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ON THE DERIVATION OF THE
INCOMPRESSIBLE NAVIER-STOKES EQUATION
FOR HAMILTONIAN PARTICLE SYSTEMS.

R. EsposiTo! AND R. MARRA?

! Dipartimento di Matematica, Universita di Roma Tor Vergata.
2Dipartimento di Fisica, Universitd di Roma Tor Vergata.

ABSTRACT. We consider a Hamiltonian particles system, interacting by means of a pair
potential. We look at the behavior of the system on a space scale of order =1, times
of order €=2, and mean velocities of order ¢, with ¢ a scale parameter. Assuming that
the phase space density of the particles is given by a series in ¢ (the analogous of the
Chapmann-Enskog expansion) the behavior of the system under this rescaling is described,
to the lowest order in £, by the incompressible Navier-Stokes equations. The viscosity is
given in terms of microscopic correlations, and its expression agrees with the Green-Kubo

formula.

1. INTRODUCTION.

A system of many interacting particles, moving according to the Newton equations of
motion, can be described on a space scale much larger than the typical microscopic scale
(say the range of the interaction) in terms of density, velocity and temperature fields,
satisfying hydrodynamic equations, like Euler or Navier-Stokes equations. The scale
separation and the local conservation laws are responsible of this reduced description. In
fact, on the macroscopic scale the quantities which are locally conserved (slow modes)
play a major role in the motion of the fluid. The derivation of the Euler equations is based
on the assumption of local equilibrium. On times of order €7, the system is expected
to be described approximately by a local Gibbs measure, with parameters varying on
regions of order !, if £ is a scale parameter. The local equilibrium assumption implies
that the parameters of the local Gibbs measures satisfy the Euler equations [1}, {2].
The microscopic structure (the potential) appears only in the state equation which links
the pressure to the other macroscopic parameters. The microscopic locally conserved
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quantities converge, as ¢ — 0, by a law of large numbers, to macroscopic fields. To make
this correct, the many particles Hamiltonian system must have good dynamical mixing
properties to approach and stay in a state close to the local equilibrium. At the moment
it is not understood how to provide such properties. Therefore the only rigorous results
are obtained by adding some noise to the Hamiltonian evolution [3] (see [4] for a review

on the rigorous results for stochastic systems).

The situation is very different for the derivation of the Navier-Stokes equations. These
equations, which describe the behavior of a fluid in the presence of dissipative effects, do
not have an immediate interpretation in terms of scale separation. This is not surprising
because the NS equations do not have a natural space-time scale invariance like the Euler
equations. In fact to see the effect of the viscosity and the thermal conduction one has
to look at times such that neighboring regions in local equilibrium exchange a sensible
amount of momentum and energy. Simple considerations show that the right scale of
time is €=2. On the other hand we cannot hope to find the Navier-Stokes behavior
under the rescaling z — ¢~ 'z and t — ¢~2t since the NS equations are not invariant
under this scaling, due to the presence of the transport terms. Therefore we consider the
incompressible limit simultaneously, because the incompressible Navier-Stokes equations

(INS) have the required scaling invariance.

To explain this point let us recall the derivation of the hydrodynamical equations from
the Boltzmann equation, which describes the large scale dynamics of a gas in the low
density or kinetic regime. In this regime the typical scales are the mean free path and
the mean free time, and every particle undergoes only once in a while to a collision. To
recover the hydrodynamical behavior one has to look at the system on space and time
scales which are very long with respect to the mean free path and the mean free time, in
such a way that every particle can hav8 so many collisions that in the macroscopic time it
has thermalized. To be precise, it is has been proved [5] that, if we rescale both space and
time by e~1, the solutions of the rescaled Boltzmann equation looks like a Maxwellian
with parameters solving the Euler equations, for small . Now ¢ is the scale separation
parameter between the mean free path and the typical macroscopic scale. To get sensible
viscous effects, the time has to be of order ¢~! compared to the Euler times, hence one
has to consider the parabolic space-time scaling (z = e'z',t = £7?1'). On this time
scale one makes the transport term finite by taking the Mach number Ma = U/c (where
U is a typical velocity and c is the sound velocity) of order €. This corresponds to the
incompressible regime. In [7] (see also [8] for the non smooth case), it is proved that,
if u(z,t) is a sufficiently smooth solution of the incompressible Navier-Stokes equation
on a torus for { € [0,1p], one can construct a solulion f* to the rescaled (parabolically)
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Kubo. A different derivation is due to Zubarev [12], which proposes a specific form of
the non-equilibrium distribution which allows to derive the expressions of the transport
coefficients as well as the Navier-Stokes corrections [13].

Finally we remark again that, to try to prove the hydrodynamic limit under the above
rescaling, we need ergodic properties of the Hamiltonian system even stronger than the
ones needed for the Euler regime. Of course they are beyond the available mathematical
techniques. It is therefore natural to try to explore this setting in some &Bv_o models
with stochastic dynamics which have all the necessary ergodic properties. This program
has been succesfully accomplished in {14] for the asymmetric simple exclusion process
(ASEP) (see [4,15] for references) in dimension bigger than 2. In fact the ASEP is
probably the simplest non trivial model for which an analog of the incompressible limit
makes sense. In this model there is only one conserved quantity, the density and the
analog of the Euler limit is well known [16]. The limiting equation for the density is
the non-viscous Burgers equation. The diffusive mnwmdm limits presents mostly the same
difficulties (absence of scale invariance) discussed above, for non weak asymmetries.
Moreover, from the technical point of view, the study of the model is made difficult
from the fact that it is a non-gradient system (in the sense that the current is not the
“gradient” of some function, see [4]) and the dynamics does not satisfy the detailed
balance with respect to the invariant product measure. In [14] it is considered a product
initial state with a density profile with spatial fluctuation of order ¢ (the analog of the
assumption of mean velocities of order ¢ in Hamiltonian systems). Using the Varadhan
method [17] of dealing with non-gradient systems, the entropy method (18, 3] and a kind
of multiscale analysis, it is possible to prove that, with probability 1, the fluctuation of
the empirical density around the constant profile is of order ¢ and the rescaled fluctuation
of density, after a suitable space shift of order ¢!, satisfies the viscous Burgers equation
in the limit ¢ — 0. An important feature, to our purposes, is that the diffusion matrix
computed in [14] is strictly bigger than the one of the corresponding symmetric process.
This means that the diffusivity of the model is not just the one due to the assumed
stochasticity of the model (the symmetric part), but there is a contribution from the
“deterministic” motion of the particles (the asymmetric part), which can be interpreted
as a “Navier-Stokes” contribution in analogy with the Hamiltonian case. This is in

agreement with the heuristic green-Kubo formula for this model, as computed in [19}

2. THE CONSERVATION LAWS.

We consider a system of N identical particles of mass 1 in a cube of size €1 in R¢,

with periodic b.c., interacting through a pair central potential V of finite range. After

rescaling space as ¢~! and time as ¢~? the Newton equations become

w.u.kc =e"lui(t)
%ms = -7 UV(e 7} (zi - z5)) (2.1)

it
The number of particles N is assumed to be of order €9 to keep the density finite. The
total number of particles, the d components of the total momentum and the total energy
are the conserved quantities. We construct the corresponding empirical fields:

empirical densily

(z) = ¢¢ M §(z; — ) (2.2)

empirical velocity field density

2(z) =€) vfb(zi—z), a=1,....d (2.3)
empirical energy densily
1 -
2H(z) =6ty m?w + Y V(e ai — 25D é(zi — =) (2.4)
i J#

Their meaning is as follows: The average of the integral of z* over a small region is equal

to the average number of particles, momentum, energy associated to the region. We will

write also

#(z) = €4 Y 8(zi - z)zt (25)

with 2! = 1; 28 =vf,a =1,...,4d; = L + T, V(e Hei — z)])). The gener-
alized functions z® on the phase space are expected to be approximated, to the lowest
order in ¢, by the macroscopic hydrodynamic fields, in the sense that, with probability

1, for any smooth function f, we have
\.&nuﬁav.}av = \maxsvisv + o(1) (2.6)

where o(1) denotes a quantity going to 0 as ¢ — 0, z = {z°} and b = {p,U, e}, the
macroscopic density, velocity field and energy respectively. The empirical fields satisfy
the following local conservation laws, which are obtained differentiating z°(z,t) with

respect to the time and using the Newton equations,
d 4 145 9
2 ) = Lz 2.7
ae D) = Y g (27)

6
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To make this concept more precise we refer to [20], [4) where it is introduced the

Hilbert space of the local observables equipped with the scalar product

(6,9) = \ dz{{grab) — (4)($)] (2.23)

Here () is the average on the local Gibbs measure. Qur assumption means that, intro-

ducing the projector on the invariant space defined as

d+1

Pé = (6:2*)(z,2)0 2" (2.24)

p=0

where (z,2)7! denotes the inverse of the matrix with elements (z,, z,), then

é="P¢ (2.25)

To show how the conservation laws give the hydrodynamic equations (INS) we follow
a procedure similar to the one Chapmann-Enskog proposed to approximate the solutions
of the Boltzmann equation. Let us start by the phase space distribution function F, for

the rescaled system, which satisfy the Liouville equation

%Nun -2
5 = ¢ LF (2.26)

where £* is the adjoint, w.r.t. the Liouville measure, of the Liouville operator on the
phase space, formally given by £* = —L.

We write F, as a part which is Gibbsian with parameters slowly dependending on the
microscopic variables and depending on € by means of a series in ¢, and a remainder.

More explicitely, we put
F. =G, +€*GoR, (2.27)

with

oo
G. =G;! nvaMU Mz, )2} M(zot) = M e"Ah(ziyt); A§ = const, (2.28)

(9N n=0
The structure of F, given by (2.27), (2.28) can be justified looking at the diverging terms
in the Liouville equation. In fact the term e=2L*Gl is of order e~ by (2.21), so we are
forced to take £*Go = 0 and hence A} = const. for 4 = 0,...,d + 1. The fact that there
is not a non-Gibbsian correction of order ¢ is due to the same considerations. In fact,
suppose that in (2.27) there is also a term of order ¢, say £G, Ry. The contribution to
the Liouville equation due to such a term would be £"1L*Go R, so we would be forced

to assume L*GoR; = O(e). By the assuptions on the kernel of £* this means that Goly
is Gibbsian and then can be included in G..

By the same argument we can assume that in R, there are no terms which are com-
binations of the invariant quantities z* with coefficients depending on the macroscopic

variables, since these terms are already present in G.. Hence we put

We also assume that for any ¢
R.(1) = R(t) + O(¢) (2.30)

Inserting the expression for F, in the Liouville equation and integrating on time, we

have

[Ge(t) = Ge(0)] + €2[Re(t) — Re(0)] = \._ ._n-un.n. +L*G4R,) (2.31)

The Lh.s. of (2.31) goes to 0 in the limit ¢ — 0, since the only term of order 1 is

constant in time due to the assumptions on \g. Hence we have
t t
\ {e7' L1 + L*Goh} = a\ L*R+ O(e) (2.32)
[} [}
where g1 = 3., Af(z;,t)z} and we have used
G, = Qoﬁw + m?ul <g V_ + nu\uv + QAnuv An.wwv

Here h is a function of the invariant fields and < - > is the average w.r.t. Go.

We observe that, since g; is a linear combination of the invariant quantities z with
coefficients depending on the macroscopic variables, the action of £* on it gives a linear
combination of the currents w with a factor £. Therefore the first term in the Lh.s.of
(2.32) is of order 1. Moreover, for the same reasons the second term go to zero. In
conclusion R satisfies the equation:

. .&91
\. _h»Qomln MU wﬂw?:uvswaﬁc_ uo Aw.u&
o 7 0%

10

R =0 (2.29)
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We proceed as we did before to obtain (3.6), but we have to look to the explicit form of
the term O(e) because it has to be divided by e. We have:

(e M.U%.,:wvm o= (7 M f@t), =
\ (e MM?% Hobof 43 SV @ -z ))) , *

J#i

H

\ &uA uMQu«\ .LAH.IHLVUA 1a.~vv~: v QAmv Aw.:v
i#) els

This equation, to the lowest order in ¢, reduces to the Navier-Stokes equation for the

velocity field u. The argument is the following. The Lh.s. of (3.11) is given by
\.mu.\ﬁaulgﬁsvc — u(z,0)) (3.12)

up to terms of order €.

To get the INS we have to compute again the non-equilibrium average of the velocity
current tensor wP* but now there is a factor €72 in front of it. Therefore we see that
in this case also the terms of order €2 in (2.27) have to be taken into account. First of
all we observe that the term containing D goes to 0 as ¢ — 0 because the lowest order
is given by an average with respect to Go (Gibbs measure with constant parameters),
hence it vanishes because it contains derivatives of f. The other terms are at least of
order ¢, hence do not contribute to the lowest order.

Moreover we have

mLAEEAava + AEu»Aavm.va = nauA&mrva + puPut 4 Asw:ﬁvm +0(¢) =
€"2Py + €' Py + Py + puPut + A?EEV +0(e) (3.13)

The first two terms of (3.13) do not contribute to INS because Py and P; are constant.
The fourth term in (3.13) gives the non linear transport term, while P, represents the
second order correction to the termodynamic pressure P, and gives rise to the unknown
pressure p appearing in the INS.

The last term in the r.h.s of (3.13) is determined by R, the non-equilibrium part of the
distribution F., which takes into account the fast modes in the system, namely the non-
conserved quantities. They appear at the hydrodynamic level only through dissipative
effects and determine the expression of the transport coefficients.

To compute it, let us first introduce wP* = ©P* — PwP* and notice that (2.29) implies

Axﬁs%?vv =0 (3.14)
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Again by (2.29) we can use the “identity” (£*)~'L"R = R and (2.34) to get (recall the
notation introduced after (2.17)):

\mu ma»A @ (2)(L)” _n.mv = An.mhl mMuMU -w.. 3 vv
m+~ )

(Yl e ey 7t ol S (en) (315)

7 s=0lk=1

We remark that £-! is “well defined” on @ by the assumptions discussed in section 2.

To find the expression of the transport coefficient we consider

t m
A . wﬁa&_mvs.:h»_ .__Msu»ma\_%u..vv H

\ dy 2oL @& \ ~ag, 9 o NV?E?KL%,Ev (3.16)

The substitution of the current w with 1 is correct because the range of £L~! is orthogonal
to Pw. Since the Gibbsian state Gg is invariant under translations on R? we have
Al
—_ -l -1 lhv
rhus. of (3.16) = \ dy ot (9:9) \ degrly+ e)(w*(0)C ©) (@1

where we have changed the variable z in { = ¢7'(z —y) absorbing the factor €9, Hence,
provided that (5#/(0)L " wP*(£)) decay fast enough for large {, up to O(e) we have

e of 316) = [k @a ko) [(oocre0)  @a8)
To conclude the argument we transform £~! in a time-integral of exp{tL):
(@)1 e (¢)) = \ - ar(@*(¢, 7)27%(0,0)) (3.19)
]

The symmetries of the microscopic current-current correlations imply (see [4]) that the

correlations for g = 0,d + 1 vanish and
\ de(i#1(6,)EPH(0,0)) = e(r)lbusban + Suuball + €(borb (3:20)
Therefore the time integral of (3.20) has only two independent coefficients
oo =]
.\. dre(r) = 2T, ,\ dre'(t) =2T({ — 5 V (3.21)
0 °
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As next step we eliminate divu, by means of the equation (3.25) which we rewrite in the

form
Dyp, + pdivu, = O(e) (3.34)
where Dif = 0if +u-Vf. We get .
ﬁb&nu - bl—ﬁcb.\_ = kAT + OAnv Aw.wmv

Let us note that only the internal energy contributes to e; because the kinetic energy is

of order ¢2. Hence e; can be written as a function of p; and T; and we have

@n_ P, %3

. .
— - —1]D — = kAT, .
lp 3 s 1Dip1 + o, DTy = ATy + O(e) (3.36)
The Boussinesq condition, stating that P; is constant, implies
aP, oP,
l%bl.?bsbu + I@%_obnﬂm =0 Aww.wv

We can eliminate D¢p; using above relation and, up to O(¢), we get
G—Qnmau +u- H..L = RDNJ» Aw.wmv

where ¢ is given by p times the specific heat at constant pressure. Equation (3.38) for

u = 0 is the Fourier law.

4. ASYMMETRIC SIMPLE EXCLUSION PROCESS.

In this section we shortly review the result in [14] because it supports our previous
considerations in the sense that in a situation where the analysis can be made rigorous,
the results confirm the arguments presented here.

In fact we consider a lattice gas with hard core exclusion as a simple example of
stochastic system of particles for which it is possibile to prove rigorously a sort of INS
limit. The model is as follows: we consider a system of particles on a d-dimensional
lattice Z9, with periodic boundary conditions on a cubic region of size e~! which we
denote by T.. The particles jump independently with intensity p.,y > 0 from the site z
to the site y if it is empty. We denote by n(z) = 0,1 the occupation number per site;
is a configuration of the system and the configuration space is {0,1}%.

The generator of the stochastic dynamics is

cf =3 cz,y.mlf (™)~ f(n)] (41)
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with
e(z,9,m) = peyn(z)(1 - 7(y)) (4.2)

and 7V is the configuration in which n(z) and n(y) are exchanged. We restrict ourselves
to the nearest neighborogh case, i.e. we assume that p. , are non vanishing if and only if
|y—z| = 1. We denote by e the unit vectors on the lattice with non negative components
and put p, = pe,y if y =z + € and p_. = py .. It is also convenient to fix M: +s|.. =2
for all e.

This system has only one locally conserved field, the density. An invariant measure
for the dynamics is the product measure 25 [], ¢, exp An(z).

On the Euler time scale, for any smooth function f on R4, define the locally conserved

empirical density field as,

r(f) =€) flex)ne-1e(=) (4.3)
z€T,
where 7,(z) denotes the number of particles in z at time 1. It has been proven in [16]
that r,(f) converges, as ¢ — 0, to a limit given by J dzf(z) p(z,1), with p(z,t) solution
of the d-dimensional non viscous Burgers equation

dp+ F-Vip(1-p))=0 (44)

where F is the driving field given by Fe = p. — p—..

To see diffusive effects, as usual we have to wait for microscopic times of order e,
The analysis of the corrections of order ¢ to (4.4) suggest that the macroscopic equation is
the viscous Burgers equation. On the other hand such equation is not invariant under the
diffusive scaling. The situation is quite similar to the one we described for the Navier-
Stokes equation, but in a simpler case with only one conserved quantity. In fact the
viscous Burgers equation is invariant if in addition to the diffusive scaling for space and
time we consider perturbations of order € to the constant density profile. Let 0 < <1
be a constant density and assume p = @ — cu. Then, on times €72t we expect for u an
equation of the form

8%u
82;0z;

d
.®|=. +ml—e.<§+~u.<=n = M b...u. Ah.UV

ot

ij=1

with v = (1-26)F. We remove the diverging term by considering, instead of u, m(z,t) =
u(z + €~ 'vt, 1), which satisfies

W;im.qin M._U %3 :.3
ot @N..@N‘..

hi=1
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