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The success in research of the photon number statistics of the optical
fields supplied the interest to the photon phase operator ®. This variable
® was proposed to have connection to the polar decomposition [1]

at ~VNe ®, a~e?VN, N =a'a, [a,at]=1 (1)

for a,a* Bose-oscillator operators. There proved some mathematical
difficulties in the construction (1), which were overcame in different ways
in papers (2, 3, 4, 5]. The correct form of the formulae (1) was found to

be [3] the following
*=VNV*,  a=VVN, ®=n+iln(l-V*)—In(l-V).
The matrix elements of ® in the basis N|n >= n|n > looks like (3, 6]

, n=nm,
<m|®n >= lim < m|®,|n >= (2)
e : n#m

n—m

The finite dimensional operator @, is defined in the Bose-oscillator sub-
space produced by the projection operator F,:

r—1 r—1
1
P = Z fm >< m|, lo®) >= — 7 Z exp ( u,o,")m |m >
m-0 m=0
r—1
a, = ¥ /N,, < m|®,|n >— 5 Z kexplioF(m — n)], (3)
r
k=0
2nk
W= e >=gllel) >, & =POP.

The r — oo limit in < m|®,|n > is taken with the fixed numbers m,n
via the Chezaro procedure {7]

2k ?
— — — 4
<m|®,|n >= ngrnqwr E fo(=7) = (4)
¢ v —ivz 1 'lﬂ' wvx
fol(z) = E (1- —lpl) c.e 7, =5 e"* f(z)dz.
v=-—p 0

The canonical conjugation between ®, N operators is fulfilled on the func-
tions, equal to zero at ¢ = 0 and ¢ = 27.



As far as the operator @ is a hermitian one, the eigen function of it
may be found
Dl >= plp >, 0<p <27 (5)
Their scalar product with the eigen function of the operator N within
the semiclassical approximation [3, 6] has the first term as follows

< nlp >~ 1 €™ n>1 (6)
27

The formulae (2,3) were introduced in [5] also and a certain ”contin-
wum limit” r — oo for them was successfully used [5, 8] in some problems
of coherent optics.

We are going to make here an additional calculation, that gives a
new illustration of the application of the formulae (5,6). In order to
step forward in this question we consider the correction term for the
approximated formula (6) and try to appreciate the contribution of this
term to the dispersion of the phase in various states of optical field.

Let us start with the formula of matrix element [3, 6, 10] with the
unit decomposition over the complete set | >

27
<m|W(®)ln >= /VV(@) <mlp >< @n > dyp
0

for the arbitrary function W of the phase operator ® and introduced the
auxiliary operator ¢

<m|W(®)ln > = QL W(z)Gmn(2z)dz,
in
|z|=1
Gmn(z) = <m|G|n >, (z—-®)G =1 (7)

Operator G is the resolvent for the phase operator @ and its matrix
elements are determined by the equation

k=0

2m
ZG'mn - Zémkan(z) = 6mn7 (I)mn - %/d@ Lpeup(m—n). (8)
0

The formula of the integral representation of @, in (8) corresponds the
determination (2) of the operator ®.! Our purpose is to calculate G

11t was pointed out in [6], that the other (except p = 1) pawers of®, p=23...
has no such representation.



from (8) in such a way that the correction terms for the approximation
(6) will be found. It is useful to introduce an operator F, which satisfies
the equation

o 1 eup(m n)d ’
Zan has Z Q?nkan(Z) = 5mn’ an(z) = 51;/——2:90—"0 (9)

k=—o0
This operator F is the resolvent for the operator °
(z — ®°)F =

for the eigen functions of which the quality (6) is exact. It is seen that
the equation (9) is close to the equation (8) for large m,n. Therefore the
operator F may be used as the first approximation for G when m,n > 1.
The indexes m,n of F,®° may be negative while the indexes of G, ® are
positive. We notice that the difference between the matrix elements
®,n, B0 consists in the values of indexes 0 < m,n < oo and —o0 <
m,n < oo correspondingly 2, so the same formula @, in (8) may be
used both for ® and @, as far as 0 < m,n < co. Therefore we combine
(8) and (9) to the new equation

2(Gmn — Fuun) — Z@mk(ckn—ﬂm = Z 2, Fin-

k=0 k=—00

After multiplying this equation by Gumk(m,k = 0,1,2,3,...) and sum-
ming up the index k the last equation may be reduced to the form

Z Gk <2Gkn - Z q)leln) - Z (FanGmk - z Gmkq)leln> =
k=0 =0

k=0 =0
=] -1
§ § 4]
- - Gmk¢k1Flk~
k=0 [=~c0

The 64 factor is present in the first brackets here because of the equation
(8), and the same is true for the second brackets because of the equality

z (Gok®riFin — Gru®uFin) = 0.
k,l=0

2%
2The integral representation (8) (8%,,)? = 3 [ ¥ dpexp (ip(m — n)) is valid for
0

any p=1,2,3,... in the contrary to the case 9, see note! above.



Now the equation for &, is found

oo ]
. -

Gmn - § ,Fkn Zﬁ;mk - E Gml®kl>
k=0 . =0

-
Gmn - I'mn -

Il

oo -1
0 -
- E E Gk @ Fik

k=0 l=—

This equation is exact and an iterative procedure for the last equation is
possible so that

(1)
Gmn - ]mn7
o -1
¥{(2)
"mu ruz Z }_4 [mk(b]\[[jlr

k=0 ==

Thus we have the approximative formulae for operator G through the
operator I, which has — in the contrary to (¢ - a simple analytical repre-
sentation F,(z). Really G, function with the numbers 0 <m,n < oo
corresponds to the Fock space of the Bose-oscillator with the spectrum
on [0, c0), while F,,,, with —co < m,n < co corresponds to the quantum
system with the spectrum on (—co,-+oc) such as the "infinit spin”. 1If
we take G = I as the zeroth approximation of the iterative procedure,
it means that we ignorc the vacuum state on the left side of {0, o00) simi-
lary to the quasiclassical approximation (6) and to the ”continuum limit”
construction (see the discussion later in this paper).

In this way we receive the first correction term D,,, for the matrix
element < m|{Win >

2

1
V(®)|n >= ﬁ/ﬂ/( Je im=n) “dp %Dm“ (10)

- W) N (Y at
(2) Z Z W) = WHR) mm kot (1=n)e')
Dmn )7(')2 (D ‘/d\’// A € - :

k=0 l=— L

and it will be seen later that the term D, is really a small corrective
term corresponding to the main value ... It can be shown, that D,
is the contribution of the integral around the cut [0,1] in the z— plane



in the integral over the unit circle. The first term in (10) corresponds
to the approximation (6) and as it was explained in [3, 6] represents the
contribution of the pole of the function G. Some simplification of Dinm
can be reached by the use of the operations

-1

0 __ t = 1 _ —s{k+l)
le = — l g —l, E — ;, k_—_+_—l. = /dS [
- 0

l=—oc

—
Eend

so that the final formula is

27 2
. W _ W !
DY = z/d"’/d“"—@——,—@x
(27) p -
0 0
] 1—exp(~iv)
% 1—exp(-1¢') . eiltm+1)e—ne’]

exp(ip) — exp(z¢’)

The most important variables for optical experiments are sin — and
cos — functions of the phase operator ®. That is why we choose W(®) =
expi® and in the case of m, n >> 1 the approximated formula for the
matrix element is received in the form

< m|e@|n > 5m+l,n + dmna (11)

i F T miEZEES e

dpn = do | do/— 2R | ilma)e-ne']
(wf "’/ e C

0 4]

In® (2

~— ) > 1.
4r%(n —m —1) >

To define an importance of the supplementary term as compared with
(6) we consider the variance of the phase operator cosine for the occupa-
tion number, Gauss and coherent states. First of all for arbitrary state
| > which can be expended to the number states

W) >= i bn‘n >,

n=0



when b, is real, we shall write the general phormula for cosine of the
phase operator using the formula (11)

[
D(cos®) = < cos’® >~ < cosd >2:§+§anbn“+

l 2k

In® =~
mal T4l
+ 8 %4{471'2‘Lj(k:~£——1)lam—l)+

In? —£-. 1n? £=1 oo
m+2 m+1
+ k—m-—-2 +k-—m<_2}b"bm_{g bpbny1+

n=0
2
1 i In _k_
+ o= bkbm-——m—“} . kom0 (12)
4im it k—-m-—1

At first we shall find the variance of the phase operator cosine for the
occupation number (Fock)

= n|n >, which is the function
of the occupation number. Taking into account b, = 1 is only nonzero
for these states, we have

1 1 1 S In? il -1n? e
D(cos@)n = 2 1671 {5; (n—k)?—-1 *

In the Fig.1 one can see the variance depending on the occupation num-
ber. For the number states (also the vacuum) phase operator defined by
(6) has regular distribution, which is represented by solid line in I'i 1g 1.
In other words, the variance of the phase operator cosine is equal  for
approximation (6) and is not constant for (11) approximation descrxbeu
by the dotted line. It is important to note that the photon number n
is the smaller the larger the difference between (6) and (11) definitions.
The same difference was found in [9] between the results [2] (which are
similar to those presented here) and [5].

For the Gauss states the contribution A of the term d,,..(11) in the
variance

D(('\)S (D)(, = })’ - A. “1)



1 1 Sl ng 1 S In? Ao qn? o
N = — ”H _kt1
16741 4 n0>_4<1+n0> {2; n—/. '-~1 F

n

, yn-1 1 ]
|212 n lln’
et g )y - 1679 (1 + ng)?

o0 T E
Z ng 2 1 : — Sple=Pwata
x{ (ﬁ%) In n‘rf} k> 1, ng = Sp(emfeete)

is smaller than one for the occupation number states (Fig.2). It means
that, the thermal fluctuations suppress the influence of this term in this
case.

One can show by the similar calculation that the contribution of the
dmn term to the variance of cos ¢ can not be distinguished for the coherent
states. Thus, the cases above considered show that the defect of the
approximation (6) can be observed only for the occupation number states
as the occupation number is small.

So we have the following situation with @ variable. The formulae (5-
14) are based on the calculations 3, 6, 10] of the cigen functions (5) for the
operator < m|®|n >= lim < m|d,|n >, r — oo. The "continuum
limit” treatment g,osk) — ¢ is based on the formula for average value of
any function F' of ¢ in quantum "physical” state p [5, 8]

r—1

2n
<W(@) >= lim Y~ < @plel™ > W(plm) = / W () T(p)dy, (15)
T m=0 <0
I <=
)= 5 210 < mipln > exple(n —m)y).

The r — oo limit in this formulae may be understood in the way similar
to (4) because Toeplitz matrix

2
M, = / e“(""’")"’H/(',o)da,o7 n,m=1,...7
0

used in (15), is approximately (with r -+ oo} close [12] to the matrix

r

e o koo i k
Ly ==y HTrm iy (0
I r

=3



defined for Chezaro functions W,. If we omit index p in the last symbol
and substitute W, — W we receive (15). It was shown [6, 8, 9, 11] that
the approaches [2, 3, 6, 10] and (5, 8, 11] for the phase variable & give
the same result for quantum state of the Bose-oscillator with the large
occupation number n 3> 1 and different result for small n. The same
conclusion follows from the formulae (12-14) of this paper. The origin
of this discrepancy seems to be as it was also assumed in [9, 11], in the
different ways of taking a limit 7 — oo in the formulae(3).

It was noticed also that for the slightly excited oscillator the phase
distribution (2, 3, 6, 10] has an anisotropy and it is phase fluctuations
are smaller then those in [5, 8, 11]. Namely the advantage of formula
(15) is that it gives the isotropy distribution of ¢ values in [0, 2x] for
any n— photon state. This advantage follows from the definition (15) as
the ”continuum limit” procedure for average value < W(®) > and this
fact was underlined earlier {9, 11].

The eigen vectors |¢ > in (5) shows the anisotropy in ¢ in the scalar
products < nlp > for the slightly excited states of the field oscillator
[6, 9, 11]. This anisotropy may be considered as a certain “repulsion”
between the phase values in [0, 27]. This case is close to that one in the
theory of complex molecules and heavy nuclei [13], where the energy lev-
els also demonstrate the extraordinary “repulsion”. Such a phenomena
shows, that the canonical quantum theory may give an unusual behav-
ior of the system when the semiclassical approximation is invalid. This
situation is known over the title "quantum chaos” due to the analogy
with chaotization for the irregular motion in classical mechanic. Bose-
oscillator is a simple system in p, ¢ variables, but it is not so in N,
variables. The reason is that the combination of requirements to have
the polar decomposition and the canonical conjugation for N, @ com-
plicate the situation for these variables near the ground state. All these
problems disappears for excited oscillator, where the formulae (5-14) and
(15) give the same result.

To see the role of such "repulsion” it is necessary to examine the
states with the small occupation number. At the same time, it is known
[14] that the normalized term g of the factorial decomposition for the
one-mode optical field

<n?>-—-<n>
< n >?
is equal to 1 — (n)~! for the occupation number state jn >. The sub-
q P

g:

8
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1. Dependence of the variance of the phase operator cosine upon the
occupation number for the number occupation states. Solid line corre-
sponds to the approximation (2), dashed line - to the (7) approximation.
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2. Dependence of the variance of the phase operator cosine upon the
average occupation number for Gauss states. Solid line corresponds to
the approximation (2), dashed line - to the (7) approximation.



Poisson effect for photons is associated with the values g < 1. Therefore
the term dp., in (11), which represents the correction of the approxima-
tion (6), may be valid for the case of the strong sub-Poisson effect in a
weak optical field.
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[IpMHMMAaeTCs TMOAMMCKA Ha NPEnpUHTH, coofuienus O6beRUHEHHOTO
MHCTHTYTA SCPHHIX HccaeaoBanuii u «Kpatkne coobienns OVSIH».

YcTaHOBAGHA CAEAYIOWAS CTOMMOCTh NMOANHCKH Ha 12 MecqaueB HA W3AAHHS
OULH, BxaOuas NEepechIKY, N0 OTACAbHBIM TEMATHYECKHM KaTETOPHSIM:

Hupexc Temartuka IleHa nognucku
Ha roft
1. OkcnepuMeHTabHas PHU3HKa BHICOKHX JHEPTHH 915 p.
2. Teopernueckas pusuka BbICOKNX DHEPTHI 2470 p.
3. DKCnepUMEHTAIbHAR HEHTPOHHAS (u3KKa 365 p.
4. TeopeTuyeckasi GU3NKa HU3KHX SHEPTHA 735 p.
5. Maremaruka 460 p.
6. SlnepHasi CIEKTPOCKONUS ¥ PARHOXUMHS 275 p.
7. Ou3uKa TAIXENBIX HOHOB 185 p.
8. Kpnorennka 185 p.
9. Yckopurenu 460 p.
10. ABToMaTH3aUMg 00pabOTKH IKCTIEPUMEHTAILHBIX BAHHBIX 560 p.
11. BoiuncnudtenbHast MAaTEMATHKA M TEXHHKA 560 p.
12. Xumus 90 p.
13. TexHnka PHU3IHUECKOrO IKCHEPHMEHTA 720 p.
14. UccnenoBanus TBEPAbIX Te ¥ XHAKOCTEN SAEPHBIME METOAAMH 460 p.
15. OxkcnepuMeHTanbHas (HU3UKA SAEPHBIX pEaKLUi
MPH HU3KHX JHEPrusx 460 p.
16. Jo3aumerpus u HU3HKa 3aLUTH 90 p.
17. Teopust KOHAEHCHPOBARHOIO COCTOSTHUS 365 p.

18. Ucnonb3oBaHue pe3ynbTaTOB
H METOOB (PYHAAMEHTANbHBIX (PUIMUECKUX UCC/NENOBAHHI

B CMEXHKIX 00/1aCTIX HAYKH K TEXHHKH 90 p.
19. buodnsnka 185 p.
«Kpatkue coobiuenns OUAU» (6 BuinyckoB) 560 p.

Moanucka MOXeT GbiTb odopMeHa ¢ o0oro Mecsua roaa.
[lo Bcem BompocaM odOpMAEHHS NOAMNKCKH ClefyeT obpamarscs B H3Aa-
TesbekTHii otaen OUSIM no aapecy: 141980, r.Jly6ua, MockoBckoii obaacti
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ITonos B.H., Cropakmmuna JI.A., Apysun B.C. E17-93-453
KBanTtoBHIf OnIepaTop dasu
M CTATUCTHKA ONTHYECKOTO MOJIS

Bsenen nonpaBoyHsIi WIEH K OJTYKJIACCHYECKOMY NPHOIAXEHIIO MATPH Y-
HBIX 3JIEMEHTOB onepaTtopa ¢assl. PaccuuTad BKIAA TOro AOMOJIHHUTEIBHOTO
YJICHA B MUCIICPCUIO KOCHHYCA oneparopa ¢asn B npeNcTaBICHAN YACET 3aTI0 -
HEHUS, 3 TAKXe JUIS TayCCOBCKMX M KOTEPEHTHHX cocTosHmit. O0cyxnaercsa
NMPHYHMHA Pa3/IMUAs MCXAY PE3y/IbTATAMH AAHHOM PAaGOTH M TEMH, KOTOpPHIE
CAETYIOT U3 HEMPEPHBHOTO npeaena. OXuaaeTcs, yTo MONPABOYHHIN WIEH Cy-
MECTBEH B CIIyYae CUIBHOTO CyOnmyaccoHoBcKkoro 3¢ddexTa B c1a6RX mondax.

PaGorta BemmosniHena B JlaGoparopuu Teopernueckoi pmsnka OUSIU.

Ipenpunt O6beaANHEHHOTO UHCTUTYTA SIEPHBIX Mcchenosanmit. Ly6Ha, 1993

Popov V.N., Siurakshina L.A., Yarunin V.S. E17-93-453
Quantum Phase Operator
and Statistics of the Optical Field

The corrective term for the semiclassical approximation of the phase
operator matrix elements is defined. An influence of this supplementary term
on the variance of the phase operator cosine is determined for the occupation
number, Gauss, coherent states. The origin of the difference between these
results and «continuum limit» treatment is discussed. The corrective term is
expected to be valid for the case of the strong sub-Poisson effects in the weak
field.

The investigation has been performed at the Laboratory of Theoretical
Physics, JINR.
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