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OF AN R.F. ACCELERATED BEAM
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by H.G. Hereward

1, OPEN-LOOP FROPERTIES QOF AN R.,F. ACCELERATED BEAM

1.1 The Synchrotron Motion Equations

We are going to look at various forms of beam=controlled
acceleration. To do this we put the system of beam plus R.F, field in

the form of a possible element in a servo-system, with some inputs
and outputs. This element is the part that we cannot easily change :

the: servo-system has to be designed around it..

For outputs we shall take detectable quantities Ad¢ ,
X *
phase of R.F. relative to beam, end AR , bean radiel displacement .

For inputs.one can consider the things that affect

the process of aceeleration :

Q4 deviation of frequency programme from ideal
’ valué'(&bfrectiy linked to B).
V  peak accelerating volts (per turn, say) on the
cavities.,

volts appropriate to the rate of rise of field.

*
Betatron oscillations are disregarded.
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We shall only consider fl,, The others are of interest,
particularly as one ought to study the effect of perturbation in
them, but let us concentrate first on our basic servo-system
which uses only fl, as input point (Ref 5).

We can linearize and simplify the equations for the
synchroton motion to

gs b = sAR + 1,

1

%€1QB.=.1AQ

The quantities a and b are interpreted as follows
(see fig I).

Particles at AR say positive have higher energy than they
would have at AR = 0. They go round the machine faster and tend
to arrive earlier, if we a re below transition energy, conversely

if above. This means a changes continuously from negative, before
transition, to positive after.

p Before transition

A’\ 4

4
| 4R er 4 _ R oy Ap After transition

Z

R ¥ \}
/// N

Phase stable

v

Phase stable
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~ One knows that equations like (1) have bounded oscillating
solutions if a and b are of opposite signs (otherwise the particles

éo rapidly to infinites). So we make b changes discontinuously,

ﬂd

Trensition time ’ Transition time

Y ) " -

v

This is done by suitable choice of operating point :

cos ¢ + e -

P 30 15¢°

5

1l,2 Freguency Tolerancéa

One reason beam control was designed for the CPS right
from the start is the question of frequency tolerances, so let us
look at them,

Suppose Q4 # O is constant, and we look at the
possible steady state condition AR = Aé =0
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* What does this mean quantitatively ? If we are well above
transition, a arises:just from circumference considerations., With mean

radius 100 m, + 1074 frequency error will make - 1 cm displacement.

One does not need to be terribly close to transition for

the situatioq to be say 10 times worse :

Q =10 ®+» AR 1 em

It is difficult to be more precise on this point : to put
the equations in the form we have them and to make simple arguments about
the way they behave, we have to treat the coefficients (a, b and the
more fundamental quantities from which they are derived) as constants,
This' is not too bed i if they ohange slowly, but near transition they
change fast. I am not sure that anyone has really calculated what
frequency tolerances would make it possible to pass transition without

bean control, but there may be something in the early literaturs,

A qualitative picture of what happens at transition

in such 6ircumstances is shown in Fig., 1 of Reference 1.
i )

Constant-gradient nachines are easier, partly because one
does not have to pass transition energy, partly because their ratio

aperture / mean radius is much bigger.

%
But misleading if you try to calculate the adiabatic damping.
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1.3 The Synchrotron Equations in the Form of Transfer Functions

In the usual way we replace %E by p, or sometimes
E 3

by Jw and one oan represent this system by :

—_— 3 AR

Figure II

with transfer properties which come directly from (1) :

= e 0,
P + wCP
=H1 0y
(2)
AR = —2--9--2-- Q4
P +w
P
=pe Q4 )

where we have simplified the expressions a little by putting w¢ = V-ab 3
wp 1is, of course, just the frequency of synchrotron oscillations,
which we oould easily have obtained directly from (1)

*
Reminder : Q's for RF frequency and w's for frequencies involved in

the synchrotron motion,
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~Before considering closed loops let us just look at some

of the features of the transfer functions.

At the frequency w =uw the denominators vanish, so one
can have some A¢ and AR without any input (4, The system has an
oscillatory transient of constant amplitude, so no damping, The damping
of phase oscillations which you probably know occurs when one accelerates
in a proton synchrotron is due to the time-variation of the coefficients,
which we have decided to neglect, and does not appear in thc transfer

functions,.

In the limit of low frequencies, w - O , one has

DC characteristics

e s

| (3)
AR'* {?— Q4

: “J¢

corresponding to what we already mentioned in connection with the RF
frequency tolerances, One can see from (2) that (3) is also in good
approximation true for any frequencies of perturbation low compared

ith w_.
wi W

¥/le may also look at the response to a unit impulse
" (delta function) in Q4. Since the Laplace transform of the unit
impulse is just 1, all we need to do is look up the inverse

Laplace trangforms of :
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so we find the response :

. b .
Ap = 008 q?t ;3 AR = 5; sin w¢t

To understand this it is only neceﬁsary to see what is
the physical interpretation of a unit impulse in Qq, We jump the
frequency 4 to infinity for zero time, in such a way that the
integral is 1. This is just equivalent to jumping the phase of
the RF system by one radian.

'
RF in RF out
- * »
.A = one radian phase advanged nectwori:
Figure III

There is no instantancous cffeg¢t on the protons,
80 they find themsclves suddenly one radian away from Py and

stert oscillating frcely from this initial condition,

A unit step function in Q4 can be dealt with by the
usual techniques too. It also results in undampcd oseillations,
and the only other interesting fact that it discloses is the
DC shift in AR which we have already calculated twice,

Clcarly onc would lik: to have a becam=control system which
eliminates these undarped transients. One recason for this 1s because
our equations of motion are not, in fact, linear ; consequently such

oscillations of the bunches as a whole will in time bc converted
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to oscillations of the particles within the bunch, so increasing

the phase-spread and encrgy spread of the bean,

The lest thing I want to mention bofore considering a
closed loop system is the question of noise. Supposc Q1 contains
noise ’ ¢ it is, T think, physically obvious that a system whose
transient fcsponse is an undamped sinusoidal is bad from the point of
view of response to noise. The noisc .arising in any short interval
of time will producc a transient which lasts forever, and all later
noise will add statistically to it, so the amplitude can be oxpccted
to increase with time without linmit., So onec would like to. produce
a system in which thc transient rcsponse is rapidly demped, so that
noise would only build up the amplitude to some finite level, for
at any instant of time only the rccently-drrived noise would bec
effective,

=y Skl B T N

It is perhaps worth remarking that a delta function
(unit impulse) has a uniform Fouricr spectrum, the same as has
white noise ; so the tfaﬁsient response to a delta function can
in fact enablec one to calculate rather directly the response to

whitc noise. More about noisec without beam control is in Ref. 2.

2. CLOSED-LOOP FROFERTIES OF AN RF ACCiL-RATED BoAM

E

— - T AT W Y W e W s ) wmem Tw. A &

2,1 _Food-bagk frop radial position of the boan

The first closed loop system that I shall consider is a
type which we do not usc on the CPS but is the first type to be

proposed and used on o synchrotron (Ref, 3).

* Noise on Qi means, of course some rundon F.M, of the acccleration
frequency progra.me ; this is not the sume as a noisc voltage on

the cavitics in addition to the RF sinusoid,
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If the main thing that worries us is the big radial
excursions that recsult from small errors in the fregquency programme,

the obvious thing is to servo the radial position of the beam.

y -
g .(________C¥?
Radial rcference

signal

Figure IV

The radial position of the beam is compared with some
reference value (which may well be zero if we want to accelerate
in the middle of the aperture), and the difference is fed back in
such a way as to change the frequency. There arc many ways of drawing
the diagram for such a set-up : note that (to avoid changing the
formulae that we already have) we have kept Q1 to mean the frequency
error applied to the beam and introduced Qe for the error of the

frequency programne,
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The radial error signal AR that we detect and compare
and feed back is of cuurse the average over the individual protons
in the bean, and it is only this average behaviour that we shall

be able to influence directly * by the sefvo-system that we consider,

The response of AR to programme errors Qe for this

closed-loop system is given by the usucl formula

- Y S -
Q, I AR ST ‘ (&)
where we have p, = -;——E——; and where [ is within practical limits,
P +w

whatever we care to make it.

| Tt is'clear that to improve the situation with respect to
programme frequency tolerances we must have a high open-loop gain £ u.,
at least for all low frequencies (low éomparcd with w¢), 50 one has

the usual approximete relation for systems with high open-loop gain :

‘:)ll>
o I

P4
Ty -

To give an example, one might make B such that AR
is, cay, 1 em for a programme freguency error of 1 %, so giving

reasonable’ frequency tolerances.

* .

We already mcntioned that the phase-spread and encrgy-spread of particles
around the average can be influenced indirectly (by way of the
non-linearitics) : adversely by transients, favourably by a beanm

control systen that suppresses transients.
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Working for the moment in relative units for Q ete.,
we have then to nake 3

1%
P

We have already seen that for low frequenecy components

in the perturbation, we have :

1 en (at high encrgies, and

Tie 107 more near transition)

So the open-loop is a hundred or more for a useful

velue of £, What is the transient response of sueh a systen ?

Putting our cxpression for -pz into (4) we get

AR b

e I+ w; + £D

If £ is just o simple coefficient ono can
conveniently writc thus

This is of the same form as we had before we chosed the
loop (2), but with a highor apparent resonant frequency.
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= We have seen that to get anything useful out of the
feedback we nust have Bz large compared with one at low frequencics
and this amounts to saying b large compared with w; ; so the
effecet on the transient behaviour is just to raise the free oscillation
frequency of the system fron ab to W and this will be a substantial
factor. The feedback has not altered the fact that the transient responsec
contains an undanped oscillation, and does not help with respect to

the noise problem nor the cther bad effccts of transients.

W are very nuch in the situation of someone who doecs not
like the elastic oscillations of a mechanical systen, so they
add a nore powerful spring to the existing one : this increases
the resonant frequency, and makes the system mueh stiffer against

DC or low-frequency forces, but does not produce any danping.

Evidently it would be interesting to consider the case
where the tronsfer function f of the return path is more complicated
than a sinple constont coefficient : in particular, one night put

an integration in

this means the feedhoek goes to infinity at zero frequency, and, as
is well known, reduces to zero the DC crror AR associated with

a DC or step-function in Qe.
The stability and transient response of Fige IV

with this type of £ 1is an interesting excrcise in scrvo-theory

but we do not have tine to discuss it herec.
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2.2 _Phase-Lock

We now consider a systen in which we measure A4¢ and feed

this back into the RF frequency, so our block diagram becomes :

3 }——

We look first at the open-loop gain, which is :

B1 1 = _ELP.._; (5)
+ W
Pl
One secs immediately that (unless we include a stage
of integration in F, to make B go to infinity like p~' or faster
as p approaches zero) this quantity g1 ps > O as p- O

So this form of feedback does nothing about our problenm
of DC frequency tolerances : the éﬁ at DC is Jjust as bnd as it was

without the feedback. .
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Bef'ore abandoning phase lock cn these grounds, let us -

look at the transient response cf this system, One finds very easily :

| A L. SEPS S —~ (6)
1 +B1pr P+ Py P+,

AR b
R e (7)

1 +fF1 s P2 +61 D+ q;

Now these are interesting, as we have managed to introduce
a p tern into the denominators, and this changes the eharacteristics
fron those of & resonator without damping to those of & damped resonator,
We can, and in the CPS phase-lock system we in practicc do, nake i
large ecnough to have this daomping nuch stronger than critical damping.

The condition for this is 1 >> w@ .

The CFS phase-lock system has [1 about 2,10° s~1,

. . ¢ 4 : % 5
while w¢ is nover higher than 5.10 radians/sec, so this is very

largely satisfied,

Under +thesc conditions we can factorize this denominator :

pz+l31p+w; = (p+ai) (p+az) (8)

with approxiueately :

il
v
-l
—
v
A\
€
S~

09

7]

1l
3}
|
—
A
A
'GE
~
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This is a systenm with two sinple reel decaying time-constants,
Perhaps it is intercsting to consider on electrical analogue 3 I take
an L-C resonant circuit and danp it by putting a very small resistor

acrcss it

Nearly all the charge in the ccpacitor disappears very quickly,
with time-constant RC. On the other hand the currcnt in the inductor

Wwill continuc to flowfr a long tine, the timc~constant being L.
a R

In our casc any phase error of the bean ncarly all disappears
very fast, becausc of the strong feedback : this justifies the cxpression
phasc-lock for such a systen, On the other hand any radial displacerment
of the beanm tends to persist with 2 long tine~constant, because the
feedback results in there being only a very smell A¢ to move the bean

across the chanber.

On the basis of (6), (7) and (8) and o table of Laplace
transforms the response of A¢ or AR to an inpulse or step-function

in Q4 can very easily be written dovn if one wants then.

The fact that nost of the transient in 4¢ 1is very bricf

is particularly intcresting fron the point of view of the noisc problem,
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With the equations we have used there is no linit to g,
but in practicec thore will be delays ond phase-shifts which must be
taken into account at high frequencies, and locked =2t in relation
tc the stebility mergins of the system. This has been done by Schnell
(Ref. 4). There is onc very intercsting point about this : for frequencics

substantielly above w one can, in good &, proximetion, neglect

P
2 . . g " 1
Wey in any o the cxpressions that we have used, 2nd, in particular,

in (5), the loop gein, which becones :

gD

this does not contain any reference to the properties of the bean,
So the problenm of the stability of our phase-lock servo in the high
frequency region wherc the deleys and phase-shifts in f4  begin

to enter is Jjust thce same whether woe servo onto the beam or servo
onto sone other RF signal. In the CPSy things arc arranged so that
when not scrvocd onto the bean one is servocd onto the programne

RF instcad,

The fact that onc has to ncke o systcen with reasonable
stebility norgins docs of course nean that £+ must be made to fall
off suitably ot high frcquencies, and scts 2 linit to how big one

can nake it at low frecuencies.,

Onc nust adnit that the high frcquency part of the
transient response, if one writes it down on the basis of £
being a constant cocfficient without {requency dcependance or

phase shift, will certainly be completely misleading in practice.
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Since we are soon going to .add anothcr loop, and want tc evoid
too much conplication, we shall write dcwn the "mediun-freouency"
approxination to some of our expressions, This is donc by assuning 2
large ond telking only thce niddle ternm of our denominators. Then (6)

and (7) becoie :

( o _ __pyi___~1
v 1+ L
© nediun
frequencies (9)
AR Pz ___ x> b _
( Q1 "1+ Lyps B1 P

With 4 >> W this approximation is good over o wide band

centred (logarithmically) on Gy -

2.3 _Phase-Look with Radial Position Foedbao

ile have shown that phase-lock, with as high os possible o
feedback cocfficient f1, is good from the point of view of noise, but
we 3till have to do something about rcducing the response of 4R to zero
frecuency or very low frequency perturbations in ¢, This is done by adding

a radiel scrvo loop.

Let us look at things physiecally for 2 moment, Suppose
we detect a non-zero 4R (say positive) and want to bring th: beam
back to AR = O, To ¢o this we shall have to give the beam a bit less

acceleration for a whilc,

There arec only two reasonably direct ways of doing this,

and both were considered for the CFS :
- a) Reduce the RF émplitude,

- b) Change the &g,
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discuss,

to change A¢

is fed in at the point marked A on Fig, V.

First it is convenient to draw the phase-lock systen

radial loop open, arranged in a different way from Fig. V.

The second is the one we use, and the only one I shall

Since we already have a phase servo, the way chosen

with a radial error signal, with some coefficient g2

Vg vE

Programme
error f)
e
A(PRef +; Ha
- | ﬁ1 "'-‘—'-(\/
(o1 N
Ha
Figure VII
The transfer function from the input A4A¢ to the

output AR 1is :

e call this Hp because we are going to treat it

as the forward gein of the radial loop.
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Now clase the rodial locp

per i aR
> "R >
W
< 2 < K<
Radial signal

rceicrence

The open-loop gain of thig redicl loop we look at first,
for. if it is large we can use the, lorge-locp gein approximation,

which is convenicnt ¢

In the DC case, zero frequency, p4 is zero and

1
Hz: is = 5 » 80 we have

1
Pz by =~ P2 L1 3

One scoes that Pz will need to bo switehed from positive
before transition to negative after, because a 1is negetive before,
positive after, This is physically cbvious when one goes back and

o

considers what is the purpose of fz.
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Let us check whether this zero-frequency open-loop gain of
the radial loop is in fact largs. Working for the nonent in millinetres

and kHz, the CPS phnose-lock loop has approxinately
f1 = 50 kHz/degree

And the radial error signal is fed back with 2bout :
B2 = 2 degrees/mn

80 f1 B2 is gbout 100 kHz/mm. The bunch-frequency change with
radius, a, is biggest at injection, where it is about : 1 kHz/mn,

So we have DC open loop gain radiel ~ 100 at injection.

It is more (because & is less) ot other energies, and,

in particular, tends to infinity es transition is approached.

This very well justifies working in the approximation
that radial loop pgein is high at zero frequency. You will remember
that we had, for programme errors, before closing the radial loop ¢

DC LR
Radial loop opcn Q7

Closing the radial loop we just divide this by the radial

open loop gein and get :

DC AR __1__ !
Radisl loop cilosed Ay = B Pz 1 rm/100 kHa

independent of =a.
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The radisl open-loop gain (9) in the nmedium frequency

regicn becones, ¢

If I put in p = jw. and the numbers, and caleculate
the w at which this falls to 1/j I find at injection an w
correspon¢ing to about 2 kHz, which is fairly well below the
synchrotron oscillation frequency. At higher cnergies, except

the immediate neighbourhood of transition, this is even more true.

Thus the  open=-loop gain of the radiasl servo is small,
and it has little effect on the behaviour of the system, except

at the very lowest frequencies where we need it.

- As one may suppose, the radial response when we try
to change radius is slow with this system (order of 10 ms time-constant
at top energy). This is less of a disadvantage than one might guess,
because there is risk of overloading the system if one tries to move

the radius too fast. 5 e

Supposc I put 20 mn  into the radial rcference : the first
thing that happens is that P pof Junps 40° and pretty soon after
Lp servoes onto this and the beam starts moving radially at a rate
determined by the RF working at L40° away from stable phase,
Evidently thc physical limits mean that we could not go much faster
(especiclly if it is towards the outside). So there is not much
intercst in considering trying to get & faster time-constant in

the radial rcsponse.

H, G. Hereward
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