV$+fﬁi+sv¥+fﬁ3_
o I S SF A (162)

e ——— ’ ,;'""""_'
VS 4 £1fy -5 V5T X £ 0, - £,

Ty VSE-Ff1f2-f2

gdc

and conscquently

E&Q 5 Vs§4-f1f24-s (163)
Eac VSE~Ff1f2-s

The mognification is therefore larger in the cod plane,

If ¥y = F, = Fo, Eqs. (159) become

5 :
F = * 16
O 1+<Eg>2+2§=--; e
Al 2 2

In the case wherc one may drop the individual subscripts, ono finds for

the focusing strengths

_ _ .
f‘! = fz = fO = Fo “S"m+"=‘2F“Z" ¢ (165)
In this case
o 55+ £S48
g = =
cd f,D

(166)
B

‘ 83c

and therofore 8.a® 83c 1, as given by the thlck—lons theory of the anti-

symmetrlc doublet [Eq. (105)]

The values one obtains by means of the thin~-lens approximation
arc usually good starting parameters for tho moro exact procedure of the

thick-~lens approach.



3e5alt
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In the lattor case (Flg. £2), using thce conditions of stigmatism

and our previous aotabloﬁo, one finds
kg‘ th 9, = - Si,g.._ii}.;
K (167)
i, tg 0, = P19t B
B1q+£l
k2

The magnifications are then fouﬂd to be

= 4, ch S, +A; k, sh 3,

- Bed (168)

wle = 8, cos B, - B, k, sh 6,

gdc

If 4 is unknown, it cazn be climinated by means of Ege (155) as in the

PF casc and the condition of stigmatism boecomes

1/ pki+th sy | phy+th 8y ) _ gk, +th 8, q1<2+tgﬂ2>
ki\pky th ¢ +1 pky tg ¢4 -1 ka qu th 9, +1 gk tg ¥, -1

The distance can then be calculated by one or the other of Egs. (155).

Focusing of an sstigmatic beam

This prdblem is encoﬁnﬁered in a cyclotron for e: ample where
the outcoming beam mey have an apparent source which is different in the
horizontal and in the vertical piane (Fig. 23). The problem is then to

focus the two scurces in one point.

‘Considering first the thin—lens anproximation, dropping the
subscripts of the individual quadrupoles and wrltlng out the conjugation
relation (8), one finds for the two planes '
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s 1 /. 5N
(1 “EE ch>-F+s+ 1 -;1) F =0
(169)
5 1 /
1-% wg==F \F+s+ ‘I-i-j:>_‘ = 0
( . fdc dc:/ \ £y de
[N
Using Bgs. (124) thosc relations can be written
- - : - - .
(F Tchf s} f, +F(F 4+ s_)f‘j F.q(F+s)f,~sF Bgq =0 (170)
(F+Eh+sﬁmQ—FO%c+sﬁ1+F&JF+SE2~SFF&;=O.
1
Putting
chi-ch = 3
ch—ch =D .. (171)
ch : ch =P
the solution of Eg. {170) con be written
. 'f“- s{sS+2P)
= b
2T N E s (s 2P]
o (172)
F+s f
£y = ‘ sD+=2 [ {(F+5)5+2P .
! (F+s)(s+28)+ sS+2P{ T ( ) ]}
Knowledge of these solutions will greatly facilitate the calculations
of tHo more rigourous thick-lens method. |
Putting,. in the latter casec,
oy = cos Uy -Pyg K1 sin
Ay = ch ¥y +DP3 k, sh &4
© (173)
. -1 .
Ay = day +Pq COS 44 +§1 sin 4, ‘ ..
1 : :
By =4g8, +Pac ch ¥4 +E1 sh ﬁ_‘l s
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will equally vary.
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one is once again led to the set of transcendental equations

K, th §, = - 23+
- o
k£ (174)

”

k, tg 9, = B1g + By

B1g"‘-"

1{2

which will have to be solved by nﬁmerical procedﬁres.

be THE TRIPLET

General properties

Mthough the doublet achieves a significant improvement with
respect to a single gquadrupole, and although its construction is inherently
simpler than that of & three-lens system, the latter system will be
preferred in many cases. The chief disadvantage of the doublet lies in
the fact that the varistion of a parameter in one of the basic planes may
entall an important variation of the parameters in the other plane., If
one tries, for example, to adjust the position of the principal plane in
the ¢d direction, the'position of the principal plane in the de direction
Supposing that the doublet can be assimilated to g
thin lens,’ the position of this lens may then be qulte different in the
two perpendlcular planes as the variation of the oxcitetion will modify

not only the focusing strength of the lens but also its position in space,

- In a symmetric trlplet the principal planes aré symmetric with
respect to the median plane of the lens and this applies equally well to
the cdc as to the ded direction and is independent of the excitation level. v
If a symmetric triplet can be'considered'as a thin 1ens;:the position of

this eguivalent lens is fixed in space and indépendent of excitation.



L.2 'The general triplet

Figure 24 sﬁowé; gualitatively, the behaviour of the beanm
eﬁvelope in a gancralﬁﬁriblet. In most cases, the calculaticns are
carried out in the frame of the thin-lens approximation, i.e. each
quadrupole is considered to be concentrated in its median plane (Fige 25).
If Gy, Gz, and Gs are the gradients of the magnetic field of the three
quadrupoles, one has for the characteristic parameters k and ¢

kfyz 3 =mﬁ1’2’3
Br
(175)
“‘5}19253 :k1 32 43 L1.3233 ]

As already mentioned in the case of the doublet, the procedurs
of the lens assoclation can be improved if ome takes, for the focal
distances, the values one finds from the thick lens approach applied to
cach individual quadrupple. Under these conditions, one has

e sk sin @ ek e 19.,"

fic ! fig

e =k, sin @ e 2k, shoB (176)
foe 2 2 fod - 2 .
i = ks sin 9 m— = ks sh &

fscl‘" ‘3 S1ln vz, f:ﬁd.j 3 ‘5 3 e

All quantities are counted poéitive in Eq. (176), the proper

sign being taken care of in the expressions of the transfer matrices.
Le3 Transfor matrices
The triplet being made up of three quadrupoles and two drift
- spaces, the basic transfer matrices are -
1 0 1 Sa 1 0 1 51 1 0
Toae = X X X X (177)
1 1 1
-] 0 1 = 0 1 - 1
fzc . fed -ftc
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4 0 i Sa | 0 1 84 1 0
Tied = % =il - % 1§ = . (178)
o 1 ' " ’ A

il B CRE Soodil BN Fo

Multiplying out and using the abb¥oeviations

3.

Fooexy REh2 =123
Je o
(179)
55 .
—= = Y, . 1=1,2 b =123 ,
fjd LJ
- one flnds 7
-(1'“X11)(1'FY22) ~Xp1 ol , 51+ 5201 #¥iz)
Tcdc =
(’1—X23)———Fl'= ('1+y'12)] 1~X11)... (.1+y12)(1—X23)"X13
(180)
(1+Y11)(1'3’C22)+3’21 S1+52(1"x12)
T —

ded . . L
: 1
U+Yw)[“m'ﬁ Xm)'“”} oy U+Yn) (1=%12)(1+y23) + 513

(181)

Les Optical properties
a). Focal distances .

From the transfer matrices, the focal distances can readily be

Lderived
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SO B = v (fexyy)
fcdc = ('1 Xzz) f (1 +Y1a) d +f3c (1 -&11)
. : (182)
1 IR R
= 1 = P el ] 1wx . — 1+ ) +
fdcd ( '*st):?ec 7.3 ( 12?m .4 ( Y11 '

b) Position of the focal planes

Ficdc = fcdc|:(1-x11)(1 '*';Yzz)“Xg-l‘J

Fidcd = fdcd[?ﬂ“FY11)(1"X22)-+y21:} .

(183)

Similar expressions can be derived for the object focal planes.

¢) Principsl planes

Again, from the transfer matrices, one has

B de = Tode (1= )V +y22) = (1 +x24)
- - (184)
Hld.Cdz f(lCd. (@ +y11)(1—'X22)"'(1 ""3721).

In many cuses, it will be simpler to calculato the optical
elements by numerical procedures dircetly from the transfer matiices,
Algobralc calculations are more useful in the case of . the symmetric
trlplut where some specific properiics can be derlved.

Le5 The symmetrid_triplet .-
- In this case we have (Fig. 26)
51 = 8p = S.
L1 = L3 = LD Lg = Li
G'-] = G3 = G@ G’g - Cri (185)
k1 = k3 :-ke ka = ki
._191 =15 = 'ﬂe '82 = ﬁj_ »
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so that the fooval léng*ths'of"‘the individ_ual guadrupoles arc

1 . 1
= = ko osin G, . omeen oz oo gh 4.
o (186)
e ks sin &4 ﬁlv‘: ki sh 94 .
fic T 1 fid L i
It is useful to introducc the dimensionless gquantities
s 8
epmeswes 22 X B sl ¥a
foc © ) fed ¢
(187)
o = NI
ic 1 fia 71 )

Lebet Transfer matrices

With the above notations, the fransfor matrices can be written

Mr=2x, +y3(1=xg) s(2+yi)
Tode = _ (188)
1 -x,
2.[- 2zg +y5 (1-x5)] fl—-2xe+yi(1 -Xg)
T#2e-xi(Mtys) o os(2-xg)
Tacd =l " SR I (189)
1 - : , :
+Sy0_ [25e =% (1 +3:)] 1+2ye—xi(1 +¥g)

L+5s2 Focgl distances

From the matrices we have, using non-dimensional notation,

1t

2 (1 "Xe)[zxe"yl(']-xo)]
e L (190)

|

(’I+ Yell - 236 + Xi({"'}’e)] .
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LeDed Position of focal planes

T

1w 2% + 51 (1 =x5)

iede
s (T=xg)l2xg -y (1-x4)]
(121)
P aed 14 2y - %1 (1+ yo )
s {1-%yé)[-‘2ye-+xi(14-ye)j

Due to the symmetry properties of the lens system, the same
expressions give the position of the objebt focal planes, the ebscissae,
however, being taken here towards the left starting from the entrance

plane.

Lebey Position of principal plenes

Very simple expressions follow for these quantities from the

matrix clements.,

i cae Hocdc o]
8 5 1~z

G

(192)

Haca _ oded _ 1

s 8 d+yg

Figure 27 shows the position of the two principal plenes in the two basic
.directions for a symmetric triplet.
The relations (192) display two.propertics:
a) Provided Xgs¥e << 1, 1.e. provided the excitation of the outer
guadrupole is small, all principal planes coincide with the geo-
metric contre plane of the léns system. Under these conditions,

the symmetric triplet can be considered as a thin lens of fixed

position.
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b)) To adjust the optical propertics of the triplet, cne can
VOXY Xis¥ss i.¢. the excitation of tho inner quadrupole,

without nlod:jffy‘-é.';’;g'""ﬁhe‘ position of the principal plancs.
These properties hove no analogy in doublet behaviour.

In writing Bgs. (190) and (191), we have tacitly assumed

that
2xg # y1(1-%)
(193)
Ve r"!Xi<1 ‘*'YQ) H
. the equalities dorresponding indeed to infinite focal lengths or
afoecal systems. Moreover, all higher-order terms must be kept in the
brackets of expressions (190) giving the focal lengths, otherwise the
condition of bidirectional focusing R
2Ye. | 2o
Trys < % < ¥E < 7T (194.)
cannct be satisfied.
Stigmatic operation of o symmstric triplet
Writing out the condition of stigmatism, we have here
. “edc Po F bcdc “acd o +bdcd o (195)
= Qo = = B
:  Cede Pot8cac  Cacd Po TPqed IR
Usihg the seme notations as before and putting, moreover,
¥i+yy = 48
Ko+ Je = Sg
xi=yi = 4(1-41)
(196)
Xo =Yg = = 2hg ‘
(2=x3)(2+y3) = &2
ASg =~ 253 = S
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one finds, after aarrying out the coleulations,

e = q s S35
o = {o = =y
Ay So=Ag(S+8;)+VEZ 825,58 ° (197)

For the same reasons as before, all higher-order bterms must be kept in
>

this expression.

Under opereting conditions where the subscipts ¢ and & of the

individual guadrupolss can be dropped, one has

L= ? (198)

Xe =ye P

The focal lengths can then be written

f;;c = (1=x 2%, - %, (1 - x4 )] (199)
f;d = (T+mxo ) - 2xe +x (T4x5)]

Here again, all terms must be kept in the brackets if the condition of

bidirectional focusing

2x%q 2Xg
Tﬁﬁ;: < x5 < ?ff§: (2c0)

is to be satisfied.
Taking into account Eq. (198), Bq. (197) giving the couple of
stigmatic points, becomes

Po = g = 8 ')-ixe"xi(J!""xixe) e

- 2%, + x5 (1+x3%¢) +m/[xixe(2+xixe) - uxl ] +x5 %0 (2 + xyxg ) = 4x 2

(201)

As in the general case, all higher-order terms must be kept in this

expression in order to comply with the bidirectional focusing condition.
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