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Abstract

The light-cone ladder approximation in the Wick-Cutkosky model is ex-
tended to the lowest order light-cone Tamm-Dancoff approximation which in-
cludes the self-energy corrections and counter-terms. The light-cone two-body
equation is modified by the term corresponding to the self-energy corrections
and counter-terms. The analytic relation between the coupling constant, a,
and the binding energy, 8, which was previously derived for all nl states with
[ = n — 1 under the light-cone ladder approximation is also modified by these
corrections and compared with the numerical results obtained by a variational
principle. The numerical estimate of this modification shows that self-energy
effects are as repulsive as relativistic kinematic corrections and retardation ef-
fects and makes 3 become frozen as a increases. The probability of finding
the three-body component inside the bound-state is also compared with that
of finding the two-body component and the ratio of two probabilities is calcu-
lated for several different o values investigating the self-energy effects to this

ratio.
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A relativistic treatment is necessary for the bound-state problems which are
characterized by strong coupling constant and small constituent masses. An im-
portant physical example is the description of hadrons composed of the light con-
stituents such as up and down quarks and antiquarks as well as gluons in the
quantum chromodynamics (QCD). For an accurate calculation of the spectra and
wavefunctions of hadrons as well as the form factors and the structure functions
in exclusive and inclusive hadronic processes, it is important to include the funda-
mental relativistic effects such as the correct relativistic energy-momentum relation,
retardation effects, particle and antiparticle pair production.

A conventional tool for dealing with the relativistic two-body problem is the
Bethe-Salpeter formalism{!] utilizing the Green functions of covariant perturbation
theory. Since the Bethe-Salpeter formalism was introduced, much effort has been
concentrated on solving the Bethe-Salpeter equation analytically or numerically in
the lowest order approximation (ladder approximation). However, this approach
is not well suited to the fundamental problem of including higher order irreducible
kernels (cross diagrams, vacuum fluctuations, mon.v@. The relative time dependence
of the covariant formalism adds uncertainties and complexities.

An alternative approach which can remove these difficulties and restore a sys-
tematic calculation for obtaining higher accuracy is the reformulation of the co-
variant Bethe-Salpeter equation at the equal light-cone time, 7 =t + 2 /e Bl. This
is equivalent to expressing the Bethe-Salpeter equation in the infinite momentum
framel). The light-cone quantization method®! provides a hamiltonian formalism
and a Fock-state representation at equal 7, which retains all of the simplicity and
utility of the Schrodinger nonrelativistic many-body theory. This method not only
suppresses the vacuum fluctuations but also systematically includes cross diagrams
when higher-state contributions are taken into account.

It may be worth mentioning at this point that the boost E.OEQS_Q of the equal
t quantization is changed to the rotation ?;02@53 in the light-cone equal 7 quanti-
zation. The rotational invariance is violated in the light-cone quantization method,

when the Fock-space is truncated for practical calculations. The restoration of the




‘b Suryoaforg ‘ussoyp st g = Td pue [ = d + d = ,d durery suod-jy3I1| oY} 210ym
(€) “0=<gl(°"H ~ )

‘ed — od = -d = PTH ueruojjrurey 2u00-jyI1[ Y}

Jjo Uudum.ﬂwmmw ue st d WNJUIUWOW-INOY pue Jy ssew qim < m_ 9je)s punoq IYyfJ,

(2) Tt < XP9| < glXpp > + < 99| < dlp¢ >=< g|

< g| aye)s punoq ® 107 L [eunbs

e uotjejuUSsa1dal 9e)s-yoo e saplaold poyjewr uorjezijuenb ouod-y3N SYJ,
'$300Y9 ASI10ua-J[as oY) ayeSisoaul IayHny 0}
yure)suoo Suridnoo 2y} Jo sON[eA JUSIIYIP [I9A3S I0f Jusuodurod £poq-omy oY Surpuy
0 12y} Y3 oredwod pue aje)s-punoq Y3 apisut jusuodurod £poq-se1yy oy Jurpuy
jo Aypiqeqoxd ayj 9yndwod os[e apy -o(droutid [euoljeLres e £q paurejqo sjnsax [ed
-LIDUMU 3} Y3 $)[NsaI onpL[eue oY) aredwod am ‘Arernade Jo 20ULplAd Ue dplaoid
03 19pIO U] -UOIYEIUNI) Jooue(J-UIure], ayj Jo jey) puokoq uoljeunxordde ue sasn
uorje[al dNjA[eUe 9Y) JO UOHIRALIDP 3} JBY) 2J0U oM ‘ISASMOJ 'PIssnosIp SI uoryesy
-Jpow STy} JO 2jRWIIISd [EoUPWINU Iy ], "uolyeunxordde 1eppe| suod-jy31| ayy Iopun
T — U= qyim s3923s Ju [[@ 10} [, |PIALISD A[snotasad sem yorym £31sua Furpuiq 3y
pue jue)suod Fuydnod oY) UIMIIq UOIje[aI onjf[eue ay) Appowr am ‘Ajjuenbasuo))
*SU119}-19JUNOD 3} PUE SUOI}I31I00 A310Ua-[os 33 0} Surpuodsai1100 wisy 93 £q uony
-enba £poq-om} au0d-JyS1| Y} Ul UOIJEIHIPOW Y} PUY Pue [5pow sIy} 03 A[§uadal

pasodord (jampasord uolyezieUIIOUAT oY} A1dde apy ‘[opoun AsONIND-PIM 3Y3 Jo

I

uoﬁdﬁmxomas Pooue(l-mrure], 3u0d-3ySI| I9PIO JSIMO[ Y3 Ul §329a AFIoUa-J[3s )
SuryeS1ysaaut Jo sosodind Ino 10} JseI Je JUSYYNS UAYY ST KL100yy oyJ, -Ajiiqejsut
wmnoeA 91} dA0wal 03 £poq-sa1y3 3y} 03 dn suolje[NIEd Y} Jo adoos 1mo I mq
[opow sy} a8ueyd jouU Op am ‘IaAsmoy ‘2I0Y A)[IqeISUl WINNORA SY) WIOI} ISYMS
J0U S90p ey} [Spow 19Y3j0 0} [pout jussaxd oy sBueyo 03 peou pnom am ‘uoisued
-X3 MWOUQ@Q-EEN,H\ vﬂa Gm mhvmv.uﬁvuuvﬂ_”wmﬁ U@ﬂﬁuﬂm pue Gomudamuno.unmnmd u@ﬁko ummwBO.— U—.:
puokaq o8 of, ‘Lpoq-991yq3 ay3 03 dn s0eds-}p0] 31} Jo UOIYRIUNI) 3Y3 JOPUN UOKNQLLY

-uod %Mh@ﬂvx.«—mww 93} sepnpoutl Jomgm GOMGNEMKOHQQN mcoqmausgrﬁ OGOUL«QM: Iapio

1s9MO[ 9Y} 0} Papuayxa st uotjeurixordde Joppe] 2u0d-YSY 3Y) ‘230U HI0YS STY) UT

[ lPpows sTqy ut pozATeue sem Sutiajyeds
Apoq-omy ay3 jo syyrys-eseyd oYy pue deeao_guv os[e sem wsi[eurIo} SULId}jRDS
Quod-yBI ayy ‘A[Fuadey .Hwﬁ_&&muam.a [euoljelTRA © AQ poule}qo S}NSAI [ROLIWNU
a1} Y3 pareduiod pue il — Y =1 A SaYess Ju e 10} poAlap sem A319uo Sur
-puiq oy pue juejsuod Jurdnod o} ussM)aq UOIFR[AI dLjATeUR Y3 puUe [TIACTEWIE
£q paurejqo aIam uotyenba sIy} jo suoLPRUMULI Y} 10§ suorssaxdxa onjAreue ay,
“uorynquyuoo £310ua-Jjes oY) Juryas[dou ynq £poq-sa1y3 ay3 03 dn aoeds-yoo] 9y} jo
uoryeouniy oY) 03 spuodsaliod Yorym uotyewrxoidde 1appe| 2u02-)431[ 2Y) U0 paseq
payeStysoaur sem uotyenba £poq-om} suod-1y3y ayy ‘Ppowr sy} Ut ‘rey snyJ, ‘sj[nsox
[Sutueow 03 pes| jou Aeur 321y} Uy} alow saPijred jo JquImMu Y} JO JISWILUL
a1y yBnoyy ueas Apoq-saIyy 9Y3 03 dn poyeouniy st aoeds-}20q 9y} Jr [opour sIy3
ut readde jou so0p £31[IqesUl 3y Yey} Pajedipul (o POy (bD1a) uvoryezijuenb
9U0D-JYBY| POZI}RIISIP Y} UO Paseq [, UOHEMITED [EILISWNT U © ‘A[oyeunyioq
‘Taqumu ap1jred pUE UOCIIN[OSII JO [9A9] UMRHID ® PU0oLaq passaid aq jouued [opow
SIY3 Ut UoIyeNOed 9y} ‘A100Y} 21N 3Y} JO A}IIGRISUL WNNORA 3Y) 0} AN(] “[o1)SISSRW
AreurSeun jo souereadde ay3 Aq pajedipul aq p[om Wnnoea 3y} jo Lyiqessut 9y J,
.&dwa:&:& 21qnd 9} Jo 90ussa1d ayj 03 NP WNNILA I[qE}S B DARY JOU S0P [opow
SIY3 ‘10A9MOY] "AoemD0E 12)ea13 pure saje)s Joqumu apnred 1eysuy Jururejqo 1oy UOLS
-tredxa orjewaysks e do[oasp 0} pue ‘103098 Joqunu-3[d13red-3samol oY} 10} uoryenba
o[qesor1y AqreonAreue ‘s[duits @ puy o3 st 2uod-yy31[ 2y} uo suorjenba ayeys-Rpog
pardnod jo jes g oy Sutajos ut dogs sy oYy, “juelsuoo Furdnod ayy st b a1eym

(1) ¢ xuﬁuﬂﬂ

£q uaaI8 s1 uerdueide| uonyoeId)UL YT,

‘[ppepPew AqsoxIn) I 2U3 Se umouy st ( = Y YjA [9powr SIYJ, Y sseul qim

X aporjred refeos v SuiBueyoxo w sseuwt [enba Yiim ¢ ‘¢ sopiyred Tereds om) udRmidq
UOT}2RIDIUL SY) SIQLIISIP YOIYM [dPOW P[oY Je[eds ® IapIsuod am ‘Ayorydurts Jo0q

g pajutod seam dnoi8 uorjejor oy jo sseujoedurod ay3 0y anp aFejuespe )

possnosIp usaq sey uotjezijuenb suod-1y3y[ oYy ul Arjouruids [euolyejor

PU® ‘(16'g]



(3) on the Fock-space composed of < #d|, < x|, - - - results in an infinite number

of coupled integral equations,

< ¢4|B > 0 < #d|VIgx > - || <44I1B>
(M*-30k7) [ < ¢dxiB > | = | < #dxIVIeé > 0 <¢éxIB> |,
(4)

where k is the light-cone energy of the i’th constituent and V is the interaction
part of Hyc. The light-cone wavefunctions < $$|B >,< ¢¢x|B >,--- provide
a physically clear description of a bound state, since the vacuum fluctuations are
suppressed in the light-cone quantization and all constituents are on the mass shell

where

k7 = (B}, +m})/z: (5
with z; = kf/p*. The cross diagrams can be included systematically, in principle,
when the higher Fock-state contributions such as |¢dxx > are taken into account.
However, because of the vacuum instability in the cubic theory, we limit our scope
of the calculations up to the three-body state |#¢dx > and remove the vacuum
instability as discussed earlier.

The lowest-order light-cone Tamm-Dancoff approximation corresponds to take
into account only two-and three-body sectors in Eq. (4). We follow the renor-
malization procedure proposed nmnmbz%ﬁm_ and eliminate the three-body amplitude
< ¢éx|B > to obtain the effective equation for the two-body wavefunction in this

approximation (z; = 7,2, =1 — 2k, = kL, = M.LN
— Mn+§.~ -
2 = | 2+2—=+CT. k
EQAH.W._.V HAH|GV+O‘H. eﬂhq ._.v
+ N\ dy &l |6(z—y) 1
9 WA=y)16r |z —y pp_ Brmd _ EacLpaw B
v -y 1-z
Ty -
+ - - ’H\AQ‘NFV
»N_.Tv:.

- %Nl._- 1 z &ﬁ 1
N —
t 9 ﬁa,g\ 1673 e\o y(z —y) ppz - Btm? _ Eachpex ﬂti
Yy -y -z
1 1 d 1
+ ,\. Y 02 2 T T 32452 I 2 ? Amv
(1-z)): Q-y)y—2z)pp2_ Bt (a-ly 3 L._+|=_I
z y—z -y
where the counter terms are obtained by the renormalization condition
mn + m?
2 _ M1 7
M z(l-z)’ ™
above the scattering threshold and given by
, (R e dy 1
cr. = ¢ [£512) — o
1673 |z Jo y(z —y) Biam? _ E-Dpen Ldm
x -y v
1 1 dy 1
— . (8
Taco \u 1 -y)(y—a) Btm? _ Eulyper  Dim? ®
1-z y-z i-y

Here, the last term proportional to ¥(z, k 1) in the right-hand-side of Eq. (6)
corresponds to the self-energy corrections. The integrations in the self-energy cor-
rections and the counter terms can be explicitly performed by using the variable

change y = zz and the following two-body equation is obtained;

, - P L
flaBa) ¥ Ra) = 0° [ S eV (@ Frin LY D),

9)

mw.+3~ _ wn

z(l—z) 1672

M?—
where the self-energy corrections and counter terms are summarized by

z Aw_h.n.w IE»V z2(1-2)

z(1-z)

.. 1p
.\.Aﬂqkkv = M\Avu &NHOW H..T VnN+3~AH.I&Vu

+@e(-2). (0

and the two-body kernel is given by

8(z — v) 1 NESIAE
=Y M?-— Bm? (B -DP42 ?—MHN Ey o I
(11)

V(z, kpsy,0) =

v =y




(02)
:Amrw_ + Hv 1+u(z8 + 23)
-ul¥l

(1 —u)}dxo (g urs) = (3 ) A
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where N,,_, is the normalization constant and (6, ¢) determines the direction of E.
For n = 1 and 2, these wavefunctions correspond to the Karmanov solutions for 1s
and 2p states respectively. Next, we substitute GQ.m, f) given by Eq. (20) into Eq.
(14) and perform the Nmbnomnmﬁoup for some convenient k value to find an analytic
relation between the coupling constant a and the binding energy.

If we take k = |k|2 (or sin@ = 1) and the limit |k| — 0, then Eq. (14) becomes

T oo 1 1 1
T =2 \m 1zt [ -
o H &A r v /\t + Qn A@N + Hvs..: AH + v AH + y242)x v
uty? ¥V uty?
1 2
+ lo IH_ s 21
p—2 mt (21)

where = m?/82%,z = cos 6’ and y = I/B. The second term in the right-hand-side
of Eq. (21) corresponds to the self-energy correction and does not have an explicit
dependence on the quantum number n. In the nonrelativistic limit (i.e. g — o0),

Eq. (21) becomes

n — 1 2\n-1 had 1 /\nl N
a wz\l\ de(l =) \o %C+§i_+mmmo€ mv_om
= wz\|~|+umwo|n_om$
s

and we recover the Balmer formula

Qn

4n?

However, we make clear that Eq. (20) is not an exact solution of Eq.(14) and

2m - M = (23)

thus our derivation uses an approximation beyond that of the Tamm-Dancoff trun-
cation. In order to check the accuracy of Eq.(21), we solve Eq.(14) numerically by
considering the variational principle for the coupling constant g. For fixed binding

energy (or mass M of the bound state), the Minimum of the following expression

determines the relation between the binding energy and the coupling constant:

9

N
2 _ ' 24
¢ =575, (24)
where
dz %m.r t. 7 2 mw+3n I
= —_— Nn g I ‘H\ ,\ﬂ ’
N \Hﬁlav T6n3 ) (2, k1) z(1-=z) (eok0)
dz &Lk, dy d*l, te. 1 T 7 7
- 7} —= —_— v «Nn Vv JNn 3 ,N ¥ «N )
D, \%é T \%-s =2 ) e v Fan ¥, )
QH %M._.

vt(z, 5 )L kL) Ee?mb.

b, = \e:lc 1673 1672

The minimum is found by varying parameters in the variational wavefunction ¥(z, k 1)

For 1s state, we consider the trial function parameterized by

2—.-
-, 2
AQN - Ev (1+ ]2z 1))

z(1-x)

(25)

k)

—H\:AH. \:n‘.hv =

where the normalization constant N;, cancels in the ratio given by Eq.(24) and C is
the variational parameter. This trial function agrees with the wave function given
by Eq. (20) with n =1, when C = M.

The numerical estimate for the self-energy correction is shown in Fig. 1. The
agreement between the analytic result and the numerical result is reasonable even if
the self-energy correction is included. As shown in Fig. 1, the self-energy effects are
as repulsive as relativistic kinematic corrections and retardation effects and make §
become frozen as a increases. The similar results were obtained in the generalized
theory of the Wick-Cutkosky model using DLCQI'Y) and in the Yukawa model20,

Here, we also compare the probability of finding the three-body component
inside the bound-state |B > (see Eq. (2)), Ps = | < ¢éx|B > |*, with that of
finding the two-body component, P; = | < $@|B > |*. These probabilities can be
obtained by the following integrations;

dz &k, =
= [ ——— k)P 26
R e = L (26)
10
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Figure Caption

Figure 1: Curves of 3 versus « for 1s state in the Wick-Cutkosky model in units
m = 1. The numerical results with and without the self-energy corrections obtained
by the variational principle (solid curves) are compared with the corresponding
approximate analytic results from Eq.(21) (dash-dot curves) and the non-relativistic

result from Eq.(22) (dashed curve).

14




Gl

T oTT | %01 060|290 | 0¥0 || (3nouam)iq /od
gg0| 190 | 8v0|cvoleeo|veol (unm)id/d
1rt| 80|90 ¥%o|go]| 10 0

“0 jue)suod Surdnod oY) JO SIN[RA JUIISPYIP [BIGAAS JOJ SUOI}IAIIOD

£S39ua-Jjos MoYIIM 0 YyM Z /7 Olyel oY} JO S)MSSI [edLIDWNU YT, ‘T d]qBL



