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The Actual Source Area (ASA) of a bending magnet in the infrared range, has been

calculated for the ®-factory DA®NE under construction at Frascati. "Geometrical”
broadening has been included.

The Actual Brilliance Ratio (ABR) defined as the ratio between the brilliance of a

synchrotron source and that of a blackbody, has been also evaluated for DA®NE and
compared with the Brookhaven NSLS source.

PACS.: 41.60.Ap; 41.85.Le; 07.65.Gj



Introduction

The synchrotron radiation emitted in large fan by a bending magnet (BM) is usually
collected within a small horizontal angle 0 ranging from 5 to 10 mrad. This angle corresponds
to an orbit of a few mm length for a typical magnet radius of a few meters. Longer portions of
orbit subtend larger angles, up to 50 or 100 mrad. Synchrotron radiation (SR) from these large
angles could be in principle collected by using optical surfaces, i.e., mirrors or multilayers.
However, the main obstacle, in particular in the x-ray range by using reflecting optics at
grazing incidence, is the need of very long optical elements and/or aspherical surface shapes.
Moreover for large collecting angles the broadening of the source is considerable and the
aberrations introduced by optics make the image in the focus point large and asymmetric.
These effects are very large in the x-ray range but are present in the vacuum ultraviolet
(VUV) and in the infrared region (IR) too. In the following we will illustrate a calculation of
the Actual Source Area (ASA) for the IR energy range. The estimate of the source size is a
first step to obtain the Actual Brilliance Ratio (ABR), defmed as the gain of a storage rmg,
with respect to either a black body or a Globar source.

Synchrotron radiation is a non-thermal radiation characterized by a high degree of
polarization.! SR bending magnet sources reach high linear polarization rate (>90%) in the
plane of the ring. Moreover, special insertion devices producing intense and bright vertically,
or circularly polarized beams can be installed in a storage ring.

We can start defining the brilliance of the SR source as

_ dF photons/rad2/s/cm? (1)
dededxdy

In Eq. 1 F is the flux of photons emitted by the particles along their trajectory, d© and
d¢ are the horizontal and vertical emission angles, x and y the horizontal and vertical
coordinates, respectively. Taking into account the natural broadening of the SR source, we
may better define the brilliance such as the flux F emitted in the solid angle dode, by the
ASA. Here, Xy and Zy are the r.m.s. values of the horizontal and vertical dimensions of the

source, and 22Xy is the area, which approximates an extended source. The brilliance then
becomes:

= dF photons/rad?/s/cm?2 (2)
déde(2r Z,Z,)

An expression for the ASA which takes into account physical effects and ring

parameters associated with the dynamics of the electron beam, can be found for example in

Ref. 2. Nevertheless, one should add to such formula the contributions o ("geometrical

broadening"), which are due to the finite length of the particle trajectory in the bending
magnet. One finds out:

ASA= 25,5, = 2m VotratHoFF V GjeoiH{op ] ®

In Eq. 3, ox and oy are the horizontal and vertical size due to the electron beam size as
well as to the optical functions of the ring, while o, is the diffraction-limited source size.
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Equation 3 includes also the terms 68%, and 68°, due to the collection of a finite length of
trajectory along a bending magnet of radius p.

In the following sections the different contributions to ASA will be discussed. Then
this theoretical prediction will be compared with ray-tracing simulation. At the end a
comparison among several BM infrared sources will be presented.

A. The source size Oy, Oy

To calculate the beam dimensions o; (i = x, y) and the divergences G we can use the

standard equations, which contain the emittances €; and the dispersions B;.3 The theoretical ox
is given by:

Ox = \/G%x"'c%dx ='\/€xBx+{nxcE)2 S

In Eq. 4, oy, =+/gB, is the electron beam dimension and the additional horizontal
broadening Omyx is due to the dispersion function 1y in the x location at the BM and to the
relative r.m.s. energy-spread o in the anomalous bunch lengthening regime. The term G, in
Eq. 4 is usually the most relevant contribution to the horizontal size. Similarly, the vertical
value oy is given by two contributions:

0y= " GBy+Ohty = ’\/;yBy + ‘E%h'oj‘r‘ (5)
v

where o,y = \/;:—yﬁ; ,and oMy depends by the third betatron function yy in the y direction,
defined as Yy=(1+a,2)/By and by o, and o4

By using the above equations and the parameter reported in Refs. 5, 6 we can calculate the
beam dimensions for the bending magnet source of DA®NE as well as for several IRSR
sources (seeTable I). The vertical contribution Gumy from the optical functions of the machine
is calculated for A=50 um, and it results much smaller then opy. However, it may become
comparable with Gy at higher wavelength.

TABLE I — Parameter and estimated values of source size of synchrotron
radiation facilities. The values Oy; are calculated for A=50 pm.

BM E €x €y Oy Oy OMx OMy

(GeV) 106 106 (em) (cm) (cm) 107

(cmrad) |} (cmrad) (cm)

DA®NE?2 0.51 100 1 0.217 | 0.031 | 0.0198 3.2
MAX Ib 0.55 3 0.48 0.049 0.02 0.0045

NSLS¢ 0.745 13.8 0.4 0.058 | 0.0197 | 0.045 1.4
UVSORd 0.75 3.66 0.366 | 0.039 | 0.027
SuperACO® | 0.80 3.7 1.8 0.038 | 0.030 | 0.064 5.2

aRef. 5

YMAX-LAB Activity Report 1990
cRef. 2 )

dUVSOR Activity Report 1993
¢P. Roy, private commun.




B. The diffraction-limited size o,

A source point emitting at the wavelength A in the collecting angle 0, has a minimum
dimension given simply by
" 4mo
This r.m.s. value corresponds to the radius of a circular slit which would diffract the radiation

at the wavelength A. In the case of SR the solid angle © in the infrared spectral region
corresponds to

Gy(A) =0.816

0.354
i} E(lc—();—) (rad) %)

In the above relation the exponent of the (A/A.) ratio has been derived in the limit
A/A>>1, i.e. for the IR range.’ However, because o, is a complicate function of the (A/A;)
ratio, different asymptotic expressions in the IR range are reported in the literature with
similar behavior.39 ‘ "
The diffraction limited size of a point source in a BM can thus be found by replacing in Eq.
(6) the collecting angle 8 with the above definition for the intrinsic divergence of the radiation

o\ =—A (8)
4noy(A)

C. The horizontal and vertical geometrical broadenings o8¢, and g8,

When collecting under small angles the geometrical terms-are usually neglected in the
x ray and soft x ray range. This is not the case of the IR radiation, because of the
simultaneous effect of the large intrinsic spread oy and of the large collecting angle 6. When
this angle is increased, the SR source becomes an arc of length 20p where p is the radius of
the BM. The geometrical terms here introduced represent the projection of the source arc of
length /, on the xy plane intersecting the arc length at its mid-point. Such projection is
assumed as the virtual location of the extended source. The term o8 describes the
contribution to the vertical dimension and it is associated with the opening angle of the
radiation G,
A first attempt to estimate the horizontal broadening A of a source has been made by
Williams.® Moreover, calculations extended to insertion device sources, as undulators and
wigglers, are discussed by Skrinsky.(!9 In Fig. 1 is showed the broadening A as a function of
0, for p=191 cm (NSLS) and p=140 cm (DA®NE). This function is calculated by using the
expression:

A=p(l-cosB/2) C))

However, A in Eq. (9) represents the total horizontal extension of the source and it results to
be larger then the r.m.s. value o8%,. This latter can be estimated by using a statistical
distribution for the source points. One has



. . . 2
(08P = {x2) - (xp = %pz + ;_pzsm 0 2p2sin 02 p2(1 _sin 9/2) (10)
0 0/2 02

A similar statistical approach is applied for the vertical, where however are taken into
account the different role of the geometry in the vertical direction and the contribution of the
intrinsic divergence of the synchrotron radiation, that yields to the expression

(08P ={y2)= &a%gﬂ[sinz (6/2) tan (6/2) - © + 2 sin (612)] (11)

Details of the calculations are reported in the Appendix.
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FIG. 1 — The increase of the horizontal size A (Eq. 9 in the text) as a function of the
collecting angle 6. The solid line refers a DA®NE BM, the dashed line to a NSLS BM.

D. Comparison with ray-tracing simulation

The terms above introduced are the elements to obtain an estimate of ASA. The values
of 68, and o8 once calculated can be compared, for different IR wavelengths, with the
size of the source generated by a ray tracing. The DA®NE bending magnet source has been
simulated by ray-tracing, starting from the ring parameters> reported in Table II. The
corresponding NSLS input data® are also reported in the same Table.



TABLE II — Parameters used for the ray tracing calculation.

—6—

E A, O, o, 0 p
(GeV) (Lm)10-4 (mm) (mm) (mrad) (cm)
DA®NE 0.51 59.6 2.17 0.313 50 140
NSLS 0.745 25.5 0.58 0.197 50 191

The resuits of the simulation are shown in Table III. Here, the values of the simulated
source size G,%im and &, sim include both-o; and the geometrical contributions, then they have
to be compared only with the corresponding calculated values ’\/ 012 +(c feo)z excluding G,.
The simulation of the NSLS source listed in Table III, yields to a geometrical broadening
08%,=0.157 mm (not reported in the table), a value very similar to :38“0,‘:0.177 mm
calculated from Eq. 10. Moreover, in the case of the NSLS source, also the average
displacement <x> = 0.2 mm can be extracted and its value is in good agreement with the
calculated one (see Eq. A3). For DA®NE the estimate of the horizontal geometrical
broadening indicates 68°,=0.370 mm, a value larger than the one calculated. Indeed, in the
case of DA®NE, for a collection angle of 50 mrad the large horizontal source size due to the
beam masks any other effect and the horizontal geometrical broadening as well as the average
<x> are negligible. On the contrary, in the case of NSLS both beam size and geometrical
horizontal broadening are of the same order of magnitude. In fact, for the vertical case, Table

IIT shows that the values of c’y‘"‘ are very similar to those obtained from Eq. 11 for both
DA®NE and NSLS.

E. The diffraction limit of the SR source.

The diffraction limited size given by Eq. 8 is just the lower size of a single point
source and its calculation do not consider the geometrical constraints associated with the
acceptance of a limited solid angle. Actually, if we consider the extended source as a surface
placed in the middle of the curved electron trajectory, we see that the source is intrinsically
limited by diffraction. The effect is associated with the angular distribution o\(A) and with
the geometrical constraint of the collecting system. At the first optical element (i.e., mirror,
slit, window) the source is seen under an horizontal angle 8 and a vertical angle determinated
by 6(A), so that radiation is collected within an actual solid angle

Q=60,(A) 12)
Equation 12 results in an increase of the ASA by a factor
}\’2
2 _
Oip an'a (13)
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This r.m.s. value corresponds to the area of a slit which diffracts the radiation at the
wavelength A and represents a lower limit for the ASA. Starting from these considerations, to
understand the effect of the diffraction limit to the total source area it is useful to plot the
function D(A) = 2nE, 2. Q+ A’ vs. A (Fig. 2). For wavelengths much smaller than the ASA
(A<lpm), the area-solid angle product is almost independent of A. In this case the function
exhibits a A dependence with a simple power law, as expected for a simple dependence by G,
On the contrary, at wavelength of the same order of the ASA (A~1 mm) the diffraction limit is
effective and at very large A (cm range) it becomes the most important contribution. In Fig. 2
the area-solid angle product is plotted for the DA®NE source for collecting angles of 20 and
50 mrad. For A>3 x103 um, values that approximate the ASA of DA®NE, the dependence on
A is a power law with exponent equal to 2, as expected for a fully diffracted source.

Further effects associated with the interference of light may also modify the spectral angular
distribution of SR in the far IR range as discussed in Ref. 11.
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FIG. 2 - Plot of the area-solid angle product for the DA®NE source. The curves are for

collecting angles of 20 mrad (dots) and 50 mrad (dashes). The solid line represents a
fully diffracted source.



F. The Actual Brilliance Ratio

The advantage of using synchrotron radiation in the infrared region lies in its high
brilliance. A comparison with conventional sources like a black body (BB) or a Globar can be
obtained by defining the Actual Brilliance Ratio (ABR) as the ratio between the brilliance of
the synchrotron source and the brilliance of a blackbody.

The brilliance of the SR source given by Eq. 2 becomes?

d’F
dode'*=°
= ASA(em2) 2
SR = ASA(cm?) photons/0.1%bw/s/cm?/str (14)
where
2

PF_ _ 132710 EAGeV) I(A) (k) K2, (23;_ ) .
dede z -

is the flux of photons in the solid angle for a bandwidth Av=0.001v. The modified Bessel
function in Eq. 15 may be evaluated by using the rule given in Ref. 12

Ko7 (x) = 1.81380 (0.592542 x-23 - 0.697828 x23) (16)

where x=A./2A, valid in the limit x<0.002.13 In the case of the DA®NE source, being A=59.6
A, this relation is verified for A> 1.5 pm. The brilliance of a blackbody source can be derived
starting from the well known Planck's law for the power density.14 Indeed, the brilliance

Bgp(v,T) of the blackbody is related to the specific energy density by the relation
2w’
Bgg(V,T) = —————dv erg/s/cm?2/str 17
To obtain the brilliance we may divide the black body brilliance of Eq. 17 by the photon
energy hv, select a finite bandwidth Av=0.001v, and put A=c/v:

2 0.001c
Bpp(A,T) = RPN photons/0.1%bw/s/cm?/str (18)

We can now calculate the function ABR considering a blackbody source at T=2000 K. The
results are shown in Fig. 3 for DA®NE and in Fig. 4 for NSLS. Both figures show the
advantage of the SR sources on the black body at all wavelengths, for collecting angles
ranging from about 10 to 50 mrad. For larger angles (i.e., 100 mrad) the gain is reduced for
both rings due to larger geometrical contributions to the source area. When comparing the
two sources with each other, we see that the NSLS BM is more brilliant at short A, due to the
smaller value of its source size. In the case of DA®NE, considering a definite front end with
a slit limiting the collecting angle to 50 mrad in vertical, the ABR will be strongly modified at
longer wavelength (see Fig. 5). Still the gain is very large in the mid IR and demonstrate the
advantage of SR over a conventianal IR source.
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FIG. 3 - The ABR function of the DA®NE source, as calculated for several values of
the collecting angle 6.
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FIG. 4 — The ABR function of the NSLS source, as calculated for several values of the
collecting angle 6.
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FIG. § — The "real" ABR function for a DA®NE BM. The exit port is placed at 1200
mm from the source and limits the vertical collecting angle to 50 mrad. The solid line
corresponds to 50 mrad horizontal collecting angle, the dotted one to 20 mrad.
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APPENDIX

To estimate the horizontal and vertical geometrical broadening, we started from the
definition of uniform distribution of charged particles along the trajectory in the BM. Being 7,
the number of the particles in the bunch and L= p8/2 the half-length of the trajectory, we
define the particle distribution function as f= n/L (see Fig. 6). The average displacement

along x may be evaluated by using the classical formula for the statistical average with a
distribution f

<x>=j db(([)f/f dsf (Al)
0 0

x(4) = p{l—cos(f

where

(A2)

and the integral is performed along the arc 0 < £ < L. The r.m.s. displacement is defined as
(05“"’ )2 = (x2> - (x)z, and it can be easily evaluated by using the following expressions for
the first and the second moment of the variable x:

(X>=p(1-5i—"ﬂ)

02 (A3)
~342,.12sin@ 2sin 9/2
(x2) = 3p? + L2800 95
2" 720 g on (A4)
TOP UVIEW

FIG. 6 - Top view of the beam trajectory in
the bending magnet. The angle o indicates
the position of the small portion dl of the
trajectory arc. dx is the projection of dl on
the x axis.

The above expressions allow the calculation of 68 for any p and © values. However, the
horizontal broadening o8, can be evaluated also in a different way. Indeed, a small length
d £ of the trajectory is seen on the xy plane (defined in the text) as a small portion of source of
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length dx (see Fig. 6). The number n of the source points seen in a small segment dx is given
by n = g(x)dx = fd £ and the distribution g(x) is then defined by the relation

gx)=f ‘g—f{

Z=pd_a= 1
dx dx YI{I-x/p)

Being

the particle distribution g(x) on the xy plane can be obtained. By using the distribution g(x)
and considering the distribution f constant, the new value of the average x coordinate can be
written as

(x>=p(l_ $in6 /2
1t/ 2 —arcsin{cos0/2) (AS)
while the second moment of the distribution holds
) cos 6/2 -4
(X >= %pz + lipzsm 0/2 ( ) (A6)

1t/2 - arcsin (cos 6/2)

It can be shown that Egs. A5 and A6 coincide with the previous Egs. A3 and A4 respectively,
in the limit of small 0.

TOP UIEW

FIG. 7 - Top view of the geometry of the
vertical broadening. The particles individuated
by an angle o irradiate in a cone whose axis is
along line AB. The broadening for such
particles is determined by the length of AB.
The particles at o+6/2 irradiate in a cone with
its axis along CD. The contribution to the
vertical broadening is also proportional to the
length of CD.

For the vertical contribution 8%y the calculation is more complicated. To describe
the vertical broadening, we have to distinguish among the particles which are placed before
the Xy source plane, and those that have already crossed that plane, shown in Fig. 7. Particles
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placed before the xy plane, due to the large intrinsical divergence o, of the IR light, strongly
contribute to the vertical dimension. However, such contribution decreases as the particles
approach the xy plane. The source points placed after the xy plane give a smaller
contribution, because their distance grows along the path and smears the effect associated
with the opening angle of the radiation. In order to find the algebrical expression that
describes the vertical broadening, we have to calculate the maximum vertical coordinate
y(A,0) . fOr a photon impinging on the xy plane. This coordinate corresponds to the
maximum size of the illuminated area in the source plane. Along the trajectory, any source
point is individuated by an angle a (see Fig. 7). For 0 <o <6 /2

y(oc K) p tan (0y/2) tan [9/‘2 a] (A7)
while for 8/2 < o < 0 the function y(o,A),,, iS

yloA) = p tan owﬂ)Lm (njlzn ?ﬁ ) ~tan{a- 9/‘2)] (A8)

Clearly, the vertical broadening depends on A through oy. Equation A8 has been deduced for
source points placed in front of the xy plane and their vertical distances y(A,o) are calculated
considering the distance between the emitting point and the end of the trajectory in the
bending magnet (line CD in Fig. 7). As in the previous calculation for the horizontal
broadening, we have evaluated the r.m.s. maximum vertical size associated to the uniform
distribution f of the particles in the beam. In this case we have to consider that the number n =
fd £of particles in a small segment of trajectory emitting on the y>0 (or y<0) direction is only
half of the total. The average values is then given by

=1
<y2>= Ef ds yz(l)f/fo d4f (A9)
The above equation yields to
2
(y?) = p? %:ﬁ)[sir@ (672) tan (672) - 6 + 2 sin (612) ] (A10)

Because of the particular symmetry of the orbit, we considered only half of the whole
trajectory in the calculation of the horizontal size. On the contrary, this short-cut is not
allowed in the vertical case, because the rear and the front half of the beam give different
contributions to the broadening. On the other hand the symmetry of the source emission
yields to <y>=0 for an observer on axes.

The two geometrical contributions has been calculated neglecting the vertical and horizontal
dimensions of the beam, which became negligible when large collection angles are
considered. This approximation is satisfactorily verified because the formulas A3, A4 and
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A10 depend on the orbital radius p, via a moltiplicative factor. As a consequence a wide
electron beam can be virtually described as a change of the radius of the order of the
horizontal size ©,p, (usually <1 mm). It determines a relative variation of the calculated
values of the order ox/p= 10-3.
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