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Nuclear Moment of Inertia and Blocking Itfect
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Abstract
In this paper are addressed three long-standing problems encountered in the BCS
theory of nuclear moments of inertia: (1) Excessive reduction of nuclear moment of
inertia due to pairing interaction. (2) Odd-even difference in the auclear moment of
inertia and the “identical bands”. (3} Additivity of nuclear moments of inercia. It 1s
shown that all the three problems are intimately connected with the proper treatinent
of the blocking effects and can be solved by the particle-number-conserving treatuient,

in which the blocking effects are taken into account exactly.

There exist three long-standing problems in the BCS theory of nuclear momeunt ol inertia.
1. Excessive reduction of nuclear moment of inertia due to paring interaction.

It is well-known that the calculated nuclear moment of inertia in the CSM (cranked
shell model) neglecting the residual interaction is near the rigid-body value snd much larger
than the experimental ones [1,2]. Bohr, Mottelson and Pines {3] suggested that the pairing
interaction may be responsible for the observed reduction of nuclear monents of inerua
compared to that of a rigid rotor. Scon after, the BCS method and the concept of yuasi-
particle excitation were used to treat the nuclear pairing, and a significant reduction of
moments of inertia due to pairing correlation was successfully confirmed [4j. However, the
BCS theoretical moments of inertia of the ground bands in rare-carth and actinide even-
even nuclei are turned to be systematically smaller than the experimental ones by a factor
of 10—40 %; ie., a systematic excessive reduction of nuclear momeuts of inertia was found
{5]. Many efforts to reduce the discrepancy between theory and experiment have been

unsuccessful. For recent reviews, see refs. (6-—8].

9 Odd-even difference in moments of inertia and the “identical bands”.

According to the BCS approximation for treating nuclear pa ring, the moments of iner-
tia associated with oue-quasiparticle states in odd mass nuclei snould be larger than those
of the ground state configuration of adjacent even-even nuclei b/ a factor of ~ {15—20) %
{2]. The striking discovery (1990) of almost identical SD {superdeformed) bands in some
adjacent nuclei [9,10] has attracted the attention of many theorttical and experimental nu-
clear physicists. Shortly afterwards, it was recognized that identical bands are also present
in ND (normally deformed) pairs of even- and odd-mass nuclei st low spins [11,12]; i.e., the
occurrence of identical bands is not necessarily related ta superdeformation phenomena or
high-spin states. Hoivever, the strong pairing interaction in ND nuclei at low spin has been
well established. Therefore, it was asserted (11,12] that the oc:urrence of identical bands
in ND pairs of even- and odd-mass nuclei at low spin poses a se-1ous challenge to the mean
field (BCS) approximation.

However, it should be mentioned that Bohr and Mottelsor. [2] have pointed out that
there exist large fluctuations in the odd-even differences of nuclear moments of inertia.
Particularly, the moment of inertia of an odd-A nucleus whose unpaired nucleon occupies a
high-J intruder orbit is systematically much larger than those ol the ground band morments
of inertia of neighboring even-even nuclei. For example, the bandhead moment of inertia
of the ground band [642]5/2 of 181y extracted from the two lowest observed levels is
2J = 159.4 A?MeV ™!, which is over twice as large as those of the ground bands of 180Dy
(2J = 69.1 R*MeV™1) and YDy (27 = T4.4 A*MeV ™). In sharp contrast to this, the
moment of inertia of the (402]|5/2 band in 171408 2J = 70.6 A2MeV ™!, which is almost equal
to that of the ground band of YPYb (2J = 712 A*MeV 1), in fact, careful examination
shows that there exists no clear line of demarcation between the so-called “identical bands”
and non-identical bands. The analysis of some typical (most J-stable) odd-Z and odd-&

rare-earth nuclei are as follows (87 = J(A) — Jo(A — 1), A odd):

Odd-Z rare-earth nuclei

rotational [523]7/2 (514)9/2 [413]5/2 [411]3/2 [411]1/2 [404|7/2 [402]5/2
bands  (hiyz) (huge)  lgr2)  (dsp)  (dogn) grp2)  (dsga)
0dd-Z nuclei o UlLut ¥IEu BT T HiLu  iLuw

6J/Jd 0.31 0.24 0.16 0.14 0.03 0.037 -0.008

o



0Odd- ¥ rare-earth nuclei
totational  [642]5/2 (6337/2 (624]9/2 (523]5/2 [521)3/2 (514|7/2 (512[5,2 [521]1/2
bands (f132)  (aayz)  Gaaga)  (fara) (hopa)  (Fra) (hepa) (pag2)
odd-N nuclei mlDygﬁ 167El‘99 ”0}”‘07 lssEl\n ‘57Gd93 1771“105 Hameg ”‘Yb\ol

§J/J 1.31 0.52 0.39 0.38 0.36 0.17 0.17 .06

How can we understand such large fluctuations?
3. Additivity of nuclear moments of inertia.

Since the seventies, a lot of multi-quasiparticle excitation bands were established in the
ND rare-earth and actinide nuclei. Let Jy and J,, denote the moments of iuertia of the
quasiparticle vacuum |0)) and two-quasiparticle state abal|0)) in even-even nuclei, and J,
and J,,, denote those of the one-quasiparticle state a;|0)) and three quasiparticle state,

+ ot

cafalall0)) in odd-A nuclei. According to the BCS approximatiou (residual quasiparticle

interaction being neglected), the additivity of the nuclear moments of inertia can be derived
(13} ¢
J‘“,'-JQ = (J},*Ju‘)‘i"(J.,—Jo), \U

or equivalently, the ratio

(Ju - JU) + (Ju - JO) —

R= 1. 2

Juw = o 4
Similarly,

R= (Jp = Jo)+ (Jo — Jo) + (Jo ~ Jo) _ . 'y

Juvo = Jo o o

However, all the R values extracted from experimental rotational spectra show that K o
1, which implies that the additivity of nuclear moments of inertia dees not hold. For
example, the bandhead moment of inertia of 170y} s 2Jg = 71.2 AMeV ™! and for its
two-quasiparticle bands K% = 6~ ([633]7/29(512]5/2) (14]
6~ 1" 8~ 9~
1815.4 10649 20989 2253.9 (keV)

the bandhead moment of inertia is 105.8 A*MeV ™! (signature o = 0}, and 117.6 AiMeV !
(a = 1), and their average is 111.7 A*MeV !, For the neighboring odd-N sucleus ' Yh,
the ground band (633|7/2, 2J = 122.1 A*MeV ™! and the excited band [512]5/2, 2J = 82.4
hiMeV™!. Hence, we get the ratio Ruxpe = 1.53. How can we understand such a large

deviation from the additivity of nuclesr mornents of inertia?

General considerations show that the BCS theory is very suitable for a system of a large
pumber of particles. However, the number of nucleons (~ 1u®), particularly the number
of valence nucleons {~ 10), which dominate the propertics of "he low-lying excited states,
is very limited. Therefore, the BCS statements concerning Ul e nuclear features {e.g. the
various odd-even differences) which depend sensitively on the particle number need careful
re-examination. Of course, the defect of number nonconserv..tion in the BCS treatment
may be partly remedied by various types of particle-nurmber projection, and indeed, some
improved agreements with experiment were obtained. Howeve -, the most serious weakness
of the BCS approximation is that it is not able to treat the blocking-effects properly. Rowe
[16] pointed out that while the blocking effects are straightforwerd, it is very difficult to treat
them in the BCS formalism, because they introduce different quastparticle bases for different
blocked levels.

All the three problems mentioned above, particularly the various odd-even differences
(mass or binding enérgy, low-lying excited spectrum, moments of inertia, etc.) are intimately
connected with the proper treatment of the blocking effect, vhich is especially important
for low spin states. Calculations show that all the three difficulties mentioned above can
be overcome in the PNC treatment for the CSM Harmiltonian, 1n which the blocking effects
are taken into account exactly. For the details of calculation, see refs. (6] and {8], and the
earlier papers (17| and {18]. Here we only sketch some key poiits of the PNC treatment for

the eigenvalue problem of the CSM Hamiltonian of an axially symumetric nucleus,

Hesm = Hap+ Ho+ Hp = Hy + Hp (1)
Hy = Hyp+ He, He=-wl: (5)
where Hyp = 30; hap(t), hsp(f) is the single-particle Nilsson Henulionian, He = —wJ; is the

Coriolis interaction in the rotating frame, and Hp the pairing uteraction. Ho = Hy+ He =
S ho(i), ho(f) = hep(i)+wi (1) is a one-body operator. In the PNC calculation, the usually
adopted single-particle-level truncation is replaced by the CMPC (cranked many-particle
configuration) truncation; i.e., Hgsm i3 diagonalized in a sufliciently large CMPC space to
obtain the sufficiently accurate eigenenergies and eigenfunc.ions of the low-lying excited
states of Hggy. The bases of the CMPC space are the eigenstates of Hy, characterized
by the good quantum numbers Np (particle number}, parit: 7, signature r = e~"**, and

E; (CMPC energy, the eigenvalues of Hg). In the diagonahzation of Hesu, the CMPC



energy truncation, E; — Eg < E., is adopted, where Eg is the energy of the lowest CMPC,
and E, is sufficiently large. In addition to the CMPC energy truncation, the seniority
truncation (Av < 6), and angular momentum projection truncation (MK < 6) and CMPC
mixing strength truncation are also very effective. Calculations show that for the yrast and
yrare bands at not too high rotational frequency, the number of main CMPC’s (e.g. weight
> 107%), are rather limited, and all of them have been involved in our calculations, hence
the calculated results are reliable and accurate enough. In our calculations of bandheéd
moments of inertia, B, ~ lhwp ~ (7-8) MeV is adopted, and in this case, over twenty
Nilsson orbitals near the Fermi surface are involved.

In our calculations the Nilsson parameters (€2, €, &, B, wg) are taken from the Lund
systematics [19,20] and no change is made to improve the calculated moments of inertia. The
pairing interaction strength is determined from the experimental odd-cven binding-energy

difference; e.g. the neutron pairing interaction strength G is extracted by

1
P, = E[B“P‘(Z’N) + Bap(Z,N +2)] = Bope(Z, ¥ +1), (2, N even)

= E,(2,N 1) - 2[E,(Z,N) + B,(Z,N +2)] (©)

where E,'s are the calculated ground state energies, which depend on the value of Gy,

Assume the yrast eigenstate of Hcgn s expressed as
) =2 Gl (7)

which is a coherent superposition of many CMPC's. The angular momentum alignment of
) is
CIPAMED B ARGIADESDAATIANE ()

i<y
Considering J; being a one-body operator, (i|Jz|7) {i # 7) does not vanish only when |1}
and |7) differ by one particle occupation. After certain permutation of creation operators,

|¢) and |j) are brought in to the forms

)= (e, 1) = (<)M,

where the ellipses stand for the same particle occupation, and (=)t = 21, (<)M = 11

according to the permutation is even or odd. Then the kinematic moment of inertia of the

o

s

state |) can be expressed conventently in terms of the single-particle picture as follows:

Jo= e o et 2 ©)
" H<y
1 . 2 1 ;
T = ;(ulh]#)ZlCJ P = = lulgelicona
2 . . .
Juo = ;(}‘l]z"‘/) Z(_)M'“’M’ycn SN 0 (10)
1<y

where n, = 3, |Ci|* P, is the particle occupation probability af the cranked Nilssou orbital
|u) in the state j), and F,,, = Lif |u) is occupied in |) and P,, = 0 otherwise. If the pairing
interaction is missing, only one CMPC appears in |} and all the interference terms Juv
vanish, and the calculated monient of inertia is near the rigid-b: dy value. When the pairing
interaction is taken into account, while the diagonal part (3, J,,.) changes only a little,
the reduction of the moment of inertia originate mainly from the destructive interference
(Cacy Juv < 0) due to the anti-alignment effect of pairing nteraction. This is a pure
quantum mechanical effect. The off-diagonal part (¢, Juo. depends sensitively on the
features and distribution of the cranked Nilsson orbitals near the Fermi surface. For p and
v very far from the Fermi surface, Ju would be negligibly small. In fact, only when both
u and v are near the Fermi surface would J,, be of importa.ice. Calculations show that
for normal de.formed rare-earth nuclei, no contribution come: from & < 3 proton major
shells and & < 4 neutron major shells, and the contribution 1rom the N 2 6 proton shell
and ¥ > 7 neutron shell are very small. For normally deforried even-even nuclei, due to
the anti-alignment effect of pairing interaction, the destructive interference will reduce the
moment of inertia, usually by a factor of about 1/2. The calculated bandhead mortnents of
inertia of twenty-seven well-deformed rare-earth even-even nuclei are shown in Fig. 1. It
is seen that the observed mornents of inertia are reproduced -ather well {excepe for a few
cases) and no systematic excessive reduction of moment of hiertia compared to that of a
rigid rotor is found.

For odd-A nuclei, if a single-particle vy is occupied by an Lud nucleon, the pairing cor-
relation is reduced (blocking effect). Calculation shows that ., becormes positive (rather
than negative in even-even nuclei) with magnitude depending sensitively on the energetic
location and Coriolis response of the blocked level vg, henc: the calculated moraents of
inertia show large variation with the blocked level. When vg is a high-j intruder orbit near

the Fermi surface, J,., would be very large, which leads to s very large odd-even differ-
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Fig. 2. Relative odd-even differences in the moments of inertia

190

i}l - (J(A) ~ Ul 44 1) 4 oA - 1)])/ (%[JD(A 1)+ JolA - 1);)

of some typical (most 8-stable) rare-earth nuclei versus the particle numbers and the cor-
responding Nilssom levels blocked by the odd pacticles. The experimental and calculated
§.J/J|.v are denoted by open and solid circles, reapectively. (a) Odd-N nuclei. (b) Odd-Z

nuclei.

ence in moments of inertia. This is just the reason why the ubserved moment of inertia
of an odd-A nucleus whose unpaired nucleon occupies the neucron orbital f13/2 (l642}5/2,
{633]7/2, (624]9/2), ar the proton ocbital hgsp ([523]7/2, etc.) is so large. In contrast, when
vy is a low-7 and high-i} orbital (e.g. [402]5/2, [404]7/2, proton orbitals), or very far from
the Fermi surface, J,,, would almost vanish, hence §J would te very small, and “identical
bands” may appear. ln other intermediate cases, the calculated odd-even difference in mo-
ments of inertia §J/J ~ (10-20) %. The calculated odd-even differences in the moments of
inertia of some typical (most @-stable) rare-carth nuclei are displayed in Fig. 2. It is seen
that the general trend of the experimental variation of §J/J|.v is reproduced rather well
by the PNC calculation. Considering that there are no adjustable parameters involved in
the PNC calculation, these result seem encouraging. Particu.arly, in Fig. 2a, there exist
three peaks of §J/J}s, corresponding to the blocked neutron orbitals [642]5/2, [633}7/2
and (624)9/2, respectively, which originate from the high-j intcuder spherical orbital 1132
having a strong Coriolis response.

Finally, the observed systematic deviation from the additivity of nuclear moments of
inertia can also be understood from the PNC calculation. P-climinary calculation shows
that for the example mentioned above, the calculated R ratio 1s
J(TYYY, [633)7/2) - Jo(10Yb) + J (T Yb, {512]5/2) — Ju(*"Yb)

J{170¥b, ((633]7/2 + [512|5/2)) — Jo(' °Yb)

Reue = = 1.50

which is close to the experimental results Regpe = 1.53. The large deviation of the R ratio
from 1 implies the residual quasiparticle interactions due to the blocking effects should be
considered seriously.

In summary, the three long-standing problems concern with the moments of inertia
of the quasi-particle vacuum and the relations between the rioments of inertia associated
with different quasiparticle configurations. All these problems are closely connected with
the blocking effects, which is very difficult to be considered properly in the usual BCS
formalism. Therefore, it is not surprised that the BCS appro» iination offers no satisfactory
explanation for these problems.

Historically, the odd-even difference in various nuclear prc perties have been the interest
subjects of nuclear structure theory, including the odd-even lifferences in mass or binding
energy, Coulomb-energy, low-lying excitation spectra, momert of inertia, bandcrossing fre-

quency, pair transfer, a-decay, etc. In fact, all systematic odd-even differences are mainly
/



due to the blocking effects on pairing correlation.

By the way, we would like to mention that careful investigation [21] shows that there exiat
systematic odd-even difference in the moments of inertia even in the superdeformed nucle
in the 4 ~ 190 region (see Fig. 3), which indicates that pairing interaction still remains
in superdeformed puclei. Preliminary calculations {22] shows that the pairing interaction

strength in superdeformed nuclei is much smaller than that in normally deformed nuclel
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Fig. 3. The odd-even differences in J(!) and J) of the SD bands in the A ~ 190 region

at the spin values I ~ 10, 20, and 30. J(Y) and JG) are extracted frow the experimental

_ transition energy using JON(I=1) = (2{-1)A¥}/ E,(I — [-2) and JI(I) = 483/ E,([+2 —

Iy — E,(I — I - 2). The spin assignments are taken from rel. {23-25]. V--au, v--T]
O—Hg, &—Pb.

Here we would like Lo add a few words about the odd-even diiference in the bandcrossing

frequency. It was noted by Garrett et al. {26] that in most rare-earth nuclei,
Sw, = w, {even — even) - w, (odd A) ~ 1) keV,

but a few anomalous {dw, << 40 keV, even Sw, ~ O) were also recognized, which was
interpreted as due to the quadrupole pairing {27] or the blocking effect [28]. Afterwards,
even more anomalous Sw, < 0 was found for the proton [541]|1/2 bands in the isotopic
chain of '$7-175Ta. For example, it was found by the Tande n [13 group in the Chinese
institute of Atomic Energy (Beijing) that {29] for the '*°Ta {541|1/2 band, fw, ~ —58 keV.
Several approaches to interpret these anomalous bandcrossing shifts have been suggested.
In refs. [30,31] the observed anomalous delays of the crossing frequencies in odd-Z nuclei
1671957, were explained partly by means of the deformatior. driving effect. The strong
shape-driving force generated when a high-J and low-{1 orbit is sccupied with a particle may
lead to dramatic change of deformation and thus change the pairing field of a secondary
effect. In refl. [32], it i3 considered that the n-p interaction seems necessary to account
for these anomalous delays. In ref. (33|, the decoupling teriu. in the rotational spectrum
was considered. These anomalous delays were also investigated in ref. {34], in which the
quadrupole pairing and the angular momentum projection were considered. It seems that
the anomalous band-crossing shift of the proton {541]1/2 band still remains unresolved and

need further investigation.
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