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Abstract 

 

Superconducting curved magnets can reduce accelerator footprints by producing strong fields (>3 T) for 

applications such as carbon ion therapy, however the effect of strongly curved magnetic multipoles and 

fringe fields on accelerator beam dynamics is not fully understood. This is especially important for 

compact synchrotrons, where off-axis body fields and fringe fields can significantly affect beam qual-ity 

and long-term beam stability. To establish the effect of magnet curvature on higher order multipole fields 

and on beam stability, an electromagnetic model of a supercon-ducting, curved alternating- gradient 

canted-cosine-theta magnet (AG-CCT) is analysed. The magnet is studied for the main bending magnets 

in a 27 m circumference carbon ion therapy synchrotron, designed within the Next Ion Med-ical Machine 

Study (NIMMS) at CERN and the European project HITRIplus. The multipole fields of the magnet are 

implemented in a lattice model of the synchrotron in MAD-X/PTC to study long term beam stability, and 

to understand the effect of curved multipoles on particle dynamics for opti-misation of both the lattice and 

magnet designs. Preliminary assessment of the performance of the synchrotron finds that the AG-CCT 

multipoles are well-tolerated in the lattice. Re-sults are discussed for the suitability of the synchrotron for 

clinical application. 
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Abstract
Superconducting curved magnets can reduce accelerator

footprints by producing strong fields (>3 T) for applications
such as carbon ion therapy, however the effect of strongly
curved magnetic multipoles and fringe fields on accelerator
beam dynamics is not fully understood. This is especially
important for compact synchrotrons, where off-axis body
fields and fringe fields can significantly affect beam qual-
ity and long-term beam stability. To establish the effect
of magnet curvature on higher order multipole fields and
on beam stability, an electromagnetic model of a supercon-
ducting, curved alternating- gradient canted-cosine-theta
magnet (AG-CCT) is analysed. The magnet is studied for
the main bending magnets in a 27 m circumference carbon
ion therapy synchrotron, designed within the Next Ion Med-
ical Machine Study (NIMMS) at CERN and the European
project HITRIplus. The multipole fields of the magnet are
implemented in a lattice model of the synchrotron in MAD-
X/PTC to study long term beam stability, and to understand
the effect of curved multipoles on particle dynamics for opti-
misation of both the lattice and magnet designs. Preliminary
assessment of the performance of the synchrotron finds that
the AG-CCT multipoles are well-tolerated in the lattice. Re-
sults are discussed for the suitability of the synchrotron for
clinical application.

INTRODUCTION
Accelerator technology applied for charged particle ther-

apy is being developed for future facilities. Emphasis is
placed on reduction of physical footprints and power con-
sumption to save costs and space for future facilities by
generating stronger magnetic fields (>3 T) to accommodate
for higher rigidity beams, such as carbon. From the clinical
aspect, focus is placed on achieving higher intensity beams
(1×1010 particles per extraction cycle) for more efficient
treatment delivery.

This work focuses on one such design: a superconduct-
ing, compact (27 m circumference) carbon ion therapy syn-
chrotron [1]. The synchrotron, designed within the European
projects NIMMS and HITRIplus [2], is composed of four
90° canted-cosine-theta (CCT) magnets, with alternating-
gradient (AG) focusing and defocusing quadrupole layers,
operating at 𝐵main = 3.5 T. The magnets are wound into two
layers of two oppositely tilted helical coils, which produce
∗ hannah.norman@manchester.ac.uk

high quality dipole fields and multipoles which are more
easily adjustable [3] compared to other magnet types, e.g.
cosine-theta (CT). The addition of curved AG-CCT magnets
in the four bending sections reduces the physical size and
weight of the accelerator from a typical normal conducting
medical synchrotron circumference of 75 m [4], potentially
leading to lower construction and operational costs due to
requiring fewer magnets. It should be noted that an alter-
native layout of the lattice based on 60° CCT magnets also
exists, as potential difficulties could arise when engineering
the 90° bends [5].

In this paper we analyse the AG-CCT designed for the
original NIMMS synchrotron using tools developed from
studying a complementary curved (30°) combined-function
CT magnet [6, 7]; numerical methods are used to extract
multipole fields from field maps sampled from a model of
the magnet using the EM magnet design software OPERA
3D [8]. The multipole fields and fringe fields of the AG-
CCT are added to the sector bend magnets (SBENDS) of the
accelerator lattice as thin lenses sandwiching the SBENDS,
modelled in the beam optics codes MAD-X [9]/PTC [10]
for particle tracking simulations, as represented in Fig. 1.
We now refer to the field components as field gradients,

Figure 1: Layout of the original NIMMS synchrotron lattice.
Inset: One of four 90° AG-CCT sector bends with fringe
field and body field multipoles represented as thin lenses in
the accelerator lattice in MAD-X.

as is used by beam dynamics codes. The reasoning is also
that multipole decomposition is mathematically invalid for
curved coordinate systems, further detailed in Ref. [11]. To
understand the impact of introducing curvature and complex
magnet geometry on long-term beam stability, 2×1010 car-
bon ions are simulated and tracked under the influence of
higher order field gradients (i.e. sextupole and octupole).



This indicates where stable tunes of operation are, as well as
the size of the stable region in initial amplitude space: the
dynamic aperture (DA). Plotting the DA enable visualisation
of the maximum initial values of stable trajectories in (𝑥, 𝑦)
coordinate space in the lattice; ideally the DA should be as
large as possible to allow for particle amplitude growth dur-
ing acceleration while retaining the original beam. Valuable
feedback can then provided to magnet and lattice design-
ers for how much adjustment is required for the gradients
before a prototype magnet can be developed for implemen-
tation in the medical synchrotron. Particles are first tracked
through the gradients in the base lattice to approximate the
DA without optimisation to investigate the tolerance of the
lattice.

CURVED MAGNET ANALYSIS
OPERA 3D Model

The AG-CCT magnet is based on a similar design for a
compact superconducting proton therapy gantry [12]; a cus-
tom magnet has been modified for the NIMMS synchrotron.
The magnetic specifications are given in Table 1 in Ref. [1].
Due to the compactness of the magnets and synchrotron, it
is crucial that the gradients are known, especially where the
focusing-defocusing quadrupole layers overlap physically,
and in the ends of the magnets where fringe fields will have
significant effect [13]. The distribution of the field over
the magnet and its individual sets of quadrupole and dipole
layers is presented in Fig. 2.

Figure 2: Main field 𝐵𝑧 distributed over the magnet cur-
vature (length). The separate dipole fields and quadrupole
gradients are shown in addition to the sum of the fields be-
tween the four layers. 𝑟ref is the reference radius, 2/3 the
radius of the inner coil vacuum chamber (= 50 mm).

The presence of fringe fields and higher order gradients
can drive resonances, leading to large tune shifts with am-
plitude of the beam over many turns in the accelerator. This
leads to a reduction in DA and in turn reduce the uniformity
of the beam spill, which would negatively impact the quality
of treatment delivered to patients. The harmonic content of
the magnet is analysed to assess if the gradients and fringe
fields are within tolerable design limits. The main field is
sampled along vectors perpendicular to a nominal trajectory
through the magnet, approximated by two straight sections
at the ends and an arc through the magnet centre following

Table 1: AG-CCT integrated gradients 𝐵𝑛 divided by a mag-
netic length for the fringe and body regions for rigidity 𝐵𝜌 =
6.6 T m for a carbon ion beam at 𝐸kin,max= 430 MeV/u. The
gradients are calculated from polynomial fitting to the main
field along the magnet mid-plane. Units for each order n are
in T/(m𝑛−1).

Component Outer Fringes F-Layers D-Layers
B1 (Dip.) 2.50 3.3 3.93
B2 (Quad.) -7.26 -9.23 9.67
B3 (Sext.) 2.80 3.1 5.42
B4 (Oct.) 309.78 244.44 298.80

the curvature. A polynomial function is fitted to the main
field along the magnet where there is mid-plane symmetry
and the field is expanded to obtain the Taylor expansion
coefficients [14]. From Fig. 2, there are three flattops (re-
gions of constant field) corresponding to the locations of
the focusing-defocusing quadrupole layers. We calculate
the field gradients separately in these three locations and
represent them as different ‘gradient’ lenses in the MAD-X
lattice, as shown in Fig. 1. The external fringe fields are
sampled both sides of the outermost flattops and integrated
over the length of each fringe region to represent an overall
‘kick’ as a first approximation. Future studies will replace
the kick with more lenses to better describe the individual
fringe field contributions over those regions. One study has
looked at the fewest number of gradient thin lenses that can
accurately represent a magnet for tracking simulations; re-
sults are presented in Ref. [15]. The gradients calculated
over the full magnet are given in Table 1. Work has been
underway for translation of the AG-CCT field map into the
ray-tracing code Zgoubi [16] to obtain a nominal trajectory
from tracking through the 3D fieldmap directly to examine
particle motion subject to the magnet curvature.

STABILITY STUDIES
Frequency Map Analysis

Particles on momentum were tracked through the lattice
for 2048 turns; tracking parameters are the same as in Table 2
in Ref. [6], except for the normal working point, which has
been moved away from extraction conditions to𝑄𝑥,𝑦 = (1.72,
1.09). We first scan the initial (𝑥, 𝑦) coordinate space up to
the half-aperture (𝐴𝑥,𝑦=30 mm), as this has been deemed
sufficient to accommodate the beam [1]. The fractional tunes
𝑞𝑥,𝑦 are calculated for each coordinate using the NAFF al-
gorithm [17]. This data was used to perform frequency map
analysis (FMA) to establish the correspondence of initial
particle trajectories in (𝑥, 𝑦) amplitude space to stable tunes
in the diagram [18], while identifying regions of resonance.
The turn data is split into the first and last 1000 turns to cal-
culate the tune diffusion index 𝐷 from the RMS differences
in 𝑞𝑥,𝑦 . From this data, resonant lines in tune space can
be identified and the DA can be estimated from the stable
region in (𝑥, 𝑦) amplitude space.



Positioning of Lattice Elements
Choice of gradient definition and positioning in the lattice

is important. A common technique is to integrate the field
gradients over an entire magnet and divide by an effective
length to obtain average field gradients; it is insufficient to
describe the field in this way for magnets with short lengths
compared to the fringe field extent (e.g. the AG-CCT, ≈ 2 m
in length). This is demonstrated in Fig. 3, where the DA
is shown for tracking 1000 particles with sextupole fields
distributed inside the SBENDS and represented as thin lens
fringes. In this case, a reduction in DA is seen by distributing
the gradients inside the SBENDS. With this representation,
the individual contributions of the fields inside the magnet,
which may give rise to non-linear particle behaviour, are
erased. The gradients must be represented as several thin
lenses over the magnet for accurate tracking results.

(a) (b)

Figure 3: Tune diffusion for (a) the sextupole field distributed
inside each SBEND and (b) defined as thin lenses in the ex-
tremities of each bending magnet. Dark blue represents
stable trajectories and dark red represents unstable trajecto-
ries, corresponding to initial amplitudes.

Tracking Results
The (fractional) tune space diagrams for the lattice with

non-optimised gradients, under normal working conditions
(𝑄𝑥,𝑦 = 1.72, 1.09) and extraction conditions (𝑄𝑥,𝑦 = 1.68,
1.13) are shown in Fig. 4. From Fig. 4, resonant tunes can be
identified for the lattice with inclusion of gradients. While
there are areas of instability present in Fig. 4(a), there is little

(a) (b)

Figure 4: FMA diagrams for inclusion of sextupole and
octupole gradients for (a) 𝑄𝑥,𝑦 = (1.72, 1.09) and (b) 𝑄𝑥,𝑦 =
(1.68, 1.13). Dark blue represents stable trajectories and dark
red represents trajectories on unstable lines of resonance.
White space indicates a particle has escaped.

overall tune spread; the gradients are small enough to not

Figure 5: Tune diffusion diagram for inclusion of sextupole
and octupole gradients for normal working conditions 𝑄𝑥,𝑦

= (1.72, 1.09).

cause resonance crossing driving particle loss. Under extrac-
tion conditions in Fig. 4(b), there is larger tune spread, caus-
ing particle amplitude to grow outside the physical aperture
for extraction. The DA can be estimated from the maximum
(𝑥, 𝑦) coordinates forming the hill shape in Fig. 5. The DA
is calculated as |𝑥 | = 0.013 m, |𝑦 | = 0.006 m, compared with
the base lattice without gradient lenses (|𝑥 | = 0.014 m, |𝑦 | =
0.010 m). As a preliminary investigation, the AG-CCT gra-
dients are fairly well-tolerated in the synchrotron; the beam
is not driven into resonance by the presence of the higher or-
der fields. For this study, field contributions from transverse
components B𝑥 and B𝑦 in the gradient calculations were
not added for simplified calculations. Future studies will
include the additional components to account for off-axis
particle motion in the presence of non-linear fields produced
by the magnet curvature.

OUTLOOK AND FUTURE WORK
This study was performed for tracking carbon ions at max-

imum therapeutic energy through realistic higher order field
gradients from an AG-CCT magnet, designed for a com-
pact superconducting synchrotron for carbon-ion therapy.
Preliminary results show the gradients are tolerated by the
synchrotron; non-linear effects are not being driven by the
presence of the gradients to cause large tune shifts with
initial particle amplitudes. A future study will look at track-
ing carbon ions through the AG-CCT in the synchrotron
lattice in Zgoubi; results will be compared with this study
to investigate margins of design error for the gradients in
practice.
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