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ABSTRACT. We present an overview of the incompressible Navier-Stokes flow as scaling
limit starting from microscopic, kinetic and hydrodynamical descriptions. We also consider
external forces and boundary conditions to include phenomena like the thermal convection
in the scheme. The analysis is carried out both in the time-dependent and stationary case
and we also discuss some rigorous results related to the scaling limit from the Boltzmann
equation.

1. INTRODUCTION

The behavior of a fluid can be described on several scales: the macroscopic (hydrody-
namical) scale, the mesoscopic (kinetic) scale and the microscopic scale. It is possible to
connect them via suitable space-time scalings, so that each of the reduced descriptions
is exact in suitable regimes. The simplest example of this is the Euler fluid which can
be obtained as a scaling limit from microscopic {Newton) equations and from kinetic
(Boltzmann) equations, by scaling both space and time by a factor ¢~} and taking the
limit as € — 0. Of course the last one is confined to the case of perfect gas because of
the low density assumption which is the basic assumption of the Boltzmann equation.
The connection can be established on a rigorous mathematical basis at least with some
technical assumptions (see for example (1, [2]).

The presence of viscosity and heat conduction effects makes above picture more com-

plex. The main reason is in our opinion that there is no natural scale invariance in the
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equations for a viscous heat conducting fluid, like for the Euler fluid. Therefore, it is not
possible to prove in general that such equations are exact in a suitable scaling limit. We
can only consider a few examples in which special symmetries or specific regimes restore
a kind of scale invariance. This paper is devoted to a short review of the examples for
which rigorous results are available (to our knowledge).

The incompressible flow of a viscous fluid is probably the simplest example of the
possibility of restoring the scale invariance. It is well known (see for example [3]) that
the incompressible regime for the Euler and Navier-Stokes equations can be obtained
in the limit in which the Mach number (Ma) goes to zero. It has been observed (see
[4]) that if the Knudsen number Kn (proportional to the mean free path) and the Mach
number go to zero with the same speed in ¢, the Reynolds number Re (which is the ratio
between the transport and viscosity effects) stays finite. This can be interpreted in terms
of scaling as follows: by scaling space and time as e~ ! and €72 and the velocity field as
¢, the incompressible Navier-Stokes equations are unchanged. Starting from this, in 5]
(see also [6]) it has been proved that the incompressible Navier-Stokes equations are limit
of the Boltzmann equation under above scaling, under suitable technical assumptions.
Extensions of this results have been provided in [7], [8]. Precise statements will be given
in Section 3.

The same kind of results could be in principle obtained starting from the Newton
equations for a Hamiltonian system of particles (with & now proportional to the ratio
between the range of interaction and the macroscopic length). In this case however, we
have only a formal proof of the result (see [9]) because of the enormnous difficulties to be
overcome to get rigorous proofs of convergence from deterministic microscopic systems. A
rigorous result is instead available for a related problem, i.e. the derivation of the viscous
Burgers equation from the simple exclusion model (see {10]). The formal derivation of
the incompressible Navier-Stokes equation will be shortly discussed in Section 4.

As said before, the same question arises naturally in the framework of the compressible
Navier-Stokes equations, where the incompressible limit can be reinterpreted as a scaling
limit and results of convergence have been obtained, among the others, by {11] and [12].
This will be discussed in Section 2.

Interesting phenomena are related to the presence of an external force. For this
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T' = (T - T)(6T)7, u' = (gL6T/Ty) *u.

and rewrite the NSE in dimensionless form.
In order to be consistent with the rescaling we have to consider initial and boundary

data suitably dependent on €. In fact, we assume at time zero:
T(z,0) = Ty +€6(z,0),  p(z,0) = py +¢€ #(z,0)

with p, the given constant density. On the boundary we assume that (T%4) 76T = 2Ae.

We expect that at positive times we still have
T(z,t) = Ty(z) +£8(z,t),  plz,t) = ps(z) +€7(2,1) (2.5)
where, if 9Q = @, then T, = T and p, = p4 are some positive constants, while, in the

case of the slab, p, and Ty are the solution of the stationary problem

d
—Py=—egps, ATy =0, (2.6)
dz
with P, = ¢psTs and boundary conditions Ty(=1) = T, Ts(1) = Ty, p(l) =
P, /(cT+) = p+. In other words r and 6 represent the fluctuations with respect the

density and temperature profiles corresponding to the hydrostatic equilibrium given by

T, =T (1+eM1-2)), py = ps(l+eA(l=2)) 77" (2.7)
In particular this means that 8(—1) = 0 = 6(1). Substituting (2.5) in (2.2) we get

—pydivu = g[0yr + div(ru)] + div[u(ps — p4)]

We assume that u,r, § converge, for ¢ — 0, to finite limits (that we still call u,7,8) in

a strong enough sense. Since (p, — p4) is of order €, we get in the limit
divu =0 (2.8)
Taking into account (2.5) and (2.8), equation (2.3) gives,

~VIP, + ePy) + c[ps + €r])G = O(e?)

o

where we used P = P, + eP) + 2P, + O(3) with Py = py6+ Tyr. Then, using (2.6),
in the limit we get

Vh =0, (2.9)

that is nothing but the Boussinesq condition
pVO+ T Vr=0 (2.10)

In consequence

p0+Tyr=a (2.11)

with a independent on z and t. The constant does not depend on ¢ because the total
pressure is constant in time at the boundary. Indeed a = Py(1) = 0,since P(1) = Py(1) =
P... In the case 39 = @ this follows from a slightly different argument. Condition (2.11)
is assumed as a “state equation” in the usual discussions of the Boussinesq approximation
(see [13], [14]), while in this approach it is just a consequence of the scaling limit.

Taking the limit of the momentum equation (2.3) one gets:
p4(Bu +u-Vu) =nlhu - VE +rG.
Using the Boussinesq condition (2.11) it becomes
p+(Bu 4+ u - Vu) = nAu — Vp — ap 6G (2.12)

where a = %+L is the coefficient of thermal expansion and p = P, is the unknown
pressure of the incompressible problem.

Finally the equation for the entropy (2.4) gives
pcy DT — ¢cTDyp = kAT + O(€?)

with D, = 8, + u- V. The state equation implies that cT'D¢p = —pcD,T + D P. By
(2.11) D,P = —ep4u,g + O(e?). Hence we get the following equation for 0

(860 + u- V) +us(g — AepTy) = p7 kA8 (2.13)

with ¢, = ¢, + ¢ = (5/2)c. The boundary conditions associated to the system (2.8),
(2.12), (2.13) are:
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with

— 1 _2
Mi(v) = 577 e \mq.», (3.5)
+

normalized so that [, Mi(v)dv = 1. Here and below we put the perfect gas

(q Y _
constant, denoted by ¢ in previous sections, equal to 1 and in consequence the constants

¢, and ¢, become the numbers 3/2 and 5/2 respectively.
The quantities a; depend on the solution in such a way that the impermeability

condition of the walls is assured:

Ae?\.vm\%uc«\&cuo for z = &1, (3.6)

where we have introduced the notation (f) = [, f(v)dv. Condition (3.6) and the nor-

malisation of M+ imply:
oy = H\ v f(t,z,y, £1,v)dv (3.7)
v,? 0

Namely, ai represent the outgoing (from the fluid) fluxes of mass in the direction z.
From (3.6) the total mass stay constant in time and we put [, f¢ = m. The macroscopic
behavior is recovered in the limit Kn = ¢ going to zero. We expect that for ¢ small
the behavior of the solution to the initial-boundary value problem is very close to the
hydrodynamical one, in the sense that it can be described by a local Maxwellian with
parameters which differ from constants by terms of order €, so that these terms are
solution of the OBE . At higher order there should be kinetic corrections and boundary

layer corrections. Therefore we look for a solution of the form

5
ff=Mtefi+) e fat+eR (3.8)

n=2

where M is the global Maxwellian

—y?
M(py,0,Ty5v) = Am.\&b%rvu\nm /2T,
+

If we put (3.8) in the BE (3.1) we see immediately that it has to be

QM fi)=Lh=0 (3.9)

where L is the linearized Boltzmann operator. Since fi has to be in Null£, which is
5-dimensional, (3.9) implies that it is a combination of the collision invariants Mx:
with xi(v) = 1,v;, (v = 3T4)/2, for i = 0, i = 1,2,3 and i = 4 respectively, suitably

normalized to form an orthonormal set, in Ly(M (v)~*dv). Hence we have

Fooou-v énlmurv (3.10)

4
=M xitiltz) = M(— + = +h——
\H MX A Hu Ab+ N4+ 272

The functions ¢;(t,z) and/or #,u, 0 will satisfy equations to be determined. To write the
conditions for fn we decompose them in a part B, representing the bulk corrections,
and boundary layer corrections b, sensibly different from 0 only near the boundary. B,
have to satisfy forn =2,---,5

8Bpz+v VBn1+G-VyBng=2Q(MBy)+ Y Q(BiBj) (3.11)

i+j=n

where By = M and B) = fi. The boundary layer terms are obtained scaling back to
microscopic coordinates around z = 1. Denoting z* = e~} (1F2) so that z* € [0, 2¢7Y),
the boundary layer corrections relative to the wall z = *1, bE, have to satisfy, for
n=2...95

+ mvw P +
mnvﬁlwl—\‘cw men +v- 4&34@ + G- QGVBIM =

i+ Y [2Q(BibE) + QUEE ) + QUT b)), (3.12)
i,j>1
t+j=n

where we put b = bF =0 and ¥ = (vz,vy), V = (8,8,). Finally the weakly nonlinear

equation for the remainder is
&R+v-VR+G-V,R= mw.Ef Wnam +LPR+Q(R,R) +eA (3.13)

with s
LOR=2Q(f1,R), LPR=2Q() e *fu,R) (3.14)
n=2

and A given by

A=-08(fi+efs)—v-VBs—0-Vbf — 1 Vbg -
G-Vilfatefs)+ Y, QU fm)- (3.15)

k,m>1
k+m2>6

10
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To get the equation for the temperature, it is convenient to replace in (3.23) x4 by
X4 = 3[v? - 5T})). An easy computation using the Boussinesq condition provides:
1, . 5 2
Am? - 5T )] f1) = las [6- NAwm - \5#: + const.,
Lo
Am_c =5T)G Vi) = piuag,
1 5
Aem_% - 5T )]By) = =KVO + 50+u(0 + AT, (1 - 2)).
Collecting above results together we get (2.13) with  given by
L2 -1 L2
K= Acm? - 5T)L tﬁcm? - 5T,)]). (3.24)
Finally, eq (3.23) with i = 0 gives
Qr =divy®, 1@ = (1P 4D 2 (3.25)

Summarizing, so far we have shown that, given a solution u,p, 8 of OBE (2.7), (7)
and (2.12), the coefficients ¢; entering in the definition of f1 are determined. Therefore,
once initial and boundary conditions for OBE are specified, f) is completely determined
as function of (¢, z,v).

On the other hand the hydrodynamic part of Bz is not yet determined, but, by (3.25),
div ¢?) is determined in terms of r. Moreover, a combination of &3 and “ME contributes
to the pressure p which is determined by the OBE, so that these parameters are not
independent.

The non-hydrodynamic part of B, depends on the derivatives of r,u,0 which are
in general different from zero on the boundaries. Therefore B3 violates the boundary
conditions and we need to introduce b¥ to adjust the boundary conditions. We choose

by solving for any ¢ > 0 the Milne problem

S%b =Lh, (v;h)=0

with boundary condition (in z~ = 0) given prescribing the incoming flux as the opposite
of the non hydrodynamic part of B in 2 = —1. Well known results [19], [20] tell us that

the solution approaches, as 2~ — oo a function gz in Nulll. Thus b5 = h — g5 will go

13

to zero at infinity exponentially in 2~ and will be the boundary layer correction we are
looking for.

In conclusion, in z = -1
f(tz,y,, =1,0) = t3(t, 2,5, 1) + b5 (t,2,5,2¢ 7)) — g7, v, >0, t>0

Since t(® can be chosen arbitrarily on the boundaries we use it to compensate g; . To
satisfy the impermeability conditions we have to choose on the boundaries &5 = 0.
The coefficients of the hydrodynamic part of By for i # 0 will be determined by the
compatibility condition for n = 3 that are the time-dependent non-homogeneous Stokes
equations (linear second order differential equations) on a slab, together with the b. c.
N.@ =@y, 1=1,2,4. Then HMS is found up to a costant that is chosen so that the total
mass associated to f, vanishes. Finally we get

+
folt, 2,9, 41,0, 2 0) = 0F My + 7, af =t (z,y,£1) - ¢(0)

Iterating this procedure it is possible to find all f,.

From the rigorous point of view, there are several results for the case 89 = @ and
G = 0. In fact, in [5] it has been proved that for Q = T9, if t; > 0 is such that there is an
unique solution to the incompressible Navier-Stokes equation (INS) with finite H, norm
for s large enough, then there is a solution to the Boltzmann equation of the form (3.8)
with R bounded in the Lo, norm. For @ = R¢ and small enough initial data in (8] it is
proven the existence of the solution of the Boltzmann equation and its convergence to
the solution of the INS. In [7] it is considered the problem of the convergence of the Di
Perna Lions weak solutions of the Boltzmann equation to the Lerey-Hopf weak solutions
of the INS. The results is achieved only partially. In fact it is proven the convergence of
the solution to some limit point, but the information available are not sufficient to show
that the limit point solves the INS and some extra compactness has to be assumed, or
obtained by suitable regularizations like discretization of the time variable.

In presence of the boundary, but still with G = 0, at least in the case of the slab, a
result similar to the one in [5] can be obtained along the lines indicated above, combined
with the method of dealing with the boundary layer correction presented in the papers
[21], {22]. More general domains require a more accurate analysis of the boundary layer

corrections.




91
(og°¢) ba > |

Uy YONs O JUDISUD D §T 243Y) € < fiuv uof ‘usnode0fy

X [TT=]xzlxc¥
(62°¢) 0 = “fzpliprpap \
(sz¢) 0=(y)
ﬁhwmv FOAQ ¢H%<MGHAO n.‘ub.;p,u:\;uﬂam,nﬁ,uv:% ,_c._ ”A;.M.Ovz.\

suonpuod ayj puv (11°¢) uoyonbs
07 S5 71 > (u0f ‘Gufifsyos gttt = u NS suonounf auuLIap 0} 2]qissod S1 7 UBYL
01 S 1 pup s abuny Appuarffns sof b S “HI(Ngall + H||()nall ynm ‘ggo fo suoynjos
ypoows a0 (3)n puo (1)g (3)d 1oy3 yons o < 03 53 3494} 3013 ssoddng -1y uoipsodord

Suimoj[oj ay3 st dogs 181y Y], "dIymase pajussald
aq [pia Jooad sy, “HEQ JO UOHNIOS 3Y3 03 ) « 3 S& dOUBBIBAUOI 31 pu® UONRIOS 3Y3 JO
3ouasixa oYy Jo jooid sno1oBil e 198 03 dfqissod st 31 sUORIPU0D Arepunoq 93y YIIM

*UOI3IpUOd
£1epunoq y|nq 91 [[80 am Aym uoseal ay3 st SIUL, “{nq Y9 jo qIed se aaeyaq Aayy 9sal
oy} 10} 9[Iya ‘splay [eolwreuLpolpAy 3Y) Aem DWOS UL SIXY U0 UDIYM UO “ping dy3 1l
sjes ArewiBewny Aq paonpoid auo By} SE UIIS 8q UBD UOITENS SIYT, A1epunoq ayj je
smqesedwoy pue pjay £3100[aa ayj 03 a3nqLIjuod jou op £ayy pue ‘uotsuedxa y[nq ayy Aq
£1epunoq oYy uo paxy st jred [edweu poIpAy uou 11343 yey) Yons aIe sulia) 19plo Joydiy
Y3 aJiya ‘3 Ul 19pIo 3s1y 8Y3 03 dn AJUO UBRI[PMXE] B (ofelt 03 paInbal s1 uonnjos oyl

fem siyy up -0 = (¥ 7a) aanbar o J1 ‘sseur jo soxny JuoFIno jo Juiuwow Yy [[13S 21y Fo

.v.. ,ﬁ“wﬁ:cn,le”.t\uOu OHAAQV._XA:‘J%{THJV:\V

gam

(9z°¢) =y
0<1 0> AD,H+,\M.HJV:\.:mN|ADV+E+GHAQ,TTSH.&L:\
S

il

I=u
0<1? ‘0< *a ?,Hli_nicxzuw:A:V|E|d (a1—Aix'nf
[

suonipuod Arepunoq yjng ay3 £q paseidal (p'g) pue (g'¢) Yum *(1°¢) uorenba uuewzyjog]

oY1 03 UOWN[os ® puy wd[qoid an[es AIEpUnOq payipouw JUIMO[[0) 343 IOPISUOD 3/

g 2Y3 Ul 1otArYeq
bsouissnog orureufpospAy ayj jo jooid snoio3r & 998 [[Im oM Aem sy3 U] CIopurelal
oYy 10} seyewnysa 7 Juiaoid Aq paadiyde ST NS BYJ, 0 « 3 S© J[NQ Y3 UL 3SeS] ¥
190110 51 uotsuedxa 9} 1BY3 MOUS PUE Y[Nq a3 Ul ANOWIP oY3 woyy ke Lrepunoq oY)
JO seUNOIP ay3 oyeredas 0f SMO[e ST, "(Mo[eq 89S) SUONIPUOD Arepunoq yng ([ed

yeqa Suronporyur ‘suoryipucd Arepunoq ey3 Ajipowr sm Ay noyrp snotadud 8y pioae oJ,

*¢3 S8 2010§ oy Suifeds £q pea)sul pauieIqo st Moy wBmeuEEoUEo:HAm:vahe
1oja1 aa oIYM 09 ‘[zg] pue {1g] Ut peiopisuod usaq sy 3SEI SIYY UL SUOIIN{OS Kreuojeys
ay ], ‘suolinqijuod s[qissaidwod 03 Sulpuodsaiiod ‘3 Ul 19pIo 0IOZ 3Y) 1€ Apeaupe readde
spley [eotwreufpoIpAy oYy Jo Suolyeoylpow 210jaiey ], ‘wWiey amssaid € 49 3 ayesuadwod
0 a(qissod jou st 31 souay pue [eljusjod B WOY PIALISP 3G JoUULd sayed ayy 03 [o[[esed

3010) juejsu0d € A[[en1oy fa pue Fa seiyroopa 8y Ul HINUUODSIP OU ST 919() ASNBIA(

1eadde jou ss0p Aynowip € yons ‘sare[d eyy 03 [e[reded st 010j 33 JI YRy} AJON

‘ping oyl
Surequs noyjia ATepunoq sy} Suofe [9AeI} {3MUIRU0DSIP oY) Jey) st pajoodxa si jeym
pue auioploq st (seue[d [a[[ered) SUMAPISUOD aIv A BSBI AL, ‘se8 ayj ut Jeadde jou
Se0p 909y 91} pue AIepunog ayj 03 JuaBue) Si J13SLIRIORIBYD Y} SABIUOD S Apoq ay3 ji
‘puey Jay30 ay3 uQ ‘se8 oy siejue ‘sOISIIROEIRYD Y} 3uope Buiyededoid ‘Aymurjuodsip
oy} ‘X9Au00 st AIRPUNOG Y3 JI 72Y) MOYS SIUSWINSIR DISLINOY "juasdid aIe SUOISI[[0 udys
aye8edoid ues ANmuuodsIp siy) moy st weoqold sy ULYJ, "Il 2IeNUIIIE UBD SUOISI[[OD
re[nodiow pue sed ayy ul sajededord AyNunUOISIP SIYL, Lrepunoq ayj uo L300 Uy
SNONUIJUOCISIP S UOIN[OS 3Y) (SUOISI[|0D Ou) BSED 331] 2y} Ul :[ez] Sumorog oYy st suaddey
Jeya ‘mata jo jutod [eorsAyd ey woL] '3nsel Siyy 998 0 MOY MOUY J,UOP am JUSWOUW 3Y)
1Y U [[€ J0J ¥q JO SPAIJEALISP-A [OIIUCD O PIIMU oM JeY] OS ‘Jopurewal ayj 10§ uoiyenbo
2y Ul i wid ayy uy os[e Jeadde SaAIJRALISD-1 JIA03ION .«3 Jo Aedep [enjusuodxe ay)y
Jnoqe 9pnjouod pue swelooyy ay3 Ldde 03 arlyeALIDP-2 A3 JO sorredord poo8 pasu am
‘7z = u ‘(g1°g) SuIAloS uaYA dI0jaJRY ], ‘WY 3n0s € se readde yorgm ‘ £q Jo wioy 1afe]
A1epunoq oY) Jo @ 03 309dSaI YILM SIAITBALIBP OYY SIAJOAUS Gy = U 10] (z1'g) s'be ,w@ ‘i

10§ wojqold AUy 2Y3 ‘90') u] A RoyIp Mau B sjuaseid qe[s sy3 ul o # 5 esed ay]




[Alen < cq, (3.31)
for h < 1/(4T4). Here

Iflen = sup sup(1+[v])¢ exp{hv®]|f(y, )| (3.32)
z€eT?x[~1,1) vER?

To complete the construction of a solution to BE, we have to show that the remainder

is bounded in norm | - {¢ 4. The remainder has to satisfy (3.13) and the conditions
R(t,z,y,£1,v) = a5 My, fort>0; R(0,z,v) =0. (3.33)

Moreover R has to satisfy

(v,R)=0 inz==l (3.34)

that implies a% = %bl o V2 R(t,£1,v)dv. To construct the solution of (3.13),(3.33),
we first deal with the following linear initial boundary value problem: given D on T2 x

[~1,1) x R3, find R such that
SR+ W-V+G -VR=e LR+ ' L'R+ LR+ D, (3.35)

Once one obtains good estimates for the solution of this linear problem, the non linear
problem is solved by simple Banach fixed point arguments, for small ¢ and ¢. Namely,

we can prove the following

Proposition 4.2. There are gq, and go such that, if € < g9 and ¢ < qo, for 0 <t < to
there is a unigque solution to the initial boundary value problem (3.13), (3.33) verifying

the following: for any positive integer £ there is a constant ¢ > 0 such that

|Rles < cec?|Alen (3.36)

for any h < 1/(4T4).

This allows to conclude the existence of the solution f¢ and its convergence to the
solution of the OBE in the norm (3.32).

Remark: 1n the case G = 0 the bulk boundary conditions may be replaced by the true
boundary conditions and the result is still true.

We conclude by remarking that the main question to solve for the Benard problem
is about the existence, stability and attractivity of stationary solutions of the boundary
value problem. Unfortunately we have not so much to say about that. We can only state

the following proposition about the existence of stationary solutions.
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Proposition 4.3. Let M, be the Mazwellian with parameters ps, Ts and vanishing mean
velocity. Then there are Ao > 0 and g9 > 0 such that, if A < Ao and € < €0, there is a

stationary solution to the bulk boundary value problem of the form (3.8).

We note explicitly that the condition on A corresponds to assume small Rayleigh
number, so that at hydrodynamical level there is just the purely conductive solution.
At the moment we have no results for the convective solutions which should appear for
larger values of the Rayleigh number. The proof follows by argument similar to the ones

presented in [21], [22) to which we refer for more details.

4. MICROSCOPIC DESCRIPTION.

A system of many interacting particles, moving according to the Newton equations of
motion, can be described on a space scale much larger than the typical microscopic scale
(say the range of the interaction) in terms of density, velocity and temperature fields,
satisfying hydrodynamic equations. In fact, on the macroscopic scale the quantities
which are locally conserved (slow modes) play a major role in the motion of the fluid.
The derivation of the Euler equations is based on the assumption of local equilibrium.
On times of order £~}, the system is expected to be described approximately by a
local Gibbs measure, with parameters (the hydrodynamical fields) varying on regions
of order €71, if € is a scale parameter. The local equilibrium assumption implies that
the parameters of the local Gibbs measure satisfy the Euler equations [24], {25]. The
microscopic locally conserved quantities converge, as € — 0, by & law of large numbers,
to the macroscopic fields. To make this correct, the many particles Hamiltonian system
must have good dynamical mixing properties to approach and stay in a state close to the
local equilibrium. At the moment it is not understood how to provide such properties.
Therefore the only rigorous results are obtained by adding some noise to the Hamiltonian
evolution [2] (see [26] for a review on the rigorous results for stochastic systems).

As we have explained in the previous Sections, to get the viscous terms, times of
order -2 have to be considered. In [9] we gave a formal derivation of the INS from
a Hamiltonian particles system under the parabolic rescaling, in the low Mach number

regime.
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w*(z) = €3 MU%._ - z){vfof + w M_Uem:m,_?_ —z;)) +eh(z)}, B=1,...,3
. ’ 4.10)
4.11)

wif(z) = ¢ M {vFz} + —W M PR (e~ Nay - z;)) + eh s.xw?u + c.w:

i

where U7*(¢) = —V5V (£)€7. We put also w?*(z) = &3 o6z — HVEW».

2°(z) are approximate integrals of the motion in the sense that Qmw > .\.Ammm?ﬂ =
O(e), where L is the Liouville operator and &; = ¢~!x; are the microscopic coordinates.
The local equilibrium distribution on the phase space (in microscopic variables ) is G =
Zlexpy; Mumuo A%(e€;)zf, with Z the normalization factor, and satisfies LG = O(¢).
We need ergodic properties of the Liouville operator in order that the system approaches
and stays in a state close to the local equilibrium. We assume the following property for
the Liouville operator:

local ergodicity: the space of the invariant observables for the microscopic dynamics
reduces to the locally conserved quantities, mass, momentum and energy.

We look for a solution to the rescaled Liouville equation

aF, 2

— =¢ “L"F, 4.12

ot € ¢ ( )
where L* is the adjoint, w.r.t. the Liouville measure, of £, formally given by £* = - L.

Writing F, as a series in ¢, F, = 3 ¢"F", and substituting it in (4.12) we would get
the diverging terms e=2L*Fy and e~!£*F,. Therefore we are forced to put L*Fy = 0,
hence Fy has to be the global equilibrium. Moreover e7*£* F) is not divergent if £L*F| =
Of(g). By the local erdocity assumption, this means that the term of order € has to be a
function only of the empirical fields.

To single out the non-hydrodynamic contribution to F, let us write F, as a part
which is Gibbsian with parameters slowly depending on the microscopic variables and

depending on € by means of a series in ¢, and a remainder. More explicitly, we put
F. =G, +<°GyR, (4.13)
with

Ge =27 exp{d_ M(zut)zll M(zt)=) e*Mi(zi,t); A =const.  (4.14)
iy n=0

21

Gy is the zero order term in the expansion, the global equilibrium. In this way we have
included all the hydrodynamic terms in G and we can assume that in R, there are no
terms which are combinations of the invariant quantities 2 with coefficients depending
on the macroscopic variables, since these terms are already present in Ge.
We put
R.(t) = R(t) + O(e) (4.15)

In [9] it is shown that R can be determined as solution to the equation:
‘ oM
[ r= 33 G st =0 (4.16)
0 T O
If we assume that there exists a solution R(t) to (4.16), then R is expressed in terms

t .
of the empirical fields as £t MU M A} (zi,t)w?". In this way, by inserting (4.13) in
1By

Mmulwn i

the conservation laws averaged with respect to Fy, we can get closed equations for the
empirical fields up to order €. In [9], for the case h = 0, it has been possible to derive
the incompressible Navier-Stokes equations under above assumptions.

We specialize now to the case of the gravity, namely h(z) = =Gz with G = (0,0, -9).
We make the same assumptions as before on the Liouville operator and assume expression
(4.13) for F¢ . By the procedure in [9], we get the OBE, the only difference being that
we have to compute also the terms involving the force. As an example, we show how to
get the Boussinesq condition. By the conservation laws (4.8) for § = 1...3, averaged

versus F'¢, integrating on time we get
‘ of -1, 6k
[ dsr@locueta.) - peucta0) = [ ds [ dagt i@ w0
0 z*
where peu® =< z% >g,. In the limit € — 0 the Lh.s. vanishes. On the other hand
e w)r, = e W), +e (W Re)
We decompose wP* as

w = % 4 e (z)uP (2)) + euF (2] + eu? (2,)0F + eh(z;)

1]

For the symmetry of the measure G, we have A@m??&vo = O(e?), if k # B. The

average of #7%, § = 1,...,d, with respect the local Gibbs state G. is, by the virial
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