
ar
X

iv
:2

10
5.

00
67

5v
1 

 [
qu

an
t-

ph
] 

 3
 M

ay
 2

02
1

Superradiance of molecular nitrogen ions in strong laser fields
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We perform a combined theoretical and experimental investigation of the superradiance in the
quantum coherent system generated by strong laser fields. The semiclassical theory of superradiance
that includes the superradiant temporal profile, character duration, time delay, intensity is derived.
The experimental data and theoretical predictions of 391-nm forward emission as a function of
nitrogen gas pressure are compared and show good agreement. Our results not only demonstrate
that the time-delayed optical amplification inside the molecular nitrogen ions is superradiance, but
also reveal the quantum optical properties of strong-field physics.

Over the past decade, numerous articles reported
and/or discussed the 391-nm “lasing” action of molec-
ular nitrogen ions in strong femtosecond laser fields [1–
13]. The forward emission inside the underdense plasma
of pure nitrogen, experiences an increase of energy by
several orders of magnitude compared to the seed pulse
at 391 nm [7, 8]. The time-resolved measurements show
that the seed pulse is almost unaffected after passing
through the plasma, but it triggers a retarded emission
instead [5, 7]. This emission following the seed pulse has
some notable features. After the seed pulse, the emitted
intensity increases gradually and reaches its peak at a
time delay τD of several picoseconds [5, 7]. The duration
τW of emission shares the same magnitude as τD. The
experiments at low pressures show that τW is inversely
proportional to the plasma length, and the peak intensity
scales like the square of the nitrogen gas pressure [5].
These results indicate that the 391-nm “lasing” be-

haves like the Dicke superradiance, which describes the
cooperative emission of photons from a collection of
molecules [14]. Regarding the superradiance, the emitted
power and intensity scales as N2 and the duration is pro-
portional to N−1 with N denoting the number density
of emitters, which is a coherent radiation. As discussed
by Robert Dicke, a cooperation number r was introduced
to characterize the coherence of correlation. The coop-
eration number is completely a quantum effect and is
integral or half-integral. Choosing the energy eigenval-
ues of upper and lower states as 1

2~ω and − 1
2~ω with

~ and ω being the Plank constant and transition fre-
quency, | m |≤ r ≤ 1

2N is obtained [14], where m is the
energy ofN molecules in units of ~ω. For a system with a
certain cooperation number r, the superradiance can be
studied by investigating the energy of system. A good
approximation is the semi-classical theory below with r
approaching N

2 .
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It is noticed that the transverse relaxation (dephas-
ing) and the longitidinal relaxation including sponta-
neous emission and nonradiative decay both can weaken
or even eliminate the emission of superradiance [15–19].
The dephasing time is much smaller than that of longi-
tidinal relaxation. The radiation is characteristic of su-
perradiance and/or superfluorescence if dephasing time
≫ √

τW τD [15, 20, 21]. The dephasing is mainly caused
by electron-ion collision in the nitrogen plasma generated
by femtosecond laser pulses. The ponderomotive poten-
tial of electron is ∼6 eV (∼ 108 cm/s) in a linearly polar-
ized laser field with the intensity of 1014 W/cm2 [22, 23].
The collision cross section between nitrogen molecules
and free electrons is ∼ 10−15 cm2 [24]. By assuming that
the collision cross section σ between molecular nitrogen
ions and free electrons is the same value, the mean time
between collisions is 1

σNive
, where Ni and ve are the den-

sity of molecular ions and the free electron velocity. It
is ∼ 200 ps for the nitrogen pressure of 20 mbar with
10% gas ionization [11], which is the lower limit of the
dephasing time. In the theoretical treatment, the relax-
ation time far larger than τD and τW is believed and
neglected.
The interaction between the seed pulse and the two-

level system of N+
2 (B

2Σ+
u , ν

′ = 0) and N+
2 (X

2Σ+
g , ν = 0)

can be expressed by optical Bloch equations [25, 26]. The
evolution of the system is described by the Bloch angle

θ(t) =
µE0

~

∫ t

0

f(t′)dt′ =

∫ t

0

Ω(t′)dt′, (1)

where µ, E0 and f(t) denote the transition dipole matrix
element, the peak and the envelope of the electric field
of seed pulse, respectively. After interactions with the
seed laser, the system has a Bloch angle θ(τr), where
τr is the interaction time. The Bloch angle does not
disappear immediately but develops with time. we obtain
the evolution (t > τr) of the Bloch angle as well as the
two level system by considering a pencil-shaped geometry
for the active volume, i.e., r ≪ L, where r and L are the
radius and length of the plasma. It is reasonable because
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the plasma radius is usually less than 100 µm, and L is
in the millimeter scope with short-focus lenses [27]. The
detailed derivations and solutions can be found in the
Supplemental Material [28].
The Bloch angle is

θ(t) = 2arctan(e
t−τD

τW ), (2)

where

τW =
4~

µ0cωµ2w0NL
(3)

is the characteristic duration of superradiance with µ0

and c denoting the vacuum permeability and the speed
of light. ω and w0 are the transition frequency and
the initial population probability difference between
N+

2 (B
2Σ+

u , ν
′ = 0) and N+

2 (X
2Σ+

g , ν = 0), respectively.

N is the sum of population density of N+
2 (B

2Σ+
u , ν

′ = 0)
and N+

2 (X
2Σ+

g , ν = 0). The characteristic duration can
be expressed by the spontaneous decay time τsp

τW =
16πτsp

3λ2w0NL
, (4)

where τsp is 3πε0~c
3

ω3µ2 with ε0 representing the vacuum per-

mittivity [29]. The time delay τD of superradiance is

τD= τr − ln[tan
θ(τr)

2
]τW

= τr −
4~ln[tan θ(τr)

2 ]

µ0cωµ2w0NL
. (5)

The energy density of the two-level is

EN (t) = −1

2
~ωw0Ntanh(

t− τD
τW

). (6)

The power Ps of superradiance per unit volume is

Ps =
1

8
µ0cω

2µ2w0
2N2Lsech2(

t− τD
τW

). (7)

The intensity Is of superradiance is

Is =
1

8
µ0cω

2µ2w0
2N2L2sech2(

t− τD
τW

). (8)

The time-delayed emission can be understood as fol-
lows. As described by Eq. (6), there are still energy
stored in the system after interaction with the seed pulse.
The release of remaining energy results in the retarded
emission. It can be seen that the initial population prob-
ability difference w0, determined by the pump pulse, and
Bloch angle θ(τr), caused by the seed pulse, govern the
temporal evolution of the energy as well as the superra-
diance. According to the source of energy, the superra-
diance is discussed in two cases of w0 > 0 and w0 < 0.
For w0 > 0, if the seed pulse is weak, the Bloch angle

θ(τr) is less than
π
2 , the time delay τD is larger than τr,

and the Bloch angle goes to π in Fig. 1(a1). The popula-
tion probability difference w decreases from w0 to −w0 as
displayed in Fig. 1(b1). Accompanied by the seed pulse,
only part energy 1

2~ωw0N [1 − cosθ(τr)] is emitted. The
system radiates the remaining energy based on Eqs. (7)
and/or (8), which is the origination of 391-nm optical am-
plification inside molecular nitrogen ions. Figure 1(c1)
shows the power of superradiance, whose peak power P0

appears at the time delay of τD. As the power is pro-
portional to the square of the electric field of superradi-
ance, figure 1(c1) indicates the development of the macro
dipole inside the system. It achieves the maximal value
at τD, where the population of N+

2 (B
2Σ+

u , ν
′ = 0) equals

that of N+
2 (X

2Σ+
g , ν = 0), the Bloch angle increases

fastest and the energy is released most quickly. If the
seed pulse is strong, the Bloch angle θ(τr) is larger than
π
2 , the time delay τD is less than τr, and the Bloch angle
still goes to π in Fig. 1(a2). There are a lot of excited-
state decays with the presence of seed pulse, which am-
plifies the seed pulse efficiently in Fig. 1(b2). The power
could not reach P0 but declines from a certain value as il-
lustrated in Fig. 1(c2). For w0 > 0, the seed pulse plays a
role of trigger, triggering the release of energy of Nw0~ω.

For w0 < 0, the Bloch angle θ(τr) and the time de-
lay τD are, respectively, smaller than π

2 and τr with the
weak seed pulse. The Bloch angle, the population proba-
bility difference and the superradiant power all decrease
in Fig. 1(a3)–(c3). With the strong seed pulse, the Bloch
angle θ(τr) and the time delay τD are larger than π

2 and
τr, respectively [Fig. 1(a4)]. The w drops from w(τr) > 0
[Fig. 1(b4)] and the power gets to the peak P0 at τD
[Fig. 1(c4)]. Unlike the case of w0 > 0, the energy of
emissions for w0 < 0 totally comes from the seed pulse.
The two-level system acts like a battery—rapid storage
and slow release of energy.

Next, we perform comparisons of the experimental
data and theoretical prediction for the temporal profile
of the 391-nm forward emission. The experiment inves-
tigated the time-resolved signals as a function of nitro-
gen pressure from 6 to 20 mbar in Fig. 2. The details
of the experiment was described in Ref [30]. The seed
pulse with the FWHM τs = 0.26 ps can be expressed
by a Gaussian profile. The interaction time τr between
the seed pulse and the two-level system is 3.6τs. Table I
lists the experimental FWHM τFW and time delay τD of
the 391-nm forward emission at different pressures. The
character duration τW = τFW

1.763 is used for the hyperbolic
secant pulse. By substituting τW and τD into Eq. (8), we
obtain the temporal profile of superradiance. As shown
in Fig. 2(a)–(c), the theoretical results agree well with
the experimental data at pressures of 6–8 mbar, which
is a strong evidence that the 391-nm emission inside ion-
ized nitrogen molecules is superradiance. When the gas
pressure exceeds 10 mbar, the theoretical predictions are
in agreement with the experimental signals for the main
part of superradiance, as illustrated in Fig. 2(d)–(i). Fol-
lowing the strongest radiation, there are the other two
gains at 4.2 and 8.4 ps. This behaviour is caused by
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FIG. 1. Evolutions of (a) the Bloch angle, (b) the population probability difference and (c) the emitted power per volume of
superradiance for (1) w0 > 0, θ(τr) < π

2
, (2) w0 > 0, θ(τr) > π

2
, (3) w0 < 0, θ(τr) < π

2
and (4) w0 < 0, θ(τr) > π

2
. The

seed pulse is taken as Gaussian beam shape; the envelope electric field is f(t) = e
−2ln2( t−τs

τs
)2
, where τs is the full width at

half maximum (FWHM) of spectral intensity. The interaction time is set to be τr = 2τs. The peak power of superradiance is
P0 = 1

8
µ0cω

2µ2w0
2N2L.

TABLE I. The experimental FWHM τFW and time delay τD of the 391-nm forward emission as a function of nitrogen pressure
p.

p (mbar) 6 7 8 10 12 14 16 18 20
τFW (ps) 3.995 3.508 2.937 2.349 2.001 1.581 1.303 1.082 1.003
τD (ps) 8.614 7.295 6.287 4.613 3.822 3.070 2.701 2.450 2.199

modulation of rotational coherence [31, 32].

The character duration τW dependent on the gas pres-
sure is calculated according to Eq. (3). The time-
dependent quantum-wave-packet calculations show that
w0 varies from 0 to 0.3, respectively, corresponding to
the 800-nm laser intensity ranging from 2.2 to 4 × 1014

W/cm2 [6]. The pump laser intensity and plasma length
L = 10 mm in our experiment are assumed to be un-
changed by using a lens with the focal length of 400
mm [11, 22]. For simplicity, w0 is considered as a pa-
rameter and set to be 0.1. Because of the unchanged
laser intensity, the two-level-system population density
is proportional to gas pressure. In fact, the superra-
diance is a collective effect and will vanish when the
pressure is lower than a certain value p0. The minimal
gas pressure that causes the superradiance is set to be
p0 = 2.5 mbar in the current case. The relationship be-
tween the two-level-system population density and pres-
sure is N = k(p − p0), where k is a scale factor. Using
the experimental point (p = 8 mbar, τW = 1.666 ps), we

obtain N = 0.228 × (p − 2.5)(mbar) × 1016 cm−3 with
µ = 1.7 D [33]. Therefore, τW (red line) as a function of
the nitrogen pressure are computed. The calculated τW
(red line) agrees well with the experimental data (black
circle), as shown in Fig. 3. The character duration is
inversely proportional to the population density of the
two-level system, a notable feature of superradiance.
The electric field of the seed pulse can be written

as E(t) = E0e
−2ln2( t−τs

τs
)2 , with the peak of electric

field E0 =
√

2Iseed
ε0c

. The intensity of seed pulse Iseed

to trigger the 391-nm superradiance is estimated to be
10 MW/ cm2. Then the initial Bloch angle is θ(τr) =
µ
~

∫ τr

0
E(t)dt = 0.057π, far smaller than π

2 ; the actual ra-
diation indeed obeys the curve in Fig. 1(c1). The time
delay τD works out by using Eq. (5), as illustrated in
Fig. 3. It is seen that our theoretical expectations (ma-
genta line) are in good agreement with the experimental
results (blue square).
The peak intensity Ipeak and total emitted energy

Etotal of the superradiance are investigated as a func-



4

� 
 �� �

���

��


���

���

� ����������

�����


� 
 �� �

���

��


���

���

� ����������

�����


� 
 �� �

���

��


���

���

� ����������

�����


� 
 �� �

���

��


���

���

� ����������

�����


� 
 �� �

���

��	

���

���

���

� ����������

�����


� 
 �� �

���

��


���

��


���

� ����������

�����


� 
 �� �

�

�

�

���

� ����������

�����


� 
 �� �

�

�

�

�

���

� ����������

�����


� 
 �� �

�
�
�
�
	

���

� ����������

�����


������

��
��
��
���

��
���
��
���

FIG. 2. Comparisons of the experimental data and theoretical predictions for the temporal profile of the 391-nm forward
emission with different gas pressure of (a) 6 mbar, (b) 7 mbar, (c) 8 mbar, (d) 10 mbar, (e) 12 mbar, (f) 14 mbar, (g) 16 mbar,
(h) 18 mbar and (i) 20 mbar, respectively.
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FIG. 3. Comparisons between the experimental character du-
ration τW (black circle) and time delay τD (blue square), and
the calculated τW (red line) and τD (magenta line) as a func-
tion of gas pressure.

tion of nitrogen pressure (or the population density N
of the two-level system). The values at t = τD and
the integrals of the 391-nm emission in Fig. 2 are taken
as the peak intensity and the total emitted energy of
the experiment, respectively. They are normalized such
that their maximal values at 20 mbar equal 1, as shown
in Fig. 4. The peak intensity is expressed as Ipeak =
1
8µ0cω

2µ2w0
2N2L2, which is proportional to N2. The

total emitted energy Etotal is ~ωNw0cosθ(τr) multiplied
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FIG. 4. Comparisons between the experimental results of
peak intensity Ipeak (black circle) and total emitted energy
Etotal (blue square), and the theoretical calculations of Ipeak
(red line) and Etotal (magenta line) as a function of gas pres-
sure.

by the active volume, which is proportional to N . Using
the linear relationship between N and p, the normalized
Ipeak (read line) and Etotal (magenta line) of the theory
are calculated, as shown in Fig. 4. The good agreement
of the experimental data and calculated results confirms
the superradiance nature of the 391-nm forward emission.

In conclusion, we theoretically investigate the evolu-
tion of energy in the coherent system of molecular nitro-
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gen ions through solving the Bloch angle. The semiclas-
sical superradiance theory is proposed to describe the
superradiant character duration, time delay and inten-
sity. We explain the time-delayed optical amplification
in molecular nitrogen ions irradiated with intense fem-
tosecond laser pulses, and reveal the superradiance na-
ture of the 391-nm forward emission by the comparisons

between the theoretical and experimental results. Our
findings provide direct evidences of molecular coherence
in strong laser field.
This work was supported by China Scholarship Coun-

cil, and the National Natural Science Foundation of
China (Grants No. U1932133, No. 11905089, and No.
12004147).
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1 Semiclassical theory of superradiance

The time-dependent Hamiltonian for describing the laser-induced coherence between the ground and excited

electronic states of molecular nitrogen ions is given by

H(t) =

(

1
2 h̄ω −µE(t)

−µE(t) −
1
2 h̄ω

)

, (1)

where 1
2 h̄ω and −

1
2 h̄ω represent the energy eigenvalues of N+

2 (B
2Σ+

u , ν
′ = 0) and N+

2 (X
2Σ+

g , ν = 0), respec-

tively. µ is the transition dipole matrix element and E(t) denotes the seed-laser electric field. The density

matrix of the two-level system is defined as

ρ(t) =

(

ρ22(t) ρ21(t)

ρ12(t) ρ11(t)

)

. (2)

The diagonal elements ρ22(t) and ρ11(t) are probabilities of being in the upper and lower states. The meaning

of off-diagonal elements can be revealed by calculating the expectation value of the electric dipole operator.

ρ21(t) + ρ12(t) is the electronic transition moment in units of µ. The density operator equation reads

dρ(t)

dt
= −

i

h̄
[H(t), ρ(t)]. (3)

The electric field E(t) of the seed-laser is written as

E(t) =
Ē(t)

2
(e−iωt + eiωt), (4)

where Ē(t) is the amplitude of the electric field and it is a real number here. In such laser fields, the electric

dipole oscillates at frequency of ω. ρ21(t) and ρ12(t) can be expressed as

ρ21(t) = ρ̄21(t)e
−iωt (5)

and

ρ12(t) = ρ̄12(t)e
iωt, (6)

with ρ̄21(t) and ρ̄12(t) denoting the amplitudes of ρ21(t) and ρ12(t), respectively.

Under rotating-wave approximation where the high frequency terms e−i2ωt and ei2ωtcan be omitted, we

1
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obtain each matrix element of Eq. (3)

dρ̄21(t)

dt
= −

iµĒ(t)

2h̄
[ρ22(t)− ρ11(t)], (7a)

dρ̄12(t)

dt
=

iµĒ(t)

2h̄
[ρ22(t)− ρ11(t)], (7b)

dρ22(t)

dt
= −

iµĒ(t)

2h̄
[ρ̄21(t)− ρ̄12(t)], (7c)

dρ11(t)

dt
=

iµĒ(t)

2h̄
[ρ̄21(t)− ρ̄12(t)]. (7d)

The Bloch components of u(t), v(t) and w(t) are defined as

u(t) = ρ̄21(t) + ρ̄12(t), (8a)

v(t) = iρ̄21(t)− iρ̄12(t), (8b)

w(t) = ρ22(t)− ρ11(t). (8c)

It can be seen that du(t)
dt = Eq. (7a) +Eq. (7b), dv(t)

dt = iEq. (7a)− iEq. (7b) and dw(t)
dt = Eq. (7c)−Eq. (7d).

We get the optical Bloch equations
du(t)

dt
= 0, (9a)

dv(t)

dt
= Ωw(t), (9b)

dw(t)

dt
= −Ωv(t), (9c)

where Ω(t) = µ
h̄
Ē(t) is Rabi frequency. The amplitude is written as Ē(t) = E0f(t) with E0 and f(t) being

the peak and the envelope of the seed pulse, respectively.

After photonization and couplings by 800-nm pump lasers, the initial probability difference between

N+
2 (B

2Σ+
u , ν

′ = 0) and N+
2 (X

2Σ+
g , ν = 0) is w0. The initial u and v are supposed to be 0. To solve

equations (9a–9c), a Bloch angle is defined as

θ(t) =
µE0

h̄

∫ t

0

f(t′)dt′ =

∫ t

0

Ω(t′)dt′. (10)

Based on u(0) = 0, we get u(t) = 0. As v2(t) + w2(t) satisfies

d

dt
[v2(t) + w2(t)] = 2Ω[v(t)w(t) − w(t)v(t)] = 0, (11)

there is

v2(t) + w2(t) = w0
2. (12)

By substituting Eq. (12) in Eq. (9c), we obtain

dw(t)

dt
= −Ω

√

w0
2 − w2(t) (13)
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or
dw(t)

√

w0
2 − w2(t)

= −Ωdt. (14)

Integrating Eq. (14) from 0 to t, we have

− arccos
w

w0

∣

∣

∣

∣

∣

t

0

= −arccos
w

w0
= −

∫ t

0

Ω(t′)dt′, (15)

and

w(t) = w0cosθ(t). (16)

Using Eq. (12), v(t) is

v(t) =
√

w0
2 − w0

2cos2θ(t) = w0sinθ(t), (17)

where negative sign is abandoned. After interactions with the seed laser, the solutions of optical Bloch

equations (9a)–(9c) are

u(t) = 0, (18a)

v(t) = w0sinθ(t), (18b)

w(t) = w0cosθ(t). (18c)

The energy density of the two-level system is

EN (t) =
1

2
h̄ωNw0cosθ(t). (19)

The polarization of the two level system is

P (t, z) = Nµ[ρ̄21(t)e
−iωt+ikz + ρ̄12(t)e

iωt−ikz ]

=
1

2
[−iNµv(t)e−iωt+ikz + c.c.] (20)

with N representing the sum of the population densities of N+
2 (B

2Σ+
u , ν

′ = 0) and N+
2 (X

2Σ+
g , ν = 0).

Maxwell equations tell us that there should be an electric field Es(t, z), which induces this polarization. The

relationship between Es(t, z) and P (t, z) derived from Maxwell equations is

∂2Es

∂z2
− µ0ε0

∂2Es

∂t2
= µ0

∂2P

∂t2
, (21)

where µ0 and ε0 denote vacuum permeability and vacuum permittivity, respectivelly; z is the propagation

direction of seed laser as well as superradiance. Es(t, z), the initial electric field of superradiance, can be

formally written as

Es(t, z) =
1

2
[Ē(t, z)e−iωt+ikz + c.c.], (22)

where Ē(t, z) is the envelope amplitude of Es(t, z). Substituting Eqs. (20) and (22) into Eq. (21), the complex

conjugate terms can be ignored by rotating-wave approximation. Applying slow amplitude approximation,

∂2Ēs(t, z)

∂t2
≪ ω

∂Ēs(t, z)

∂t
≪ ω2Ēs(t, z), (23a)
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∂2Ēs(t, z)

∂z2
≪ k

∂Ēs(t, z)

∂z
≪ k2Ēs(t, z), (23b)

∂2P̄ (t, z)

∂t2
≪ ω

∂P̄ (t, z)

∂t
≪ ω2P̄ (t, z), (23c)

which means the relative change of the envelope amplitude of the electric field and polarization within one

optical cycle is much less than 2π, equation (21) is simplified to

∂Ēs

∂z
+

1

c

∂Ēs

∂t
=

µ0ωcµN

2
v. (24)

A interaction length that causes a single superradiance is defined as L. We assume that the intensity of

seed pulse is unchanged within the interaction length L. The seed pulse causes the same polarization v at each

z (0 < z < L) point. The interaction time between the two-level system and seed pulse at each z (0 < z < L)

point is τr that is related to the pulse duration of seed laser. By making coordinate transformations as

η = t−
z

c
, ξ = z. (25)

Equation (24) is rewritten as
∂Ēs(η, ξ)

∂ξ
=

µ0ωcµN

2
v(η). (26)

At z = 0, there is a v(τr) after the interaction of the seed pulse and two-level system; the new coordinates

are η = τr and ξ = 0. At z = L, the seed pulse first gets to this point with δt = L
c
, and then generates a

v(δt+ τr) after τr; the new coordinates are η = τr + δt− L
c
= τr and ξ = L. Then we obtain

Ēs(τr, L) =
µ0ωcµNL

2
v(τr), (27)

with the initial condition Ēs(τr, 0) = 0.

In (x, z) coordinate system, equation (27) is

Ēs(τr + δt, L) =
µ0ωcµNL

2
v(τr). (28)

If we shift the zero time from z = 0 to z = L, equation (28) is

Ēs(τr, L) =
µ0ωcµNL

2
v(τr). (29)

The energy flux density S of the electric field at (τr , L) is

S =
1

2

√

ε0

µ0
Ē2

s (τr, L) =
µ0cω

2µ2N2L2

8
v2(τr) (30)

=
µ0cω

2µ2N2L2

8
w0

2sin2θ(τr).

The decrease of energy per unit time of the two-level system at τr based on Eq. (19) is

−
dEN

dt
=

1

2
h̄ωNw0sinθ

dθ

dt

∣

∣

∣

∣

∣

t=τr

. (31)
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A pencil-shaped geometry for the active volume is considered,i.e.,

r ≪ L, (32)

with r being the radius. It is reasonable in the plasma because the plasma radius is usually less than 100

µm, and the plasma length is typically in mm range. From the law of conservation of energy, the decrease of

energy per unit time from the active volume equals the energy flux from the cross section, which reads

−
dEN

dt
πr2L = Sπr2, (33)

and
1

2
h̄ωNw0sinθ

dθ

dt

∣

∣

∣

∣

∣

t=τr

=
µ0cω

2µ2N2L2

8L
w0

2sin2θ(τr). (34)

The derivative of Bloch angle with respect to time is

dθ

dt

∣

∣

∣

∣

∣

t=τr

=
µ0cωµ

2NLw0

4h̄
sinθ(τr). (35)

θ(t) is a continuously differentiable function and

dθ

dt
=

µ0cωµ
2NLw0

4h̄
sinθ(t), (36)

with the initial time of t ≥ τr. The initial θ(τr) is given by Eq. (10). The solution of Eq. (36) is

θ(t) = 2arctan(e
t−τD

τW ), (37)

where

τW =
4h̄

µ0cωµ2w0NL
(38)

is the characteristic duration of superradiance. τW can be expressed as

τW =
16πτsp

3λ2w0NL
, (39)

where τsp = 3πε0h̄c
3

ω3µ2 is the spontaneous decay time. τD is determined by

θ(τr) =
µE0

h̄

∫ τr

0

f(t)dt = 2arctan(e
τr−τD

τW ). (40)

τD is

τD = τr − τW ln[tan
θ(τr)

2
] = τr −

4h̄ln[tan θ(τr)
2 ]

µ0cωµ2w0NL
. (41)

The energy density of this two-level is written as

EN (t) =
1

2
h̄ωw0Ncosθ(t) = −

1

2
h̄ωw0Ntanh(

t− τD

τW
). (42)
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The power Ps of emission of superradiance per unit volume is

Ps = −
dEN (t)

dt
=

µ0cω
2µ2w0

2N2L

8
sech2(

t− τD

τW
). (43)

The electric field Ēs(t) is

Ēs(t, L) =
µ0ωcµw0NL

2
sech(

t− τD

τW
). (44)

The intensity Is (energy flux density S) of superradiance is

Is =
1

2

√

ε0

µ0
Ē2

s (t, L) =
µ0cω

2µ2w0
2N2L2

8
sech2(

t− τD

τW
). (45)

2 The fitting of the seed pulse by the Gaussian profile
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Figure S1: The seed pulse of experimental data and fitting curve used in the calculation of the 391-nm
superradiance as a function of gas pressure.

In the experiment of measuring the 391-nm superradiance at different gas pressures, the seed pulse is

shown in Fig. S1. It is fitted by the Gaussian pulse shape e−4ln2( t−τs

τs
)2 , with the FWHM τs = 260 fs.

Because the fitting curve is in good agreement with the seed pulse, the Bloch angle θ(τr) is obtained by

integrating the Gaussian profile. It is noted that figure S1 is the intensity envelope, so the envelope of

electric field of the seed pulse is e−2ln2( t−τs

τs
)2 .
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