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Nucleation at finite temperature: a gauge-invariant, perturbative framework
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We present a gauge-invariant framework for bubble nucleation in theories with radiative sym-
metry breaking at high temperature. As a procedure, this perturbative framework establishes a
practical, gauge-invariant computation of the leading order nucleation rate, based on a consistent
power counting in the high-temperature expansion. In model building and particle phenomenology,
this framework has applications such as the computation of the bubble nucleation temperature and
the rate for electroweak baryogenesis and gravitational wave signals from cosmic phase transitions.

Achieving a rigorous understanding of the thermal his-
tory of the electroweak (EW) symmetry breaking has
been a long-standing challenge at the interface between
particle physics and cosmology. The standard history of
the Standard Model (SM) of particle physics contains no
electroweak phase transition. Instead a smooth crossover
between high and low temperature phases occurs ﬂ, E]
A non-standard history with a first order phase tran-
sition is conceivable in theories beyond the SM (BSM)
that are well motivated from the electroweak to TeV
scale. BSM scenarios with extended scalar sectors can
contain rich patterns of symmetry breaking B] and po-
tentially produce EW baryogenesis ], and also rich
phenomenology for high energy collider physics ﬂ] and
production of primordial gravitational waves ﬂé] These
phenomena have been actively studied for decades and
recently sparked increased interest in next-generation
gravitational wave detector experiments ﬂg] such as
LISA [12).

One key ingredient for both EW baryogenesis and
stochastic gravitational wave background production is
a first order phase transition in the primordial plasma
of particles that proceeds via nucleating bubbles of the
low-temperature phase. The thermo- and bubble dynam-
ics of such transitions can be reliably described non-
perturbatively using lattice simulations . However,
exploring BSM scenarios and their thermodynamics in-
variably requires the use of perturbation theory, since
fully comprehensive non-perturbative analyses of a mul-
tidimensional parameter space are computationally out
of reach. A qualitative and quantitative assessment of
the perturbative reliability requires robust theory com-
putations when comparing to lattice data. In that re-
spect, an unphysical gauge-dependence of the bubble nu-
cleation rate has plagued particle physics phenomenology
applications of the thermal phase transition literature for
decades (c.f. [§, [16] and references therein). While by

now resolved at zero temperature ﬂﬁ—lﬂ], a similar, long-
standing and open problem exists at finite temperature
if the potential barrier between the phases is radiatively
generated.

We resolve this long-standing problem by providing a
practical, gauge-invariant framework for thermal bubble
nucleation, intended for model-building and particle phe-
nomenology applications. The reliability of the approach
can be assessed by “benchmarking”, against lattice anal-
yses in the future. Such benchmarking is incompatible
with the conventional approach since there the nucle-
ation rate is gauge-dependent and an ill-defined unphys-
ical quantity.

The bubble nucleation rate per unit volume, I', has the
semiclassical approximation

=A™ 5. (1)

Here, the exponent B = S3/T with S5 being the three-
dimensional Euclidean effective action evaluated at the
“bounce” solution that solves the classical Euclidean field
equations m, @] The prefactor A is dimensionful and
given by the characteristic mass scales of the theory, re-
sulting from computing the functional determinants. The
leading behaviour of the rate I' is encoded in the expo-
nent B.

The effective action is computable using the back-
ground field (¢) method. Therein, V°(¢, T') is the ther-
mal effective potential describing the equilibrium free en-
ergy of the system and Zz (¢, T) is the field renormaliza-
tion factor. Both V°f (¢, T') and Z(¢, T) admit an expan-
sion in the weak gauge coupling, denoted generically here
as g. After the gradient expansion in powers of spatial
derivatives (0;¢), the effective action reads [28, [29]

Sy = /d%[veff@, T) + %Z(¢,T) 0:0) + .. ] . (2)

where the ellipsis contains terms of additional (9;¢)-
powers. While the gradient expansion in general does not
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converge ﬂﬁ, M], one may obtain a self-consistent,
gauge-invariant estimate of I" by ensuring the two follow-
ing conditions apply

(A): Fields that generate the barrier must be paramet-
rically heavier than the nucleating field. In this
case leading orders can be correctly described by
a derivative expansion,

(B): Considering temperatures in the vicinity of the crit-
ical temperature, T., such that a specific power
counting in g applies, wherein the leading order po-
tential has a radiatively generated barrier.

Hence, we focus on a temperature regime where the first
two leading terms of the effective action are enhanced by
powers of g and presentable schematically as

Sy=aog ? +aig 2 +A. (3)

Here a1 are numerical coefficients that are computable
in the gradient expansion at leading (LO) and next-to-
leading orders (NLO), respectively. A encodes formally
higher order corrections — that are O(1), up to potential
logarithms of g ﬂ&_1|] — that we presently do not compute.
The bubble nucleation rate then reads

F:A/6_<a097%+a197%) . (4)

We formally collected higher order effects encoded in A
in Eq. @), to a yet unspecified prefactor A’ = Ae™2.
The expression () results from an expansion based on
the chain of scale hierarchies at high temperature

7T > gT > ¢3T (5)

where 77" is the thermal scale of non-zero Matsubara
modes, g7 is the intermediate scale of zero modes that
are thermally screened, and g%T is a characteristic scale
of bubble nucleation, related to an effective mass of the
nucleating field. For a systematic treatment of thermo-
dynamics in the framework of three-dimensional, high
temperature effective field theory (3d EFT) see [33, [34].
This framework was recently extended Nj] by present-
ing an approach for an effective description for bubble
nucleation.

Here, we work at the leading high temperature ex-
pansion @] that allows us to perform the computation
without formally constructing a 3d EFT. Our goal is to
compute LO and NLO terms in B and show their gauge
invariance. We emphasize that this computation agrees
with the generic EFT approach ﬂ&_1|] at leading orders, and
an accompanying article @] revisits this computation in
the EFT context, which allows to pursue improvement in
terms of higher order corrections.

As in earlier literature both at zero ﬂﬁ, @] and
high @] temperature, we use the Abelian Higgs model as

a concrete illustration. The Euclidean Lagrangian density
for the Abelian Higgs model is

1 "
L= ZFMVFMV + (D )" (D, ®)
+ (20 D + N D)2 + Lo + Lyp s

with a U(1) gauge field B, and a complex scalar field .
The covariant derivative for complex Higgs reads D, ® =
0, P —igB,®, where g is the gauge coupling and the field
strength tensor F),, = 0,8, — 0,B,. We expand ® in
real fields
o) 1 .
d=—"—+—(H+1iyx), 6

where ¢ = ¢(z) is a spatially dependent classical back-
ground field and H and x are propagating quantum de-
grees of freedom. In perturbation theory the gauge can
be fixed using R¢-gauge @, @]

1

Low = 5¢[-(OuBu +igc(@F = )", (7)
with Fadeev-Popov ghost (¢, ¢) Lagrangian
Lor = ~O+2(5" @+ 0*G) ). ()

Although one need not relate QNS directly to ¢, it is conve-
nient to identify q~5 =¢/ V2 to eliminate mixing between
the gauge field and Goldstone mode Y.

Equilibrium thermodynamics are described by the ef-
fective potential, whose minima should be separated by
a barrier for a first order phase transition. While the
Abelian Higgs model admits no tree-level barrier, the
barrier arises radiatively through loop corrections. Simi-
lar to [17, 130, 35, 138], we show that one-loop gauge field
contributions can arise at the same order as the tree-
level potential provided that model parameters assume
the following power counting. First, we assume that

o~ T, 9)

which sets the size of the background field to the char-
acteristic mass scale of the problem, the temperature.
Second, we relate the size of the scalar self-coupling and
gauge coupling by M]

A~ gt (10)
By assuming that the quartic coupling is sufficiently
small compared to gauge coupling, the cubic term in-

duced by the gauge field will contribute at leading order,
as seen below. Third, we assume

,U2 ~ (gT)2 ) (11)

which installs the high-temperature expansion of pu? <
T2. Finally, the effective thermally corrected mass of the
scalar at leading order is

T2
Mo = 17+ (AN +30%) 15 ~ O(*™NT?) . (12)



Here, the first and third terms are individually of
O(g*T?). However, for u? < 0, a cancellation between the
first and remaining terms can render the overall sum in
w2, smaller — parametrised by N > 0 — for some temper-
ature range. Henceforth, we assume a temperature win-
dow where N = 1 and argue below that this occurs in
thﬂﬁ inity of the phase transition critical temperature
g

3 ]'

The assumptions of Eqgs. [@)—-(12) induce the chain of
thermal scale hierarchies in Eq. (Bl). Non-zero Matsub-
ara modes have masses ~ nT. In the unbroken phase
(¢ = 0) zero Matsubara modes have the following scales:
Higgs and Goldstone fields have masses ~ [l ~ g%T.
At zero temperature it is sufficient to talk of transverse
and longitudinal modes of the gauge field, but at high
temperatures there is a further splitting of the three
transverse modes into two spatial modes and one tem-
poral. The gauge field temporal mode, By, has a mass
mp, ~ g1'; while spatial gauge fields remain massless
(mp = 0). In the broken phase (¢ > 0), spatial and
temporal gauge bosons, Goldstone and ghost fields have
masses ~ g¢ ~ g1, while the Higgs field that undergoes
nucleation has parametrically lighter mass ~ g%T.

The full one-loop effective potential is found using the
following background field dependent mass eigenvalues

My = i + 3007, (13)
Ny = pl + A7+ g%69% (14)
m2 = 592T2 + g%, (15)
m; =g’¢¢*, mi=g*¢?, (16)

where masses for the zero Matsubara modes of the Higgs,
Goldstone and temporal gauge field By include resummed
thermal corrections e.g. the T-term in the third line de-
scribes Debye screening. The mass of the longitudinal
component of the gauge field equals the ghost mass. Nei-
ther spatial gauge fields, nor ghost fields, develop thermal
masses. Based on the power counting in g, the leading
contribution to the effective potential is of O(g*>T*) and
reads

VLe(i)Ef - 5 Lff¢2 + - )\¢4

Sl )]

where the second line is the transverse gauge field con-
tribution and the second term therein corresponds to the
Debye mass ([I3) of the temporal mode. Near the phase
transition, all terms in the potential should be approxi-
mately of the same order of magnitude which is assured
by construction, given the assumed power counting in g
in Egs. @)—-(I2). The leading-order potential of Eq. (I7)
at O(g3T*) is gauge invariant.

The one-loop contribution to the effective potential
from the longitudinal gauge field, Goldstone field, and

ghost fields is
~ O(g'T") . (18)

Note that ghosts contribute with a relative minus sign to
other fields. These contributions give rise to an explicit
¢ dependence, but these terms are of higher order com-
pared to Eq. (I7) due to a cancellation at leading order.
Below we include the remaining O(g*T*) terms at NLO
in the effective potential which expands as

Vel = velf 4 vell + 0(g2T7) (19)
where
1 4g2¢2
T 42 2
Vel — (4@2{9 T2 (—1+1n( =)

+VEITO(9To - 2m (1, + A6*))
+g' T VR[04 6

(iU

The last term on the second line originates from the one-
loop Goldstone-ghost contribution in Eq. [I8)), and the
last two lines correspond to the two-loop contributions of
the By field. The remaining terms result from two-loop
diagrams with spatial gauge fields, ghosts and scalars
(x,H). The O(g2T*) term in Eq. ([[d) arises at one-loop
order from the Higgs field.

Consistent treatment of the effective action (2]) at NLO
also requires the inclusion of field renormalization:

Z =14 Zyio +0(g?) (21)
where
_9rr2,. ¢t
Zsio(9) = o= st o b (22)

The first term is from the two spatial modes and ghosts
and the second term is from the temporal mode. No-
tably, at order O(g) the field renormalisation is indepen-
dent of the gauge-fixing parameter. Higher order terms
at O(g?) arise from two-loop diagrams involving gauge,
ghost and Goldstone fields, and one-loop diagrams with
internal Higgs legs.

In the semiclassical approximation, the background
field extremizes the leading-order action and can be found
from the equation of motion for the leading-order poten-

tial

eff _

Mo | {WO") @
d=0op

V2(J§b (:E) = 6¢

$(0) =0

where V2 = 0;0; is the three-dimensional Laplacian op-
erator, and ¢ is the “bounce solution” HE] We expand



the exponent of the nucleation rate as B = By + By:
1
Bo= 5 [ @ |Viiion + 5 @-W] , (24)
Bi=p [ [Vﬁ

where 8 = 1/T'. The characteristic length scale R for nu-
cleation is related to the typical bubble size, given by the
inverse mass of the nucleating field R ~ m,* ~ g~ 371,
This gives rise to the formal scaling [d3z ~ g~ 3773
Together with the power counting for the effective po-
tential and field renormalisation, this establishes the rel-
ative importance of the first two leading exponent terms
of the nucleation rate: By ~ g_%, By ~ g_% as al-
ready foreshadowed in Eqs. [B) and (). Despite the
1 / ¢ behaviour of Z, (¢p), the contribution of the term

gbb) (8;)° is finite also in the region of vanishing
¢b

(c.f. alsom..

Because the bounce solution has to be solved numer-
ically from Eq. (23), the exponents By are necessar-
ily obtained by numerical integration. Nevertheless, their
gauge-independence can still be proven analytically. The
gauge-fixing parameter is absent at leading order since Z
and VT are both &independent at this order, implying
gauge-independence of both the bounce solution ¢;, and
exponent By. The gauge-invariance of B; is not immedi-
ately obvious since V¢ in Eq. (20) explicitly depends on
&. To proceed, we utilise the Nielsen identities ﬂl;;j in
analogy to [17]. These identities have been dlscussed in
the context of finite temperature in e.g. @, @, , ]
The Nielsen identity (in d-dimensional Euclidean space)

ascﬁ"__ J 55@1’{
o =] 5o

relates the variation of the effective action with the gauge
parameter to the corresponding Nielsen functional

cw) =3 [ dty(x@xelalety)
x [0Bi(y) + V2ggoxw)]) . @7)

which admits a derivative expansion @]

C(z) = C(¢) + D(¢)(0u0)* — 0,(D ()0, ) + 0(64()2'8)

2 NLO(¢b) (az¢b)2] B (25)

3 Clx), (26)

Together with the expansion of the effective action (2),
this yields the Nielsen identities for the effective potential
and field renormalization factor

0
eff _ eff
gagv gV, (29)
0 0
565 —Cpa?=275,C
9 eff 82 eff
—2gV —2D8¢2V . (30)

To employ these relations, we expand them in powers of
g by first quoting the scaling of the Nielsen coefficients

_ Ve
CLO = TKQ N (31)

D=0 'T17?). (32)

C'=Cio+0(g2T),
D=0(g'T™?),

These coefficients are computed at leading order in @,

@] We do not need the explicit expressions of D, D be-

cause the terms on the second line of Eq. (30) appear
at O(g?), and are hence suppressed relative to those on
the first line at O(g). The leading order Cp, ~ ¢T is
independent of the scalar background field ¢ at finite
temperature. An explicit counting in powers of g in the

identities ([29) and (B0) yields
0

5 §Vl\$§o - —CL()a_(bVLe(i)f ’ (33)
0
3 §ZNL0 = _26_¢CLO ) (34)

at O(g*T*) in the first and O(gT) in the second Nielsen
identity. A combination of the explicit expressions (IT),
@0), 22), and BI) readily verifies both identities. In
particular, the equality (34]) holds since the NLO field
renormalisation is &-independent and at LO C is ¢-
independent.

Using the above Nielsen identities, we demonstrate
gauge independence of Bi:

e = [ Vil on) + 3200 @u0n)’]
D [wal-c, MVSE(@)]
D _c,,8 / d*z [0
Do [ @5 @)
= (35)
Step (A) uses the Nielsen identity @3) and é-

independence of Zy.o; (B) applies the equation of mo-
tion (23) and moves C, outside the integrand due to its
¢-independence; (C) applies Gauss’s theorem; (D) fol-
lows from the asymptotic behaviour of the bounce solu-
tion at the boundary,

Ogp ~ W,  ¢p(00) =0, (36)
. (bb(r) N ce*#efﬁ“

. as r — 0o . (37)
This completes our proof of gauge invariance of the lead-
ing exponential of the nucleation rate.
Figure[illustrates the quantitative impact of applying
our framework as compared to the conventional gauge-
dependent approach. Fig. [l (left) gives the A-dependence
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An illustration of a gauge independent, perturbative determination of the thermodynamics for a first order phase

transition, with g = 0.42 and M = 100, where M and T are in arbitrary units of mass. Left: The dimensionless ratio L/T:
as function of A at LO (dashed line) and NLO (solid line). Right: The action S3/T = Bo + B:1 as function of temperature
at A = 0.005, is shown by a black solid curve. For comparison, both panels illustrate the conventional, inconsistent gauge

dependent determination, wherein the light grey band shows the variation of the gauge-fixing parameter £ = (0, ...

of the strength of the transition, characterized by latent
heat released in the transition, L, scaled to 7. Fig. [II
(right) shows the T-dependence of S3/T. We fix g2 = 0.42
and p2, = —M?/2, where M = 100, and where M and T
are in arbitrary units of mass. Furthermore, we define \
and ¢ at an initial renormalisation scale Ag = 100 and run
to a scale A = T using one-loop renormalization group
evolution [32).

The dashed (solid) line in Fig. [ (left) corresponds to
the gauge-invariant result for L/T? at LO (LO+NLO).
For comparison, we also illustrate the conventional anal-
ysis based on direct minimization of the full one-loop
effective potential (in the high-T" expansion). The latter
approach is gauge-dependent and inconsistent, as illus-
trated by the light grey band in which the gauge-fixing
parameter ranges over £ = (0,...,5). The qualitative be-
haviour — the transition is stronger for smaller A — agrees
with the gauge-independent determination, but the quan-
titative result is ambiguous.

Fig. [ (right) shows the T-dependence of S3/T =
Bo + By for fixed A = 0.005 as the black solid curve.
We have obtained this result using FindBounce @] to
find the bounce solution ¢, of Eq. ([Z3). For compar-
ison, the light grey band significantly varies in Ss/T
when varying ¢ = (0,...,5) as manifestation of an in-
consistent computation that is often encountered in the
past literature (e.g. [8, [47]). The latter result is based
on computing Eq. () using Eq. @), where the effec-
tive potential is directly computed at one-loop order in a
fixed gauge. Therein, the bounce solution is found from
the same gauge-dependent one-loop effective potential.
This leftover gauge-dependence immediately signals an

,5).

inconsistency, as the computation of a physical quantity
should contain no ¢-dependence. For a discussion of other
theoretical inconsistencies encountered in the “conven-
tional” approach, such as the appearance of an imag-
inary part in S3 and double counting of contributions
from the nucleating field, see m, ] The renormaliza-
tion scale-dependence of the results in Fig. [l that can

be used to monitor the accuracy of perturbation theory
(c.f. [48,149]), is further discussed in [39].

The framework presented in this letter provides a way
to obtain a gauge-independent, perturbative estimate of
the thermal nucleation rate in the presence of radiative
barriers. While we have worked in the Abelian Higgs
model along the lines of previous literature ﬂﬂ, @], our
framework readily generalises to more complicated gauge
field theories, with radiatively generated barrier, and our
practical approach can facilitate corresponding model-
building phenomenological studies. Ultimately, one must
assess the quantitative and qualitative reliability of per-
turbative nucleation rate computations through compar-
ison with non-perturbative calculations (see E, 5d). A
meaningful comparison requires a well-defined, gauge-
invariant perturbative computation, which the frame-
work presented herein provides.
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