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Abstract

Combining hamiltonian reduction, variational methods and local analysis of the flow,
we study for the planar three-body problem, the existence of non trivial periodic orbit
without collisions, with zero total angular momentum. We prove that collision solutions
are not minima, but the lack of compactness for the sub-levels of the Action-functional
does not allow to prove the existence of T-periodic orbits without collisions. We restrict
therefore to study periodic solutions which are odd under reflection (thorough some axis
which may depend on the orbit). In this setting we prove that the loss of compactness is
due to trajectories which are asymptotically collinear and we identify a class of sets which
are compact and which are good candidates for the search of a minimum.
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1 Introduction

In this paper we deal with the problem of the existence of periodic solutions in the planar
Newtonian three-body problem. In particular we consider the problem under that the
constraint of total angular momentum J be zero.

For the Newtonian N-body problem in three dimensions, K.Sundman in a very old
paper [24] proved that J = 0 is a necessary condition for total collision solutions. This
fact implies that collision orbits must live in the submanifold of the phase space identified
by the condition J = 0. Recently in [23] it is proved that in the N-body problem,
under proper assumptions, collision orbits are not minima for the Action functional; (the
assumptions are known to hold for N < 4) so that non-collision periodic solutions exist.

These facts led us to study the problem of the existence of periodic solutions and
collision orbits by means of an Action functional reduced on the manifold of zero total
angular momentum. Also in this case collision solutions are not minima, but now there
is a lack of compactness and we cannot conclude immediately about the existence of
minima. To go further, we study the geometry of the reduced configuration manifold; we
show that the map which describes the reduction is a double covering of a set in R3, Whose/
branching point is the set of collinear configurations. A weak Poincaré inequality shows
that non-compactness is concentrated in a neighborhood of collinear orbits, i.e. when
sides of the triangle (formed by the three bodies) become large while the relative angles
become small.

The plan of the paper is the following: In sections 2, 3 we describe the construction of
the Hamiltonian reduction and some of its technical properties. In section 4 we describe
the geometry of the reduced configuration space. Collecting these geometrical facts, in
section 5 we construct the reduced Action functional. In section 6 we prove that collision
solutions cannot be minima of the Action. Finally in section 7 we construct a weak
Poincaré inequality, we show the lack of compactness of sub-levels of the Action and
moreover we define a class of subsets of the sub-levels which are L?-compact. These sets

could be good candidate to contain minima.



2 Hamiltonian reduction

In this section we present in a new form the hamiltonian reduction found by Van Kampen

and Wintner in a very old paper [25].

The planar 3-body problem with newtonian potential can be described in hamiltonian

formulation as:

configuration space:
Q={g er%i=1,2,3} ~ RS
In @ there are configurations on which the dynamics of our system is not defined. Those

are the collision configurations:

Double collisions
{=2} {6=¢} {6=a}
Triple (total) collision
{6 =q =g}
we leave these points in the configuration space since we will study collisions later on.

The phase space is:
TQ ~ R® x R®
equipped with the symplectic form:
3
w = dg: A dp;
=1
where A denotes the wedge-product in R%. The hamiltonian function is:
3

n-y EE Ly )

i i 19 4l

and the dynamics is given by the vector field Xy € T(T*Q) defined as:
txyw=dH (2)

The flow generated by (2) preserves linear momentum P and angular momentum J

ﬁziz (3)

=1
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3
J=) g Np: (4)

1=1
We want to find a symplectic transformation which makes explicitly the dependence of

H on linear and angular momentum.

Let U C T*Q be an open set, let {U,¥1} and {U,7,} be two different systems of

coordinate:
P U — RY?
i=1,2
Consider the map:

¢i:U1XU2——>U,'

1=1,2
where:
Ui = 4:(U)
1=1,2

Denoting by w; the symplectic form w expressed in the i-system of coordinate, then one

constructs on U; x U, the 2-form

Q = $jwi — dywr
It is easy to see that:
(1) Q is symplectic
(ii) the map f : Uy — U, is symplectic iff:
7= 0
where:
’Lf : Ff —> U1 X U2 ; Ff = {(m,f(m)) € U1 X Ug,m € Ul}

and * denotes the pull-back.

In our case w = —df where 8 is the canonical 1-form on T°Q. Therefore there exists

a 1-form © on U; x U, such that @ = —d© and © = ¢;6; — ¢302. Thus:
i1 =0=di;0 =0
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and, if U is contractible, by Poincaré lemma, there exists a map S
S : Pf — R

defined locally and such that:
30 = dS (3)
S is the generating function of the symplectic transformation f.
If we denote the coordinates on Uy x U, by (g;,p:, K, 7)) © = 1,2,3 where (g;, ;) are

coordinates of U; while (&;,7;) are coordinates in Us, then from (5) we have:
dS = (¢1 (@] Zf)xgl — (¢2 (0] Zf)*gz

but (¢ 0if) = idy, and (@, 04;) are the coordinates of U, as function of coordinates of

U, by means of f. Thus locally we can write:
dS =Y _p.-dg — 7 - di;

if we put
W = S—Zv—r}-fii
we get

dW =" p; - dg; + &; - d (6)

W is now a function on I'y in the coordinates ¢;,7; ¢ = 1,2,3. Now, given W, the canonical

transformation will be obtained by:

S oW
D = 55
- _ o (7)
{ Ki = 5%
We define a particular canonical transformation, which allow us to write the hamil-
tonian in a form in which the integrals of motion appear explicitly. This transformation

was found by Wintner and Van Kampen [25].
Let

!

¢ =(q &) , 7= (p! p?)

i=1,2,3



and define (cyclic permutations of the three indices 4,7,k = 1,2,3)

pi = \J(at — gb)* + (¢ — )

9 — a

cos ¢; =

pi

Here

0; = ¢; — ¢

(8)

(9)

(10)

are the exterior oriented angles at the vertices of the triangle formed by the vectors gis.

From (10) we have:

Let us define:

so that:
b > pi+T=>E €+

Denote by X; the coordinates of the center of the mass:

3 .ql
{ Xl = ZAzMnhq‘

3 m‘qz
X2 = ;:M] bt

Using (8), (9), (12), (13), we can define the map:

F:Q — CxS8'xnwr?

(‘jz 1= 1’273) - (P17p27p37§7X17X2)
where:
C = {ﬁ: (p1 p2 p3) ERS | pi+pj > pr and cyclic permutations}
Observe that C is a manifold with boundary given by the three relations:

pi + p; = pr and cyclic permutations

(13)

(14)



These are the collinear configurations. One can verify that rank(dF) is less than 6 on
collinear configurations. F~! is double valued on C — 8C': let us call I't and T'_ the two

sheets, so we have:

F~Y(C - 8C) =T,Ul_

I'y and I'_ are two open connected submanifold of Q glued along the common bound-

3
1=1)

ary F~1(8C). By Existence-Uniqueness Theorem, for every regular trajectory {p;(t)
either p;(t) € F71(9C) for all ¢ or the trajectory is transversal to F~1(8C) at the inter-
section points. This fact will allow us to define a global Action functional in the reduced

coordinates. In I'y UT_ from (9) and (13) one has:

{ q}c = l/M{iji cos ¢; — m;p; COS ¢J} +Xi

. ] 15
gt = 1/M{m;pisin ¢ — mip; sin g3} + X, (15)

where ¢,’s are expressed in terms of ¢ and p’s by means of (9) and (12).

The canonical transformation can be obtained using the following generating function:

3
W(ri, ¢, Z, P) = PLXi(q;) + P Xo(@i) + ZE(&) + Y mp(d)) (16)

=1
where the vector (P; P,) is the conjugate momentum to (X1 X3), s are conjugate

momenta to ps, = is the momentum conjugate to ¢, and it is possible to prove that
==J.

The full canonical transformation is given using (7):

ow
0g;
ow
pr = (9_7r1
ow
0z
ow

—

0P

T, =

i

(17)

explicitly:

pi = (g —ab)?+ (a2 — g)?



1

! qjl‘ — 4
¢ = 1/3) arccos

i3k Pi
3 myqgl
Xl — Zl_}W q:
3 myug?
Xg — Zl_}w q;
1 —_ sin (ﬁj sin ¢k
p; = T;cosp; — Tk cosgp — 1/3E — + (m;/M) P,
pi Pk
9 ) ) _ [cosd;  cos i
p; = mjsing; — wsing + 1/35 . - p + (m;/M)P,
j k

(18)

Computing J in the new coordinate one finds:

J

(1]

I

and the hamiltonian takes the following form: (the sum is meant in cyclic sense (7))

H = 1/231/m; [7} + mf - 2myme cos(d; — éu)] +

1,7,k

— 2 cos{¢; —

=*/9 [1/p§+1/pi—~~————C (p‘é;k ‘b’“)] +
J

22/3 [mk/p; — m;/p)sin(@; — ¢x) + (mi/M)* (P + P7) +

om; | M[Py(m;p; cos ¢; — m;p; cos ¢;) + +Pa(m;jp; sin ¢; — mip; sin ¢;)] +

omi=/3M [Pz (cos @; _ cos qbk) _p (sin &; 3 sin qﬁk)] B Z/mimj (19)
P Pk Pj Pk ik Pk

+ o+ o+ +

Using the definitions of ¢; and 6; and putting
p=1{pitia © = {m},
it is easy to see that the hamiltonian (19) has the form:
H(p,%,6,5,X, P)
ho(@, ) + ha(p) + Eha(f)

+P - ha(5)

I

=

o,

\_=1l

i

-+ :_‘}
fl

+ —+
[1]
el
S
)

B+ (Semnr) 121 0

=1



where hj are suitable functions. This implies the following equation of motion:

. _ OH %+:%
P= 57 87 | " ox
M a.H - —
5:5:— 2Zhy + hs + hs - P
=98 _ g =i i00P
dP
. OH dhy Ok, _Ohy =~ Ohy _ ~ Ohs
T = -0 ——= — 55 o5z —P-— —-EZP - —
Op p 0p 0p Op 0p
s_ OH _
E=-gp =
p-_9 _ (21)
X

with a = 3>}, (m;/M)?. We can define the lagrangian function by the Legendre transfor-
mation:

L(p, 6,6, X, X)=p-#+EE+ X - P - H(5,%,E, P) (22)
here 7@, &, P are functions of 2 b_', f and )2 Since we are interested in the study of the

motion of the system on the manifold where

-

P=0 J=

[1]

=0

the Lagrangian becomes

L(ﬁam:ﬁﬁ:(ﬁam—H(ﬁaﬁ:ao’o) (23)
and then the equations of motion turn out to be:
._OH _ ko
P=%% = o7
po o Ok Ol (24)
0p Op Jp
The term hq of (20) can be written as:
3
ho(p, @) = ) Asw(p)mim (25)
ik

where Aj; is the following matrix, depending on -

( 1/2(1/my 4+ 1/m3) — cos 63/2ms3
A= — cos 83/2ms 1/2(1/my + 1/m3)

—cos 8, /2m, —cos 601 /2m,

— COS 91/27711

—cos 02 /2m,
1/2(1/mq + 1/m,) )
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where: \ ,
p? — pt —pi

cosl; =
2p;pk

with
pi +p; > pe  and cyclic permutations

We will show that A is invertible. Denoting with B(p) the inverse of A, the Lagragian
takes both on 'y and on I'_ the form:

mmJ

Pﬁl) ZBzJﬁ)PPJ+Z

1,7,k

(26)

We have reduced the number of degrees of freedom from 6 to 3. In section 4 we will describe
the global structure of the reduced configuration space, and after that we construct, with

this Lagrangian the Action functional.

3 Properties of the matrix B

Proposition 3.1
The matriz B(p) is symmetric and such that there ezist ai,a; € RT such that for all
vectors V € R3:
al|VI? < (V,B(p)V) < & VI[* (27)
where with (.,.) we denote the natural scalar product in R®.

Proof
The matrix B(p) is the inverse of matrix A(p).It is therefore sufficient to prove (27)
for A(p). The Sylvester Criterion says that the matrix:
aiy a1z 413
A= an a2 a3
azy azz2 ass
is positive definite if:
(l) a, > 0

(1)

det | P10 M2} 50
az1 Q22



(iii) det (A) > 0.

In our case (i) trivially holds, and (ii) reads:

1 1 1 1 1
~—<—+—~—)+ + (1—-cos293)>0
m3

2
dmy \m, dmoms  4m3

Y 95651

condition (iii) is

) . 2
det A(F) — sin® &, (i+_l_>+sm 93(i+i>+

8mi \m, my 8mi \m; m,

in’8, /1 1 1
+Sln 1 (__ + __) + *__(1 — COS 91 CcoSs 02 CcOs 93) (28)

8mi \my  my dmimams
this is strictly positive for all 4, € S'.
Let A, (p) respectively A_(5) be the smallest (resp. largest) eigenvalue of A. For any

p one has:

ﬁ;—)>0 y A-(p)>0

both are continuous functions, and A depends only on the angles 6;; i.e. is a function on

S' x 8 x S'. By compactness:
A-=min{A_(p)} >0

A7 =min A7)} > 0
Therefore a1||17'!|2 < (V,B(ﬁ’)l—;) < a2||17i|2 for any Ve rd.
This proves the Proposition.

4 Geometry of the reduced configuration space

The group O(2) acts on the configuration space Q and its action is free if one excludes
the origin of @ (§'= 0). We denote reflections with S,. O(2) is a symmetry for the system
since it leaves the Lagrangian invariant.

In the reduction of the angular momentum, we considered the reduction of the S0(2)
action only. We will show that the reduced configuration space has therefore a non-trivial

symmetry, which now we denote with ¢, which takes an orbit of SO(2) to the one obtained

10



by reflection about an axis through the origin. Since reflections thorough two different
axis are conjugate by a rotation, o does not depend on the axis chosen. The coordinates
p’s are invariant under o, the reduced configuration space is then a double covering of C
with boundary the collinear configurations (i.e. the fixed point of o). In this section we
describe the geometry of the reduced configuration space; then in the next section we will

use the reduction to construct the space of the trajectories on which we define the Action

functional.

The transformation F is:
F:Q — CxS8'xRr? (29)
((j; 1= 1a273) — (p1,p2,p3,f,X1,X2)

where we recall:

C= {ﬁ: (p1 p2 p3) € Ri | pi+p; > pr and cyclic permutations}
and
oC = {ﬁ: (p1 p2 p3) € Ri | pi+p; = pr and cyclic permutations}

C is locally defined by (8), (9), (12), (13). If we fix X = 0 we reduce:
. 3
Qi{‘f:(@ @2 @)€ Q / Zmicfi=0}
=0

Q is a four-dimensional plane in E°, so Q ~ R*.

Hence we can define F on C and we denote it with F:

F:Q — Cx&8' (30)
g — (Pth,Ps’ﬁ)

F is given by

pi = (@~ g+ (¢ — @)
1

1_
¢ = 1/3) arccos 9~ %

1.7,k !

(31)

11



with

3 1
i=1 Tq; -0
M
2?:1 mlq? _ 0
o =
(32)
It is useful to recall (15) with the condition X = 0:
gp = 1/M{m;p; cos ¢i —mipjcosd;} (33)
gi = 1/M{m;p;sin ¢; — m;p; sin ¢;}

Now we see how to transfer the action of O(2) from Q to C x S'. Let us begin with
SO(2) ~ S'. If we denote with :

R:5S0(2)x Q — Q
the action of SO(2) on Q, we want to find an action of S0(2) on C x S, denoted by R:
R:50(2)xC x 8§ — Cx§*

such that the following relation holds:

FoR=RoF
We represent Ry € SO(2) with ¢ € St as:

1 cosd sing )
Ry = —— .
7] ( —sin¢ cos¢

on Q we consider the following action:
Rs(q) = (Ro(q1) Ro(q2) Bs(d5))
with
7=(q1 @ as)EQ

since R, acts linearly the condition 3, ¢; = 0 is fulfilled.
We define the action of SO(2) on C x S? as the map:

Ry:Cx8'—CxS8!

12



from the definition of g we have:
Ry(pi) = |1 Ro(d5) — Ro(@i)ll = |5 — Gll = s
for all cyclic combination of z,7,k. Moreover since
cos ¢; cos(¢; — @)
Ry . = .
sin ¢; sin(¢; — @)

using (33) we obtain:

and remembering the definition of ¢:

we get:

therefore:

R,:Cx 8" — CxS§' (34)
(ﬁv&) B (,3,6—45)

Now we have to consider the action of reflections S,. We give the action S on Q and then

we want to find the action S on C x S! such that:
FoS=80F

Let @, ¥ be two vectors in R? then the vector Sy(«) is the reflection of ¥ by v and 1s

defined by

Ss:r?— ®?

sy = 2805 g (35)

if 7 = (v; v2) then S has a matrix expression which is

s _ 1 v —v? 2vv,
v “{,‘Hz 2uivy V3 — vl

13




where we denote with (.,.) the natural scalar product in B2

It is easy to see that

det S5 = —1
and
Sy Sy =1d
Define:
Raz = Sz - Sy

then Rgy € SO(2). Equivalently we can say that one can generate all S, by a reflection
and SO(2). This fact will be very useful in what follows.
The explicit expression for Rg 3

Rism 1 ( (@, 9)° —(@AD)° (4,9)%(d A )* )

- ) U, U
e \ (@9 @A) (4,46)? — (4 A )
If we denote with 6 the angle between % and ¥ we find:

1 ( cos 20 siﬁ29)

|[f,}‘||2 —sin 20 cos 26

Ris = Ry =

and if we take ¥ = (||v]| cos a ||v]| sin @) then

S, — ( Cf)S 20 sin 2« )

sin2a — cos 2«
On Q Wé consider the following action:
55(q) = (Sa(q) Ss(q2) S+(a3))
with
7=(q1 ¢ G3) € Q
and ¥ a direction in Q. Since Sy acts linearly the condition Y; g = 0 is fulfilled.

We can now define the action of S; on C x S!
S,:CxS'—(CxS!
from the definition of 5 we have:
Sa(pi) = 155(@) — Sa(@)ll = IG5 — Gll = o

14



as we have done in the case of SO(2) using the fact that:
g [ cos i \ [ cos(2a — ¢;)
“\sing; |\ sin(2a — ;)

Sa(di) = 2a — ¢;

and remembering the definition of §:

using (33) we obtain:

we get:

therefore:
S,:Cx8 — Cx§8! (36)
(p,6) — (p20—¢)
The reduced configuration manifold is:
C x §'/S0(2)
Since SO(2) ~ S* acts trivially on C we have:
C x §'/S0(2) ~C x {0} =C

where {0} is a single point (an origin) in S'.

The reduction from Q to C can be described by the following commuting diagram:

o, C x S

—A %

S

C
7 is the projection on the quotient, and p is defined by:
p=moF

15



Proposition 4.1

The map p is a double covering. Points Q related by réﬂection through a generic
direction in R? have the same image under p. The branching set is the set of the collinear
configurations.

Proof

In Q, p is locally defined by

pi = \/(q} —qi)?+(¢? —gi)? cyclicijk=123
¢ =0
(37)
with
Z?:l m1q11 =0 Z?:l mtqlz =0
M M

The rank of this map is 3 for all configurations with ¢; # ¢; ¢ # 7 and for all configurations
that are not collinear. Collinear configurations will play a central role, they are going to
be the ramification point of the map p. Outside them is locally a smooth surjection.

For a generic configuration § € Q we represent the action of O(2) as:

Sz - Ry(q) = (S5 - Ry(q1), S5 - Re(q2), S5 - Re(ds))

The definitions of rotoreflection depends on the order of the operations. We have to

observe that, reflections are conjugate by rotations:
Ry - S; = S5 - Ry,

such that the quotient by S! is independent on the order of the operations.
Now by means of the previous definitions of the action of O(2) on C x S' we see that:
taken ¢ € Q

F(S5+ Ro()) = (Sa - Ro)(F(3)) = (S - Rs)(5,€) = (5,22 + ¢ — €)
but
| w(5,6) = {p} x {0} V (5,§)eC xS

16



hence
(0 F)(Ss - Ro(@)) = (m 0 F)(Ry(q)) = (v 0 F)(q) = {p} x {0}
forallge Q, ver? ¢eS.

From this and the regularity property of p follows that: given ¢” € C,c = p x{0}
there is § € Q such that:

pi =g — @l 2,5,k cyelic
g is determined up to a rotation and a rotoreflection; then we have:
p ()= U {Bs(@} U U {S5- Re(9)} (38)
€St $€S!

with 7 € R? fixed and where the second union is disjoint. We can choose this vector in

arbitrary manner since the two following sets are equal:

As, = | {85 - Re(D)}

ses!
Az, = U {5 - Rs(9)}
peS!t

where ¢ € Q fixed, and ¥, ¥, € R? are generically chosen. In fact: we can always take

¢, € S* such that

Sz - Rs(@) = Sz, - Ry, - Ry, - Rs(@) = Si, - Bg,+4(9)

the first term belongs to Ay and the last belongs to Ag, since ¢ + ¢1 is always reached in
the union so the two sets are equal.

The two sets

U {Rs(@}, U {Ss- Re()}

peS? beS!
are coincident only when the configuration ¢ is collinear.

In the collinear case there exists ¢ € S! such that:
Ry(@) =Av A>0

and then
S5(Rs(q)) = Av

17



therefore the two sets are coincident; the collinear configurations form the branching point

of the map p.

Always using the regularity property of p for each neighborhood U. of ¢ € C there
exists V;in Q such that

p(q) =c
P ( U {be(V&)}) =U.,

pesSt
and '
P ( U {56'R¢(V?f)}) =U.
oSt
and then

p (U = U {Re(V)} U U {S7o Rs(Va)}

pest $esSt

therefore p is a double covering @.

5 Reduced Action functional

In this section we construct the new Action functional. We have shown that Q is a double
copy of C glued on their boundaries. We will work on trajectories which do not lie on the
collinear set. In order to distinguish I'; from I'_ we introduce a parameter z which takes

value in {—1,0,+1} and consider the map:

O — Cx{+1}udlCx{0yul x{-1}=C (39)

(q_; i:132’3) - (Pl,Pz,Pa,z)ig

The parameter z which takes value 0 on OC and +1 on the two sheets. The operation o

which is the image of the action of S; in C acts as follows:

and we call it "reflection”.

It is easy to see that with these definitions collinear configurations (g,0) are fixed

points of o.

18



We now define:
A5 = {¢(8) = ((t), 2(¢)) / C(t+7T/2) = o((t)} (40)
Ar = {C(8) = (A1), 2(1)) / C(t+T/2) = ((t)} (41)
so the space of T-periodic, H!-functions with values in C
Hy = H'(0,71,0) = {(5,z) € Q | pi € H'([0,T),R) i =1,2,3}

can be decomposed into

H:=H N A: @ HLNAS (42)

We can now define the Action functional for trajectories in Q. Let us recal the reduced

Lagrangian:

. 3 . m;m;
L(p,z) = Z Bii(p)pipi + Y :
ij

i,k
Let {(t) = (p(t),2(t)) be a regular trajectory. We have noticed that either z(t) =0 Vtor
there are 0 < t; < .... < t, < T such that z(¢;) =0, z(t) # 0 with t#¢; lim.oz(t:i+
€)z(t; —€) = —1. If z(¢) = 0 V¢ we define the Action functional as:

Arle) = [ an(s5,0)

where p; + p; = pi for some 1,7, k.
If 2(t) # 0, we define the Action functional to be the sum of the Action functional

restricted to the trajectories in the open interval (¢;,¢;+1). One has:

N tiyy .
Al =3 [ dtL(Fp,2)

where z; = z(t) with t € (t;,ti41)-

Since L does not depend on z one has finally:

ik Pk

. r 3 .. rmim;
Ar [p(t)] = /; dt {Z Bii(P)pifi + ) J} (43)
ij
defined in Hé.
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In the next section we will consider collision trajectories. For collision trajectories,

let {7x}+ be a sequence of collision times. Between two collision times the trajectory is

regular and so we can use the previous definition, hence:

e =tm> [ au(p )
k YTht1—E

The behaviour at collision garantees that the limit exists. We have to observe that the sum
over the collision times might diverge when the collision times form an infinite sequence.
We shall therefore use the (43) also for collision solutions. In conclusion (43) describes

the Action functional for trajectories in Hp.

6 Collision orbits

In this section we prove that collision solutions are not minima for the Action functional.
The proof is based on a local analysis near the collision orbit and in particular on the
asymptotic behaviour of the orbits at the collision. We know that collision orbit are
asymptotic to Central Configurations [24], [23]. Let us consider triple-collision, assume

t = 0 to be the collision time. In the space () we have the following representation of the

collision orbit:

gE(t) = (& + Tt
with ||[9:(¢)]| = O(t) 0 < d < 1, {G}is a Central Configuration.

In the space Q we have:

pi(t) = (c + w())e*?
where ; and ¢; are functions of 4; and ¢, with v;(¢t) = O(t?) 0 < d < 1. In the next
Proposition we will use the definition of the Action functional given above. In the Three-
body there are Equilateral Central Configurations and Collinear Central Configurations:
in the first case there can be only a finite number of times at which the trajectory is in
a collinear configuration, while in the second case there may be an infinite denumerable

sequence of such times converging to the collision time. As we have seen in both cases we
can use the Action functional previous defined.

Proposition 6.1

Collision solutions are not minima for the Action functional (43) Ar[.).
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Proof

Remark: In the proof we consider only triple-collisions but it is easy to see that the
proof works for double-collisions as well.

Let
ﬁc(t) = {Pf(t) ?:1 g= {w,-g(t) ?:1

where for all 7 = 1,2,3 w; € R with:

w; + w; > wg cyclic permutations
and
1 ltt S €0
Zeo—jt € S Itl S 260

€0

with € € RY We consider variations:

pit) = (r + (> — (7 +7()*° + wieg(2) (44)

with e € RT.

Estimating:

Ar1E) + ol — Ar (0] = [ doAn[5(0) + 5eq (45)

this becomes equal to:

/;1ds/:dt§

Denoting with (.,.) the natural scalar product in R, let us consider the second term due

!

6B 13 c c s [ oC . ._—__—Egkmjml
5 H(0)elsoegi (1)) ot scau(8)+2edu (B sedi (N B =2 1 o

to the kinetic energy:
1 T 1 T - .
/ ds/ di2) " egr(p5 + s€g;(t)) Bix = / ds/ dt2¢(Bg, p. + s€g)
0 0 o 0 0
From Proposition 3.1 one obtains:

1 T . . .
2a26/ ds/ dt2¢(Bg, p. + seg)| < Ci(€/eo) + 02(6/60)2
0 0

where the second inequality and the constants C; , Co > 0 are determined by the explicit
form of [)’ and §.
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To estimate the first term due to kinetic energy we need again to use the homogeneity

properties of the matrix B:

Let us fix:
P P1
then:
Bijr(p1,p2,p3) = Bir(z,y)
hence:

OB OBy 0z 0B Oy
dpy Oz Opr By Opi

Computing explicitly the derivatives —;% and g—: we have that:

BBjk
B eqi = O(e)
for example:
6Bjk . C()BJ]C 31: BB]k 6y

dpy Oz 8;11 1€ Oy 51
which is equal to:

_OBj (ot 1)t 4segn OBu (et v3)t2/3 + segs
8z (o + )2 +seg)? 00 By ((e1 + 11)t23 + seq)?
Hence there exist C3 , Cy, C5 > 0 such that:

/ds/ dt}:

gkl

eg1 = O(€)

gz (£)e(p5 + s€g;(£))(05 + segu(t))| < Cale/ea) + Cale/ )’ + Cale/ o)’

We now evaluate the terms due to the potential. They wil turn out to be the leading

terms 1in €.

Each of such terms has the form:

1 T Ggi(t) b
I,:/ d/ dt = I+ 1
Al S (O T prer 1) A

1 €0 €
If’:/ d/ dt
' 0 s 0 ((ci + 72)t2/3 + segi(t))?

If _ /1 s 2en ” 26/60(260 — t)
0 e ((c; + 72 )£2/3 + swiefeo(2€0 — t))?
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1t is easy to prove:
I? = O(e)
For I we need some computations: let

er = t*/3

SO

= (3/2)€/2r /2 dr
e H/- / ’/e (3/2)€'/2r1/2
(e () + sw)?
we define now the following two integrals:

%) 1/2 1/2
/ ds/ dT 3/2
((ci + 7:(7))7 + sw;)?

1/2,1/2
/ ds/ (3/2)e' /2712
c,r+w,s)2

and

we are going to show that there exist Cs , C7 > 0 a > 1/2 such that:

| fI?°| < Cge”

I - 19 < Cre
thus there exists Cg > 0 such that:

|17 — I7| < Cge®

but since we find that:
I9 = Cye’? g >0

we conclude: there exist Cjp, Cy; > 0 8 > 1/2 such that:

Ar [5.(t) + €§) — Ar [p.(t)] < Croe® — C11€'/?

(46)

(47)

(48)

(49)

hence for € small enough we have a negative variation for the Action functional which

implies that collision solutions cannot be a minimum. We have to prove (46), (47), (49).

Proof of (46):

23



using the explicit form of I ed I7*:

(3/2)61/27'1/2

R d
Iz l 23 /e T((c,- + 7 ()T + w;s)?

the integrand goes as 7~ (3/2+2d) with 0 < d < 1 so it is integrable and then:
|If = I°| < €'/%c(€)Crs(eo)

with ¢(€) = O(e).
Proof of (47):

1 o'} . . 2., 2
P N R [ = T T Rt
0 0 (r+ sw;)?((ci + yi(T))r + sw;)

actually v;() = 7i(¢¥/>r%/?) and it is infinitesimal in its argument, so we have:
iI:)o — I?l S 61/2C1(6)014

with ¢;(€) = O(e) and for € small enough and Cy4 > 0.
Proof of (49):

3/2)61/2 1/2
/ ./ (cit + sw,)2

this integral can be explicitly computed, and it is equal to:

1/2 o0 '
V(3j2) [ ds |- NSV | — o
¢;'"(3/2)e A ds [ —— + (sw;)” /*arctan vl O(e'’*)

so we have concluded our proof.@

7 Study of the Action functional with J =0 P =0
fixed

In section 5 we have seen that the reduced Action on @ has the form:

Ar ), 0] = [ dt{}iBm ﬁ)ppﬁmeJ} | (50)

1,7,k
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Before studying (50) let us recall the procedure one follows to study the unreduced Action

functional. In ¢’s coordinates the unreduced Action functional has form:

/dtL /dtz

This functional is studied on the space

mm_,

1]17&] qu - q]“

(51)

ATZ{@EHI([O,T];RZ)/(E'(t) gt +T); /Odtz e I oo} (52)

s E =gl

Split At into

Ar = AT @ AT (53)

where
A3 ={g e H'([0,T);BY) | (t) = —G(t+T/2)} (54)
= {G e H'(0,TKEY [ &(t) = a(t +T/2)} - (59)

Let us restrict A% on A%; on this set the Poincaré Inequality holds:

Td %2>l' Tdt =112
0 0

so there exists b > 0 such that:

sz [ dt{zl oL 181, - o > ol

LIE]

A* is coercive on A% and the sub-levels are compact in L*([0,7T]) and hence A™ has
a minimum ¢*. The minimum is not a collision solution as is proved in [23]. At the

minimum the functional is of class C'. By the symmetry of the Lagrangian for ¢~ € A7 :
D,A7(q7) =0

where D, is the differential along directions A%. Therefore
DA7(g") =0

i.e. ¢* is a solution of the Euler-Lagrange equations, so it is a T-periodic solution without

collisions.
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In sections 4 and 5 we described the coordinates of C and we gave the definitions of

A2 and AS. These sets will play a role in C similar to (54) and (55). Let us recall the

definitions:
= {¢(t) = (p(t), 2(t)) / ((t+T/2)=o((t)}
Ay = {C(t) = (5(t), 2(8)) [ ¢(t+T/2)=((8)}

Now since Ar is invariant under o, if p € A% then:

DAr(p)(¢) =0 V(e A;

s0, p € ]&‘} is a critical point, if and only if is a critical point of A7 in A%

Proposition 7.1

Let be ((t) = (p(t), 2(t)) € A%. The following inequality holds:

T 3 e e T Lot da, . | 2
/ dt ) | Bij(p)pif; = / dt(B(p)p,p) 2 5 sup min {(pils) + pils) — pe(s)) } (56)
0 7 0 $€[0,T] 1,7,k

Since B(p) is bounded away from zero g € H*({0,T], C) the "sup” of the r.h.s. is attained
in [0,7]. Without loss of generality we assume that is attained in 0 and we denote the

last term in (56) by
4(11

| S r(#(0)
Proof

To prove the proposition let us consider the trajectory in the interval [0,7] with
7 < T/2 the first instant at which the configuration is collinear. Observe that from
the definition of ]\“T if there is such a time 7 then 7 + T/2 is another collinear time.

From Proposition 3.1 we have that there exists a; > 0 such that

K = /0 dt(B()p,F) > & /0 dt| il”

for each p; by using the Fundamental theorem of the Calculus we can write

o) = ()] < [l

then by Schwartz inequality

i) — ) < Ve { [t}
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i) = (O < 7 [ dtl(6?

and hence

K> 23: o, 10i(7) = pi(0))" (57)

T

Let us now put for simplicity
pi(T) = z; collinear comfiguration

and

pi(0) = y; non — degenerate triangular configuration

with 7 = 1,2, 3; obviously we have to choose one of the following condition z; + ¢; = &
cyclic permutation of i,,k, the three possibilities in the min argument depends on this
choice. Let us consider the case ¢; + ¢2 = @3, then we seek the minimum of the auxiliary
function

f(z1, e, 23) = (z1 — yl)2 + (z2 — y2)2 + (z1 + 22 — y3)2

we consider f as function of z;. With very elementary computations we find that f has

only one minimum whose value is

(y1 + Y2 — y3)2
3

hence we can say that

(y1 +v2 — y3)2
3T

Now if we take account of the choice z; + 2 = z3 we see that to get the thesis we only

K 2 ay (58)

should repeat computations with the other three possible choices.
We consider now the case of a T periodic trajectory. We know that there are times
t; € (0,T/2) t; € (3T/4,T) at which the configuration is collinear. In this case we can

write:

K = [T d(B(p),5) = I{ dt(B(3)#5) + Ju " dt(B(F),6) +
+ [, dt(B(2)7, ) + Jit dt(B(5)5, ) (59)
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as we have done above, we obtain:

K > a, Z?:l Lp_‘(ﬂtﬁigm + ay Z?—l [p:(T/2)—pi{t:1)]* +

f =1 (T/2-t)
ta; Y0, Lﬂ%%ﬁ)ﬁ +a Y, e :,(1T__ptiz)t2 E (60)
by (58) we get:
T/2 T/2 .
= 3(T/2 — tl)tl (P( )) T 3(T - t2)(t2 _ T/2) (P( ))
so that: o
4 4
> - —
hence
4:0/1
K > =T(p(0)) (61)

Thus we have proved the thesis @.

The r.h.s. of (56) does not bound the L2 norm of 5, therefore Ar is not coercive. One

has in fact:
Proposition 7.2
For any k > 0 the set

Se={cehgnm | Ar[((®) <k

are non compact in the L®-topology.

Proof

For each k > 0 we exhibit a sequence in the sublevel which does not converge. By the

preceeding Proposition we find easily that
Ar [7(8)) > ST ((0))
Consider the following sequences in n € N, v; € R:
P78y = p™(0) + vt t€[0,T/2) i=1,2,3
AN () = p™M(0) + vi(T/2 —t) t€[T/2,T] i=1,2,3
which are in A“T
M0y =n+a POy =n+a pM(O)=2n+a a>0
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those will be collinear at t. = —2— (we choose v;’s such that T'/2 = t.)

Vg—vg—U]

p{(t.) = p{M () + P37 ()

It is easy to see that
4.(11 4(1,1

- L(p(0)) = —a

we chose a so that

the sequence stays always in the level Ay = k.

But with a simple computation we can see that:
o172 > en?

for some ¢ > 0 so that no convergent sub sequence exists. @

Let us now define the following set:

M, = {C € 1-\‘} N H(lj such that: sup g(p(s)) > c}

s€[0,T]

with ¢ > 0 and where:

RN '.S_ e
9((s)) = 1 min { (o) + pi(s) = pu())'}

180 = 4 D_(pi)?
We show now that for any ¢, £ >0
M. = M.N S

is compact in L2([0,T],C).
Proposition 7.3 ,
Given k,b € Rt the set M., = M. N Sy is compact in the topology of L%([0,T),C).
Proof
Let us define the set:

By ={¢€ M / sup 16(s)ll < 34y/Tk/ai}
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where a; is is the lower bound in Proposition 3.1; then:

Mc,k“‘ ckU( ck)

B, is compact in L*([0,T},C) since ST 712dt is uniformly bounded for all ¢(s) € B

We must prove that (B;x)° is compact.

If { € (Bcx)° then sup, ||p(s)| > 3y/Tk/a; implies

T T 2 V2
swp )] —inc 16 < [ (E15te)1 ) dssﬁ{ [ (Lso) ds}

by means of Proposition 3.1 we get

T . . 1/2
sup |7(s)|| — inf (s} < /T /as { [ (B(ﬁ(s))ﬁ(s),ﬁ(s))ds} < \/Tk/ai

inf [|3(s)]| > sup 17} = /Tk/ar = 2/Th/ex . (62)
hence :
= " flte)ldt < sup }4(s)| < Cuint [7(s)] (63)
for C; > 0 big enough. -

We can then use the polar coordinates and by Proposition 7.1 we get:

kx> 2 [ (%Hﬁ(s)ll) e+ &[NP By + o sup A(s)o(7Le)

where: B
= . p
Y=

1Al

Now we have to notice that:

sup [[)a(A()) > ik, 160} sup ol

s€[0,T]

From (62) and (63) we obtain:

x> 2 [ (%Hﬁ(s)il) o [N ok [ (5 S (e

30



Let be r(s) = ||p{s)]], let (rn(s), in(s)) be a sequence of functions in M, with

T T
ra(t) = 7Fu(t) + 7,  with 7, = fodtTrn(t)’ / dtr,(t) =0
0

moreover

IZ.(0l =1 Vi,m

Since all the elements of (64) are positive definite, we have:

ay T 2 \2 cay
k> — 2)dt kB>
25 ), () = 9TC,

T & o
A1 2T/ (55, 5 )dt
0
The sequence 7, admits therefore a convergent subsequence. Since S? is compact and
Poincaré’s inequality holds for zero mean functions, sequences (7,(s), Zn(s)) have conver-
gent subsequences. Therefore (B, )¢ is compact in L%([0,7],C) @.
Now the functional A7 is continuous hence it attains a minimum on each M_;. Let

M?, be the interior of the set considered:

MCO = {C c ]\“T N H(lj such that: sup g(p(s)) > C}
s€[0,T]

If for some ¢,k the minimum on M, is attained in Mgk then DAy = 0 at the minimum.
This would give a non-collision T-periodic orbits with zero total angular momentum since
we have verified that collision-solutions cannot be minima. A better understanding of the
homology structure of M, ; is needed before being able to prove that there are ¢,k such
that there are minima in the interior of the set M.
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