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Abstract

The symmetry data of a d-dimensional quantum field theory (QFT) can often be captured
in terms of a higher-dimensional symmetry topological field theory (SymTFT). In top down
(i.e., stringy) realizations of this structure, the QFT in question is localized in a higher-
dimensional bulk. In many cases of interest, however, the associated (d + 1)-dimensional
bulk is not fully gapped and one must instead consider a filtration of theories to reach a
gapped bulk in D = d+m dimensions. Overall, this leads us to a nested structure of relative
symmetry theories which descend to coupled edge modes, with the original QFT degrees
of freedom localized at a corner of this D-dimensional bulk system. We present a bottom
up characterization of this structure and also show how it naturally arises in a number of
string-based constructions of QFTs with both finite and continuous symmetries.
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1 Introduction

Symmetry principles impose important constraints on the dynamics of physical systems. In
the context of quantum field theory (QFT) symmetries specify selection rules and constraints
on renormalization group flows. Recently, the notion of symmetry itself has undergone rapid
developments, especially with regards to the interplay between these physical principles and

topological / categorical structures which are just now being discovered and systematized.

When available, a particularly helpful tool in understanding the symmetries of a given
d-dimensional QFT involves the symmetry topological field theory (SymTFT) of the QFT. A
SymTFTgy, is a (d+ 1)-dimensional TFT which captures the global categorical symmetries
of a d-dimensional QFT,. In this framework, one places the SymTFT ., on an interval which
splits the choice of global structure of the QF Ty into two boundary states: there is a relative
QFT |7) at one end of the interval and a choice of topological boundary conditions (By]
at the other end. Evaluating (B4|74) specifies the partition function for the initial absolute
QFT which is independent of the length of the interval as the SymTF'T is topological.

This setup is best established for finite symmetries (see e.g., [1-15]), and there have also
been recent proposals on extending this framework to certain continuous symmetries (see
e.g., [16-20]).

Indeed, this general picture resonates well with the extra-dimensional structures present
in string-based constructions of QFTs. To obtain a QFT decoupled from gravity, one con-
siders a curvature singularity / stack of probe branes localized at a small region in a non-
compact extra-dimensional geometry X. Then, assuming that X is topologically a cone,
i.e., X = Cone(0X), there is a natural radial direction which begins at the singularity and
extends out to the asymptotic boundary 0X. Dimensional reduction of the stringy back-
ground on 0X and dropping dynamical modes which decouple in the infrared (IR) results in
a (d+ 1)-dimensional symmetry TFT (see [13] as well as [21-30]). This provides a beautiful

match between top down and bottom up approaches to the construction of SymTFTs.

But string constructions suggest further generalizations of the SymTFT paradigm.! A
common occurrence in many stringy realizations of QFTs is the presence of singularities
which are not isolated at a single point of X. This provides a general way to introduce
various flavor symmetries in the d-dimensional QF T, via a higher-dimensional “favor brane,”
though more broadly this may simply be another higher-dimensional QFTp where D > d.
These additional singularities specify relative QFTs in their own right, and as such, tracking

just the radial direction of Cone(0X) would naively result in a (d + 1)-dimensional system

1See e.g., [17,20,26,31] for some recent string-motivated generalizations of the SymTFT formalism.



with gapless degrees of freedom.? Such gapless degrees of freedom are an indication that one

is not necessarily dealing with a bulk TFT, but a more general bulk / boundary system.

In a suitable scaling limit of a bulk theory Sz41(g) in which various parameters / scales
are tuned / decoupled, one can expect to either reach a gapped or free theory. We shall
refer to the bulk system obtained after applying such a scaling limit as a symmetry theory
(SymTh), for now remaining agnostic as to whether we have a fully gapped bulk.? Overall,
one can summarize this structure as a d-dimensional relative theory 73 which sits at one end
of an interval filled by the symmetry theory Syi1, with another boundary mode / boundary
condition By at the other end (which may or may not be fully topological). This results in

a decompression of the original QFTy in terms of the formal quiverlike structure:

QFTy Ba Sar1 Ta
»* —> ° ° (1.1)

In the special case where the symmetries are of finite type, Sy.1 is a TFT, and B, speci-
fies gapped boundary conditions, but more generally, B; might support gapless free fields
(especially in the case of continuous symmetries). Indeed, there is no guarantee that the
(d 4+ 1)-dimensional bulk is fully gapped, as naturally arises in many string-based examples.
Another comment here is that even in these cases, the structure of this decompression is not
unique; one can in principle make different choices for the bulk theory provided the resulting
categorical structures reduced to d-dimensions (such as the Drinfeld center) all match. That
being said, stringy constructions typically favor a particular canonical choice, and we leave

these choices implicit in what follows.

In the context of top down motivated constructions, Sy is obtained from taking a limit

in a family of QFTs which we schematically write as Sqy1(g), i.e.:

Siy1 = gl_{% Sat1(9)- (1.2)

20f course, in terms of the impact of this sector on the QFTy, there is a decoupling limit one can first
take to remove the dynamics of this flavor brane in the QF Ty, similar to the discussion in [19]. This becomes
especially subtle when d < 4 since the dynamics of the flavor brane can a priori also be non-trivial in the
IR. A careful treatment in this case then requires specifying a suitable order of limits for decoupling all
dynamics where the flavor brane is first decoupled. This can be achieved because the QFT's in question are
still localized on subspaces in the ambient target space.

3 A more restricted version of SymTh was introduced in [20] which refers to the specific case of free fields
in the bulk. This can often be traded for a characterization in terms of a formal topological field theory with
non-compact gauge groups as in [16,18,19,32]. Here, we allow ourselves a more general perspective to cover
the different limits which can in principle arise. An additional comment here is that this is also what one
expects for a CFT4 with a holographic dual, where the physical boundary condition of the symmetry theory
is itself “smeared out” to a bulk AdS (see, e.g., [17]).



In particular, we can treat Szi1(g) as a QFT in its own right. As such, it is natural to
ask whether it too has a non-trivial symmetry theory. Put together, then, there is another

symmetry theory governing the combined system of line (1.1).

Denoting by 741 the relative theory associated with the bulk theory S;.1(g), we see
that there can be a symmetry theory Sy,o. Just as we decompressed the absolute QF T, in
line (1.1), we can now decompress Sz11(g). In the absence of edge modes for Syz11(9g), i.e.,

considering this theory on a manifold without boundary, we have the decompression:

T+ (1.3)

Continuing in this manner, we can continue to decompress the various Szy,,’s for m > 1
until eventually we reach a fully gapped bulk. The existence of such a bulk theory is in
some sense guaranteed by the SymTFT formalism, and in the context of string / M-theory

backgrounds, d 4+ m is bounded above.

What happens when we combine the decompression of the QF T, and its symmetry theory
Sg+17 In this case, we can decompress the bulk theory Sg.1(g) at the expense of introducing

an additional junction which connects to the original relative theories B; and Ty:

Bi
Bs  Sitalg) Ta By Sii1(9) Siri(g) Ta
° ° — > ° — Sut2 °
Ja Ja
Tas (1.4)

where here, we have the junction theories J; and its orientation reversed counterpart Jg4
which fuse the triple Byi1, Tar1, Sqr1 with different orientations (see [26] for a discussion
of junctions). We comment that in the context of our string constructions, the junctions
Ja, J 4 turn out to be relatively innocuous. Now, we can contract the (d + 1)-dimensional
edges supporting Sy colliding the junctions into By, Ty producing the corners B/, 7,/. In

the context of our constructions we will have B; = B), and 7; = 7/, but in principle this



operation can alter corners. We present the process as:

B
Bat1

By Ta

Tt

Ta1 (1.5)

Observe, then, that the original 7; now specifies a corner mode of a higher-dimensional
bulk. In this setting the relative theories 74,1 and Bg,1 now serve as edge theories which
merge at the 7y corner.® Finally, it will be useful to disperse the original boundary condition
B, as a gapped / free system which spans the edges far away from the 7; corner. This
will decompress various distinct boundary conditions which are all subsumed into B,;. We

decompress as:
Bd+1
Bd+1

By Ta
Ta

T+t
Tan (1.6)

Here, on the right, we have indicated the different relative theories appearing as edges
and corners, and denoted the remaining boundary conditions collectively as B (a tuple of
two corners and an edge) which can in principle either be gapped or free. Compared with
the original decompression in line (1.1) with Sy;1 not gapped, we will have examples where
now Sgyo is gapped. As such, standard manipulations of defects and topological symmetry
operators can now be carried out in this bigger system. We view this as a nested collection
of relative symmetry theories with corners, or perhaps more colloquially as a “cheesesteak”

construction.’

Now, once we have a fully gapped bulk symmetry theory, we can then proceed to track
how defects and symmetry operators push down onto the different edges, as well as the
corner theory 74. One consequence of this setup is that we can now explicitly track more

6

subtle features such as higher-group structures® involving entwinement between higher-form

symmetries [44-46], even in situations where some of the constituent generalized symmetries

40f course corners are not topological. The topologically invariant feature here is that both By, T; are
interfaces between Bgy1, 7441 which are edges for Sgi2. Nonetheless we represent both By, Ty as corners
with an eye on their geometric origin in string constructions.

°See, e.g., [33].

6See also [34-39] and [40-43].



have continuous factors.

Our discussion thus far has focused on the symmetry theory from the perspective of the
relative theory 7;. Alternatively, one can consider a bulk interacting theory such as 7z,
and then simply ask what happens if we consider a system with a defect inserted at the “end
of the world”. This defect will in general also support a non-trivial QFT, and so inevitably
there will be a non-trivial interplay between the symmetries of the bulk and that of the

defect. In this case, it will be useful to decompress line (1.6) further. Schematically, we

B
B
B > . > Sias | Buns
Tos
Ta

Tat1

have:

(1.7)

Here, in transitioning between the tuples B and B we require that an interface between
two edges can be equally presented as two d-dimensional interfaces connected by a new (d+1)-
dimensional edge. The result of this final decompression are two symmetry sandwiches, an
absolute sandwich in dimension (d+ 1) and two relative sandwiches in dimension d (reading

structures vertically).
We summarize all (de)compression steps discussed in figure 1.

This picture naturally arises in stringy constructions, and this was indeed the initial
motivation for this work. To further support the utility of this perspective, we turn to some
explicit examples which illustrate these general features. A particularly prominent example
is the case of 5D SCFTs realized by M-theory on the singular background X = C3/Z,,
with group action generated by (z1, 22, 23) — (W21, W29, w 223) With w = exp(2mi/2n). This
geometry has a 5D SCFT localized at the origin z; = 2o = 23 = 0, but also contains an
su(2) flavor symmetry factor along the locus z; = z; = 0. Observe that in this geometry,
the radial direction of X = Cone(S®/Z,,) contains a fixed locus, so a naive dimensional
reduction along 0X would result in a gapless 6D theory in the candidate symmetry theory.
Transverse to this flavor brane there is still a gapped system, but this instead would have
been specified by reduction on a lower-dimensional space, i.e., 9*X°, the space obtained by
first excising the flavor brane from 0X and considering the boundary of the resulting system.
Performing the reductions on the appropriate boundaries and “boundaries of boundaries”

all of the ingredients in line (1.6) appear.

As an additional example, we also consider the relative symmetry theory of N chiral



QFTy Bi  Sanr Ta

(i) » —> Y
B
By 3d+1(9) Ta By 3d+1(9) Sd+1(9) Ta
(i) -~ o« > -
Ja Ja
Tar
Bay1 Bin
By Sati1(9) Savi(9) Ta B Ta
(iid) — >
NE Ja
Tart T
Bi
B
By Ta
(iv) —> B Say2 Ta
Ta+1
Tat1
B
B
v) Ta
B 8d+2 —> Sd+2 Bd+1
Ta+1
Tav1 Ta

Figure 1: We summarize the five (de)compression steps we consider. In (iii) we have assumed

simplifying assumptions for the junction theories.



multiplets as engineered from the collision of singularities in a local M-theory background
[47-49]. In this case, we view the 4D chiral multiplet as a defect of a bulk “flavor brane”
system, which in principle has its own SymTFT. This case is especially subtle because of the
large number of symmetries which can act on free fields. As such, it provides an interesting

check on the formalism and the computation.

The geometric perspective also provides a systematic way to compute quantities of inter-
est in the original QF Ty, including the structure of various discrete and continuous anomalies.
In the case of 5D SCFTs realized by singular M-theory backgrounds, we show how to account
for excisions of singularities in calculating triple products of (co)homology classes. This in
turn specifies more refined data on possible mixing structures present when dealing with
0-form and 1-form symmetries in these settings. We also illustrate these calculations in the

case of our system of 4D chiral multiplets coupled to a bulk gauge theory.

The rest of this paper is organized as follows. Though our approach is motivated by
string theory considerations, we begin in section 2 with a bottom up characterization of
relative symmetries theories, and in particular the nested structure which accommodates an
eventual filtration. We follow this in section 3 with a top down construction of this structure.
To illustrate these general considerations, we turn to some explicit examples in section 4.
Section 5 contains our conclusions. We present some additional details of the geometric

computations in appendix A.

2 Relative Symmetry Theories

In this section we introduce relative symmetry theories. The main idea is that the global
symmetries of a d-dimensional QFT can be captured in terms of a (d + 1)-dimensional
symmetry theory (SymTh). Treating the combined system as a (d + 1)-dimensional bulk
theory with a d-dimensional edge mode, we can also analyze the symmetries of this combined
system. The motivation for proceeding up in dimension in this way comes directly from
string theory where one often encounters an intricate collection of intersecting branes and
singularities which localize to produce a QFT, of interest. One can of course attempt to
“compress” all of this data into a single extra dimension, but this can obscure various
features of the bulk system, including global structures such as its spectrum of extended
operators as well as higher-categorical structures. One could in principle anticipate further
generalizations, but the construction we present matches well to expectations based on top

down realizations of QFTs.

This section is organized as follows. We begin by briefly reviewing symmetry theories,



and their use in specifying the absolute form of a QFT,;. There is a natural uplift of this
structure to stringy backgrounds on geometries of the form X = Cone(0X) where the extra
dimension of the symmetry theory is interpreted as the radial coordinate of the cone. Stringy
considerations also include cases where the radial direction is itself filled by an interacting
QFT, which can have its own symmetry theory. Unpacking this, we show how to lift the full
system to a nested collection of relative symmetry theories. In particular, we explain how

boundary conditions of the relative theories are correlated in this bigger nested structure.

2.1 Symmetry Theories

We now briefly review some aspects of symmetry theories. Our starting point will be to
discuss the best established case with finite symmetries, in which case we have a symmetry
topological field theory (SymTFT). We then turn to the case of continuous symmetries, as
captured by a symmetry theory (SymTh). As mentioned our definition of a SymTh is simply
a bulk system which captured the symmetries of the relative QFT localized on an edge. As
such, we permit ourselves to consider both gapped and free field theories in the bulk, and we
view both possibilities as obtained from a scaling limit of a possibly more complicated bulk
QFT (as often happens in stringy constructions). The main aim of our approach is to filter
this system further to produce a bulk theory which is fully gapped but which nonetheless
encodes the structure of different symmetries, viewed as boundary modes in a possibly even

bigger system.

To begin, we consider a QFTy; with a collection of categorical symmetries. In the case
where these symmetries are finite there is a general construction available to capture the
global form of the QF Ty in terms of an auxiliary (d 4+ 1)-dimensional symmetry topological
field theory SymTFT 4y (see e.g., [1-15]). In this framework, the local / interacting degrees
of freedom are separated from the global structure of the theory by introducing suitable
boundary conditions on the SymTFT. One refers to the physical boundary conditions 7, as
the relative QFT, and the gapped / topological boundary conditions as ;. The boundary
conditions By dictate the global form of the theory, i.e., the spectrum of symmetry and defect

operators of the absolute QFT,;. We can summarize this in terms of a decompression step:

QFTy Ba Sar1 Ta
* —> ° ° (2.1)

in the obvious notation.

In this setup, g-dimensional heavy defects of the QF T lift to (¢ + 1)-dimensional defects



in the (d + 1)-dimensional system which stretch between the two boundaries B; and 7y.
Topological symmetry operators link /intersect with these defects and remain of the same
dimension when pulled from the d-dimensional boundary out to the bulk. Observe that
linking / intersection of defect operators with symmetry operators is consistent between the
QFT, and the bulk symmetry theory because the heavy defects have support along the extra

spatial direction.

One can in principle generalize this basic picture in many ways. For example, while the
best established case involves finite / discrete symmetries, there have been recent proposals
for how to extend this to the case of continuous symmetries [16, 18-20]. Notably, in this
broader setting, there can be subtleties concerning the dynamics of the (d + 1)-dimensional
bulk system. This includes the appearance, for example, of non-compact gauge groups, as
well as a choice of a metric dependent regulator to make sense of the boundary conditions
and partition function.” A related issue is that even if one demands that the bulk is gapped
or a collection of free fields, the structure of the boundary condition B, which dictates the
global form of the theory also need not be gapped, i.e., it might also have free fields. Along
these lines, we comment that in many top down constructions the “bulk” often includes
interacting degrees of freedom. These additional bulk degrees of freedom can sometimes be

decoupled, but as far as we are aware, this need not be the case in general.

To illustrate some of these issues, consider a QFT,; with a continuous flavor symmetry
given by a Lie group G. To track the effects of gauging, it is convenient to first introduce
a gauge theory but one in which the gauge coupling might have some dependence on the

interval direction r of the bulk system:

Lo O —mmﬁ A+F. (2.2)
Different choices for the position dependent profile of g(r) both in the bulk and the boundary
B, (at r = 00) lead to different possible bulk symmetry theories with boundary conditions.
One can view these as different choices for how to regulate the bulk symmetry theory. One
canonical choice is to take a limit where one tunes g?> — 0 so that one is only left with free
fields / possible topological terms. Another natural choice is to allow a non-trivial value at
By, at the expense of having some explicit metric dependence in the boundary conditions. To
a certain extent, taking such a limit is rather natural when the gauge theory is in (d+1) > 4
dimensions (since it always flows to weak coupling) but when the bulk gauge theory is in

(d+ 1) <4, the bulk might itself experience strong coupling dynamics. One must then tune

"Consider, for example, the case of classical 3D gravity formulated as a Chern-Simons theory with non-
compact gauge group [50].

10



the various scales to reach the desired bulk system with trivial local dynamics.

Rather than go this route, we shall instead opt for a different strategy to make sense of
the topological structure of continuous symmetries. Our aim will be to view Sz as obtained
from a limit of QFTs Sy41(g) via:

Sat1 = 5171_>T%3d+1(9)- (2.3)

We then will aim to instead construct the SymThy s for S;.1(g). Iterating this procedure
multiple times, we expect to eventually filter the whole system to a bulk which is fully
gapped. From a top down perspective, this appears to be a more canonical way to proceed.
For example, in the explicit examples we introduce later, we will encounter a bulk gauge
theory which naturally has a position dependent coupling in the radial direction. A related

comment is that similar structures typically appear in holographic setups.

Focusing then on the bulk symmetry theory Syi1(g), we now treat this as a QFT4y; in
its own right. With this in mind, suppose that we did not include any “edge modes” at all,
i.e., we place the theory on a (d + 1)-dimensional space with no boundaries. In this case one

can again take this absolute theory and decompress it:

Tata (2.4)

Here S;. 5 is the symmetry theory describing the symmetries of Sy11(g) and the dots indicate
the omission of edge modes. It is worth noting that this decompression step is not unique
since we can in principle distribute the gapped and free contributions to each boundary
system in different ways. From this perspective, one might simply wish to refer to both
d 4+ 1 theories as “relative theories.” Suppose, then, that we make a different choice of

decompression of the form:

Tin (2.5)

For example, it could happen that a gapped TFT initially localized on 7;,; has now been

moved over to become a part of Bsy;. In this case, the two bulk theories Sqyo and S),,

11



may also differ. That being said, top down considerations typically lead to a canonical split

between these pieces.

Even more generally it can happen that 7, is a relative QFT with locally decoupled
sectors in the sense of [26]. Then the edge modes and the connecting symmetry theories are
disjoint sums of theories, and the latter interact only through the boundary condition B, ;.
In this case it is more accurate to speak of decompressing Sy11 into a SymTree with junction
Jy41- This will be the case when we have multiple flavor branes in string constructions. We

will not dwell on this distinction and universally represent the decompression as in line (2.4).

We now ask how decompression of Sy41(g) works when we consider it in the presence of
the original boundary theories B; and 7;. To this end, suppose that we only decompress

S4+1(g) in the interior of our system. Doing so, we obtain:

Bii
Bys  Sira(g) Ta By Sat1(9) m Sar1(g) Ta
° ° —> ° — Saio °
Ja U Ja
Tar1 (2.6)

In more detail, we now have trivalent junctions at the left and righthand sides, which we
refer to as J; and its orientation reversed counterpart J4. These junctions fuse Sa+1(g) with
Bii1 and Tgyq. As explained in [26], these junction theories are typically non-topological,
but support free fields which serve to match the boundary conditions of other symmetry
theories / SymTFTs. In the explicit examples we consider later, it will also turn out that

these junction theories are trivial. As such, we shall not dwell on them further.

Now, with the decompression (2.6) in place, we can then proceed to compress back the

finite segments supporting Sz41(g) which separate B, and 7, from their respective junctions:

By
+1
Ba

By Ta

Tt

Tat1 (2.7)

Here we have used the triviality of the junctions in identifying the corners with 7; and By.

There are again some different choices we could have made in the treatment of these

corner and edge mode theories. For example, once we are dealing with distinct relative

12



theories, we might instead have a decompression to:

/
Bd+1

1 (2.8)

Namely, we redistribute the locations of some of the gapped and gapless degrees of freedom
for the different systems. This is primarily a matter of perspective, and hinges on whether
we are interested in the symmetry theory specified by QFTy directly, or whether we instead
want to view the corner theory 7 as a defect / corner mode in some bigger bulk system.
Equivalently, in the latter perspective the bigger bulk system 7, is specified as initial
data, and in asking how its symmetries relate to the defect insertion 7, we should consider
decompressions which manifest 7;,, as an edgemode, although other decompressions may

be available from a purely d-dimensional perspective.

Further, observe that in the treatment where 7, is considered as a defect theory (or
end of the world theory) in a given ambient bulk 7/, ,, one might wish to view B} ; as a
symmetry theory S}, (in the sense of line (2.5)) which carries only “partial information” of

the original symmetry theory Sgy1.

Geometrically we will find a collection of decompressions satisfying
1 =Ta, (2.9)

however with distinct data in dimensions (d+ 1) and (d + 2) as in line (2.8). As such, some
of these distinctions will not play much of a role. Finally, observe that we can in principle
keep decompressing the bulk symmetry theory until we eventually reach a fully gapped bulk.
In the case just discussed, we have essentially assumed that this procedure terminates after
two steps of decompression, and we have handpicked our string examples such that this will

be the case.

2.2 Boundary Conditions

Having introduced a bulk theory Sy.2, we now turn to a discussion of boundary conditions.
We will need to deal with the boundary conditions for bulk fields near Byy1, Tay1, as well

as the further specialization to the corners 74, B;. We will reserve the main analysis of the

13



Bd+1 a(BdJrl ) Q

By Ta

Tat1

0 (i (i)

Figure 2: Notational conventions and parametrization of the corner patch centered on 7.

corners to cases with a top down construction, as there B; manifestly decompresses to the
tuples B or B which we will characterize instead of By (see figure 1). For ease of exposition,

we specialize to the case where By, is gapped and Tg,; is gapless.®

To set conventions (see figure 2 for a summary), let @ be the (d+2)-dimensional manifold

with corners supporting Sy.2. It has two boundary components

9Q = 0,,,)Q U 97,1 @ (2.10)

where Jis,, )@, O(7,,,)Q support Bgy1, Tap1 respectively. We abbreviate (s, ,)Q = 0(5,,,)

and O(r,,,)Q = O(1,,,) and denote the restrictions to these as and |7,,, respectively.

‘Bd+1
The boundaries 9z, ,)Q, (7,, )@ themselves have boundaries that are oppositely oriented

8(8(Bd+1)Q) = _8(8(7?#1)@)7 (2’11)

and support By, T3. We denote their supports as 0(2&1)@ as 0(27:1 )Q where we realize the no-
tation ‘0%’ to manifestly and compactly emphasize the notion of “boundaries of boundaries”

(which is non-trivial when we have a space with corners).

Next, consider the local corner patch centered on 7; and modeled on R>g x R>g x My
with coordinates 7,x1,y. The edge Js,,,)Q is parametrized by x,,y and sits at r = 0,
the edge 97, )@ is parametrized by r,y and sits at z; = 0, and y denotes collectively the

coordinates of M, which is a copy of spacetime (see subfigure (iii) of figure 2).

80ne might be tempted to always split up Bq1 and T4 1 in this way. In the context of string constructions,
however, it sometimes happens that free U(1) factors also geometrically localize near Byy1. That being said,
the considerations we present here naturally extend to this more general situation as well.

14



2.2.1 Boundary Conditions: Si2|7;,,

Let us now turn to the boundary conditions involving restriction of the bulk modes of Sz
onto T441. Recall that in our simplified exposition, the gapped modes are on B;y; and the
gapless modes are on Tg,1. The relative theory 7;. 4 is associated to the higher-dimensional

QFT Syy41(9) (and its subsequent limit to Sg41, as obtained from the decompression:

Tasr (2.12)

As such, we impose Neumann boundary conditions of the bulk S;io fields near Syi2|7, e
Given the additional gapless degrees of freedom on 7., this is also known as enriched
Neumann boundary conditions in the literature [15]. In the string construction we will
consider, Ty is determined by a collection (possibly just one) of (KK-reduced) super-Yang-
Mills theories.

2.2.2 Boundary Conditions: Sy 9

|Bd+1

We now turn to boundary conditions for Sy, 5 near the gapped edge mode By, ;. We ask how

bulk operators push onto By, the top edge in (2.12).

To set notation, we denote the electric bulk fields by a® and their magnetic duals by
a(), where 7 denotes an indexing of our fields. Denote similarly the electric fields of Bgyq
by b9). We also allow for a non-trivial background value in this boundary which we write
as BY. A general comment here is that while the fields of the theory S;yo must admit a
canonical electric-magnetic pairing, in the case of the relative theory By this need not hold.

Restricting any bulk field to the boundary supporting By, yields the boundary conditions:

asal? N = ﬁ;b(nj) +; BY (electric)
T (2.13)
(8/87" 3 Afasﬁrl) ‘B = ujb(nj) + V;Bflj) (magnetic)
d+1

where here we have allowed for a non-trivial background value B on the boundary, as a gen-
eralization of the Dirichlet boundary conditions one often imposes in the standard SymTFT
formalism. In the above, the subscripts n and n + 1 on the fields denote the cocycle degree,

and «, 5,y and A, i, v are integer matrices. The notation 9/0r 4 denotes the interior product
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with the unit vector field 0/0r associated to the coordinate r orthogonal to the boundary.
Both the bulk and boundary fields can be torsional and, in these cases, the matrices (and
equations) are only defined with entries in Zy for some integers N depending on the labels

1,7,5,n above.

The boundary conditions (2.13) give (affine) linear mappings:

Ey: {a} = {0}

i , (2.14)
M, {aly = 0y,

and compatibility of the boundary conditions amounts to F,, and M, respectively descending
to well-defined mappings with codomain coker M,, and coker F,, respectively so their images
do not overlap. Note further, that the cokernel {b\'}/(Im E,, @ Im M,) need not be trivial;
it characterizes the degrees of freedom of B, of the boundary system which are not fixed

by boundary conditions.

Finally, we note that boundary conditions for S;,5 need to be complete. This amounts to

imposing a maximal set of compatible mixed Dirichlet and Neumann boundary conditions for

a¥ and their magnetic duals % (with n+m+ 1 = d+ 2 for discrete symmetries). Dirichlet

)

boundary conditions for a'?) are dually described and equivalent to Neumann boundary con-

ditions for @' and, conversely, Neumann boundary conditions dualize to Dirichlet boundary

conditions. A compatible maximal set of boundary conditions can therefore be specified as
mixed Neumann / Dirichlet boundary conditions of the pair all ),Ei%). As such the boundary

conditions (2.13) are equivalently given as’

aja)| = BbY + By
Bat1
(2.15)
N kapay| = by +vsBY,
d+1

The second line of the boundary conditions (2.13) expresses the boundary conditions for a
in terms of a\ and xq+1 1s the Hodge star along By.;. We will work with the boundary

conditions (2.13) as these will be manifestly read from geometry in our top down examples.

Note again that we have not introduced fields b conjugate to b. This is because the fields
b do not characterize the degrees of freedom of B,,;. Rather, the By, degrees of freedom are
characterized by the cokernel {bg )} /(Im E,, & Im M,,) and we will encounter examples where

we can introduce conjugate variables corresponding to the dual of such an equivalence class.

9These considtions are written for discrete valued fields, if we consider abelian continous valued fields
then n +m + 2 = d 4+ 2 and the second line would instead be \] #4141 dZiSfI) 5 = ujb(,{) + U;Bff).

d+1
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In the above parametrization these dual modes are subsumed into the {bgf)}. Equivalently,
the fields {agf)}, {557?}, {bgf)} over-parametrize the degrees of freedom of the system, and we

only identify electromagnetic pairs once identifications between modes have been realized.

With this we can also clarify some aspects of our mixed Dirichlet / Neumann boundary
conditions. In considering the pair Szy2 and Byi1, the path integrated fields include {bg)}
modulo the constraints of line (2.13). For example, turning all backgrounds off, bulk modes
not in the kernel of the maps E,,, M,, of (2.14) remain fluctuating and as such By, results in
Neumann boundary conditions for these. The bulk and boundary fields are identified but the
resulting mode remains fluctuating. True Dirichlet boundary conditions are imposed only
for bulk modes in the kernel of E,,, M,, (again with backgrounds turned off). This clarifies

the sense in which line (2.13) formulates mixed Dirichlet / Neumann boundary conditions.

2.2.3 Corners

In geometric string constructions of d-dimensional QFTs the d-dimensional degrees of free-
dom are usually localized in codimension larger than one. This will allows us to determine
a bulk symmetry theory Sy, o such that 7; simultaneously specifies boundary mode for Sy 4
and a corner mode for Sgyo. In general, the initial bulk-boundary systems given by Sgi1, 74
unfold to corners supporting some different theory 7, # 7 and the geometric prescription
we give via string theory should be understood as a toolset to avoid this general case. In the
therefore special setups we consider the corner mode is fully specified by the boundary mode
Sat1l7,, 1e., from this perspective by data in one dimension higher. An interesting issue
concerns the structure of anomaly inflow from our bulk system(s) to the boundary / corner.

There is clearly an inflow where we descend by one dimension at a time:
(d+2)— (d+1) —d. (2.16)

Based on the way we have constructed the bulk theory, observe also that there is no inflow
directly from the (d+2)-dimensional bulk to the d-dimensional corner; instead, we can always
factor through the intermediate edges of dimension d+ 1. Any inflow from dimension (d+2)
descending to dimension (d + 1) then cancels when pushed further to dimension d by (2.11).
For this reason the main approach to characterizing corners we will take is to view them

simply as interfaces between edges.

17



2.3 Defect and Symmetry Operators

We now use the above considerations to address how one constructs symmetry operators
and defect operators for the 7; theory. As from the usual sandwich construction, applied to

the tuple S;_ 5, Bit1, Tat1, Ty, By, we have simply:

{Symmetry operators of T3} <>

{Operators of Sy;2, its edges Byi1, Tar1, or By that do not terminate at 74}
(2.17)

{Defect operators of Ty} <«
{Operators of Sy;2, its edges By 1, Tar1, or By that terminate at 74}

However, there are some novelties that arise for this more general setup. To illustrate, we
begin with the standard decompression of an absolute QFTy involving its regulated SymTFT
/ SymTh S;11(g). In this setting, the topological operators of a SymTFT can in principle lift
to a more general class of defects which have some dependent on local metric deformations.
Even so, the passage back to the topological limit Sg11(g) — Syu1 clearly still makes sense,
in which case we again arrive at topological operators. With this caveat stated, we now ask

how heavy defects and topological operators descend into the relative theory 7y :
By

By Siyilg) Ta B, Ta
® O —>

Tt (2.18)

On the left we can depict the support of defect and symmetry operators'® respectively as:

Bi  Sari Ta Bi  Sar1i  Ta
-0 ° » ° (2.19)

Here we have presented a generic defect stretching from 7; to By and a generic symmetry
operator localized in the bulk Sgzi1. We now apply (2.18) to (2.19) and note the various
possibilities, see figure 3 for defect operators and figure 4 for symmetry operators. Notice
that while some operators may appear as defects in the gapless 74,1 theory they can appear

as topological operators from the point of view of a 7; observer.

10There are of course also more general cases where symmetry operator take the form of non-genuine
bulk operators, attaching back to By, see, e.g., [51,52], which we will not consider here, however similar
considerations also hold there.
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Figure 3: We sketch the possible fate of defect operators under decompression.
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Figure 4: We sketch the possible fate of symmetry operators under decompression.

How does a symmetry operator linking / acting on a defect operator deform under the
decompression (2.18)7 We use the labelling in figures 3 and 4 to list pairs. The symmetry
operator with support (i) can act on defects with support (i), (iv). Similarly (ii) can act on
(ii), (iv). The symmetry operator with support (iii) can act on defects with support (iii),

(iv). The symmetry operator with support (iv) can act on defects with support (i), (ii), (iii).

2.4 Example: 2-group Symmetry / Symmetry Fractionalization

We make the above considerations concrete in the context of two discrete fields b, a,, and
we find that our discussion naturally incorporates the effects of symmetry fractionalizations
[53-56] and extension properties of 2-group symmetries. Let us first set the background field

B,, for b, to zero, then the possible electric boundary conditions are:
aan|p,,, = Bby . (2.20)

20



We take b,,a, to be discrete of order k,,[,, respectively, i.e., they are torsional cocycles
taking values in Zy, ,Z;,. For (2.20) to be well-defined we require «, to be multiples
kn/Gn, U/ gn respectively with g, = ged(k,, (). These factors multiply both sides to take
values in Z,, which is the overall coefficient system of the equation. Bulk modes not taking

values in Z,, C Zg,, characterized by the quotient Zy, /Z,, = Zy,, /4, , are therefore not fixed

n )

by these boundary conditions and we need to supplement (2.20) with boundary conditions
for the dual fields a,,.

We make the above constraints manifest and rewrite (2.20) as a condition in Z,,. Working

over the integers, we write:

a=ao =2, B = B’@. (2.21)
9n gn

By abuse of notation, we also refer to the mod Zg, reduction by the same variables. Then,
we have:
o'ayls,,, = B, (2.22)

now valued in Z,,, i.e., o/, ' € Z,, and a}, = (k,/gn)a, and b, = (1,/g»)b,. Next, introduce
gn = ged(gn, @’). Then the above multiplication by o' has a kernel isomorphic to Zg:. We
consider the case with trivial kernel and set o/ = 1 which implies g/ = 1. Further introduce
g, = gcd(gn, B'). Then the above realizes Dirichlet boundary conditions on a Zg subgroup
of a], and outside of this subgroup specifies an identification of a/, profiles with boundary
profiles. Boundary modes taking values in Zg,,, are not mapped onto by the bulk, they

remain fluctuating.

Let us discuss the physics of the case f/ = 1. The main idea will be to introduce a “naive”
and “true” symmetry, which we refer to as A and A for both the edge mode theory as well
as the bulk theory. The boundary conditions connecting Sy, with the gapped boundary
Bgi1 will result in a reduction in the naive symmetry to the true symmetry. With this in

mind, we define:

Agfdge) = ZB:kn/gn Avgledgo) = an ) A(bulk) = Zln ) A(blﬂk) = Za:ln/gn ’ (223)

n n

which we can assemble into the long exact sequence familiar in the study of 2-groups (see
e.g., [39,44,57,58]):

Xgn 0t Xln/gn Y mod ln, /gn
0 — Agledgo) g Agodge) / A(bulk) /

n

AP0 (2.24)

n

To give a physical interpretation of this long exact sequence, introduce the topological op-
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erators

U,, = exp (%/ an) , Uy, = exp (?/ bn) , (2.25)

where U,,,U, are naive bulk and boundary topological operators built from periods of
a,, b, respectively and ¥, is some n-cycle. As we discussed in section 2.3, these topological
operators can be interpreted as symmetry operators for the 7; theory assuming the support

of 3, is separated from that of 7.

Exponentiating the periods of the boundary conditions appearing in equation (2.20), we

get a relation between these naive symmetry operators:
U2 I,y = Vg (2.26)

Equivalently, pushing a copies of U, into the boundary results in v copies of U,,. The
boundary symmetries described by U, are extended by the bulk symmetries described by
U,,. We then see that the group AL describes symmetry operators which cannot be
deformed off the boundary, and are thus intrinsic to the relative theory By.,. Meanwhile the
group AP™ describes the bulk symmetry operators which do not admit an interpretation
as a symmetry operator of B;.; when deformed into the boundary, i.e., they are transparent
with respect to the boundary theory. The long exact sequence (2.24) connecting these groups
defines a class

P c H3(BAPW Aledee)) (2.27)

which precisely describes the Postnikov class of a 2-group which modifies the associativity

relation of AP symmetry operators [39,44].

We can dualize the exact sequence (2.24) to:
0 — Aglbulk),\/ N Avglbulk),\/ N Avgledgo),\/ N Aglodge),\/ - 0. (228)
where the image of the mapping

Aulk)v - Fledge),v (2.29)

n

specifies the bulk defect operators which can end on the boundary. Indeed as emphasized
in'! [58], the group ALY can be interpreted as an equivalence class of k-dimensional defect

operators modulo n-dimensional defect operators which can end on (n—1)-dimensional defect

(bulk
mn

operators which transform faithfully under A ). This in particular means that there are

HTechnically [58] mentions the case of a 2-group involving the mixture of a 0-form symmetry and a 1-form
symmetry but their consideration generalize straightforwardly.
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Avgledgo) Vv

elements in which are endable, albeit on (n — 1)-dimensional defect operators that

transform projectively under AP

Note that even if the Postnikov class of the 2-group vanishes, there can still be symmetry
fractionalization effects between the bulk and boundaries. In particular, if we have that
f =1and o > 1in (2.26) then P = 0 but we still have the non-trivial effect that symmetry
operators from the boundary can fractionate when pulled into the bulk. Conversely, if a = 1
and # > 1, then we have that again P = 0 but we have that bulk symmetry operators can

fractionate when taken to the boundary.!?

3 Top Down Approach

In the preceding sections we gave a bottom up discussion of symmetry theories on manifolds
with corners. We now proceed with a top down perspective, showing how for QFTs engi-

neered in string theory, the nested structures descend from the extra-dimensional geometry.

Throughout, we work on spacetimes of the form R4 x X. Here, X is taken to be a
non-compact background, preserving some amount of supersymmetry in the d-dimensional
spacetime.'® Further, we require X to be asymptotically conical'* with radial coordinate 7.
This assumption is a technical simplification and we expect our considerations to hold more
broadly. Concretely, we are interested in starting points in 10D (i.e., type ITA and IIB) or
11D (i.e., M-theory). The QFT will be localized along singularities

R&H x A c R x X (3.1)

where .7y C X is compact. In examples .7, will often simply be a point of maximal codi-
mension in X. The d-dimensional QFT then follows from compactification on .#,. In the
extra-dimensional geometry X the singularities .#, can either arise from a singular metric
profile (as in geometric engineering) or from branes probing a local geometry, which itself
might already have metric curvature singularities.

Going forward, we specialize to purely geometric backgrounds with exclusively metric
singularities. We consider cases in which .7 is of constant singularity type, i.e., there are no

singularity enhancements along .. However, conversely, .7 itself will be an enhancement

12This is also why 2-groups with non-trivial Postnikov classes were once phrased as “obstructions to
symmetry fractionalization” in the condensed matter literature [53].

13This assumption can be relaxed permitting even non-supersymmetric backgrounds, see for example
[59-62] and references therein.

“Examples include Calabi-Yau orbifolds C*/T" and Ga-holonomy orbifolds X7/ where X7 is a Bryant-
Salamon space [63] (see also [64]), non-Higgsable clusters [65] and many more.
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Figure 5: Sketch of a typical geometry X. The generic singularity .# consists of multiple
irreducible components .7 these meet at the enhancement locus .% and stretch to the
asymptotic boundary resulting in £ = .0 NJX. We refer to the .7 as “Aavor branes”.

within a generically less singular stratum .7:
SH S CX. (3.2)

These additional singularities are taken to be supported on non-compact subspaces of X and
we will refer to their irreducible components as flavor branes. Whenever . has multiple
irreducible components we say that .7, arises at the intersection of flavor branes, but more

generally .7 is simply the locus along which the generic singularity of . worsens.

A representative example we will return to several times is the Calabi-Yau orbifold C3/Z,,

acted on according to (21, 22, 23) ~ (W21, w2, W2

z3) with weight vector (1,1,2n — 2) and
root of unity w = exp(2mi/N). Here .} is the point z; = 29 = 23 = 0 and .¥ is the locus
21 = 29 = 0 which cuts out the flavor brane C/Z,, C C?/Zs, supporting a singularity modeled
on C%/Zy. In M-theory the resolution of this geometry engineers, in an electric frame, an
SU(n), 5D gauge theory with an SO(3) flavor symmetry and a Z, 1-form symmetry which
combine into a 2-group symmetry.!> The singular geometry engineers a 5D SCFT. The flavor
brane supports a 7D super-Yang-Mills theory twisted by the insertion of the 5D SCFT. The

twist is reflected in geometry via a monodromy transformation of the normal geometry C?/Z,

15Tn asserting that the O-form symmetry is SO(3) we are neglecting contributions from both the R-
symmetry and the tangent bundle directions of the 5D SCFT. For example, including the R-symmetry
and tangent bundle structures, one could in principle have a global form for the symmetries such as
(SU(2)r x SU(2)r x Spin(4,1))/Z,. This sort of correlated structure in the 0-form symmetries has been
observed in the related context of 6D SCFTs (see Appendix A of [66]). One reason to suspect such a corre-
lated structure for the global symmetries in this case is that a 5D N = 1 hypermultiplet transforms in the
(2,2,4) of the corresponding Lie algebra. As such, the centers are expected to be non-trivially correlated.
This will not impact the statements we make here, which exclusively focus on the su(2)p part of the 0-form
symmetry.
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when traversing a path linking the defect insertion in the flavor brane locus C/Z,.

This example already allows us to highlight important features which will be universal
in our top down analysis. Recall that in section 2 we started our analysis in d dimensions
and then, via iterated decompression, added dimensions one at a time. Each decompression
step was not unique and in decompressing a given QFT we in general had choices in how to
distribute its degrees of freedom across various edges. In contrast, in our top down discussion
the geometry X will specify a relative higher dimensional theory 7p within which the 7y is
realized as a defect theory where D > d.

This difference in starting point will have various natural consequences. First, in general
we will have D > d+1 and therefore we will consider an additional compactification of 7p to
a KK-theory 73,1 to map onto our previous considerations in adjacent dimensions. Second,

the extra-dimensional geometry X will always specify a preferred decompression of the type:

Ta+1 (3.3)

where the stringy construction automatically comes with a regulated Sy.1(g). Here Tgiq
is specified by the singularities . C X. This will also immediately identify B;,; as the
relative theory associated with modes which are not localized in X, i.e., so-called bulk

modes. Further, we find a family of decompressions with identical corner modes

/
Bd+1

T (3.4)

by varying how we cut up the geometry 0.X, which is associated to Sy1. This allows us to
add some of the degrees of freedom localized to Byy1 to T4y resulting in alternative edge
modes 7;,, and B}, while leaving the corners unaltered. This plethora of options traces

back to 7; being localized in X in codimensions larger than one in all our examples.

Let us make some of the above explicit. In the example of M-theory on C?/Z,, we have
d =5 and the Tp is the D = 7 super-Yang-Mills theory to the su, singular stratum. The 5D

SCFT is a codimension-2 defect within it and compactifying over circles linking the defect
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Figure 6: In subfigure (i) we sketch the sandwich of the bulk QFTp with inserted defect
QFT,. In subfigure (ii) we KK-reduce subfigure (i) to an open cheesesteak.

in the 7D theory we find a 6D KK theory 7g.1.

Returning to the general case, we also have that, in principle, X can contain strata of

singularities of depth larger than two
SHC---CcHHC-- =S CX, (3.5)

where 0 <1¢ < I with [ > 1. We immediately note that string theoretically engineered QFTs
are necessarily of finite depth (I 4+ 1) < dim X. The main features we wish to highlight are
already present when I = 1, and we therefore focus on this case going forward. See figure 5

for such a space X together with a typical singular locus .7 .

Now, in the above example we utilized the fact that the bulk 7D super-Yang-Mills theory,
playing the role of 7p, is infrared free. This allowed us to take an IR decoupling limit such
that ultimately only the 5D dynamics of the SCFT were retained. The existence of such
a decoupling limit is by no means guaranteed, and is for example absent when considering
defects theories in an ambient higher-dimensional SCFT [67]. As such, in top down analyses
it is much preferred to start with the ambient system and discuss 75, which might be as

general as a quasi-SCFT [67], relative to it.
With this, the primary question shifts to: What is the symmetry sandwich of an absolute

QFTp with a d-dimensional defect theory inserted?” To see how this question relates to our
previous considerations, we naively extend such a coupled system by an additional dimension
to a sandwich in overall dimension (D + 1) with interval coordinate 0 < z; < 1. For
this, denote the relative theory associated with the bulk QFTp by 7p and that of the d-
dimensional defect theory by 7;. Similarly, introduce Bp,B; as the boundary conditions

setting their global form. We sketch the associated sandwich as in subfigure (i) of figure 6.
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The (D + 1)-dimensional bulk is filled by the symmetry theory Spy; and, as a defect within
it, we have the symmetry theory S;,; (which we identify with a Bs; in our bottom up
discussion, however dropping the requirement that this boundary conditions is necessarily
gapped / free).

From here, to take a step towards our bottom up considerations in adjacent dimension,
we KK-reduce the bulk on (D — d — 1)-dimensional concentric shells centered on and linking
the defect S;;, ;. This results in the (D —d+1)-dimensional bulk transverse to S;;, ; projecting
down to a semi-infinite 2-dimensional strip which we parametrize with the radial coordinate

r > 0 of the shells and the original decompression coordinate x .

The triple (Tp, Spi1,Bp) reduces to the triple (741, Sate, ]Béﬁ’rll)) where, in the last entry,
we introduced an exponent recording (r, ). Next, note that the defect triple (74, S, Ba)
becomes an end of the world sandwich at » = 0 which is relative to the former sandwich. In
preparation of more unified notation we write B; = IB%ElO’l). We sketch the two sandwiches
in adjacent dimension in subfigure (ii) of figure 6. Overall, we have a (d + 2)-dimensional
symmetry theory for an absolute (d 4 1)-dimensional KK-theory, with a d-dimensional end

of the world defect, and we refer to this system as an “open cheesesteak”.

So far we have described how X may specify a (d + 1)-dimensional absolute theory. In
which situations, perhaps specifying yet more data can we hope to obtain a d-dimensional

absolute theory? Recall the latter was our starting point in bottom up considerations.

Whenever the (d + 1)-dimensional KK-theory is infrared free we can consider an IR limit
localizing the ungapped dynamics to d-dimensions. However, this limit only results in an
absolute d-dimensional theory if we specify an additional set of boundary conditions. This
is due to the KK-theory containing extended defect operators, such as Wilson lines, which
can end on the d-dimensional end of the world theory 7;. The end points of such defects in d
dimensions are themselves defects of the end of the world theory, and to obtain an absolute
theory in d dimensions we must determine which maximally mutually local subset of these

are to remain.

Such a choice is then realized by boundary conditions along the remaining internal non-
compact dimension which are imposed at r = co. For now, let us simply note that this adds
a triplet of boundary conditions which we denote by BS’OK B&lﬁl), B&l’l) respectively labelled

by their location and dimension (see figure 7).

With this we can finally connect to our discussion in section 2 by specifying where By,

and other data, is to be located in the above discussion. Our claim is that X has naturally
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Figure 7: To obtain an absolute d-dimensional theory, after taking a decoupling limit local-

izing dynamics to d-dimensions, we must impose additional boundary conditions (green).

decompressed By into the tuple

~ 1,0) (1, 1,1) m(r1) (0,1
B = (B{", B, B, YY) BYY) (3.6)
Conversely, contracting the (d 4+ 1)-dimensional edges ]Bf;ﬁ”, ]Bf;’rll) the three d-dimensional

corners stack to By. Further, we have the identification S;;, ; = Bg;1 as a relative symmetry
theory. The (d + 2)-dimensional bulk and corner 7; are as in the bottom up discussion. In

the notation of figure 8 we have that B; now results from compressing the edge of the tuple
1,0 1,x 1,1),%
B = (B, B{ ) B . (3.7)

We give a geometric underpinning for B and B in section 3.4.1.

To round out this introduction we mention that whenever a limit isolating the d-dimensional
dynamics engineered by X exists we will contract only ]Bgfl). In the geometry X this will
amount to a particularly natural partitioning of X which pushes the flavor brane local model

to the asymptotic boundary 0.X.

Further we comment that whenever X; are local patches covering some larger geometry
Y then the symmetry theory associated to Y results from gluing the open cheesesteak of the
patches X;. Rather than lay out the general theory of this construction we will simply give
an example with Y = (T2 x C?)/Z, and four copies of X; = C3/Z,.

Finally, let us provide some geometric intuition for the ideas developed in this section.
To begin, consider the very first decompression in our bottom up discussion where Sgy; is
supported on M, x I with interval I = [0, 1] with coordinate r. As in [13], in top down
constructions, each point r € I will be associated with a shell 0X at fixed radius r of the

internal geometry and scanning over I we have that X is swept out by radial shells. A point
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Figure 8: We depict the various (d + 2)-dimensional symmetry theories we consider, and
make explicit their relation: the tuple B compresses to the tuple B which compresses to the

corner B;. Here we have used S}, = Bg1.

r € I, assume for now r # 0 and r # oo, can be decompressed into an interval J with

coordinate x . For this, pick a decomposition
0X=UUV, (3.8)

where U,V glue along their common boundary OU = 9V to 0X. Note that formally 0X
has infinite volume and M-theory or ITA /IIB describes a field theory with locally decoupled
sectors as in [26]. We can therefore open Syy1|,—,, for a fixed value r, into a SymTree. This

is achieved by deforming the gluing region into a cylinder
oX=U'uzuv'. (3.9)

Here U, U’ and V, V' are homotopic pairs. The cross-section of Z is topologically OU = 9V =
W and Z = J x W. The resulting SymTree has two ends corresponding to U’, V' connected
by edges associated with Z.

With this any decomposition 0X = U UV gives a triple Tgi1, S, 5, Bir1. The triplets
associated to two decompositions 0X = U; UV and 90X = U, U V5 agree if the U;, V; are
related by an ambient homotopy. Further, for geometries X with flavor branes . there

is a natural decomposition for 0X. Flavor branes intersect 0X in a singular locus J#. A
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decomposition of X which isolates the flavor symmetries associated with . is therefore
0X =T, U0X?, (3.10)

where 0X° is the complement 0X \ T and T4 is the tubular neighbourhood of # C 0X.
The (d + 2)-dimensional decompressions described in this section are with respect to this
natural decomposition. Overall, however there are as many decompression of type (3.4) as
decomposition (3.8) of 0.X.

We structure our top down discussion as follows. First, in section 3.1 we discuss in some
detail how to favorably parametrize the geometry X. The main idea is to consider a local
model T’y centered on the full singular locus. From this perspective we then discuss defect
operators in section 3.2. In section 3.3 we discuss the symmetry theories Sy o and Byy 1. This
will involve a compactification on a manifold with boundary and an associated long exact
sequence in relative homology will yield the boundary conditions (2.13). Next, making the
local model T'» larger and larger we can fill the full geometry X, due to the homotopy relation
Ty ~ X, and we discuss how this deformation is realized in the cheesesteak (see figure 8). We
then discuss how to close the open cheesesteak in section 3.4, imposing boundary conditions
at asymptotic infinity 0X, i.e., we specify the tuples B, B. Here, our main characterization
of edge and corner conditions will be via their interaction with defect operators. Finally,
in section 3.5, we end with some general comments and a brief example demonstrating how

open cheesesteaks enter as building blocks into more general considerations.

Where possible we make our discussion explicit using the running example of M-theory

on X = C3/Zs, acted on as (z1, 29, 23) ~ (w21, w2a, w?"223) with weight vector (1,1,2n —2).

3.1 Geometric Considerations

We begin by identifying the geometry corresponding to the bulk, edges and corners. We will
naturally find a structure (see figure 8) in which additional decompression steps have taken

place compared to the bottom up motivated approach.

To begin, consider the non-compact manifold X with singular locus .y C . C X and
asymptotic boundary 0X. The maximally singular sublocus .#; is compact and does not
intersect 0X. However, flavor branes may stretch to 0X and intersect it in # = 0. =
N 0X. Further, we introduce the tubular neighborhoods T'» C X of . and T, C X of

2, and their complements
X=X \Ty, (0X)°=0X \Ty. (3.11)
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We will often use the shorthand notation (0X)° = 0X°. The tubular neighborhood Ty is
the local model for the bulk QFTp. Both X° and 0X° are manifolds with boundary. Their

boundaries
J(X°) = D(0Ty), 0(0X)° =0Ty, (3.12)

are of dimension dim X — 1 and dim X — 2, respectively, see figure 9. Here D(0T») denotes
the double of a manifold with boundary, given by two copies of 9Ty glued along their
boundary 97 ». We will abbreviate!® 9((0X)°) = 0>°X° = 9T 4.

Two very important, yet simple, relations are the homotopy equivalences
X~Ty, 0X° ~ 0Ty . (3.13)

The excision operation o and the boundary operation 0 do not commute. Fundamentally,
these relations are the reason why the construction we present in this section, which is based

on Ty, is applicable to the theory engineered by X.

In the setups we consider here, the asymptotic singular locus £ is of fixed singularity
type with no enhancements. We denote by 2 a model of the singularity, i.e., its normal
geometry at some fixed point of #". The tube T is modelled on a family of singularities
{Zskthenr and Ty is generically a fibration of 27 over % twisted by symmetries of Z7.
We write!” Ty = 27 x . Further, note that the normal geometry 2} extends radially
inwards and sets the singularity type along the full flavor locus. The coordinate, normal to

the singular locus, i.e., parametrizing the radial coordinate of 27, is denoted z; .

Next we describe (non-flat) fibrations which will be the starting point for the supergravity
compactification. We briefly summarize their structure here and then discuss them in greater

detail. Underlying our constructions will be the projection
Trj - Ty — IXJ, (314)

with intervals I, J = [0, 1] parametrized by r, x| respectively. From here, fixing z; we obtain

the projection of a boundary slice

mr: 0Ty — 1. (3.15)

16Here, ‘0%’ makes the nested structures and relevance of manifolds with corners explicit.
"Here, 27 x  denotes a fibration (twisted fiber product) of the singularity model 27} over .#". More
generally we write Fiber x Base.
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0xX°
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Ty C0X Tolrso
— —_— 4~—
57 S 0 = OTy — X T |0 0X

0X;,

retract

Ty = 0X°

Figure 9: We sketch the non-compact manifold X. In the figure two flavor branes (red)
intersect at .#y. The tubular neighborhoods of the flavor branes (blue) and their asymptotic
boundaries (green) are depicted. We shade these tubes in the legend, in subfigures (i), (ii) we
only mark their boundaries. These tubes glue along the neighborhood associated with the
intersection .#; (purple) to the tubular neighborhood T’y of the full singular locus .. The
complement X° = X \ T’y lies ‘behind’ the local model boundary 0T» or “at infinity” with
respect to T's. The deformation retraction shrinking the neighborhood of .74, or equivalently,
growing the neighborhoods of .77 \ . deforms subfigure (i) to subfigure (ii). Further, we
have the converse limit, growing the purple tube until it fills X.
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Figure 10: We sketch the pair of fibrations 7y : 0T — . and 7y : 0T — I. The generic

fibers are 0.2 and 0.2 x 0.7 while the exceptional fibers are & and 0& x .7, respectively.
The fibration 7y is twisted by the symmetry group Sym(.2Z7%).

The generic fiber of both projections is topologically a copy of
Oy =X =0X; 10 =0%; x A . (3.16)

At the boundaries / corners of I x J the fiber can change, we refer to these fibers as excep-
tional. The supergravity compactification will be with respect to these generic and excep-
tional fibers and result in a theory supported on the d-dimensional spacetime of 7; times the

two decompression dimensions I x J.

To discuss the above fibrations we begin by considering the related fibration Ty — %
with generic fiber 2. Away from .7 the fibration is simply determined from the normal
geometry to .7\ .y which is modeled by assumption on Z%. From here, fiberwise restricting
to the boundary, we obtain the fibration

Ty . aTy — 7. (317)

This fibration has exactly one type of exceptional fiber 0& projecting to .#,. For example,

when .} is a point we have
08 = aT‘Y|retract = aAXVO|retract ) (318)

where |retract @bbreviates a deformation retraction onto a lower dimensional skeleton. See
subfigure (i) of figure 10 for a sketch of m». Further, immediately compare subfigures (i) of

figure 6 and 10 making the internal geometry related to the former clear.

We now produce a second, very related, fibration assuming that . respects the conical
features of X. We assume that . is itself conical with link " = 0. and radial coordinate
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0 <7 < 1 such that at » = 0 we find 0. to collapse to .#y. In that case, we may lift the
link 0.7 into the fiber and fiber the space exclusively over the radial direction I = [0, 1].
This results in the fibration

mr: 0Ty — 1, (3.19)

with generic fiber 027 x 0. At r = 0 the generic fiber degenerates to 0 x .. See
subfigure (ii) of figure 10 for a sketch of 7;. Filling in the normal direction to the singular
locus we have the fibration

wrg s Ty — I X J, (3.20)

mapping the locus % to r,z; = 0 and % at ©; = 0. Copies of 0X°|,etract are mapped
tor = 0 at fixed x; # 0. The generic point with r,x; # 0 is mapped onto by a copy of

Example We make the above explicit for the Calabi-Yau orbifold C3/Zs, with quotient

n=2,5) and weights (1, 1,2n—2) and root of unity w = exp(27i/2n).

(Zl, 22, 23) ~ (wzla WZzg, W
Here T's is a tubular neighbourhood of the singularities . = {21, zo = 0} and a 6-dimensional

manifold with boundary. With coordinates r = |z3]? and x, = |2]? + |22/|?, we have
Ty:{(zl,ZQ,Zg) €X|ZL’J_: |Zl|2+|22|2 SE}, (321)

for some finite € > 0. The first homotopy in (3.13) is realized by the deformation induced
by growing €. To see the second homotopy take a model of the asymptotic boundary to
be the copy of S%/Zs, cut out by |z1]? + |22|> + |23]* = 1, similarly restricting T'» to the
unit ball, and consider a scaling of the third coordinate until we realize the projection
(21, 22, 23) +> (21, 29, kz3) With k% = (1 — €)/|23]*> which maps the boundary of the cylinder
T'» onto asymptotic infinity.

The model of the flavor singularity is 27 = C?/Zy and consequently 9Ty = S3/Zy x S*
where the S! is the angular circle in C/Z, linking the codimension-6 locus .7 = {21 = 2o =
z3 = 0} within the flavor brane. The coordinate r parametrizes the radius of C/Z,, while x|

parametrizes the radius in 2F. We have have the projections

g Ty =7, (21,22, 23) + 23
w1 Ty — 1, (21, 22, 23) |23|2 =T (3.22)
g Ty = I X J, (21,22,23) = ([2]% [21]* + |20f*) = (r,21) .

Consider 7y, at z3 = 0 the normal geometry is C?/Zs,, and therefore & = S*/Z,,, for this

example, otherwise we have the generic fiber S3/Z, projecting onto z3 # 0. All other fibers
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T

Figure 11: We sketch a projection of X = C3/Z,, onto a 2-simplex with local coordinates

r,z,. The asymptotic boundary X = S%/Z,, is projected on to the green line.

follow from this observation.

Further, we make the bottom line of figure 8 explicit and explain how I x J can deform
to a 2-simplex with the same local coordinates. For this note that the asymptotic boundary

S® /Zs, can be viewed as cut out by
L= |22+ |zl +|xsP=r+z,. (3.23)

Now, in the quadrant Rsy X Rso parametrized by 7,z , the asymptotic S®/Z,, maps onto
an interval. The space C3/Zs,, viewed as r + x; < 1, maps onto a 2-simplex with 1-faces
r=0and z, €[0,1], and z; =0 and r € [0,1], and (3.23). See figure 11.

Let us now return to our general discussion. We identify the internal geometry corre-
sponding to bulk, edges and corner of the open cheesesteak as already sketched in figure 9.
The bulk corresponds to a two-parameter family of copies of 92X°. There are three edges,
two of which are parametrized by r with z; = 0,1 respectively and one parametrized by x|
with 7 = 0. The former pair corresponds to a l-parameter family of copies of J# = 0.
and 9% X° respectively. The latter corresponds to a 1-parameter family of copies of 0X° (a
fattening of 0&"). The corner at (r,z;) = (0, 1) corresponds to a copy of 9X° and the corner
at (r,z,) = (1,0) corresponds to .. See figure 12.

From the perspective of the relative bulk QFT only edges and corners with x; = 1 are
“at infinity.” Here, boundary conditions must be imposed to realize an absolute theory.
From the perspective of the corner 7; both edges and corner with z; =1 and /or r =1 are
“at infinity” and any limit localizing modes in d dimensions needs to be supplemented with

boundary conditions at » = 1 if it is to produce and absolute theory in d dimensions.
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Figure 12: We sketch how the geometric structures map project onto (r,z, ). We show the
projection for the tubular neighbourhood T's». The homotopy X ~ Ty realized by growing
the purple region / shrinking the blue tubes in the top figure gives a similar projection for X.
The arrow denotes fiberwise compactification with respect to the fibration 7;. The boundary

conditions (green) set at metric infinity of X are unspecified in an open cheesesteak.
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3.2 Defect Groups

In the preceeding section we described a fibration of the geometry T'»» ~ X by fibers labelled
by the coordinates r, 2. The two symmetry theories Sgi2 and S)j,; = Bay1 will derive from
compactification of some supergravity theory on these fibers to d + 2 or d + 1 dimensions.
They are in part characterized by their operator content. Favorably, the stringy construction
of many such operators can be realized without much of this field theory analysis: they result

from branes wrapped on cycles of the geometry following [68], see also [69, 70].

Here, we therefore take the perspective of studying Szyo and S, = Bay1 via the top
down construction of their operators which are characterized by the kind of p-brane wrapped
and its wrapping locus, a relative homology cycle. With this, we now extend the notion of
defect group [71] to the QFT system engineered by ., C ., i.e., the flavor brane theory
Tar1 with end of the world theory 7;. We further discuss similar generalizations in the

constructions of symmetry operators.

To motivate the necessity of these considerations, consider again the example of M-theory

on C3/Zs,. The boundary homology groups'® we focus on are
H\(S?|Zy,) & Ty, H3(S? L) = Ty, . (3.24)

In an electric frame, wrapping M2-branes over cones on the 1-cycles produces defect line
operators charged under a Z,, 1-form symmetry. Naively, wrapping M5-branes on asymptotic
3-cycles constructs the corresponding symmetry operators. We expect a 1:1 correspondence
between these objects, however, the count is off, Z,, # Z,,. Clearly we ought to restrict the
3-cycles which link non-trivially with the 1-cycles, but even so, it remains to settle how the

unaccounted for wrappings are to be interpreted and specify “linking” in singular spaces.

To proceed in generality, and fix such mismatches, first consider the defects of the flavor
brane theory 7;11. Wrapping branes on cones over classes in H, (0ZF) construct defect
operators of Tp extending in the singular locus (. \ %) x R4=11. Now, after KK reducing
further on 0.7, see figure 6, these descend to defects of Tz41 extending in (I'\ {0}) x RZ-11

The relevant cycles for brane wrappings are now cones over classes in:
H, (0%} x 0) = H,(9°X°). (3.25)

In the cheesesteak these wrappings result in defects sketched in subfigure (i) of figure 13.

18Here and throughout this paper, unless stated otherwise, we denote singular homology and cohomology
groups with integer coefficient of some space X by H,(X) = H,(X;Z) and H"(X) = H"(X; Z) respectively.
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Figure 13: We sketch defects (snaked brown line) contributing to the defect group of genuine
non-endable defects of the coupled edge corner system Tg.1,74. Defects depicted in (i) are

defects of Ty11 and can be deformed into the boundary supporting B, resulting in defects

of the corner mode 7; as depicted in (ii).

In a similar fashion, the loci naively relevant for constructing defects of the corner theory
T4 are cones over classes in 08 X .y ~ 0X°|retract and for Ty the groups (3.25) are replaced
with
H,(0X°) = H,(0X°|retract) - (3.26)
In the cheesesteak these wrappings result in defects sketched in subfigure (ii) of figure 13.

To relate the two sets of defects above, consider sliding a cycle in §?X°, characterizing
defects of flavor brane theory, into the geometry 0.X° which we associated with the corner

theory. This is formalized by the mapping
D, : H,(0°X°) — H,(0X°), (3.27)

which is the lift of the embedding 9?X° « 9X° to homology. Defects of 7; which do not

result from flavor brane defects pushed into B, are therefore characterized by the cokernel
H,(0X°)/H,(9*°X°). (3.28)

However, to determine the defects intrinsic to the corner theory 7; we should ask the converse
question: which of the naive defects, constructed by wrappings on (3.26), can be moved off
747 That is, in figure 13, can we deform subfigure (ii) to subfigure (i)? This is only possible

for some maximal subgroup £, of Im D,, on which we can define

D' Hy(0*°X°) « F,ClImD, C H,(9X°). (3.29)

n

Motivated by these considerations we define the defect group of genuine, non-endable
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defects of the 74,1, 74 system derived from p-brane wrappings:

DT = PDulTal  with DTl = P (Hi0X)/F) s

(3.30)
D[%—i—l] = @Dm[%—kl] with Dm[%-{—l] = Hn(a2Xo)|triv

p—n=m-—2

where in giving the homology groups we have characterized wrapped cones by their cross-
section. Here m is the dimensionality of the defects in 7; and Tp, and |, means the cycle
trivializes when embedded into the corresponding fibers of T’y — I. Similarly, we can also

introduce the naive defect group

]ﬁ)[%] — @]ﬁ)m[fi] with ﬁm[ﬁ] = @ H,(0X°)|triv (3.31)

p—n=m-—2

built from cycles of 0X°. Symmetry operators acting on these defects are constructed by
wrapping branes on the asymptotic cycles themselves. Choices of polarizations for defect

operators of (3.30) can of course be obstructed by anomalies.

Example Let us apply the above to the example of M-theory on C3/Z,,. There we
compute (see appendix A) the groups

H3(8°X°) 2 7, H3(0X°) 2 7,

(3.32)
H(PX) 2L DTy, H(0X°) X7y, .

We compute the mapping H3(9>X°) — H3(0X°) to be multiplication by n. The mapping
H(6?°X°) — H,(0X°) is computed to (f,t) — f + nt where (1,0) generates Z and (0, 1)
generates Zo. It follows here that F3 = Z and F; = Z,. Therefore the group of line operators

in 7; from M2-brane wrappings on non-compact 2-cycles computes to
D1[Ta) = H1(0X°)/ Fy = Zy,, (3.33)

while the symmetry operators acting on these are M5-branes wrapped over H3(0X°)/F; =
Z,,. With respect to the orbifolding group Z,, we find the symmetry operators here to be
a Ly, C Zs, subgroup while the defect operators are a Z,, = Zs,/Zs quotient. Overall, we
have correctly determined M2- (resp. Mb5-brane) wrappings associated with defects (resp.
symmetry operators), accurately capturing the Z, 1-form symmetry of the 5D SCFT in an
electric frame. It now remains to discuss the defect operators one would naively attribute to

the subgroup Zy C Zs, and the symmetry operators similarly attributed to Zy = Za, /Z,,.
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Figure 14: In (i) we sketch a defect (snaked brown line) ending on the boundary supporting
Bai1. We can deform it onto the corner, (i) — (ii), and this gives another class of defects

which are genuine in 7;. However, taking the perspective of 7,1, they are seen to live at

the boundary of a higher-dimensional defect.

The former are clear, they are flavor line operators, as constructed from wrapping M2-branes
on non-compact 2-cycles, captured by the subgroup Zy C Dy[7441]. For the latter we require

more general considerations.

Returning to the general case, there are further defect operators which are genuine from
the perspective of the corner theory 7; but non-genuine in the flavor brane theory 7T ;.
The kernel of the mapping D,, corresponds to those defects which can end in the geometry
0X°, i.e., there exists a chain in .X° bounding the cycle, and wrapping branes on this chain
constructs boundaries of flavor defects. Using these loci we can build further defects (see
subfigure (ii) of figure 14). Motivated by these considerations we introduce the mixed defect

group derived from p-brane wrappings

Duix[ T, Tas1] = @ DUlTa, Tara]  with  DUD[Ta. Tanl = €D (Ker Dy) iy
m p—n=m—2
(3.34)
Our Running Example In our running example of M-theory on C3/Z,, we indeed

compute
Dgl)x[lldb 7:54-1] = ZQ ) (335)

and have therefore now accounted for the missing Z, (and the symmetry operators wrapped
on the corresponding asymptotic cycles) which is geometrized as H3(0X) = Zy, mod 2 as

seen from the long exact sequence in relative homology of the pair X°, 9>X°.

Have we described the full set of non-endable defects? For the flavor brane theory 74,1
we have, as this theory is well-defined in isolation such that the methods of [71] directly
apply. For the corner theory 7; we described the full set of defects constructed by wrapping
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non-compact cycles of 9X. In appendix A we show that we have the short exact sequence
0 - H,(0X°)/F, — H,(0X) — KerD,, — 0, (3.36)

for all examples we will consider, i.e., all cycles in H,,(0X) are accounted for.

3.3 Bulk S;,> and Boundaries B, 1, 711

We now discuss the symmetry theory S;.0 with boundary theory B,y explicitly by determin-
ing their field contents, actions and boundary conditions. This in particular improves on the
defect group discussion by giving a Dirac pairing for the groups in (3.30), which determines
the set of possible polarizations, and anomalies obstructing choices of polarizations. Both
of these will be characterized by interaction terms of the action. Once this bulk-boundary

system is discussed we turn to a similar analysis for 7, 1.

3.3.1 Bulk S;,5 and Boundary B,

To begin, note that the symmetry theory S;.o with boundary theory B, is computed by
compactification of some supergravity theory on the fibration n;; : 0X° — I x J. Here,
compactification on the generic fibers 0.27 x 0. = 9T, which are copies of 9 X° computes
the symmetry theory of the flavor brane theory, at » = 0 and along the edge J, this fiber
degenerates to 0& x 0.7, which is topologically (after fattening) a copy of 0.X° determining
the boundary theory Byi1. See figure 12. As such we will be concerned with compactification
on 92X° and 0X°.

Immediately we comment that the flavor symmetry theory Sy.» is a standard absolute
symmetry theory as the relevant space 0*?X° = 9T is a smooth compact manifold. There-
fore, S4.o follows by considering the geometry 7', normal to the flavor brane and applying
the prescription laid out in [13,20,26]. On the other hand, the space 9X°, associated with
the boundary theory Byii, is a manifold with boundary and the compactification, which

results in a relative symmetry theory, requires more care.

In both cases we give our analysis at the level of singular (co)homology.

Field Content

First, we determine the field content of By, 1, Sy.2, then we discuss the boundary condition
Sit2|B,,,, and from here turn to discuss the action of Byi1, Szy2. We begin our analysis by

clarifying the cocycles we expand fields in.
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The geometry determining the field content of Sy,5 is the smooth compact space 9?X° and
fields follow by expanding the relevant supergravity fields in the cocycles .Z™ = H"(9?X°)

in standard fashion.

The geometry relevant for determining the field content of By, is the manifold with
boundary 0X°, or equivalently, a fattening of the exceptional fiber. Therefore, there are
two natural options for internal cocycles when expanding supergravity profiles, which are

H™(0X°) and H"(0X°,0°X°). We will employ both simultaneously, and correct for an

“overcounting”. We say we reduce supergravity fields on
H"(0X°,0°X°) — H"(0X°), (3.37)

or equivalently
¢" = H"(0X°,0°X°) @ H"(0X°)/ ~, (3.38)

where we identify cocycles in (3.37) with their image. The mapping in (3.37) is taken from

the long exact sequence in relative homology for the pair 0X°, 9*>X°.

Boundary Conditions

Now, with both the field content of Sy, and By, in hand we can formulate boundary

conditions between these. Boundary conditions are determined by the mappings
H"(0X°) — H™(0*X°) — H"M(0X°,0°X°), (3.39)

which relate the internal cocycles of the geometry resulting in relations of their spacetime
coefficients, the symmetry theory fields. Here, the cycles associated with fields of Sy, o are
the central entry and they are mapped into / onto to cycles associated with fields of Bgy.
Consider, for example, a supergravity field strength G,,.,, of degree n +m. Let W) ¢
H™(0X°) and WO en "(9?X°) be two cocycles such that the former is mapped onto the

latter. We make the expansions

Grim = BOX) yw®X) 4 510
Grpm = BOX) g @X9) (340)

(9%2x°

with m-cocycle coefficients. The fields By, ) and BEZX") propagate in the bulk and bound-

ary theory Syio and By, respectively. The first mapping in (3.39) implies
(92X°)

ax° _
w,(L )|82XO = sw,

mod ¢, (3.41)
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with some integers s,t depending on the geometry, also possibly without the modulo condi-

tion. Therefore boundary conditions between the symmetry theory fields are

B@X?) — sBX°) mod 1, (3.42)

Bai1

in the natural normalization with respect to (3.39). Similarly, we can consider the pair

0X°,02X° 0X°,02X°
Gnim = Bfn—l v wr(z—i-l : (3.43)
G = BEX) [ y@X°) 4 ‘

which, following analogous steps as described above, now for the second map in (3.39), gives

the relation

mod g, (3.44)

n

w@X) = p [8/87’ _:wﬂ)io’yxo)]

Bayi1
for some integers p, g again depending on the geometry and possibly without the modulo
condition. This relation on the internal cocycles translates into following boundary condition

for the symmetry theory fields

:pBZgXo’azxo) modq, (345)

[0/0r 3 Bljexe)|

Bai1

for some integers p, ¢ depending on the geometry. Here r is the coordinate of the half-space

I which is the coordinate normal to the boundary theory B, 1.

Exactness in the central entry in (3.39) implies that (3.42) and (3.45) lead to a complete

set of boundary conditions in the sense of section 2.

Boundary Degrees of Freedom

Let us now discuss the intrinsic degrees of freedom of the boundary theory By, 1, i.e., the
degrees of freedom not fixed by the boundary conditions of lines (3.42) and (3.45). Recall

that the field content of B, derives via reduction on cocycles
H"(0X°,0°X°) — H"(0X°), (3.46)
boundary conditions eat up degrees of freedom according to the flanking terms

H™Y(8?X°) — H™OX°,8X°) — H™9X°) — H"(3*X°), (3.47)
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by exactness the unconstrained / intrinsic fields descend precisely from the reduction on the

image of the mapping (3.37), i.e., the cocycles
H™(0X°,0°X°) C H"(0X°), (3.48)

which are the cocycles vanishing along 9?X° and are not related to H"~1(9>X°) associated
with flavor field content. In the symmetry theory By, the associated degrees of freedom
are not fixed by the bulk symmetry theory Syi2, remaining free to fluctuate, and are path

integrated.
Overall the path integral of the symmetry theory pair Syio,Bgi1 is given by a path

integral over all fields of Sy, as result from reduction along H"(9?X°), and all fields of By,
as result from the reduction along H"(0X°, 0°X°) — H™(0X®). The field space integrated
over is subject to identifications induced by H"(0X°) — H™"(0?°X°) — H"T(0X°,9*X°)
which set the boundary conditions. The path integral, after identifications are made, is over
the full set of flavor brane fields and those intrinsic to By, determined by H"(0X°,9*X°) C
H"(0X°).

Our Running Example Consider M-theory on C3?/Zs,,(1,1,2n — 2). In an electric
frame this theory as a Z, 1-form symmetry. However, the (co)homology groups 9°X°, 9.X°
only feature instances of Zy and Zs, subgroups, and naively the background field for the Z,
1-form symmetry, obtained via expansions of the type (3.43), seems absent. However, we

compute
Im (H?*(0X°,0°X°) — H*(0X°)) = Z, (3.49)

which we interpret to mean that the boundary modes of By, which are left to fluctuate
after the boundary conditions to the bulk S;,5 have been imposed, precisely capture the
background fields for the Z, 1-form symmetry. In this sense these degrees of freedom are

only manifest after imposing boundary conditions and are ultimately localized to By, .

Interactions

Interaction terms of the symmetry theories Syi0, Byi1 reflect anomalies of the theories
Ta, Tar1 respectively. In our setup Sy, is an absolute symmetry theory while B, is relative
thereto and as such the interaction terms for Sy, 5 are computed via standard reduction using
the differential cohomology ring of 92 X° much as in [13,20, 72].

However, as By, is relative to S0 and the geometry playing the role of the closed space

02 X° for the latter is now replaced with the manifold with boundary 9.X°, we need to revisit
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the computation of the interaction terms for B;,;. We describe an approximation to this

problem in integral cohomology.

For this recall that following (3.39) we discussed derivation of the field content and
boundary conditions for the bulk-boundary system Syio, Bgi1. Key was the insight that
supergravity fields are expanded both in cohomology groups H"(0X°) and H"(0X°, 9*X°)
or, more precisely, in differential cocycles projecting to these groups. As such, reducing the
terms of a supergravity theory the internal integrals are determined from a cup products

and linkings of these two groups of cocycles.

With this let us first focus on the case of discrete symmetries. In this case, in a cohomol-
ogy approximation, the final pairing is a linking. The relevant linking form in (co)homology
is

¢V . Tor H,(0X°) x Tor Hy_,,_1(0X°,0*°X°) — Q/Z,
¢ : Tor H"™(0X°) x Tor H¥~"(0X°,0°X°) — Q/Z,
where M = dim0X° = dim0X = dim X — 1. These forms follow from Poincaré-Lefschetz

duality and the universal coefficient theorem which respectively assert

(3.50)

Tor Hyy—p1(0X°,0*°X°) = Tor H"(0X°) = Tor H,(0X°)", (3.51)

giving a non-degenerate pairing.

Such quadratic pairings give rise to discrete BF-like couplings when reducing p-form
fields of the supergravity theory on H*(0X°) and H*(0X°,9°X°). See Appendix B of [26]
for how the discrete BF terms reduce from the kinetic terms of the p-form fields. More

generally, the coefficients in the Lagrangian of By, are proportional to

lwi U Uwg,wyU---Uuwp) € Q/Z, (3.52)

where w; with ¢ = 1,...,k and v}, with i = 1,... k' where are cocycles such that their

cup product is an element of H"™(9X°) and HM~"(0X°,9>X°) respectively. The linking
(3.52) is thus determined from various cohomology rings and their linking forms and generally
straightforwardly computable. Generally only an integer multiple of the coefficient appearing
in the Lagrangian of B,,1 can be computed in this manner and (3.52), for example in the
context of M-theory compactifications, this often needs to be divided by a combinatorial
factor of 2,3 or 6. In principle, such a refinement requires the use of index theory or
differential cohomology which we defer to future work, however in cases we will present

there is a work around based on self-consistency considerations.

We can make similar remarks for continuous abelian symmetries, where now the relevant

45



pairings are the intersection pairings

iV : Free H,(0X°) x Free Hy,_,(0X°,0*°X°) — 7,

(3.53)
i : Free H"(0X°) x Free HY™"(0X° 0°X°) — Z,

with Free H, = H,/TorH, and analogously for cohomology. We again obtain BF-like
couplings from reducing the kinetic terms for the p-form fields as well as higher order terms
analogous to (3.52). For instance, let us consider reducing M-theory on some 0.X° such that
H™(0X°) ~ HM=(9X° 0°X°) is non-zero. Then the relevant 11D kinetic term for the Cy

potential is proportional to
1

GN 11D

where we have included the 11D Newton’s constant G. We can rewrite this action as
/ (G4 VAN h7 + GN h7 N *h7) (355)
11D

after using the Lagrange multiplier h;. After reducing G4 and h; on some w, € H"(0X°)

and Wy, , € HM™(0X° 0% X°) respectively, we obtain a term in the action of B

K/ (Gan N Pr—piin + GN hy_pgn A *hr_pign) (3.56)

where K = i(wy,w),_,) is the intersection number. After taking a decoupling limit from
the gravitational degrees of freedom, Gy — 0, we see that we reduce to the same BF-like
terms that have appeared in recent proposals for describing SymTFEFT for U(1) symmetries
[16,18-20]. The conceptual difference is that there are no gauge fields valued in R in sight
in our construction. This apparent conceptual mismatch is mended by simply noting that
all of the observables in By, are invariant under G4, — G4_, + dcs_,, and h7_p;, —
It npon +dce_prin, i.e. only dependence of the cohomology class of the fields are observable,
not the particular representatives. Given such a redundancy, it would appear that one
could regard G4_,, as an R-valued gauge potential and h; as a U(1) curvature, or vice-versa

although no honest R-valued gauging has appeared at any step.

3.3.2 Bulk S5 and Boundary 7,

We now turn to discuss the boundary conditions imposed on Sgzy2 by the relative theory
Ta.1 associated to the singular locus .\ .%. Generically, these will be enriched Neumann

boundary conditions in the sense of [15].
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To say more, let us specialize to the case in which 73,1 is an infrared free gauge theory
as will be the case whenever .\ . is an ADE singularity in M-theory. In taking the IR
limit, localizing the dynamics of our system to d dimensions, the flavor brane gauge coupling
decreases ¢ — 0. As a result we find a copy of Horowitz’s non-Abelian BF theory [73]
localized to Tg41 in the limit, as previously noted in [19]. In addition, the twisted normal
geometry to . \ .7 leads to additional topological terms in the flavor brane fields localized
to Tag1.

Our Running Example Consider M-theory on C3/Z,,(1,1,2n — 2). The orbifold con-
tains an su, singularity supported on C/Z, and the normal geometry C?/Z, thereof is acted
on by a Z, monodromy along paths linking the tip of the cone C/Z,. The 7D super-Yang-
Mills theory supported on C/Z,, has a corresponding background profile turned on. To obtain
the 6D KK theory, for which 7; functions as an end of the world brane, we compactify on
the circle parametrized by the angular argument of C/Z,, (this results in a radius dependent
gauge coupling, see our discussion around (2.2)). The KK theory contains massless fields or-
ganizing into a 6D su(2) super-Yang-Mills theory and the non-trivial normal geometry gives

rise to an additional topological term. In the limit ¢ — 0 we have the overall contribution

2
27T/ <f2u_)__7T/ (f2Uf2Uf2) (3.57)
R,5oxRL4 2T 27w 6n R, 50 xR14 2w 2w 27w

to the 6-dimensional edgemode theory 7;.1. Here f; is the non-abelian field strength of the
6D su(2) SYM theory, hy is a Lagrange multiplier and r is the radial coordinate of C/Z,.
We discuss the geometry and the derivation of (3.57), using a IIA dual frame and the Wess-
Zumino couplings on the world volume of a D6-brane stack in section 4 which is similar to
the steps leading to (3.56).

3.4 Boundary and Corner Conditions IB%,IE

So far we have discussed our various (d + 2)-dimensional constructions in a local patch
centered on the theory 7; which realizes an interface theory between the edges Tyi1, Byi1
and, simultaneously, a corner theory to Sgo. With this, we now discuss the remaining edges

and corners to Syio.
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We begin with the open cheesesteak

s
Say2 By
Ta1 Ta (3.58)

f;ff and the corner Bg)’l

boundary conditions to By 1, Sqre respectively. Upon specifying these we achieve an absolute

which contains two more pieces of data, the boundary B )

serving as
theory in d+1 dimensions (KK theories in our top down constructions), i.e., collapsing (3.58)

along the vertical x| -direction we achieve the system:

QFTg41
""" — % EOW, (3.59)

Here EOW,; is the end of the world theory. Clearly IB%E;’:I) sets the global form of the absolute

theory QFTy, 1 and similarly ]B%gfl) will select the spectrum of defects localized to EOW,.

r,1

Whenever we have a limit isolating the d-dimensional dynamics we see that B& ) will set

+1
the global form of the flavor symmetry associated with Ty .

Let us now consider setups where such a limit exists and has been taken. Upon imposing
additional boundary conditions at » = 1 we obtain an absolute QFT,; from EOW, and the

overall symmetry data is organized as:

1,1 1 0,1
N
By Sur2 Bi
o
B Ta+1 Ta (3.60)

We group the gapped / free edges and corners into the tuple

~ 1,0 La 1,1 1 0,1
B = (BY", BT, BY, BYY BYY) (3.61)

Let us focus on the boundary condition Bgﬁfil) first and give an argument and a consis-
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tency check that it is Fourier dual to the boundary condition BE;’FII). This also fully fixes the

1,1 . . ) . .
corner BE& ) as the interface realizing this Fourier transformation.

The argument is based on considering a small neighborhood of the corner ]B%Ell’l) where the
edges Bgﬁfil) and ]Bgfl) meet. There, consider a field B of S;,5 with, for example, Dirichlet
boundary conditions imposed by Bg;ll), i.e., the field B restricted to this edge vanishes. The
field B is a cochain and then, near the boundary IBE;’FII), we can expand it as B = B’ Udx |,
with some cochain B’ in one degree lower. Next, assuming continuity in a neighborhood of

(L

the corner, approach the boundary condition supporting B, ), here B = B’ U dx | is now

compatible with Neumann boundary conditions, the Fourier dual boundary conditions.

For the consistency check start with the sandwich (]Bgfl); Syr2; Tar1) which describes an

absolute QFT in dimension d 4+ 1. Then, the boundary conditions ]Bf;’rll) picks out a subset
of genuine defects, the remaining defects are instead realized as non-genuine defects. Start
by constructing the non-genuine defect via an extended operator of S;io which runs at
r = const. This defect can not terminate at ]Bf;fl), otherwise it would be genuine, hence
we need to run it to a different boundary to realize the desired non-genuine defect. This is
achieved by taking a turn at some value of x; and then continue extending the defect along

the direction parametrized by r:

s r,1
B s
BT /mmm-é T L
<«
; (3.62)

In order to realize the non-genuine defect in the QFT we must be able to terminate the

defect at IB%E;J;?), i.e., Neumann boundary conditions along IB%E;’:I) are consistent with Dirichlet
boundary conditions at ]Bf;ﬁ”.

Overall, the triple (IB%g;’rll); IB%S’I); Béﬁl)) is seen to be associated to the global form of the

flavor brane theory 7,41 and fixed by either of the two edges. For this reason we can focus

f;ff and in subsection 3.4.1 we discuss how the geometry X determines ]B%f;ff.

)

on B

With this, we turn to discuss the corners Bg)’l ,Bg’o) which are respectively interfaces

between edges By.1, 7441 and IB&Z?,IB&?), where the latter pair is gapped or free. We
characterize the corners via the boundary conditions they impose on these edges.

We give this characterization in terms of a defect analysis in subsection 3.4.2. For instance
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we determine the fate of bulk operators of the edges (which possibly extend into Syi2) when
pushed into Bg)’l) (see subfigure (i), (ii) of figure 15). We also determine which of the defects,
that can not be deformed away from the edges, can be terminated at IB%EIO’I) (see subfigure (iii),
(iv), (v) of figure 15). These two considerations cover how the defect / symmetry operators
of the edges B&ill), B, interact with Béo’l). Identically we study the other corners.

Finally, we note that in our geometric constructions it is extremely natural to deform the
closed cheesesteak (3.60) by contracting the edge ]Bgfl) and stacking the corner ]Béo’l),]Bél’l)

resulting in ]B%L(il’l)’*. Overall this contraction leads to:

Bél,l),*

Bat

1,z
B

Stz

B."" Ta+1 Ta (3.63)

Let us motivate this contraction by consideing figure 12 where we execute the homotopy
Ty ~ X. In the figure the contraction of the edge lifts to contraction of the blue neighbor-

*

hoods, simultaneously growing the purple neighborhood. The new corner Bél’l)’ can then

be analyzed as sketched above. We group the gapped / free edges and corners into the tuple

B - (B{"”, Bl B (3.64)

3.4.1 Global Form of Flavor Symmetries and (]Béﬁ’rll);IB%Ell’l);]Béﬁ”)

We now give a geometric characterization of B&ill) setting the global form of 7;.1. Recall,

the vertical direction in (3.58) is parametrized by x; which is the direction normal to both
the flavor brane and normal to the radial direction r in the geometry X. As such defects
which run along x; at constant r, see subfigure (i) of figure 13, are engineered by brane
wrappings on cycles at constant radius. The wrapping loci are characterized by elements of

H,(0X). Now, given a class in H,(0X) we have the mapping
R, : H,(0X)— H,(Ty,0Tx) (3.65)

defined by intersection with the tube 7. The image under this map corresponds, via all

possible brane wrappings, to the defect operators which can end on BE;’FII). In particular,

unlike in the standard SymTFT discussion, IB%EZ"I)

41 is fixed by the geometry and not subject
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7,1 0,1 7,1 0,1
B By B B

(i) - - o -
1 0,1 1 0,1
B B B B

Bt —> Bt
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7,1 0,1 7,1 0,1
B By

h - o N
B Y

Bas

=

Figure 15: Defect deformations and configurations determining properties of the corner
IB%(SO’I). The snaked lines indicate defect / symmetry operators, shaded brown square in (v)
also indicates a defect operator. Defects can be trivial in the (d + 2)-dimensional bulk, e.g.,

subfigure (i) includes the case in which a genuine operator of B, is deformed into IBS)’D.
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Figure 16: Resketch of subfigure (ii) of figure 9. The space X° = X \ Ty, delineated by the
blue lines, is “at infinity” with respect to the tubular neighbourhood T's centered on the
singular locus .. Topological boundary condition are imposed at 0T'». They are determined
by the topology of X°. Flavor defects in the flavor brane local model are given by brane
wrappings of 3;NT». They can only occur in combinations permitted by X°, i.e., they must
extend to a cycle (brown) beyond 07T». Boundary conditions which imply other collection

of defects are obstructed by the geometry.

to a choice. We sketch in figure 16 how flavor defects lift to X, beyond the lcoal model T .

Our Running Example Consider the 5D SCFT engineered by M-theory on C3/Zs,.
This SCFT has an suy flavor brane corresponding to an A; singularity at z1, 2o = 0. In [74],
see also [75,76], the flavor symmetry of the 5D SCFT was computed to be SO(3), which we
interpret to be the global form of the flavor brane theory. We now show that the geometry
fixes the boundary condition ]B((L’rll) such that no genuine non-endable flavor Wilson lines can
be constructed. For this note that, in the local model T, such lines would be constructed
from M2-branes wrappings of cones over 1-cycles in Hy(07 ). These cones are elements of
Hy(Ty,0Ty). The discussion around (3.65) can then be understood as the condition that

these cones result as a restriction of some 2-cycle in 0X to T . However, we have
Hy(S%/Z) = 0. (3.66)

and therefore no such 2-cycles exist. Therefore, in the 6D KK flavor brane theory we must
therefore instead have the dual 3-form Z, symmetry acting on defects constructed via Mb-
brane wrappings. Indeed, we can wrap M5-branes on classes H3(S%/Zs,,) which restrict in

Ty to the correct defect. Equivalently, from the perspective of the flavor brane, we have
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determined which of the cones

Tor Hy(Ty, 0T ) = Tor Hy (0T ) = Zs ,
Tor Hs(Ty,0Tx) = Tor Hy(0T ) = Z

(3.67)

can be wrapped by M2-, M5-branes. The cycles in Tor H,(0T %) and Tor Ho(9T ) link in

0T and are therefore the cycles from which mutually non-local defects are constructed.

In summary, the boundary condition B&ﬁ” is such that the defects realized by p-brane

wrappings which can end on the boundary are isomorphic to

P=@P., Pu= € ImR,, (3.68)

p—n=m—1

in the obvious notation.

3.4.2 Corners Bg)’l),BEll’O)

We now characterize the corners ]Bfio’l),Bél’O) through their interplay with defect / symmetry
operators. First, we consider the corner IB%EIO’I) which is present in both the open (3.58) and
closed (3.60) cheesesteak. The presented analysis will also immediately generalizes to the
very related corner ]B%Ell’l)’*. We will find B&O’l) to determine global properties of the end of
the world theory (3.59). Then, whenever a limit isolating the d-dimensional dynamics exists
the corner IB%EILO) is found to provide the missing information in setting the global form of the
resulting d-dimensional theory.

Corner ]B%L(io’l)

We now argue that there is a choice of polarization to be made in specifying the corner

condition Bg)’l) )

First, recall that the projection 77, given in (3.20), maps copies of X ° onto both Bg)’l)
and points of the edge By,1. Viewing the coordinate x; as parametrizing the decompression
dimension of a symmetry sandwich, it follows that ]B%Elo’l) specifies which of the defects naive
defects D[7;], given in (3.31), can terminate at the corner. This choice of such defects is
not without constraints. Note, we have that ]B%L(io’l) also is a boundary to the edge ]Bgfl) and
therefore IB%EIO’I) must permit the termination of all defects which can be deformed off By,
into Sg+o and which are simultaneously permitted to terminate on ]B%f;’l) (see subfigure (ii)

of figure 15). Equivalently, the endability of these defects at the corner ]B%((io’l) is inherited

from the connecting edge Bg;ll). This determines the endability of a subgroup of the naive
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defects ]15[7;1] and the quotient, which remains unconstrained by this condition, is precisely

the defect group D[7;] defined in (3.30).

We conclude, the data specifying the corner condition ]B%L(io’l) includes a choice of maximally

mutually local subgroup of the defect group D[7y], referred to as a polarization. See subfigure
(iii) of figure 15 for a sketch of the type of defects selected in this choice. There is also a
symmetry operator version of this analysis centered on considerations such as subfigure (i),
(iv) of figure 15.

We now discuss an extension of this notion of polarization, mixing structures of 73,1 and
T4, which geometrically will be a consequence of 9>X° being a smooth compact manifold
and boundary to the smooth space 0X°. For convenience we restrict ourselves to discrete
data although we expect our considerations to hold more broadly. Our considerations will

also result in a Dirac pairing, filling a gap in the previous discussion.

We begin by studying extension properties of various defect operators. Consider the long

exact sequence in relative homology of the pair 9X°, 0.X°:

5 Hppr (0X°) 2 H,0(0X°,0°X°) -2 H,(0°X°) -2 H,(0X°) —

(3.69)
The image of the mapping 0, is associated with defects of the type:
By wp
Bt
(3.70)

which when constructed via a p-brane wrapping have dimension p+1—(k+141) = p—k—1.
A multiple of such defects can lie in the kernel of the map 0, (their bulk part trivializes),
and by exactness in the image of ¢,,1, and such defects are then of the same dimension and

localized to the edge:

(r,1) 0,1
Bd+1 Bfi :
By

(3.71)

In turn, multiples of such defects can then lie in the kernel of ¢,,; and result from bulk
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defects of the following type pushed onto the edge Byy:

(3.72)

The natural link pairings between all these defects then follow from dualities in algebraic
topology. We have, by Poincaré duality and the universal coefficient theorem, the isomor-
phism

Tor Hy(0*X°) = Tor H,,_;,_2(9>X°)", (3.73)

where n = dim 9X° = dim 9°X°+1 and GV = Hom(G, U(1)) denotes the Pontryagin dual of
a group G. Similarly we also have, by Poincaré-Lefschetz duality and the universal coefficient

theorem, the isomorphism
Tor H,(0X°) = Tor H,,_,_1(0X°,9°X°)" . (3.74)
These dualities extend to mappings in the sequence, i.e., the mappings

Tor Hk(ﬁzXo) — Tor Hk(ﬁXo)

(3.75)
Tor H,_1_1(0X°,0°X°) — Tor H,_j_»(9°X°),

are related by duality. One consequence of this is that every extension relation of type
(3.70) — (3.71), for some p-brane construction of a defect, in accompanied by the extension
relation of type (3.71) — (3.72) for the electromagnetically dual g-brane. The linkings (3.73)
and (3.74) then compute the Dirac pairings for such pairs compatible with these extension
properties.

Our Running Example Consider the above for the 5D SCFT engineered by M-theory
on C3?/Z,,. For this geometry the long exact sequence above decomposes into four exact

subsequences (see appendix A). They are

0 — Hy(0X° 0°X°) — H(0°X°) — H(0X°) — 0

0 — 7 1— (n,1) 7o Z2 (a,b) — a+nb

(3.76)
Zgn — 0,
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and

0 — H3(0*°X°) — H3(0X°) — H3(0X°,0°X°) — Hy(0*X°) — 0

1 1—2 1—1
ALY/ Loy ——— Zy — 0,

(3.77)
0 — Z

together with a trivial sequence in degree 4, 5 and 0 which we omit here. Now, consider the
defect group of electric line operators constructed by wrapping M2-branes on a cone over
elements in Hy(0X°) = Zy, modulo Zy, i.e., Z,. We see that n copies of any defect line is
zero in Z, but possibly non-zero in Z,, and if non-trivial can be deformed to a genuine line
operator of type (3.72) . Similarly, consider a defect of type (3.72) which projects to fill the
full 2-plane and is constructed by wrapping an M5-brane on a cone over a 3-cycle given by a
family of cycles Ho(0?X°) = Zy capped off by relative cycle in H3(0X°, 9?X°). Two copies
of this defect trivialize in the bulk of the 2-plane but remain non-trivial on the edge.

Overall, we see that the defect group of electric lines and magnetic surfaces, individually
isomorphic to Z,, are extended both to Z,,. Physically, this can be interpreted as the
defect group of the electric lines and magnetic surfaces if we were to gauge the su, flavor
symmetry. Equivalently, the above reflects aspects of the 2-group symmetry of the 5D SCF'T
which informs on how to combine the defect groups of the SCF'T and the flavor brane theory.

Let us push the example further, given the interpretation in the previous paragraph we
expect a Dirac pairing on Zs,, X Zs,. Indeed, geometrically we will argue it to be determined
via linking of the groups H;(0X°) and H3(0X°,9>X°) = H3(0X). We compute this pairing:

H,(0X°) x H3(0X°,0°X°) — Q/Z

Lgn X Lon — QJZ (3.78)
ab
b —

This reduced to the standard Dirac pairing on the lines and surfaces of D[7;] by restriction.
From the above we see that the lines are to be identified as the Z,, obtained from Z,, after
modding by n and the surfaces result as the Z, subgroup of Z,,. The latter gives a factor

of 2, we thus have
Lo X Ty — QJZ

3.79
(a,b) —%b, ( )

for the 5D defect group of electric lines and magnetic surfaces.

Corner ]B%Ell’o)
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We now argue that there is no second choice of polarization to be made in specifying
the corner condition ]B%L(il’o) of the closed cheesesteak, however we need to impose boundary

conditions for fields localized to Tgy1.

First, recall that the projection 77y, given in (3.20), maps copies of the locus # = 0.
onto both ]B%Elo’l) and points of the edge T;.1. Points of the other edge IBEZI’“) connecting to
B&O’l) are mapped onto by copies of 9*X° which collapses to .# when z;, — 0. In principle,
the previous analysis now simply repeats with this altered starting point, however, due to our

particular choice of decomposition 0X = 0X° U T, see (3.10), we have that the mappings
H,(0°X°) = H,(0Ty) — H,(Ty) = H,(X), (3.80)

are surjective. Consequently, the geometry projecting to the corner supports no additional
cycles and no additional defects are localized to the edge 74,1 for which we would have to
specify a polarization. More precisely, lifting 7,1 we have less cycles'® for our constructions
as the above mapping can have a kernel, and overall the set of defects admissible to terminate

at ]B%L(il’o) is inherited from the boundary conditions imposed along IB%E;J;?).

Recall next that 74,1 constitutes an enriched Neumann boundary condition for the bulk
Sai2, as such we also need to impose boundary conditions for the degrees of freedom related
to this “enrichment”. This problem is fairly situational, depending the degrees of freedom
along 75 and we defer a careful treatment of this question to future work. However, we note,
by way of example, that these boundary conditions of 74, at ]B%L(il’o) are not independent

from our defect discussion.

Our Running Example Consider the 5D SCFT engineered by M-theory on X =
C3/Zs, in an electric polarization. The support of a defect constructed from a M2-brane
wrapping over a cone on a free generator of H,(0°X°) = Z @ Z,, away from the singular

locus ., is visualized as:

1,z
Bz

B & Ta
Tat

(3.81)

19Guch statements of course depend on the (co)homology theory employed. Here, we are working with
singular (co)homology, which however is expected to be too coarse in non-smooth settings. A next better
approximation would be the orbifold cohoomology of Chen and Ruan [77], we defer this to future work.
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Under the mapping (3.80) the cross section of the wrapped cone does not trivialize and we

obtain the non-trivial defect:

(1)
]Bad-i—ll

R e e S
Tt

(3.82)

In the original geometry we have fully submerged the M2-brane in the ADE locus associ-
ated with the 7D super-Yang-Mills flavor brane theory. Locally, the ITA dual frame of this
configuration is a D2-brane inside of a D6-brane, i.e., in the infrared limit of the KK theory
(3.82) is an instanton string involving the non-abelian world-volume gauge field of T;,1 with
field strength fo. See (3.57) for a discussion of some of the worldvolume dynamics in the
infrared limit. Therefore, we have a consistency condition, the boundary condition for the

world volume gauge field at ]B%L(il’o) must be such that instanton strings can terminate there.

3.5 Further Comments

Finally, let us make some comments on how our considerations generalize. In general settings
the singular locus . splits into a disjoint union of connected loci. Each of these can contain
subloci along which the generic singularity worsens. When we have a nesting as in (3.5) this
happens multiple times and our constructions generalizes to yield a symmetry theory Sy,
for each connected component where m = I + 1 is the length of the respective chain (3.5).
In the total geometry these then glue together to a SymTree of cheesesteaks extrapolating

the considerations in [26].

For instance, when the generic singularity worsens at multiple disjoint loci in .% once then
the resulting structure can be viewed as glued from the open cheesesteak we have discussed

here. It constitutes a building block.

We demonstrate this in terms of an example. Consider the geometry X = (C? x T?)/Z4
(also see the discussion in [78]) where the torus has complex structure 7 = i. Denote the
coordinates of C? by z1, 29 and that of T2 by z3. We consider the weight vector (1,1,2) and

can rewrite the quotient as
X = ((C2 X Tz)/Z4 = (C2/ZQ X T2>/ZQ , (383)
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C2/Z,

() : X = T?/Z, (i) (i)

Figure 17: In subfigure (i) we sketch the space (C? x T?)/Z, as projection onto a T?/Z, base
with generic fiber C?/Z,y. The T?/Z, base has four orbifold points modeled on C/Z, which
locally, in the total space, are associated with patches modeled on C3/Z,. In subfigure (ii)
we show the support of the resulting symmetry theory, consisting of four open cheesesteaks
glued together along a common spine. In subfigure (iii) we collapse the four blue edges,

resulting in a collection of four 2-simplices glued along a common 1-face.

to see that the space consists of an su, singularity along T?/Z,. The latter is topologically
a sphere with four points modeled on C/Z,. There, in the total geometry, the singularity is
modeled on C3/Z, with weight vector (1,1,2) which is exactly our running example C3/Z,,
for the case n = 2 (see subfigure (i) figure 17). Conversely, we can view X as glued together
from four patches modeled on C3/Z,. To each of these we can associate an open cheesesteak
which we then glue along a junction, see subfigure (ii) figure 17. We can also degenerate
subfigure (ii) to subfigure (iii) resulting in a structure given by four 2-simplices glued along

a 1-face.

4 Illustrative Examples in d = 5,4

We now give some illustrative examples. These will be minimally supersymmetric theories
in 5D and 4D engineered via an exceptional holonomy cone X = Cone(0X) in M-theory.
Much of the extra dimensional analysis will be deferred to appendix A and we focus here
mostly on specifying the two symmetry theories ;.o and relative to it By, 1, and the flavor

brane theory Ty.1, i.e., we specify the full neighborhood of the corner mode 7j.

The extra-dimensional input we start with will be the long exact sequence in relative
cohomology for the pair 9X°, 9?X° which reads

— H™(0X°,0°X°) — H™(0X°) — H"(0°X°) — ... (4.1)
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and the Chern-Simons term?° of 11D supergravity

1C;5 Gy G 1C
27r/ (———3U2—;U—4+——3U [p2(Miy) —Pl(M11)2/4]) ; (4.2)
M

627 2r 48 27
where Gy = dCj is the field strength of the M-theory 3-form Cj and p;(M;;) are the Pon-

tryagin classes of Mj;. We have normalized G4/27 to have integral periods.

We structure our analysis by first describing various geometric features of the internal
geometry X and its singularities ., and discuss the flavor brane theory 7,1 via its relation to
the world volume theory of a D6-brane in a ITA dual frame. Then we address the field content
of the pair Sgy9, B41 and the boundary condition imposed by the latter on the former. From

here we turn to discuss the Lagrangian governing the interactions and anomalies.

Once the neighborhood of the corner mode 7y is discussed we turn to specify the boundary
conditions B, B. Overall we will focus in the various examples on different features. For the
5D examples we focus on discrete symmetries and 2-group symmetries. For the 4D examples

we focus on continuous symmetries.

4.1 Example: 5D SCFTs

M-theory on the Calabi-Yau orbifold cone X = C3/Zy engineers a large class of 5D su-
perconformal field theories, see e.g., [79] as well as the more recent [80-86]. Here we are

considering a faithful I' = Zx group action
(Zl, 29, Zg) — (wml 21, wm2z2, wm323) , (43)

on C? parametrized by z1, 2, z3 with m; +my + mz = 0 mod N and w = exp(2mi/N).

To frame our discussion to follow, we being by considering the singularities . C X
and describe the pair (0X°,9?X°). First, from the group action, we read that the orbifold
cones C3/Zy = Cone(S°/Zy) have a codimension 6 singularity at their tip and up to three
codimension 4 singularities at z;,z; = 0. The latter are supported on a copy of C/Zy
parametrized by the coordinate which does not vanish. As such the asymptotic singular locus
H C 0X = S°/Zy consists of up to three disjoint circles and the tubular neighborhood
T» C 0X is a disjoint union of up to three 4-disk bundles with circle base. The 4-disks
are singular and modeled on a neighborhood of the origin of an A-type ADE singularity.

20 Although the differential cohomology uplift of these terms are a more appropriate starting point, see for
example [13,72], we restrict our considerations to ordinary cohomology which we will find to be sufficient in
most instances. We defer the more careful treatment to future work.
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Excision of the singularities then gives the smooth 5-dimensional manifold with boundary
0X° = 0X\T 4 and therefore 9> X° is a smooth closed 4-dimensional manifold which projects
onto . with 3-dimensional lens space fibers.

From here, compute the long exact sequence in relative cohomology for the pair (0.X°, 9 X°)

(see Appendix A for details). The sequence reads

H%(0X°,02X°) H%(0X°) HF(9%2X°)
k=0 0 — — yARd N
k=1 Z#1-1 — 0 — /sl —
k=2 Z* — rv — Iy, — (4.4)
k=3 0 - ¥l - Z¥leTry, —
k=4 r - Z —
k=5 / — 0 — 0 —

where I' = Zy and 'y, C I is the subgroup generated by all group elements which have fixed
points on S®. We denote the Pontryagin dual of an abelian group G by GV = Hom(G, U(1)).
Concretely we have,

iy 22y =Ly, X Ly, X Ly, (4.5)

with coprime product g = g19293 and ¢g; = ged(m;, N). We denote the number of connected
components of J# by || = 1,2,3 where the precise value depends on the weights m; which

we assume to have chosen such that |.Z7| > 1.

In M-theory the codimension 4 singularities of . engineer 7D super-Yang-Mills theories
which intersect at the codimension 6 singularity where a 5D SCFT is supported. In our
examples each 7D super-Yang-Mills theory can be analyzed locally in the geometry, where
it is associated with an A-type ADE singularity, and be described dually by a D6-brane in
ITA. With respect to each such 7D sector the 5D SCFT is a codimension two defect and its
insertion into the 7D theory turns on a non-trivial background field profile in the 7D bulk.
We can analyze this profile by noting that in the geometry the 7D super-Yang-Mills theory is
supported on R x (C/Zy \ {0}), for some K, with normal geometry C?/(Zy/Zy). Along a
path linking the puncture in C/Zg \ {0} this normal geometry is acted on by a monodromy.
In the ITA dual frame this monodromy is captured by a holonomy for the RR 1-form field

C} which interacts with the D6-brane world volume theory via the Wess-Zumino coupling

2w
W/C&Utr((fz—&)u(h—Bz)u(fz_Bz))’ (4.6)
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Figure 18: Sketch of the relative theories in 5D, 6D, 7D for C3/Zy in M-theory. In (i) we
sketch the 5D SCFT as a defect in three 7D super-Yang-Mills theories supported on the 5D
spacetime times three cones meeting at their apex. In (ii) we KK reduce these cones to their
radial half lines. Folding (iii) we arrive at (ii). The relative flavor brane theory is a disjoint
union of the three sets of 6D KK theories.

where f5 is the non-abelian field strength on the D6-brane stack and B, is the NSNS 2-form.
We will consider backgrounds with the NSNS 2-form turned off. Upon KK reducing on
concentric circles S' linking the puncture in C/Zy \ {0} the above setup reduces to a 6D

KK theory with a massless 6D super-Yang-Mills sector containing the coupling

2mq fo f2 f2
6 t(27r 2m 27?) (4.7)

with period ¢ = [, g1 C1 which is some rational number constrained by Kq € Z. The disjoint
union over these 6D theories is then the relative flavor brane theory 7;,1 and the corner
theory 7Ty realizes an end of the world brane thereof, with d = 5, here the 5D SCFT.

The KK reduction is not strictly necessary, however, it is favorable to collapse the system
into a bulk and boundary in adjacent dimensions when discussing their symmetries. Further,
let us already mention here that in taking the IR limit which localizes the dyanmics of the
system to d dimensions we will need to carefully consider which bulk operators ;4o remain

as symmetry operators for the resulting d-dimensional QFT.
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4.1.1 Field Content of S;. 5, By

We begin with deriving the field content of S;.5. We expand the supergravity field strength
G4 in classes of H"(9*X°). We have, see (4.4) for the basis of cocycles of the expansion,

d
G4 = Z <H£l) U 1(1) + Hél) U U1,(4) + Bél) U t27(2‘) + (4 8)
i=1 .

BY Uty + HY Uvg gy + HY U vol4,(i)) ,

where ¢ runs over the flavor branes and H,, B, denotes an abelian U(1) field strength of
degree n and abelian discrete background field in degree n respectively, and v,,t, denote

free, torsional integral coycles of degree n respectively. The field content of Syi5 is
(i, 1), (1, 1Y), and (B, BYY), (4.9)

where we indicated KK pairs and grouped continuous and discrete fields. In order to make
the order of the discrete fields explicit we also write B,izgi) for a degree k cocycle of order g;
or group these into Bérﬁx) = BéZg ), Therefore, using the isomorphism (4.5) we equivalently

have the expansion

||
Gy = Z (Hiz) Ulgy + H?EZ) Uv,e) + BgZQ) Uts +
i=1 (4.10)

B Uty + HY Uvs )+ HY U Vol47(2-)> ,

replacing the triplet of doublets (BY), Béi)) with (B§Z"), Béz"))
Next we discuss the field content of By, 1. We expand the supergravity field strength G4
in classes of H"(0X°,9*X°) and H"(0X°). We have

e -1
Gi=GiU1+ B Usy+ 3 GV Uus+ > GY Uuayy)
=1

j=1
4.11
|#] -1 |7 (4.11)

+ 3" FP Uwi g+ Y F Uwg gy + BEY Uy,

j=1 =1

where ¢ again runs over the flavor branes, j over some of their differences, and G,, F,
denote abelian U(1) field strengths of degree n. Further, we have the discrete symmetry

background fields BéZN ), BéZN ). The cohomology classes w,, (wy) and s,, (r,) are free and
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torsional (relative) integral cohomology classes of 9X° respectively. The field content is
GGV FD PP Gy, and BEY, B, (4.12)

where we have grouped continuous and discrete fields respectively. These fields are subject
to identifications as specified by the mapping /" : H"(0X°,9*X°) — H"(0X°).

Let us make these identifications explicit for the case |#| = 1. In this case we drop the
index i as it takes a single value and delete the fields labelled j from the spectrum as this

index runs over the empty set. Then we only have the single identification

Ty By ) = Fy

(4.13)
gB§ZN) = F2 ;

where in the second line, equivalent to the first, we have made the group orders explicit via
'V =2 Zy and Ty, = Z,. All fields take values in U(1); this is the natural normalization
given we are relating discrete and continuous fields. The identification constrains F» to take
finitely many values, isomorphic to (I'/I'sc)", and with this constraint in place the above

simply correspond to the subgroup relation (I'/T'g, )Y C T'V.

Let us recall the derivation of (4.13). Denote by wy and s, the 2-cocycles generating the
groups H?(0X°,0°X°) 2 7Z and H?*(0X°) =TV respectively. Applying > we have

F,Uwy — FQULz(wg) :FQUQSQ (414)

) )

which we compare to BéZN U s9, multiplying through by ¢ we conclude that F» and gBéZN

are to be identified. See the discussion following (3.46) for more details.

In addition we have dual fields resulting from similar expansions for G;. For example,

the discrete fields resulting from this expansion are
B, and BYY, BV (4.15)
These fields are analyzed identically to those derived from Gjy.

4.1.2 Boundary Condition of Sy;3z,,,

The relative symmetry theory By, realizes a boundary condition for Szi2. Restricting a
field 449 to the support of By, 1 we can relate the corresponding internal cycles, given they

now embed into the same geometry, a copy of 9X°, via the mappings H"(0X°) — H"(9?X°)
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and H"(0?X°) — H""(0X°,0°X°). The former mapping is degree preserving and relates
cocycles of By 1 and Sz49 in identical degree. The latter mapping relates cocycles in adjacent

degrees. See the discussion surrounding (3.39) for more details.

We make these boundary conditions explicit for the case |#| = 1. We have the degree
preserving boundary conditions for fields from expansions along H"(9?°X°) and H"(0X°)

given by

H4‘Bd+1 =Gy

H},\BM =0

Z Z

By |, = (N/g)By™ (4.16)
(Vg + B =
Bat1
H0‘8d+1 = 07

where we denote restriction to the support of Bz, at 7 = 0 by |g,,,. Next, the degree lowering
boundary conditions for fields from expansions along H"(9>X°) and H™™(0X°,9?X°) are
given by

(a/arJH4) o =0
<8/8r | Hg) o, = (NV9)E
(a/ar | B§Zg>> o =0 (4.17)
(0/87’ | [Hl + B{ZQ)D o = B
(a/amﬂo) o =0

Let us discuss some of these boundary conditions in greater detail. For example, how are

the identification and boundary condition
9B = By, (0/0r 2 Hs)| = (N/g) P, (4.18)

consistent? The fields F,, H3 are valued in U(1), hence the latter boundary condition fixed
F; up to a Zyy, phase. This phase is then fixed by the former identification. The field F5 is

completely eaten up. Next, how are the pair of boundary conditions
(N/g)Hy + B%)} =G (8/07“ | [Hl + B%)]) )a — B (4.19)
compatible? The naively first condition fixed H; up to a Zy/, phase. However, the first
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term in the first condition can be compensate by the second term extending the undermined
Zy)q phase to a Zy phase shared between the pair Hy, B§Z"). This phase then determines
the profile for BOZN ) by the second condition.

Next we ask: what are the fields of By, 1 which are not constrained by the bulk fields S5,
i.e., the degrees of freedom propagating as boundary modes in Sz.17 On general grounds
we argued that these result from the image of the mapping H"(0X°, 9*°X°) — H"(0X°).
In the case |#| = 1 we thus find a single field (and its magnetic dual) propagating in B4
which is:

B = plt/re” = o g™ (4.20)

It is well-known that the defect group of lines constructed from wrapped M2-branes of
the 5D SCFTs engineered by C3/I" is isomorphic to Ab(I'/T'gs,) [71,87]. We have found the
corresponding background field to be localized to B,.;. This is compatible with our defect

group analysis in section 3 which here results in the defect group D;[7;] = Ab(I'/T'y).

We also immediately recover the results of the 2-group analysis of [75,76] for the case of
5D SCFTs engineered by C*/T" with I' = Zy. The fields BéZg), BgZN ), BéZN/ ?) are related by
the short exact sequence

0 - ([/Tg) = TV — T, — 0,

(4.21)
0 = Zny — Zy — Zg — 0,
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which is here realized by the boundary conditions®!

By = BN B g, = (N/g) B (4.26)
and the relation (4.20). These determined the 2-group sequence (see [58])
0 = Ap,., 2Znjy — Ap,,, 2Ly — Gr,., =SU(g) — Gr,,, =PSU(g) — 1 (4.27)

where Apg,,, is the 1-form symmetry group, .Z(B .1 the naive 1-form symmetry group, 6771 o
the naive simply connected continuous 0-form flavor symmetry group and éTd ., the O0-form

flavor symmetry group of the 5D SCFT. Making the split

0 = Ap,,, 2Znjy — A, EZy — Ap,, [ As,,, = Lyjy — 0

. s (4.28)
0 — Z(Gnﬂ)gZN/g — G%HgSU(g) — G%HgPSU(g) — 1,

we decompose the 4-term sequence into two short exact sequences each associated with an
edge of the cheesesteak. Here Z (57& .,) is the center of the simply connected Lie group éTd o
and we have

Apy [ Asyn = Z(Gr,) (4.29)

mediated via the d + 2 dimensional bulk. We summarize the discussion by indicating where

21We briefly review our normalization and notation conventions. In this section all fields, including discrete
fields, are valued in U(1). The relation between the normalizations for a discrete field B of order K is

2
By = fBZK . (4.22)

This has consequences for how fields associated with a short exact sequence

1= 2% = 20 = Za/Zx =78

ok = L (4.23)

relate. Here K divides M and the exponents denote the fields we associate to these groups now. When
normalized to take values in finite groups the sequence implies

M

M
AZx = EbZZ\J? CZu/x = |:bZZ\/I mod f:| : (424)

When normalized with values in U(1) we have instead

au(y = buqy, Kby = cuq) - (4.25)

We remind that our notation in this section will be Bl(iG) for a degree d cocycle of order |G| valued in U(1).
In particular to exact sequence we associate relations such as (4.25). For instance, in (4.16) and (4.17) no

‘mod’ appears. This is the preferred convention when discrete fields mix with continuous fields.
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the various piece of data are found within the cheesesteak:

GTd+1 ABd+1
9

Z(én+l) = "ZBd+1/ABd+1 "Z(Bd+1

971 2-group
(4.30)

Reading the figure bottom to top, we have first the boundary conditions realizing the specified
symmetries, the naive superstructures, and at the bottom we labelled the edge 7311 with
the Lie algebra of éTd ., and indicated that the corner theory 7;,; has a 2-group symmetry.

An isomorphic labelling is:

PSU(g) Znyg
o
Zq Ly
- o
5Ug 2-group

(4.31)

4.1.3 Actions of Sy,5, By

The action for Sy, is determined from reduction of 11D supergravity on 9*X°. For illustra-
tive purposes we again focus on the case || = 1. In the general cases we have |#"| copies
of the following discussion, one for each flavor brane. From the Chern-Simons term C3G 4Gy
we find

1

Sa+2 D T 6(2m)?

[6a / HyU B UBY 438 / Hy U B U B
(4.32)
+6’7/H0UH4U03+65/H1UHgUCg] y
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where dC3 = H,. The flavor brane is an su, singularity and therefore, [13,88],

a/2=3/2= —92—_91 mod 1. (4.33)

We also have v = § = 1 as these are computed to a trivial pairing and a base-fiber intersection
respectively. We focus here on the discrete fields B§Z") and Béz") which also come with the

canonical single derivative terms
Sisz D 21 / (B{Zg) udB®) 4+ B U dBAEZ")> . (4.34)
i

derived following [26,72]. The interpretation of these interactions are discussed in detail
in [13,26,28]. The terms above are those of 7D super-Yang-Mills theory KK reduced on
a circle. Geometrically, this is a non-trivial consequence of the cohomology ring of 92X°,
which is a twisted fiber product of a 3D lens space over a circle, being isomorphic to the
cohomology ring of the direct product of this base and fiber. Physically, this is matched by
the monodromy term (4.7) having no consequence for the symmetries of the flavor theory.
Indeed, it is a total derivative and can be expressed as a term exclusively supported on the
support of the 5D SCFT locus living on the boundary to the 6D flavor theory.

The action for By, is determined from reduction of 11D supergravity on 0.X°. This re-
duction can be performed directly from geometry, and is further constrained to be compatible
with the boundary conditions (4.16) and (4.17) and the bulk action (4.32). For example,
apply the boundary conditions

B, = /9B (oforaB)| = B,
(4.35)
B, = (N9 B (0jor s BEY)| = BEY
to the term (4.34) to find the single derivative boundary term
N @) | gg®) 1 BN || gp@)
Bin O 5 (BO UdB®Y) + BN U dB) ) , (4.36)

where the cocycles maintaining degree contribute a factor of N/g. As an example performed

directly via geometry consider the coupling

¢ N/g\* [/ N

686%-31:6 D —27‘(‘6 (%) (2_) /BézN/g) U BéZN/g) U BéZN)
™ ™

(4.37)

——ame [ B OB B
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where the tilde now indicates a change in normalization to discrete fields taking values in
Zyyg and Zy. The change in normalization makes it clear that e is computed by the triple

product

H2(0X°,82X°) x HYOX°,0°X°) x H2(9X°) — Q/Z
Zx7ZxTV — Q/Z

(1,1,1) = e=/ <CL)§8XO’82XO) U wéaXo’aZXO)’wéaX°)>

(4.38)

where the cup product U : H2(9X°, 02X°) x H2(0X°,02X°) — H(0X°,9*X°) = T maps

into a finite group and ¢ denotes a linking form. Upon modding out the kernel, by using the
isomorphism Tor H%(0X) = H?*(0X°,0*X°)/H'(9>X°) = (T'/T'4)", we can also consider

Tor H*(0X) x Tor H*(0X) x Tor H*(0X°) — Q/Z
(F/Fﬁx>v X (F/Fﬁx>v X Fv - Q/Z (439)
(1,1,1) — e=/¢ (wéax) U wéax),wéaxo))

where the cup product U : H*(0X) x H*(0X) — H*(0X) = T is determined from the

previously considered cup product. Next, we compute the triple product,

(L,,)°

m

gL3,

€= , (4.40)
where we have m = (my, my, m3) and M = (N, my, my, m3) and L L%, are some combina-
torial factors (see Appendix A.3.2 for details).

Note that (I'/T'sx)" = Zyy, is the 1-form symmetry group and I'V = Zy is the 1-
form symmetry group extended by the 1-form symmetry of the flavor brane. This unrefined
anomaly is therefore finer than the pure 5D 1-form symmetry self-anomaly, which is recovered
by restricting to a subgroup (I'/Tg,)Y C T'V.

For example, in our illustrative example of M-theory on C3/Zs,, where we have M =
(2n,1,1,2n—2) and m = (1, 1,2n—2), we compute € = 1/n compatible with the pure 1-form

anomaly ge = 2¢ = 2/n compute in [13].

4.1.4 Summary for the Example of M-theory on C?/Z,,(1,1,2n — 2)

Let us summarize the overall cheesesteak for the example of M-theory on C3/Z,,, with weights

(1,1,2n — 2). We focus on the discrete data. See figure 19 for a summary where we present
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BC fOI‘ BgZZﬂ)., BéZZn)

Dirichlet BC for B
Neumann BC for BleQ)

+... =

6D SYM + f3-term +...  Relative 5D SCFT

Figure 19: Sketch of some features of the cheesesteak for M-theory on C3/Zs,,(1,1,2n — 2)
related to the 5D defect groups of lines and surfaces. We have I'Y = Z,,, and (T'/Tg,)" = Z,
and I'Y, = Z,.

the cheesesteak with the edge Bgﬁrll) collapsed.

The flavor symmetry?? of the 5D SCFT is SO(3) as determined by the boundary condi-
tions Béﬁl) (green edge) which fixes the global form of the flavor brane theory 7g.1 (red
edge). The relative symmetry theory B;,1 (purple edge) with discrete fields of order 2n adds
defects such that the lines and 3-surfaces present in the bulk S;.o (grey face), individually

isomorphic to Zy, are extended to Zs, as characterized by the boundary conditions Sgy2|s,,, -

ok

The polarization for these additional defects is determined at ]B%((il’l)

ization is constrained by IB%&?). Finally, the 5D SCFT is an end of the world theory to the

(grey dot). This polar-

6D flavor brane (red dot). Overall we have the actions:

2 z z zZ z 1 i z
Sd+2:%/<B§ 2 UdB®™ + B U dB| 2’)—2(2W)2/H4UB§ 2) y B

1 (Z3) | | p(Za)
+W/H3UB22 UB22 +...

2n Zon Zom Zon Zoom 47T 277, 3 Zom Zom, Zon
Busi = 5o [ (B waBl™ + s wapf=)) - 2 (2] [ B 0 B U B
+...,

(4.41)

where we wrote out the data associated with discrete symmetries. Here made replacements

22Here we ignore possible mixing of this 0-form symmetry with the R-symmetry and the structure group
of the tangent bundle.
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using QB§Z2") = BgZ") to achieve a cubic term in By, which permitted us the give the
refined anomaly, the coefficient of the (Bézz"))g’ term. The latter follows from the 1-form
self-anomaly being 2/6n, hence we know that 2 x €/6 = 2/6n mod 1 and therefore either
e =1/6nore=1/6n+1/2. Additionally, from Z, embedding into a larger Z,, we know that
¢/6 must follow from a pure triple Z,,, anomaly term (as written above) by field redefinition,

and reversing back to BgZ") we have € = 1/6n.

4.2 Example: 4D Chiral Matter

We now turn to an example of a free 4D theory. From the associated extra-dimensional
construction we will find many continuous symmetries, and one key question will be which

of these remain, once the 4D dynamics have been isolated.

To begin, let WP? denoted the weighted projective space with projective coordinates
21, 29, 23, 24 carrying weights Ny, N1, Ny, Ny respectively with Ny, Ny coprime. In M-theory
the cone

X = Cone(WP?), (4.42)

which is conjectured to admit a Gs-holonomy metric, engineers a 4D N = 1 chiral super-
field ® in the bifundamental representation (N1, N3)y, 4, of a non-abelian flavor symmetry
algebra suy, @ suy, ® u; [47-49]. See also [89-91] for related discussions in the context of
intersecting D6-branes and their lifts to G5 spaces.

We consider the singularities of X. There are two codimension four A-type ADE loci
(flavor branes) with Lie algebras suy, and suy,, wrapping z3, z4 = 0 and 21, 25 = 0 respec-
tively. These ADE loci extend radially and enhance to a codimension-7 singularity at the

tip of the cone. The full singular locus is the union of these cones
# = Cone(Py,) U Cone(Py;) = R}, URY, . (4.43)

Here P{, and P}, are parametrized by 21,z and 23,z respectively, and give R} which
support C?/Zy, ADE singularities. We have the disjoint union .#~ = P}, UP}, and the chiral
superfield ® is supported at the tip of the cone.

The ITA dual of this geometry are two stacks of N1, Ny D6-branes intersecting supersym-
metrically at an angle in R®. Their worldvolume lifts to the codimension four locus R3; UR%,
and their intersection point lifts to the tip of the cone.

Going forward we focus on the case (Ny,N3) = (N,1). The discussion generalizes

straightforwardly to coprime pairs (Ny, N3). We can also consider pairs (N7, Ny) with

72



ged (N, No) # 1, in these cases however the geometry X changes, becoming a global quotient

of an already singular cone [48], and our analysis will need to be slightly modified.

In any case, while the ITA dual still contains two sets of D6-branes the M-theory uplift
only contains a single A-type ADE locus with Lie algebra suy, the single D6-brane uplifts to
a smooth patch of the geometry. We now have %~ = PL, and ./ = R3; where the singularity
worsens from codimension four to codimension seven at the origin of R%;.

From here we see that the 6-dimensional manifold with boundary dX° = WP?\ Tube(P},)
retracts onto the 2-sphere P}, and that the closed 5-dimensional manifold 9> X° is given by a
bundle over P}, with lens space fibers S®/Zy (see Appendix A for details). With this input

we compute the long exact sequence of the pair (9X°,9?X°), which reads:

H"(0X°,0°X°) H"(0X°) H"(9*X°)
n=>0 0 — Z — 7 —
n=1 0 — 0 — 0 —
n=2 0 — Z — Z — (4.44)
n=3 0 — 0 — Z —
n=4 7 — 0 — 0 —
n=2>= 0 — 0 — Z —
n==06 Z — 0 — 0 —

The ITA dual already illuminated some of the physical aspects, however we will be in-
terested in the 5D KK theory 7.1 obtained by reducing Cone(.%#") to a half-line by KK
reducing the theory on the ADE flavor brane on the link J¢".

To understand this 5D KK theory, recall that in M-theory the codimension four sin-
gularities of .% engineers 7D suy super-Yang-Mills theory. The defect at the tip of the
cone, corresponding to the intersection of the single otherwise disjoint D6-brane, sources a
background field configuration for this super-Yang-Mills theory. This background profile is
analyzed geometrically, noting that the M-theory circle restricted to Pip twists with unit
monopole number. In the ITA dual frame this is captured by a flux for the RR 1-form field
C1, with field strength Fz(RR) through Pys, i.e., the 10D supergravity background we are

considering is such that
/ FRR — o (4.45)
P12

There are now two D6-brane Wess-Zumino terms on the stack of D6-branes which give rise
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to interesting terms given such a background. They are

t A fa A
[ooppn O LBAR) R s,
N xD6 247 NxD6

(4.46)
/ CMM:/ Cs A OV (f)
NxD6 NxD6

82

where f, is an suy field strength with connection a;. Here CSél) denotes a level 1 5D Chern-
simons term and 9511) denotes a unit monopole density. KK reducing the C5 field contributes

a u; gauge field A; and overall we obtain from the above interactions two terms:

/tr(a1/\f2/\f2) /Al/\w- (4.47)

2472 ’ 872

The gauge fields Ay, a; combine to a 5D uy gauge field.

One consequence of the 5D suy Chern-Simons term, i.e., the first term in (4.47), is that
the center symmetry of the suy sector of the 5D KK theory is completely broken. This
clearly matches (4.44) where the cohomology groups of 9*X° were found to be torsion-free.
One consequence of the 5D instanton density interaction, the second term (4.47), is that we
have anomaly inflow onto the 4D theory, matched by a chiral fermion [49].

With this we have now described the 4D chiral superfield ® as an end of the world theory
Ta to a 5D KK theory Tz.1. We now turn to discuss the symmetries of this bulk-edge system

via their respective symmetry theories Syio, Byi1-

4.2.1 Field Content of Sy, 5, By

We begin with the field content of Sy12. We expand the supergravity field strength G, in
classes of H"(9>X°). We have

G4:H4U1+HQUU2+H1UU3, (448)

where i runs over the flavor branes and H,, denotes abelian U(1) field strength of degree n
and v denote cohomology classes of degree k. The field content of S;z.5 consists purely of
abelian field strengths

Hy, Hy, Hy . (4.49)

Next we discuss the field content of By, ;. We expand the supergravity field strength G4
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in classes of H"(0X°,8°X°) and H"(0X°). We have
G4:G0UU4—|—F4U1+F2U’LU2. (450)

Here G,, F,, denote abelian U(1) field strengths of degree n. The classes u,, (w,) are free

(relative) integral cohomology classes of 0X° respectively. The field content of Byy is
Go, Fa, Fy. (4.51)

There are no equivalence relations / identifications due to the mappings (" : H*(90X°, 9*X°) —
H"(0X°) as these are all trivial. Equivalently, the edge By supports no degrees of freedom

which are not inherited via restriction from the bulk.

Let us comment on a distinguishing feature of Hy. Geometrically, this field strength is
associated to an internal 2-cocycle which is mapped onto via restriction of the 2-cocycle gen-
erating H?(T ). Conversely, when attempting to build the defects acted on by this 0-form
symmetry, we would wrap an M2-brane on a cone over the 2-cycle generating Ho(9?X°) =
Hy(0T ). However, this 2-cycle does not trivialize under the inclusion 07 < T4 ob-
structing this construction. Therefore, H, should be interpreted as the background profile
to the uy field strength of A; [47].

4.2.2 Boundary Conditions S, o

|Bd+1

The relative symmetry theory By, realizes a boundary condition for Sy,o. Restricting a
field Sy1o to the support of By we can relate the corresponding internal cycles, given they
now embed into the same geometry, a copy of X°, via the mappings H"(0X°) — H"(9*X°)
and H"(0°X°) — H"™(0X°,0°X°). The former mapping is degree preserving and relates
cocycles of the By 1 and Syio in identical degree. The latter mapping relates cocycles in

adjacent degrees.

We make these boundary conditions explicit. We have degree preserving boundary con-
ditions for fields from expansions along H™(9?X°) and H"(0X°) given by

Hy = F
5., (4.52)

H4\Bd+1 = Iy

where we denote restriction to the support of By at r = 0 by |g,,,. Next, degree lowering
boundary conditions for fields from expansions along H"(9?X°) and H"(0X°,0*X°) are
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Figure 20: Anomaly flow in the corner patch centered on the 4D corner mode theory. The
gauge anomalies of a chiral fermion are determined from inflow along the edges connecting

to the corner. A bulk anomaly A flows onto the edges.

given by

(0/87’ | H1> — . (4.53)

Bat1

See section 3.3 for general discussion.

4.2.3 Actions of S;,5, By

The action for Sy, determined from reduction of 11D supergravity on 9?X°. From the
Chern-Simons term C3G4G4 we find
Cs Hy H;

8d+2 D —27T/ % U % U % y (454)

where locally dC3 = H,. Similarly, reducing C3G4G4 on 0X°, we find

c, F, G 2 A F: F:
Byy D —2r | Bu2yZe 20 [ 22

— U —, (4.55)
2r 2w 2w 6 2r 2w 27

where locally dC% = Fy (see Appendix A for details). The first term contribution to B, can
be derived from the flavor symmetry theory and the boundary conditions (4.52) and (4.53).

The above realizes various instances of anomaly inflow. Gauge transformations of Cj
are anomalous, due to the flavor symmetry theory term of line (4.54), and contribute a
boundary term which is cancelled by the induced gauge transformation of C% and the term
(4.55). Recall we simply have Cj

boundary of both By, and the flavor brane 7;.,. Gauge transformations of A; then give a

= (4. Similarly, the 4D chiral fermion lives at the

|Bd+1

u? anomaly of a 4D chiral fermion and the su%, - u; anomaly which all must be cancelled by

the corner mode.

We compute the above anomalies via Stokes’ theorem. Consequently, anomalies flow in
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adjacent dimensions, i.e., they flow from the flavor symmetry theory Sy 5 onto its boundaries,
the relative symmetry theory By, and the flavor brane 7.1, and they flow from Sy,; and
741 onto their end of the world theory 7; (see figure 20).

5 Conclusions

In this paper we have studied a top down motivated generalization of SymTFTs / SymThs
which unifies and extends earlier bottom up approaches. We have proposed a filtration of
the symmetries of a QFT to higher-dimensional systems which eventually terminates in a
fully gapped bulk theory. In this approach, one views the SymTFT / SymTh of the original
QFT as obtained from a regulated limit of some broader class of QFTs. Each such bulk
QFT has its own SymTFT / SymTh, and filtering this structure repeatedly terminates. The
original relative QFT now sits at a corner of a larger manifold with corners. Edges and faces
of this higher-dimensional system can in principle support either gapped or gapless degrees

of freedom.

While motivated by top down considerations, we have given a purely bottom up construc-
tion. From this perspective, the top down approach serves more as a guide in making various
“canonical” choices in the construction. We have also presented some string / M-theory based
examples which both motivate and illustrate this basic construction. In particular, in the
case of 5D SCFTs with a continuous flavor symmetry, we have shown that there is a fully
gapped bulk SymTFT, but one which lives in more than six dimensions. As another exam-
ple, we showed that even in seemingly “simple” systems such as a collection of N free chiral
multiplets there is a surprisingly rich topological structure once the physics of the associated
flavor symmetries is fully taken into account. In the remainder of this section we discuss

some avenues of future investigation.

At the level of explicit computations, we have shown that there is a canonical way to
read off triple product structures directly from geometry. An important subtlety here is that
the original M-theory interaction term likely supports a choice of refinement in this product
structure, analogous to the refinement of the link pairing observed in related field theoretic
and geometric computations which enters in passing, for example, from Chern-Simons theory
to Spin-Chern-Simons theory. It would be interesting to develop this refinement of link
products since it will provide additional data on the structure of anomalies in the strongly

coupled QFTs engineered via geometry.

The primary examples considered in this paper have involved a QFT with a continuous

flavor symmetry. More broadly, however, one can consider a strongly coupled edge mode
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theory coupled to a bulk system which is itself strongly coupled. Explicit examples of this
sort were constructed in [67]. It would be quite interesting to determine the associated

relative symmetry theories with edges and corners which govern such systems.

A related comment is that especially in lower-dimensional systems, the dynamics of
the bulk system is often a strongly interacting system in its own right. Determining the

associated relative symmetry theories for this class of systems would also be quite interesting.

One of the general lessons from this work is that in top down realizations of generalized
symmetries, the bulk symmetry theory is often more intricate than just a TF'T in one higher
dimension. Related considerations were also observed in the context of “SymTree” construc-
tions where one has a collection of SymTFTs glued together along non-topological junc-
tions [26]. It would be natural to investigate broader generalizations of such treelike struc-
tures, but now where the branches themselves are also decompressed to a higher-dimensional

gapped system of the sort considered in this paper.

Another well-motivated generalization involves including possible time dependent effects,
as captured by the celestial topology of a string background (in the sense of [31]). This has
mainly been developed in the case where the bulk consists of gapped bulk theories which
interact across an interface theory. It would be natural to extend this to more general
situations where the higher-dimensional bulk system is again a relative symmetry theory.
Related considerations apply to non-supersymmetric intersecting brane configurations. In
this setting notions such as “edges and corners” will likely also need to be revisited to take

into account time dependent phenomena.

Finally, while these structures are best defined in limits where the effects of gravity are
switched off, it is of course interesting to study the consequences of recoupling them to
gravity, much as in [78] (see also [92]). The very fact that flavor branes of a local model are
often shared across multiple throats suggests a generalization of the cutting and gluing of

local models presented here.
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A Fibrations, Sequences and Products

In this Appendix we present the top down derivation of some results stated in section 4. Our
starting point will be a purely geometric M-theory background M, x X with d-dimensional
spacetime M. The non-compact geometry X = Cone(0.X) will be a special holonomy cone

engineering minimally supersymmetric theories. Concretely, we considered the two examples

e X = Cone(WP?) with WP3 a weighted projective space whose projective coordinates
21, Za, 73, 24 have weights N, N, 1, 1 respectively. This space engineers a 4d A/ = 1 chiral

superfield ® in the fundamental representation of an uy flavor algebra.

o X = C3/Zy, = Cone(S®/Zs,,) where the complex coordinates zi, 2, 23 have weights
1,1,2n—2 respectively. This space engineers a 5D SCFT with SU(n),, IR gauge theory
phase.
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and generalizations thereof.

A.1 Families of ADE Singularities

The geometries X both exhibit singular loci consisting of a single irreducible component of
non-compact codimension 4 ADE singularities of A-type which enhance at the tip of the
cone X to a maximal codimension singularity. In both cases the geometries will belong to
larger classes of examples with multiple non-compact codimension 4 singularities of A-type

which we touched on in section 4.

As ADE singularities appear in both examples, let us begin here with their definition
and recall their symmetries. An ADE singularity is a quotient singularity of the form 2t =
R*/T where T is a finite subgroup of SU(2);, acting on R? via rotations as induced by the
identification SO(4) = SU(2) x SU(2)gr/Zs. The isometry /symmetry group of an ADE

singularity is therefore inherited from the natural SO(4) action, it is:

Here Ar is the subgroup of SU(2), conjugating I' to itself. For A-type singularities A =
Az, = U(1) X Zy consisting of diagonal matrices in SU(2);, and complex conjugation?.
The geometries X we consider contain an ADE locus whose normal geometry is twisted
by symmetries U(1) C Az,. We refer to this twist as a A-twist and characterize it as follows.
A-type ADE singularities take the form xy = zV for some integer N > 2. When viewing the
ADE locus &\ % as a family of ADE singularities z, y, z become local functions on .%\ .%;.
As the symmetry subgroup A commutes with I' = Zy the coordinates x,y, z individually
twist to sections of a line bundle. If z twists to a section of £, then y and z are sections of £7*
and the trivial line bundle respectively. The A-twist is specified by £ which is determined

by its connection Ay with curvature Fj.

How does this twist enter our physical considerations? The smooth compact manifold
0?X° always takes the form of a fibration with fiber S®/Zy and base # = 0.7, i.e.,

SP )Ly — PX° — A . (A.2)

The A-twist specifies this fibration. Whenever the ADE singularity in M-theory admits a

23Complex conjugation corresponds to the outer automorphism of the A-type Lie algebras associated to
the ADE singularity via the McKay correspondence. For D- and E-type singularities A consists solely of the
outer automorphisms of the respective Lie algebras.
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dual description as a D6-brane in ITA we further have
AA - Cl y dCl - FA, (A?))

for the RR 1-form field C'; on the D6-brane worldvolume, i.e., the A-twist locally specifies a
M-theory circle bundle. Further, the A-twist constrains how the fibration 9?X° — % can
be filled radially to the fibration 0X° — Cone(.#") = .. It specifies how the generic fiber
degenerates to an exceptional fiber & projecting to the tip of the cone Cone(¢"). For the

two examples picked out above we have:

e X = Cone(WP3) with WP3 a weighted projective space whose projective coordinates
21, Z2, 23, 24 have weights N, N, 1,1 respectively. The generic fiber S®/Zy collapses to
S? = (S3/Zy)/U(1) where U(1) is the Hopf circle.

o X = C3/Zy, = Cone(S®/Zs,,) where the complex coordinates zi, 2, 23 have weights
1,1,2n — 2 respectively. The generic fiber S®/Z, collapses to (S3/Zs)/Zy = S?/Zs,
where Zs, Zs, are subgroups of the U(1) Hopf circle.

We now describe the geometry of a family of examples containing the above pair of examples
in more detail and derive the long exact sequences which formed the starting point of our
analysis in section 4. Of course when .\ ., has multiple disconnected components (flavor

branes) then considerations similar to the above apply.

A.2 Fibrations and (Co)Homology

We in turn analyze the topology of the fibrations 7o : 0Ty — . and 7wy : 0T » — I of the

two geometries:

e X = Cone(WP3) with WP? a weighted projective space whose projective coordinates
21, Z2, 23, 24 have weights Ny, N1, Na, Ny with ged (N7, N) = 1. This space contains up

to two flavor branes.

o X = C3/Zy = Cone(S®/Zy) where the complex coordinates zy, 29, 23 have weights

k1, ko, k3 respectively. This space contains up to three flavor branes.

A.2.1 X = Cone(WP?)

We consider two cases.
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Case 1: X = Cone(WP?) and (N;, N,) = (N, 1)

First, consider the fibration 7o : 0Ty — .. The generic fibers projecting to the
codimension 4 ADE locus R\ {0} = .7\ .%, are lens spaces S®/Zy. We claim that at the
origin the exceptional fiber is 9& = S? and that S? is related to the generic fiber by the Hopf
projection S3/Zy — S?. The starting point in establishing & = S? is the characterization

08 = aAXVO|1"etract 5 (A4)

derived on general grounds near (3.18). As such, we first describe a parametrization of the
link X = WP? geared towards excising the singularities supported at P, and, subsequently,

describing the deformation retraction.

Choosing the weights of a U(1)-action appropriately we clearly have WP? = S7/U(1).
With this we consider the fibration®* S7 — I = [—1,41] with generic fiber S x S3. At
the edges +1 of the base interval the spheres S? collapse and the generic fiber degenerates
to Si respectively. The torus action respects this fibration and we obtain the fibration
WP? — I = [—1,+1] with generic fiber S? x S3 /U(1) where the quotient identifies the
Hopf circles of S2. The exceptional fibers are now S2/U(1) = 52 respectively. One of these
2-spheres, for example S?, supports the ADE singularities and upon excision the remaining

space can be deformation retracted onto the other 2-sphere S%, hence topologically 9& = S2.

Next, we discuss the fibration 7; : 9T'» — I which follows by flipping the radial shells
S? C R? of the ADE locus of the base for 7o into the fiber. The generic fiber at radius
r # 0 is therefore S% x 52 /U(1). At r = 0 one of the 3-spheres collapses, again resulting in
the exceptional fiber & = S2.

Case 2: X = Cone(WP?) and Ny, N, > 1

First, consider the fibration wo : 9T — .. The generic fibers projecting to the two
codimension 4 ADE loci R}, \ {0} C .7 are lens spaces S?/Zy,. We claim that at the origin

the exceptional fiber is a real 5-dimensional manifold 0&’, which is circle fibered as
St = 06 — S;x 53,  e= Nyvolgz — Nyvolg, (A.5)

where e denotes the Euler class of the fibration. Via the Gysin sequence one then straight-

24This is the natural generalization of the 2-torus fibration of the 3-sphere upon replacing the complex
plane C with the quaternions H.
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forwardly computes the (co)homology groups®

H,(08) 2 {Z,2,, 7,7 & T,,0,7}

(A.9)
H0&) 2 {Z,0,Z.® Z,,7,Z,, 7} .

All of this follows immediately from the discussion of case 1 by noting that if both S% support

singularities then 9X° deformation retracts to S% x S* /U(1) which is described as above.

We are interested in the case g = 1, for which all torsion groups trivialize

H,(06) ~{Z,0,Z,7.,0,7}

(A.10)
H"(0&) ~{Z,0,7,7,0,Z} .

from our discussion of generators in the general case, we see that generating (co)cycles in
degree 2, 3 pair to (the top class) 1 via (the cup product) intersection. This determines the
ring structure completely.

Next, we discuss the fibration 7y : 9T'» — I which follows by essentially doubling the

discussion of case 1. The generic fiber at r # 0 is the disjoint union of a pair of 5-manifolds

9E LIS . (A.11)

2Let us also determine explicit representatives for generator of the homology groups H,(9&). First,
H,(0&) is generated by the circle fiber. Studying the Gysin sequence we find

No o Nio\
<751 + 752> = H,(96). (A.6)

For this consider the image in the Gysin sequence of H?(9&) and apply Poincaré duality. Here we mean
there exists a 2-cycles in Ha(9&") which projects to the base cycle (N2/g)S?+(N1/g)S3 and, to keep notation
light, we have not given this 2-cycle a new name. Similarly, one determines H3(0&') = Z, S Z as, respectively,

N N.
<?1Sf/ZN1 - fSS/ZN2> @ (IS} /Zn, + kST /Zn,) = H5(0E) . (A7)

Here the lens spaces are the fibers of S3/Zy, — 0& — S?. From this presentation we also have that there
is a g-fold covering of the base. We denote this 2-cycle of 9& as gS? for which we have gS? - S3/ZN]. = g0;j.
This gives the check that indeed the free, torsional generators in degree 2 and 3, respectively, do not intersect,
as it must be by general theory. Next, k,[ are integers such that kN7 4+ [Ny = g. This follows from the Gysin
sequence, as the matrix, which appears in a basis change,

( Nll/g —Nkz/g ) (A.8)

must have have determinant +1, otherwise the new basis is ‘too coarse’, only spanning an integral sublattice.

Note we can always redefine generators to their negative, hence we have chosen without restricting ourselves
+1. The generators of Hy, Hs are the point and 0& respectively.
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(CQ/ZN R3

Figure 21: Sketch of the local model Ty for case 1 with . = R?® and 2} = C?/Zy and
& = R? and the Euler class F}, specifying the A-twist for the tube T’y within the G5-holonomy
cone X = Cone(WP?).

At r = 0 these are identified to give a single copy of 0&. Topologically 0T'» is therefore
simply the cylinder 0Ty = R x 0&.

The A-twist
Next, let us characterize the A-twist.

Case 1: Here, we can construct an interesting U(1)-bundle from the above by collecting
all Hopf circles in the generic fibers 0.2 = S%/Zy over R\ {0} = %\ .%. From the
geometry we see that this U(1)-bundle has unit Euler class when restricted to a 2-sphere
linking the origin?®. The connection Ay, defined on the ADE locus R3 \ {0}, has curvature

2-form satisfying
dFy

o
where z € R®. The topology of the boundary of tubular neighbourhood T'» is completely
specified by the 4-plet (7, 02%, 0&, Ax) which we depict in figure 21.

= d(x) volgs , (A.12)

Case 2: In this case the above structure simply doubles. There are two components to
'\ .S, each a copy of R\ {0} similar to above. To each we associated a U(1)-bundle which

we can characterize by two connections AE& ) with curvatures

dF[gNl) F[§N2)
o = d(z) Ny VOIR?\H , d o = —0(x) Ny Vol]R:IaV2 . (A.13)

26This is easily understood in the dual ITA frame which consists of a stack of N D6-branes supersymmet-
rically intersecting a single D6-brane. In our discussion we have centered coordinates on the N D6-branes
and the Euler class is counting the number of transverse D6-branes intersecting this stack at the origin.
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The topology of 0T is still characterized by the 4-plet (., 0Z%, 08, Ax) where 2 now
makes reference to the pair of singularity models C?/Zy., respectively over the two compo-
nents of .\ %, and A, describes their twisting as specified by the pair of connections Af\Ni)

on each of these components. These two fibrations then glue along one exceptional fiber.

The Long Exact Sequence in Relative (Co)Homology

It will also be useful to determine long exact sequences in relative (co)homology of the
pair (0X°,0%°X°). We do so for case 1. Here X° has a single boundary component given
by 0Ty = 0*°X° = S3/Zx x S? with (co)homology groups (A.10). Together with the fact

that 0X° deformation retracts to S? we have the homology sequence:

H,(0T) H,(0X°) H,(0X°,0Ty)
n = 0 — 0 — Z —
n Z — 0 — 0 —
n 0 — 0 — 7 — (A.14)
n 7 — 0 — 0 —
7 — 7 — 0 —
0 — 0 — 0 —
n=>0 Z — Z — 0
The cohomology sequence is:
H"(0X°,0Tx) H"(0X°) H"(0Ty)
n=>0 0 — Z — Z —
n=1 0 — 0 — 0 —
n= 0 o Z — Z — (A.15)
n 0 — 0 — Z —
Z — 0 — 0 —
0 — 0 — Z —
= Z — 0 — 0 —
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A.2.2 X =Cone(S®/Zy) =C3/Zx

We begin by discussing some orbifold data of X = C3/Zy. Let Zy = T' C SU(3) act
faithfully on C? as generated by

(21, 22, 23) > (W™ 21, W™ 29, W™ 23) (A.16)

where w is a primitive N-th root of unity and the integers m; satisfy m; + mg + mz = 0.
Introduce g; = ged(m;, N), then the faithfulness of the action implies that the g; are pairwise
coprime. The singular locus of C3/T" consists of up to 3 cones of codimension 4 A-type ADE
singularities. The apexes of these 3 cones coincide and support a codimension 6 singularity.
The cones are cut out by setting two of three coordinates of C? to vanish and are parametrized
by the third coordinate z; modulo I'. The ¢-th singular locus is characterized by the short

exact sequence
0 — Fﬁx,igzgi — FgZN — F/Fﬁx,igZN/gi — 0 (Al?)

where I'gy ; is the subgroup of I" folding the singularity. The ADE singularity is therefore of

type Ay, _1 and supported on the real 2-dimensional cone, parametrized by z;,
Fraes = C/(T/Taxi) € C*YT . (A.18)

Traversing once around the origin of S, the normal geometry is glued back with twist
' /Ty which has a well-defined action on C?/Tgy ;.

We now consider the asymptotic X = 5°/T'. The cones supporting ADE singularities
intersect 0X in a circle % = S}!/(T'/Tq,;) where S} is thought of as parametrized by the

argument of z;. The total singular locus of 0.X is
H = U X (A.19)

consisting of up to three circles. We denote by |#| the number of circles. We further define
0X° = 0X \ T where T is an open tubular neighborhood of # in 0X. With this 9.X°
is 5-dimensional manifold with boundary. The boundary of 9T, has up to three connected
components denoted 07k,. Each component takes the form of a lens space fibered over a
circle, we write 9Ty, = S3/Tse; X #; where traversing the circle J# the fiber S3/Tgy; is
twisted by I' /Iy ;. Finally, we introduce the subgroup of I's, C I' generated by all elements
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C?/Z, C*/Zy,

>< @ e27ri/n
C/Z,

Figure 22: We depict . = C/Z, and 2 = C%/Z, and & = C?/Zs, and Hol(A,) = e2™/"
for the Calabi-Yau cone X = C3/Z,,.

with fixed points in S® and straightforwardly we have

P = [ [ Toi = Zagrgags - (A.20)

Let us consider the case || = 1. We denote the nontrivial I'gy ; by I'ax = Z,. In this case
the fibration X — .7 is straightforward. Take for example . to be cut out by 21,29 = 0.
Then X — .7 is realized by projecting onto the third coordinate. The normal geometry
jumps from C?/Tg, to C?/T with I' & Zy. In this case the fibrations 7o : Ty — . and

71 : 0Ty — R,>( are inferred straightforwardly via restriction.

The fibration 7o : T» — . has a generic lens space fiber S%/T'g, and an exceptional
fiber 08 = S3/T. See figure 22 for the example with weights (1,1,2n — 2). The fibration
71+ 0Ty — R,>¢ has as generic fiber a circle worth of lens space S*/H and as exceptional
fiber also 0& = S3/T.

In the general case with |#| > 1 we do not have a better characterization than 0& =

OX°|retract- Away from the codimension 6 singularity the fibrations 7y, 7 have a disjoint

union of |#| fibers with similar structure as in the |.Z] = 1 case.

The A-twist

Next, let us characterize the A-twist. Consider the k-th flavor brane fixed by the subgroup
Iaxx C I'. Transporting the local model of the singularity 2 f(k) ~C?/ [fix x once around the
origin of the base C/(I'/T'sx ) it is glued back to itself twisted by I'/I'acr = Znyg,. This
is the A-twist which here takes the form of an exp(2mim;/N) monodromy. The connection
Aff), defined on C/(I'/Tax ) \ {0} is therefore flat with curvature

F® = %mkd(Zg,)ng, Adzs, (A.21)
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where dz3 = da + idb with a = rez3 and b = im 23 and thus Flgk) = myd(a)d(b)da N db.
Indeed, the holonomy of A over the circle ¢! = S/(I'/Tgy) of the cone C/(I' /Ty is

o
Hol(AEf)) = exp 27?2'/ AXC) = exp 27?2'/ Fy :exp< mmk) . (A22)
‘ C/(0 /T ) N

1
k

Boundary (Co)Homology

We begin by computing the (co)homology of 9?X°. The smooth compact space 9>X° is
a disjoint union of || spaces. We therefore focus on one component and consider the k-th

component 9?X} associated with the k-th flavor brane. We compute

H,(0*X}) =2 {Z,Z, ® 7,2, 7,7},

(A.23)
H™(*X}) =2 {Z,7, L, 7. & Ly, , T} .
It then follows
|2 | |7 |
H,(0°X°) = P H.(°X3),  H"(°X°) =P H"(°XR). (A.24)
k=1 k=1

The groups (A.23) immediately follow from the fact that the homology groups of a space
fibered over a circle M — S* with fiber F' and monodromy homology mappings f,, : H,(F) —
H, (F) are determined from the short exact sequence (obtained as subsequences of a Mayer-

Vietoris long exact sequence)
0 — coker(f,—1) — H,(M) — ker(f,-1—1) — 0. (A.25)

In our case, only the Hopf circle experiences a monodromic shift, however these shifts do not
alter its homology class, hence f,, = 1 in all degrees n. The maps f,, do not determine the
cohomology ring in general, note however, that we can continuously decrease the discrete
shift to zero, ‘untwisting’ the monodromy in the process. The cohomology ring is preserved
under such deformations, we learn that the cohomology ring of 9>X} is identical to that of

the direct product space S* x S%/Tgy k.
We next compute the (co)homology of X = S°/T". To begin, following [93], we take

a more general perspective (which will help when considering linkings, setting n = 2 later)
and note that the orbifold

Cn+1/1" ) = ZN ) (Zla SRR Zn) ~ (wmlzla s >wmn+1zn+1) ) (A26)

88



with w a primitive N** root of unity and m = (my,...,m,41) € Z’;gl an integer weight

vector, naturally occurs as a patch of the weighted projective space

WCPH! (A.27)

Nyma,...ompy1 0

with homogenous coordinates [zg : 21 @ - - : 2,41]. For this, observe that zy = 0 cuts out the

weighted projective space WCP,, . . Then, taking the set theoretic difference we find

yee ey 1T

WCP*! — WCP},

N,m1 yeenyMn41

=C"YT. (A.28)

e Mn+41

IP)TL—I—I

This is equivalent to noting that, in the construction of WCPR7,

as a CW complex
with exactly one cell in even degrees, we can arrange for the final cell to be modelled on
the orbifold C"*! /T, glued to WCPy,

WCPrt can be presented as the gluing

Nmi,...,mpq1

mny, - Consequently, the weighted projective space

WCP;\LI-;%L___’anA = C"/F U52n+1/1" $n+1 (A29)

mi,...sMnp41

where (,fnﬁjl is topologically a copy of the partial resolution of C"*!/T" obtained by

N
resolving the tip to the (less) singular space WCPy, . .
Given weight vectors M = (N,m) and m = (my,...,m,,) there exist integers L%, L,

such that the cohomology rings of the two weighted projective spaces are generated as

H*(WCP = Z(1, Ly ju, LA?, ... Ly tu™ty (A.30)
H*(WCP?) = Z{1, L u, L2 u?, ... L u™) '

and, in even degree with u of degree 2, taking the quotient we find the lens space cohomology
ring

Z(1, L} u, L2 u?, ... L u™)
Z(LYu, L2, ... Lt tuntt)
with the quotient is in fixed degree. In odd degree this is supplemented by H?"*1(S*+1/T) =

Z. Further, it implicitly also contains various linking forms by formally extending the cup

H*(S*1T) =

(A.31)

product to degree n+ 1 and taking the quotient by L7/ u"*! at face value. The integers L}’

and L] are given by

bi, ... b;
LY =1lem { 0 Zk } ) (A.32)
k ( ng(bi()’ sty blk) OSbi0<"'<bik S|b|>

where b is either of the weight vectors M, m of length |b] = n 4+ 2,n + 1 respectively.
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For example, consider the case n = 2 with S®/T". Then we have the torsional groups

HST) & Ty iy, = (OfTw)Y,  HUSYT) X Zy s =T, (A33)

Here, it follows from m;+ms+ms = 0 mod N and the assumption of a faithfully acting group

action that ged(mq, me, m3, N) = 1 and ged(m;, m;, N) = 1. This implies L2, = mymams

and L3, = Nmymyms and L%,/L? = N = |I'|. We also immediately compute the cup

product and linking pairing, and their combination into a triple product

U :

Link :

Triple :

H*(S®)T) x H*(S®/T) — H*S°/T)
(rL:w,sLEu) = (r,s) — rs(L})*u* = rs(LL)?/L2,,
H*(S°/T) x HY(S°)T) — Q/Z

(rL:w,sL?u) = (r,s) + rsL) L2u® = rs(L} L2 /L3,),

m

(A.34)

H?*(S°)T) x H*(S®/T) x H*(S°)T) — Q/Z

(rLYw, sL} u, tL! u) = (r,s,t) — rst(LL)*u® = rst(L})3 /L3, .

which rewritten on generators given in (A.31) and using the above isomorphisms become

U: ([/Tg)’ x (['/Tg)’ — T (A.35)
(1,1) — (LL)*/L2, (A.36)

Link : (I'/Tg)" xI' — Q/Z (A.37)
(1,1) w L} L2 /L3, (A.38)

Triple :  ([/Tax)" % (I'/Tse)” x (I'/Tge)" — Q/Z (A.39)
(1,1,1) — (LL)?/L3,. (A.40)

For the concrete example C?/Z,,, with weights (1,1,2n — 2), i.e., M = (2n,1,1,2n — 2)
and m = (1,1,2n — 2), which gives

I =2n—2, 2 =2n—2,

(A.41)
Ly, =n2n—2), L3, =2n(2n—2), L3, =2n(2n—2),
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we compute, now making the abelian groups (I'/T'g, )Y = Z,, and T' = Z,,, explicit

U: ZyXZy — Loy (A.42)
(1,1) = 2n—2= -2 mod 2n, (A.43)

Link : Z, X Zy, — Q/Z (A.44)
(1,1) = (2n—2)*/(2n(2n —2)) = —1/n mod 1, (A.45)

Triple : Z, X Zy X Z, — Q/Z (A.46)
(1,1,1) = (2n—2)*/(2n(2n —2)) =2/n mod 1. (A.47)

Long Exact Sequences in Relative (Co)Homology

We now compute some long exact sequence. We begin by discussing the smooth manifold

with boundary 0X°. By Poincaré-Lefschetz duality we have an isomorphism
Hp(0X°) =2 H7*(0X°,0°X°). (A.48)
From here we have via excision
H7*(0X°,0°X°) = H*(0X, .x). (A.49)

Overall studying the above groups we will come to an understanding of the (co)homology

of 0X° with the ultimate goal of determining the relative cohomology sequence of the pair
(0X°,0%°X°).

We begin computing the long exact sequence in relative cohomology of (90X, %):

H*0X, ) H%(0X) HE ()
k=0 0 — 7 /A B
k=1 Z#1-1 — 0 BT A BN
=2 A — (I/Ts)” — 0 — (4.50)
=3 0 — 0 — 0 —
k=4 r — r — 0 —
=5 7 — Z — 0 —

91



It immediately follows from the above Poincaré-Lefschetz and excision arguments that
H,(0X°) = {Z,T,0, 7" 7171-1} . (A.51)

Here we introduced the map p : ZI1 — ZI*1 with coker(p) = (I'/Tsx)’. We will encounter

various geometric incarnations of the map p and conflate these in notation.

Finally let us address how we determined H?(0X,.#). We can dualize the relative
sequence (A.50) to homology. The result is

Hy(X) Hi,(0X) H,(0X, %)
k=5 0 — — Z —
k= 0 — 0 — 0 —
= 0 — rv — rv — (A-52)
k=2 0o - 0 — Al L
=1 zZ¥l - TI/Tgy —  zZ¥! —
k=0 | zl - Z — 0

and the problem is mapped onto determining the relative homology group Hy(0X, #") which
sits in

0 — Hy(0X,K) L5 ZM1 5 T/Tge — 0 (A.53)
and therefore p maps between free groups. Further, via excision and Poincaré-Lefschetz

duality, as above, we determine
H*(0X°) = {7,0,TV, 7”1 7171-1} (A.54)

Next we compute the long exact sequence in relative homology of the pair (9X°, 9>X°).
We have 9*X° = 0T, and the sequence reads:

Hy (9T ) Hy(9X°) Hy(0X°, 0Ty )
k=5 0 — 0 — 7 N
k=3 Z*1 - g7l N v - (A.55)
k=2 HY > 0 = e 7,
=1 |z¥eaH — T N 7|#1-1 R
k=0 zZ* 7 — 0
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Here p' followed by a projection to Z*| has cokernel isomorphic to I'/I'g,. However, the

initial p’ has cokernel I". Similarly, let us record the respective sequence in relative cohomol-

ogy:

HA(0X°,0T) HE(9X°) H*(0Ty)
k=0 0 — Z - 7z —
k=1 7/ ) N/ N
P (A.56)

k=2 /el — rv — Iy, —

=3 0 - ¥l o T —

=4 r - ozt Al —
k=5 Z — 0 — 0 —

Finally we identify the generator of H?(0X°). The long exact Mayer-Vietoris sequence
for the covering X = dX° U T, contains the restriction map H?(0X) — H?(0X°). From

here, via the parametrization introduced in (A.31), we deduce

H2(0X°) = <|F11X|L,1nu> [ (). (A.57)

A.3 Triple Products and Anomalies

We now discuss various geometric triple products which go on to determine coefficients in

the symmetry theories we compute in section 4.

A.3.1 X = Cone(WP?)

We begin by reformulating results of [49] in symmetry TFT formalism. Initially, the 4D
physical boundary conditions will be set by a single chiral superfield ® with flavor symmetry
u; as engineered in M-theory on the G-holonomy cone X = Cone(IP?). This cone exhibits a
single isolated codimension-7 singularity at its apex and therefore lies outside of the class of
theories studied throughout this paper, nonetheless, it will be instructive to analyze. From

here, we turn to more general cases with singular link.

Geometries with Smooth Links: Review

The symmetry theory for M-theory on X = Cone(IP?) derives via the reduction of the 11D

supergravity Chern-Simons term on the P? link of the geometry following [13]. In addition,
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one-derivative terms contribute, as derived in [26,72]. The starting point for the former is

2T Cg G4 G4 2 Cg 2
6 ) 2o Vor T s ) ar VPP, (A.58)
more precisely, its uplift to differential cohomology. Here p, denotes the n-th Pontryagin
class.
The cohomology ring of P" is simply H*(P") = Z[u]/u™™ with u = uy in degree 2. To

proceed with the reduction, one next makes the expansion
G4:F2U’U2—|—... (A59)

where Fy = dA; is the field strength of the u; flavor symmetry and evaluates the integral
over P2. These computations were completed in [49] and the resulting contribution to the
5D symmetry theory action is
2T Al F2 F2 2 Al

Sim1iD— | —U—=U—+— [ —Up;. A.60
R A T Y B (4.60)
The exterior derivative of the integrand is precisely the anomaly polynomial of an unit
charge chiral multiplet in 4D. Anomaly inflow is now formulated by noting that bulk gauge
transformations A; — A; + dfy lead to boundary terms which are required to cancel via the
physical boundary conditions. These boundary terms match the u? and u;- p; anomalies of a
chiral superfield and are therefore consistent with the codimension-7 singularity at the cone

apex supporting a chiral superfield.

Geometries with Singular Links

Next, we turn to discuss the case of a chiral superfield ® transforming in the fundamental
representation the flavor algebra uy = suy @uy, as discussed in section 4.2. First we naively
repeat the above computation of the u; self-anomaly and then rephrase it with respect to the
pair 92X°,0X°. For this we require the cohomology ring of the relevant weighted projective
space WCP? with weights N, N, 1,1, the link of the geometry. The underlying groups are
isomorphic to those of ordinary weighted projective space, however, the ring structure differs,

it is given in (A.30). Here the two non-trivial cup products are given by

’UQU'UQZ’U4, 'U2UU4:NU6. (A61)
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This results in the symmetry theory contribution

2T N Al F2 F2
—— | —U—U— A.62
6 2r 27 27’ ( )

which is, as expected, the anomaly of N chiral superfields.

The class vy generating H?(0X) restricts to the generator of H*(0X°) & H?(9?X°).
Similarly, from long exact sequences we learn we have that v, generating H*(0X) is dvj
with v} generating H3(9?X°). It follows that the triple product above is reproduced by the
pair of pairings

Py, . H*(0X°) x H*(0X°) — H*(9°X°), A.63)
U H3(02X°) x H2(0?X°) — HY(02X°), (4

where the latter is simply the cup product. The triple product setting the u$ self-anomaly

is therefore
H2(8X°) X H2(8X°) X H2(8X°) H6(8X°,82X°),

N

XL xl — 17,
(a,b,c) — Nabc,
(1,1,1) — N,

(A.64)

where we used the isomorphism H®(92X°) & H%(0X°, 0°X°) and H*(9>X°) & H?*(0X°).
We immediately see, by virtue of the last group being a relative cohomology group, i.e., the

cocycle returns zero applied to chains in 9°X°, we are correctly describing a bulk effect.

Let us briefly describe the mapping Py,. We have vaUv, = 0 as an element of H*(9X°) =
0. By Poincaré-Lefschetz duality we learn that H*(9X°) = Hy(0X°, 9?X°), i.e., vaUvy could
be dual to a 2-cycle in 9>X°. Applying Poincaré duality to this 2-cycle maps us to H?(9%X°).
The terms involving Pontryagin classes are more subtle to analyze and we refer it to
future work. They receives localized contributions from the singular locus beyond integral

cohomology contributions.

A.3.2 X =Cone(S°/Zy) =C3/Zy
Given the orbifold S°/T" we computed in (A.34) the triple product

Triple :  (0/Tay)” % (T/Tg)Y % (0/Tae)" — Q/Z

(A.65)
(r,s,t) — rst(L})*/L3,.
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where H?(S5/T") = (I'/Ts,)". However, the natural linking pairing

Link :  HY0X) x HX(0X°) — Q/Z

(A.66)
I'xIY - Q/Z.

maps from larger groups. We can therefore extend the triple pairing derived from the coho-
mology ring of X, by replacing one of the H?(0X) with H?(0X°), resulting in

T: (0/Ta) x (T/Ts)¥ x IV — Q/Z

(A.67)
(r,s,t) — rst(Lin)?’/L?V[|FﬁX|,

which we evaluated using (A.57). Overall, we learn of a finer product. See also (4.38) where

we encountered a lift of this product.

For example, when M = (2n,1,1,2n — 2) and m = (1,1,2n — 2), then we compute

T2n,1,1,2n—2 : (F/H)V X (F/H)V X FV — Q/Z

(2n —2)3 rst (A.68)

t) — ——————rst=—.
(r;s,%) 4n(2n—2)r$ n

96



References

1]

2]

[10]

[11]

[12]

N. Reshetikhin and V. G. Turaev, “Invariants of three manifolds via link polynomials
and quantum groups,” Invent. Math. 103 (1991) 547-597.

V. G. Turaev and O. Y. Viro, “State sum invariants of 3 manifolds and quantum 6j
symbols,” Topology 31 (1992) 865-902.

J. W. Barrett and B. W. Westbury, “Invariants of piecewise linear three manifolds,”
Trans. Am. Math. Soc. 348 (1996) 3997-4022, arXiv:hep-th/9311155.

E. Witten, “AdS / CFT correspondence and topological field theory,”
JHEP 12 (1998) 012, arXiv:hep-th/9812012.

J. Fuchs, I. Runkel, and C. Schweigert, “TFT construction of RCFT correlators 1.
Partition functions,” Nucl. Phys. B 646 (2002) 353-497, arXiv:hep-th/0204148.

A. Kirillov, Jr. and B. Balsam, “Turaev-Viro invariants as an extended TQFT,”
arXiv:1004.1533 [math.GT].

A. Kapustin and N. Saulina, “Surface operators in 3d Topological Field Theory and
2d Rational Conformal Field Theory,” arXiv:1012.0911 [hep-th].

A. Kitaev and L. Kong, “Models for Gapped Boundaries and Domain Walls,”
Commun. Math. Phys. 313 no. 2, (2012) 351-373,
arXiv:1104.5047 [cond-mat.str-el].

J. Fuchs, C. Schweigert, and A. Valentino, “Bicategories for boundary conditions and
for surface defects in 3-d TFT,” Commun. Math. Phys. 321 (2013) 543-575,
arXiv:1203.4568 [hep-th].

D. S. Freed and C. Teleman, “Relative quantum field theory,”
Commun. Math. Phys. 326 (2014) 459-476, arXiv:1212.1692 [hep-th].

D. S. Freed and C. Teleman, “Topological dualities in the Ising model,”
Geom. Topol. 26 (2022) 1907-1984, arXiv:1806.00008 [math.AT].

D. Gaiotto and J. Kulp, “Orbifold groupoids,” JHEP 02 (2021) 132,
arXiv:2008.05960 [hep-th].

97


http://dx.doi.org/10.1007/BF01239527
http://dx.doi.org/10.1016/0040-9383(92)90015-A
http://dx.doi.org/10.1090/S0002-9947-96-01660-1
http://arxiv.org/abs/hep-th/9311155
http://dx.doi.org/10.1088/1126-6708/1998/12/012
http://arxiv.org/abs/hep-th/9812012
http://dx.doi.org/10.1016/S0550-3213(02)00744-7
http://arxiv.org/abs/hep-th/0204148
http://arxiv.org/abs/1004.1533
http://arxiv.org/abs/1012.0911
http://dx.doi.org/10.1007/s00220-012-1500-5
http://arxiv.org/abs/1104.5047
http://dx.doi.org/10.1007/s00220-013-1723-0
http://arxiv.org/abs/1203.4568
http://dx.doi.org/10.1007/s00220-013-1880-1
http://arxiv.org/abs/1212.1692
http://dx.doi.org/10.2140/gt.2022.26.1907
http://arxiv.org/abs/1806.00008
http://dx.doi.org/10.1007/JHEP02(2021)132
http://arxiv.org/abs/2008.05960

[13]

[15]

[16]

[17]

[18]

[19]

[20]

[22]

23]

[24]

[25]

F. Apruzzi, F. Bonetti, I. Garcia Etxebarria, S. S. Hosseini, and S. Schéafer-Nameki,
“Symmetry TFTs from String Theory,”
Commun. Math. Phys. 402 no. 1, (2023) 895-949, arXiv:2112.02092 [hep-th].

D. S. Freed, G. W. Moore, and C. Teleman, “Topological symmetry in quantum field
theory,” arXiv:2209.07471 [hep-th].

J. Kaidi, K. Ohmori, and Y. Zheng, “Symmetry TFTs for Non-invertible Defects,”
Commun. Math. Phys. 404 no. 2, (2023) 1021-1124, arXiv:2209.11062 [hep-th].

T. D. Brennan and Z. Sun, “A SymTFT for Continuous Symmetries,”
arXiv:2401.06128 [hep-th].

J. J. Heckman, M. Hiibner, and C. Murdia, “On the Holographic Dual of a
Topological Symmetry Operator,” arXiv:2401.09538 [hep-th].

A. Antinucci and F. Benini, “Anomalies and gauging of U(1) symmetries,”
arXiv:2401.10165 [hep-th].

F. Bonetti, M. Del Zotto, and R. Minasian, “SymTFTs for Continuous non-Abelian
Symmetries,” arXiv:2402.12347 [hep-th].

F. Apruzzi, F. Bedogna, and N. Dondi, “SymTh for non-finite symmetries,”
arXiv:2402.14813 [hep-th].

O. Aharony and E. Witten, “Anti-de Sitter space and the center of the gauge group,”
JHEP 11 (1998) 018, arXiv:hep-th/9807205.

D. Belov and G. W. Moore, “Holographic Action for the Self-Dual Field,”
arXiv:hep-th/0605038.

J. J. Heckman and L. Tizzano, “6D Fractional Quantum Hall Effect,”
JHEP 05 (2018) 120, arXiv:1708.02250 [hep-th].

J. J. Heckman, M. Hubner, E. Torres, X. Yu, and H. Y. Zhang, “Top down approach
to topological duality defects,” Phys. Rev. D 108 no. 4, (2023) 046015,
arXiv:2212.09743 [hep-th].

M. van Beest, D. S. W. Gould, S. Schéafer-Nameki, and Y. Wang, “Symmetry TFTs
for 3d QFTs from M-theory,” JHEP 02 (2023) 226, arXiv:2210.03703 [hep-th].

98


http://dx.doi.org/10.1007/s00220-023-04737-2
http://arxiv.org/abs/2112.02092
http://arxiv.org/abs/2209.07471
http://dx.doi.org/10.1007/s00220-023-04859-7
http://arxiv.org/abs/2209.11062
http://arxiv.org/abs/2401.06128
http://arxiv.org/abs/2401.09538
http://arxiv.org/abs/2401.10165
http://arxiv.org/abs/2402.12347
http://arxiv.org/abs/2402.14813
http://dx.doi.org/10.1088/1126-6708/1998/11/018
http://arxiv.org/abs/hep-th/9807205
http://arxiv.org/abs/hep-th/0605038
http://dx.doi.org/10.1007/JHEP05(2018)120
http://arxiv.org/abs/1708.02250
http://dx.doi.org/10.1103/PhysRevD.108.046015
http://arxiv.org/abs/2212.09743
http://dx.doi.org/10.1007/JHEP02(2023)226
http://arxiv.org/abs/2210.03703

[26]

[27]

28]

[29]

F. Baume, J. J. Heckman, M. Hiibner, E. Torres, A. P. Turner, and X. Yu, “SymTrees
and Multi-Sector QFTs,” arXiv:2310.12980 [hep-th].

X. Yu, “Non-invertible Symmetries in 2D from Type IIB String Theory,”
arXiv:2310.15339 [hep-th].

F. Apruzzi, F. Bonetti, D. S. W. Gould, and S. Schafer-Nameki, “Aspects of
Categorical Symmetries from Branes: SymTFTs and Generalized Charges,”
arXiv:2306.16405 [hep-th].

C. Lawrie, X. Yu, and H. Y. Zhang, “Intermediate defect groups, polarization pairs,
and noninvertible duality defects,” Phys. Rev. D 109 no. 2, (2024) 026005,
arXiv:2306.11783 [hep-th].

M. Del Zotto, S. N. Meynet, and R. Moscrop, “Remarks on Geometric Engineering,
Symmetry TFTs and Anomalies,” arXiv:2402.18646 [hep-th].

J. J. Heckman and M. Hiibner, “Celestial Topology, Symmetry Theories, and Evidence
for a Non-SUSY D3-Brane CFT,” arXiv:2406.08485 [hep-th].

C. Copetti, “Defect Charges, Gapped Boundary Conditions, and the Symmetry TFT.”
arXiv:2408.01490 [hep-th].

“Wikipedia Entry on Cheesesteak,”. https://en.wikipedia.org/wiki/Cheesesteak.

J. C. Baez, D. Stevenson, A. S. Crans, and U. Schreiber, “From loop groups to
2-groups,” arXiv:math/0504123.

H. Sati, U. Schreiber, and J. Stasheff, “L., algebra connections and applications to
String- and Chern-Simons n-transport,” arXiv:0801.3480 [math.DG].

H. Sati, U. Schreiber, and J. Stasheff, “Differential twisted String and Fivebrane
structures,” Commun. Math. Phys. 315 (2012) 169-213,
arXiv:0910.4001 [math.AT].

D. Fiorenza, U. Schreiber, and J. Stasheff, “Cech cocycles for differential characteristic
classes: an oo-Lie theoretic construction,”
Adv. Theor. Math. Phys. 16 no. 1, (2012) 149-250, arXiv:1011.4735 [math.AT].

D. Fiorenza, H. Sati, and U. Schreiber, “Multiple M5-branes, String 2-connections,
and 7d nonabelian Chern-Simons theory,”
Adv. Theor. Math. Phys. 18 no. 2, (2014) 229-321, arXiv:1201.5277 [hep-th].

99


http://arxiv.org/abs/2310.12980
http://arxiv.org/abs/2310.15339
http://arxiv.org/abs/2306.16405
http://dx.doi.org/10.1103/PhysRevD.109.026005
http://arxiv.org/abs/2306.11783
http://arxiv.org/abs/2402.18646
http://arxiv.org/abs/2406.08485
http://arxiv.org/abs/2408.01490
https://en.wikipedia.org/wiki/Cheesesteak
http://arxiv.org/abs/math/0504123
http://arxiv.org/abs/0801.3480
http://dx.doi.org/10.1007/s00220-012-1510-3
http://arxiv.org/abs/0910.4001
http://dx.doi.org/10.4310/ATMP.2012.v16.n1.a5
http://arxiv.org/abs/1011.4735
http://dx.doi.org/10.4310/ATMP.2014.v18.n2.a1
http://arxiv.org/abs/1201.5277

[39] A. Kapustin and R. Thorngren, “Higher symmetry and gapped phases of gauge
theories,” arXiv:1309.4721 [hep-th].

[40] T. Pantev and E. Sharpe, “GLSM’s for Gerbes (and other toric stacks),”
Adv. Theor. Math. Phys. 10 no. 1, (2006) 77-121, arXiv:hep-th/0502053.

[41] T. Pantev and E. Sharpe, “Notes on gauging noneffective group actions,”
arXiv:hep-th/0502027.

[42] T. Pantev and E. Sharpe, “String compactifications on Calabi-Yau stacks,”
Nucl. Phys. B 733 (2006) 233-296, arXiv:hep-th/0502044.

[43] E. Sharpe, “Notes on generalized global symmetries in QFT,”
Fortsch. Phys. 63 (2015) 659682, arXiv:1508.04770 [hep-th].

[44] F. Benini, C. Cérdova, and P.-S. Hsin, “On 2-Group Global Symmetries and their
Anomalies,” JHEP 03 (2019) 118, arXiv:1803.09336 [hep-th].

[45] C. Cérdova, T. T. Dumitrescu, and K. Intriligator, “Exploring 2-Group Global
Symmetries,” JHEP 02 (2019) 184, arXiv:1802.04790 [hep-th].

[46] C. Cordova, T. T. Dumitrescu, and K. Intriligator, “2-Group Global Symmetries and
Anomalies in Six-Dimensional Quantum Field Theories,” JHEP 04 (2021) 252,
arXiv:2009.00138 [hep-th].

[47] M. Atiyah and E. Witten, “M theory dynamics on a manifold of G(2) holonomy,”
Adv. Theor. Math. Phys. 6 (2003) 1-106, arXiv:hep-th/0107177.

[48] B. S. Acharya and E. Witten, “Chiral fermions from manifolds of G(2) holonomy,”
arXiv:hep-th/0109152.

[49] E. Witten, “Anomaly cancellation on G(2) manifolds,” arXiv:hep-th/0108165.

[50] E. Witten, “(2+1)-Dimensional Gravity as an Exactly Soluble System,”
Nucl. Phys. B 311 (1988) 46.

[51] R. Argurio, F. Benini, M. Bertolini, G. Galati, and P. Niro, “On the symmetry TFT of
Yang-Mills-Chern-Simons theory,” JHEP 07 (2024) 130,
arXiv:2404.06601 [hep-th].

[52] J. J. Heckman, M. Huebner, X. Yu, and H. Y. Zhang, “Wip,”.

100


http://arxiv.org/abs/1309.4721
http://dx.doi.org/10.4310/ATMP.2006.v10.n1.a4
http://arxiv.org/abs/hep-th/0502053
http://arxiv.org/abs/hep-th/0502027
http://dx.doi.org/10.1016/j.nuclphysb.2005.10.035
http://arxiv.org/abs/hep-th/0502044
http://dx.doi.org/10.1002/prop.201500048
http://arxiv.org/abs/1508.04770
http://dx.doi.org/10.1007/JHEP03(2019)118
http://arxiv.org/abs/1803.09336
http://dx.doi.org/10.1007/JHEP02(2019)184
http://arxiv.org/abs/1802.04790
http://dx.doi.org/10.1007/JHEP04(2021)252
http://arxiv.org/abs/2009.00138
http://dx.doi.org/10.4310/ATMP.2002.v6.n1.a1
http://arxiv.org/abs/hep-th/0107177
http://arxiv.org/abs/hep-th/0109152
http://arxiv.org/abs/hep-th/0108165
http://dx.doi.org/10.1016/0550-3213(88)90143-5
http://dx.doi.org/10.1007/JHEP07(2024)130
http://arxiv.org/abs/2404.06601

[53]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

M. Barkeshli, P. Bonderson, M. Cheng, and Z. Wang, “Symmetry Fractionalization,
Defects, and Gauging of Topological Phases,”
Phys. Rev. B 100 no. 11, (2019) 115147, arXiv:1410.4540 [cond-mat.str-el].

X. Chen, F. J. Burnell, A. Vishwanath, and L. Fidkowski, “Anomalous Symmetry
Fractionalization and Surface Topological Order,”
Phys. Rev. X 5 no. 4, (2015) 041013, arXiv:1403.6491 [cond-mat.str-el].

D. Delmastro, J. Gomis, P.-S. Hsin, and Z. Komargodski, “Anomalies and Symmetry
Fractionalization,” arXiv:2206.15118 [hep-th].

T. D. Brennan, C. Cordova, and T. T. Dumitrescu, “Line Defect Quantum Numbers
& Anomalies,” arXiv:2206.15401 [hep-th].

L. Bhardwaj, “2-Group symmetries in class S,” SciPost Phys. 12 no. 5, (2022) 152,
arXiv:2107.06816 [hep-th].

Y. Lee, K. Ohmori, and Y. Tachikawa, “Matching higher symmetries across
Intriligator-Seiberg duality,” JHEP 10 (2021) 114, arXiv:2108.05369 [hep-th].

C. Vafa, “Mirror symmetry and closed string tachyon condensation,” in From Fields to
Strings: Circumnavigating Theoretical Physics: A Conference in Tribute to Ian Kogan,
pp. 1828-1847. 11, 2001. arXiv:hep-th/0111051.

A. Adams, J. Polchinski, and E. Silverstein, “Don’t panic! Closed string tachyons in
ALE space-times,” JHEP 10 (2001) 029, arXiv:hep-th/0108075.

D. R. Morrison, K. Narayan, and M. R. Plesser, “Localized tachyons in C**3 / Z(N),”
JHEP 08 (2004) 047, arXiv:hep-th/0406039.

N. Braeger, V. Chakrabhavi, J. J. Heckman, and M. Hubner, “Generalized
Symmetries of Non-Supersymmetric Orbifolds,” arXiv:2404.17639 [hep-th].

R. L. Bryant and S. M. Salamon, “On the construction of some complete metrics with
exceptional holonomy,” Duke Math. J. 58 no. 3, (06, 1989) 829-850.

M. Cvetic, G. W. Gibbons, H. Lu, and C. N. Pope, “Cohomogeneity one manifolds of
spin(7) and G(2) holonomy,” Phys. Rev. D 65 (2002) 106004,
arXiv:hep-th/0108245.

D. R. Morrison and W. Taylor, “Classifying bases for 6D F-theory models,”
Central Fur. J. Phys. 10 (2012) 1072-1088, arXiv:1201.1943 [hep-th].

101


http://dx.doi.org/10.1103/PhysRevB.100.115147
http://arxiv.org/abs/1410.4540
http://dx.doi.org/10.1103/PhysRevX.5.041013
http://arxiv.org/abs/1403.6491
http://arxiv.org/abs/2206.15118
http://arxiv.org/abs/2206.15401
http://dx.doi.org/10.21468/SciPostPhys.12.5.152
http://arxiv.org/abs/2107.06816
http://dx.doi.org/10.1007/JHEP10(2021)114
http://arxiv.org/abs/2108.05369
http://arxiv.org/abs/hep-th/0111051
http://dx.doi.org/10.1088/1126-6708/2001/10/029
http://arxiv.org/abs/hep-th/0108075
http://dx.doi.org/10.1088/1126-6708/2004/08/047
http://arxiv.org/abs/hep-th/0406039
http://arxiv.org/abs/2404.17639
http://dx.doi.org/10.1215/S0012-7094-89-05839-0
http://dx.doi.org/10.1103/PhysRevD.65.106004
http://arxiv.org/abs/hep-th/0108245
http://dx.doi.org/10.2478/s11534-012-0065-4
http://arxiv.org/abs/1201.1943

[66]

[76]

[77]

J. J. Heckman, C. Lawrie, L. Lin, H. Y. Zhang, and G. Zoccarato, “6D SCF'Ts,
center-flavor symmetries, and Stiefel-Whitney compactifications,”
Phys. Rev. D 106 no. 6, (2022) 066003, arXiv:2205.03411 [hep-th].

B. S. Acharya, M. Del Zotto, J. J. Heckman, M. Hubner, and E. Torres, “Junctions,
Edge Modes, and G5-Holonomy Orbifolds,” arXiv:2304.03300 [hep-th].

J. J. Heckman, M. Hiibner, E. Torres, and H. Y. Zhang, “The Branes Behind
Generalized Symmetry Operators,” Fortsch. Phys. 71 no. 1, (2023) 2200180,
arXiv:2209.03343 [hep-th].

I. Garcia Etxebarria, “Branes and Non-Invertible Symmetries,”
Fortsch. Phys. 70 no. 11, (2022) 2200154, arXiv:2208.07508 [hep-th].

F. Apruzzi, 1. Bah, F. Bonetti, and S. Schafer-Nameki, “Noninvertible Symmetries
from Holography and Branes,” Phys. Rev. Lett. 130 no. 12, (2023) 121601,
arXiv:2208.07373 [hep-th].

M. Del Zotto, J. J. Heckman, D. S. Park, and T. Rudelius, “On the Defect Group of a
6D SCFT,” Lett. Math. Phys. 106 no. 6, (2016) 765-786,
arXiv:1503.04806 [hep-th].

I. Garcia Etxebarria and S. S. Hosseini, “Some aspects of symmetry descent,”
arXiv:2404.16028 [hep-th].

G. T. Horowitz, “Exactly Soluble Diffeomorphism Invariant Theories,”
Commun. Math. Phys. 125 (1989) 417.

F. Apruzzi, S. Schéafer-Nameki, L. Bhardwaj, and J. Oh, “The Global Form of Flavor
Symmetries and 2-Group Symmetries in 5d SCF'T's,”
SciPost Phys. 13 no. 2, (2022) 024, arXiv:2105.08724 [hep-th].

M. Cvetic, J. J. Heckman, M. Hiibner, and E. Torres, “0-Form, 1-Form and 2-Group
Symmetries via Cutting and Gluing of Orbifolds,” arXiv:2203.10102 [hep-th].

M. Del Zotto, I. Garcia Etxebarria, and S. Schafer-Nameki, “2-Group Symmetries and
M-Theory,” SciPost Phys. 13 (2022) 105, arXiv:2203.10097 [hep-th].

W.-m. Chen and Y.-b. Ruan, “A New cohomology theory for orbifold,”
Commun. Math. Phys. 248 (2004) 1-31, arXiv:math/0004129.

102


http://dx.doi.org/10.1103/PhysRevD.106.066003
http://arxiv.org/abs/2205.03411
http://arxiv.org/abs/2304.03300
http://dx.doi.org/10.1002/prop.202200180
http://arxiv.org/abs/2209.03343
http://dx.doi.org/10.1002/prop.202200154
http://arxiv.org/abs/2208.07508
http://dx.doi.org/10.1103/PhysRevLett.130.121601
http://arxiv.org/abs/2208.07373
http://dx.doi.org/10.1007/s11005-016-0839-5
http://arxiv.org/abs/1503.04806
http://arxiv.org/abs/2404.16028
http://dx.doi.org/10.1007/BF01218410
http://dx.doi.org/10.21468/SciPostPhys.13.2.024
http://arxiv.org/abs/2105.08724
http://arxiv.org/abs/2203.10102
http://dx.doi.org/10.21468/SciPostPhys.13.5.105
http://arxiv.org/abs/2203.10097
http://dx.doi.org/10.1007/s00220-004-1089-4
http://arxiv.org/abs/math/0004129

[78]

[82]

[88]

[89]

M. Cvetic, J. J. Heckman, M. Hiibner, and E. Torres, “Generalized symmetries,
gravity, and the swampland,” Phys. Rev. D 109 no. 2, (2024) 026012,
arXiv:2307.13027 [hep-th].

K. A. Intriligator, D. R. Morrison, and N. Seiberg, “Five-dimensional supersymmetric
gauge theories and degenerations of Calabi-Yau spaces,”
Nucl. Phys. B 497 (1997) 56-100, arXiv:hep-th/9702198.

M. Del Zotto, J. J. Heckman, and D. R. Morrison, “6D SCFTs and Phases of 5D
Theories,” JHEP 09 (2017) 147, arXiv:1703.02981 [hep-th].

D. Xie and S.-T. Yau, “Three dimensional canonical singularity and five dimensional
N =1SCFT,” JHEP 06 (2017) 134, arXiv:1704.00799 [hep-th].

P. Jefferson, S. Katz, H.-C. Kim, and C. Vafa, “On Geometric Classification of 5d
SCFTs,” JHEP 04 (2018) 103, arXiv:1801.04036 [hep-th].

F. Apruzzi, C. Lawrie, L. Lin, S. Schafer-Nameki, and Y. Wang, “5d Superconformal
Field Theories and Graphs,” Phys. Lett. B 800 (2020) 135077,
arXiv:1906.11820 [hep-th].

J. Tian and Y. Wang, “5D and 6D SCFTs from C? orbifolds,”
SciPost Phys. 12 no. 4, (2022) 127, arXiv:2110.15129 [hep-th].

B. Acharya, N. Lambert, M. Najjar, E. E. Svanes, and J. Tian, “Gauging discrete
symmetries of T y-theories in five dimensions,” JHEP 04 (2022) 114,
arXiv:2110.14441 [hep-th].

P. C. Argyres, J. J. Heckman, K. Intriligator, and M. Martone, “Snowmass White
Paper on SCFTs,” arXiv:2202.07683 [hep-th].

M. Del Zotto, J. J. Heckman, S. N. Meynet, R. Moscrop, and H. Y. Zhang, “Higher
symmetries of 5D orbifold SCFTs,” Phys. Rev. D 106 no. 4, (2022) 046010,
arXiv:2201.08372 [hep-th].

M. Hiibner, D. R. Morrison, S. Schafer-Nameki, and Y. Wang, “Generalized
Symmetries in F-theory and the Topology of Elliptic Fibrations,”
SciPost Phys. 13 no. 2, (2022) 030, arXiv:2203.10022 [hep-th].

M. Cveti¢, G. Shiu, and A. M. Uranga,

“Chiral type II orientifold constructions as M theory on G5 holonomy spaces,” in 9th

103


http://dx.doi.org/10.1103/PhysRevD.109.026012
http://arxiv.org/abs/2307.13027
http://dx.doi.org/10.1016/S0550-3213(97)00279-4
http://arxiv.org/abs/hep-th/9702198
http://dx.doi.org/10.1007/JHEP09(2017)147
http://arxiv.org/abs/1703.02981
http://dx.doi.org/10.1007/JHEP06(2017)134
http://arxiv.org/abs/1704.00799
http://dx.doi.org/10.1007/JHEP04(2018)103
http://arxiv.org/abs/1801.04036
http://dx.doi.org/10.1016/j.physletb.2019.135077
http://arxiv.org/abs/1906.11820
http://dx.doi.org/10.21468/SciPostPhys.12.4.127
http://arxiv.org/abs/2110.15129
http://dx.doi.org/10.1007/JHEP04(2022)114
http://arxiv.org/abs/2110.14441
http://arxiv.org/abs/2202.07683
http://dx.doi.org/10.1103/PhysRevD.106.046010
http://arxiv.org/abs/2201.08372
http://dx.doi.org/10.21468/SciPostPhys.13.2.030
http://arxiv.org/abs/2203.10022
http://dx.doi.org/10.1142/9789812778192_0057

[90]

[91]

International Conference on Supersymmetry and Unification of Fundamental
Interactions (SUSY01), pp. 317-326. 11, 2001. arXiv:hep-th/0111179.

M. Cveti¢, G. Shiu, and A. M. Uranga, “Chiral Four-Dimensional N=1
Supersymmetric Type IIA Orientifolds from Intersecting D6-Branes,”
Nucl. Phys. B 615 (2001) 3-32, arXiv:hep-th/0107166.

M. Cveti¢, G. Shiu, and A. M. Uranga, “Three family supersymmetric standard - like
models from intersecting brane worlds,” Phys. Rev. Lett. 87 (2001) 201801,
arXiv:hep-th/0107143.

D. S. W. Gould, L. Lin, and E. Sabag, “Swampland constraints on the symmetry
topological field theory of supergravity,” Phys. Rev. D 109 no. 12, (2024) 126005,
arXiv:2312.02131 [hep-th].

T. Kawasaki, “Cohomology of twisted projective spaces and lens complexes,”
Mathematische Annalen 206 (1973) 243-248.

104


http://arxiv.org/abs/hep-th/0111179
http://dx.doi.org/10.1016/S0550-3213(01)00427-8
http://arxiv.org/abs/hep-th/0107166
http://dx.doi.org/10.1103/PhysRevLett.87.201801
http://arxiv.org/abs/hep-th/0107143
http://dx.doi.org/10.1103/PhysRevD.109.126005
http://arxiv.org/abs/2312.02131

	Introduction
	Relative Symmetry Theories
	Symmetry Theories
	Boundary Conditions
	Defect and Symmetry Operators
	Example: 2-group Symmetry / Symmetry Fractionalization

	Top Down Approach
	Geometric Considerations
	Defect Groups
	Bulk Sd+2 and Boundaries Bd+1,Td+1
	Boundary and Corner Conditions B, B"0365B
	Further Comments

	Illustrative Examples in d=5,4
	Example: 5D SCFTs
	Example: 4D Chiral Matter

	Conclusions
	Fibrations, Sequences and Products
	Families of ADE Singularities
	Fibrations and (Co)Homology
	Triple Products and Anomalies


