
OPEN·AND CLOOED-LOOP PROPERTIES 

OF AN R.F. ACCELERATED BEAM 
~· ~~~-~-- .. ---·---

by H. G, ·. Hereward 

1. OPEN-LOOP PROPERTIES OF AN R.F. ACCELERATED BEAM 

.. .... . 

.. ) . . I .. ~ -., 
.( .. '-,, ---~ u '~ .. : ·-f 

I •••. · ' l - l 

We are goin~ to look at varioua forms of beam-controlled 

acceleration. To do this we pu~. the aystem of beam plus R,F, field in 

the form of a possible element in a servo-system, with some inputs 

and outputs. This element is the part that we cannot easily change : 

the: servo-systa!ll na·s .:to 1Je designed arq~. it .... 

For outputs we shall take ,.detectable quantities Llq> , 
• phas~ ·Of. R •. ;F,: relu.tive to. .beW1l, .E!Jld AR i be£l.Ill ri;idial displacement • 

. . ,,· •' 

For. :i.llP.~1;s .. on~ oan consider the t~gs that affect 

t~e ~~ce.ss, of ac~l~~~~;on 

* 

0 1 deviation of frequency programme from ideal 

valub' (correctiy linked to B) • 

. V peak acoalerati.na volts (per turn, say) on the 

ca.vi ties. 

v• volts appropriate to the rate of rise of field. 
B 

Betatron osoi1J.ations are disregarded. 
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We shall only considern1• The others are of interest, 

particularly as one ought to study the effect of perturbation in 

them, but let us concentrate first on our basic servo-system 
which uses onlyS11 as input point (Ref 5). 

We can linearize and simplify the equations for the 
synchroton motion to : 

d iG l:icp a ~.a + n,, 

, 
d dt Ai =·l:A!i 

The quantities a and b are interpreted as follows 

(see fig I). 

Particles at AR say positive have higher energy than they 

would have at ~R = 0. They go round the machine faster and tend 

to arrive earlier, if we a re below transition energy, conversely 

if above. This means a changes continuously from negative, before 

transition, to positive after. 

A~ .,. C. 
p Before transition 

Phase stable 
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A :R. .,.. C.p 
After transition 

Phase stable 
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One knows that equations like (1) have bounded oscillating 

solut'.ions if a and b are of opposite signs (otherwi'se the particles 

go rapidly to infinites). So we make b changes dis~ontinuously. 

a b 

Transition time Transition time 

This is done by suitable choice of operating point 

cos <p s + 

3Cf 15<1' 

1.2 Freg~.E_cy Tolerances 

One reason beam control was· designed for the CPS right 

from the start is the question of frequency tolerances, so let us 

look at them. 

Suppose 0 1 ~ 0 is constant, and we look at the 
• • 

possible steady state condition 6R = 6<p = 0 
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" What does this mean quantitatively ? If we are well above 

· transition, a a.rises ,just from circumference considerations, With mean 

1 -4 radius 00 m, +. 10 frequency error will. make - 1 cra displacement, 

One does not need to be terribly close to transition for 

the situation to be say 10 ti.mes worse : 
~ 

' ' I •, ; ~ 0 = 1 0 -1i -+ 6 R 1 cm 

It is difficult to be more precise on this point : to put 

the equations in the form we have them and to make simple arguments about 

the way they behave, wo have to treat the coefficients (a, b and the 

more fundamental quantities from which they are derived) as constants, 
* This is not too bad if they ohange slowly, but near transition they 

change fast. I a.m not sure that anyone has really calculated what 

frequency tolerances would make it pos~~ble to pass transition without 

beam control, but there may be something in the early literature, 

A qualitative picture of what happens at transition 

in such oircumstances is shown in Fig. 1 of Reference 1. 

Constant-gradient machines are easier, partly because one 
.. 

does not have to· pass transition energy, partly beoa.us·e their ratio 

aperture / mean radius is much bigger, 

But misleading if you try to calculate the adiabatic damping. 
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l.3 The Synchr~ron Eguations in the Form of Transfer :B.:unctions 

d In the usual way we replace at by* p, or sometimes 

by j w and one can represent this system by 

1----~ Llcp 

----- 6R 
==-

with transfer properties which come directly from (1) 

~cp = ___ f___ n 1 

P2 + w2 
cp 

0 
L1R = ------ 01 

p2+ w2 
cp •, 

) 

'( 2) 

where we have simplii'ied the expressions a little by putting w =~-ab , 
cp 

wcp is, of course, just the frequency of synchrotron oscillations, 

which we oould easily have obtained directly from ( 1) 

* ~ind,2!: : 0 1s for RF frequency and w 'a for frequencies involved in 

the synchrotron motion. 
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·Before considering closed· loops let us just look at some 

of the features of the transfer functions. 

At the frequency w = w the denominn. tors vanish, so one 
• cp 

can have some Llcp and ilR without any input 0 1 • The system has an 

oscillatory transient of constant amplitude, so no damping. The damping 

of phase oscillations which you probably know occurs when one accelerates 

in a proton synchrotron is due to the time-variation of the coefficients, 

which we have dqcided to neglect, and does not appear in the transfer 

functions. 

In the limit of low frequencies, w ~ 0 , one has 

DC characteris.tios 

; llcp ~ 0 

LlR, ~ b 
01 

2 
wcp 

coITesponding to whnt we already mentioned in connection with the RF 

frequency tolerances. One can see from (2) that (3) is also in good 

approximation true for any frequencies of perturbation low compared 

with "'q;• 

We may also look at the resFonse to a unit impulse 

·· ·. (delta function) in n 1 • Since the Laplace transform of the unit 

~pulse is just 1, all we need. to do is look up the inverse 

Laplace transf o.rms of : 

PS/41+97 

µ 1 = ____ f __ 
2 . 2 p + tu· 

cp 

and µ2 = b 

(3) 
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so we find the response 

fiR = b sin w t 
Wcp q: 

To understand this it is only necessary to see what is 

the physical interpretation of a unit impuls~. in 01, We jump the 

frequency n1 to infinity for zero time, in such a way that the 

integral is 1. This is just equivalent to jumping the phase of 

the RF system by one radian. 

A 

RF in RF out 

A = one radian phase advanced no faro:c:: 

~e III 

Thero is no instontaneous effect on the protons, 

so they find themselves suddenly one radian away from ~ and 
s 

start oscillating freely from this initial condition. 

A unit stop function in n1 can be dealt with by the 

usual techniques too. It also results in undamped oscillations, 

and the only other interesting fa.ct that it discloses ia the 

DC shift in LiR which we have already calculated twice, 

Clearly one would ·lik:i to have a beara-control systcra which 

eliminates these unclo.r.~ped transients, One reason for this is because 

our equations of r.iotiqn.are not, in fact, linear ; conseqwmtly such 

oscillations of tho bunches as a whole will in tine bo converted 
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to oscillations of tho pc.rticlos vrithin tho bunch, so increasing 

th0 phn.ac:-sproad and energy spread of the beam. 

The lc~st thing I want to aontion bof·or0 considering a 

closed loop system is tho question of noise. Suppose 01 conto.:ins 
* noise it is, I think, physically obvious that c:. syster.i 11hose 

transient i 1 csponse is o..n undamped sinusoidal is bad from the point of 

view of response to noise. The noiso .a.rising in llilY short interval 

of time will' producu a trcnsient which lasts forover, and all later 

noise will add statistically to .it, so the arapli tud.e can be expected 

to increase with time without lini t. So one. would liJ{e to . produce 

a syster.i in ~'fhich the transient response is rapidly danped, so that 

noise would only build up the nraplitudc to some finite level, for 

at any instant of tine only the recently-arrived noise would be 

effective, 
.. --· ·· ... · - .. - ··-· ·- .. -~· · · ... ·· 
It is perhaps worth rer.m.rking that a clol ta function 

(unit ir.lpulse) has a uniform Fourier spectrur;:i, tho saoe as ho.s 

White noise ; so tho transient response tv a delta function can 

in fact enable one to calculate rathe:r·diroctly the response to 

white noise. More a.bout noise without bca.m control is in Ref. 2. 

2. CLOOED-LOOP PR.Ol-~RTII:S OF .AN RF J.;.CC1~L .llA.TED B~1 - ---·· ..... ·-· ... ~~·-...... ... ..-- --··- .. -- -- . ~ ..... _.... ___ ._ , •. _.~---
. ' 

2 .1 JEP.9:.-:1>.as>J~f.z:o.°--~-~~EJ:~ . ..EO.§..:i:, tio~L o_f _j,11,~j>_SE.r.1 

T~e first closed loop systen that I shall consider is a 

type which we do not uso on tho CPS but is tho first type to be 

proposed o.nd used on a synchrotron (Ref. 3). 

* Noise on 0 1 r:icans, · of course some rtmdon F.l!i, of the. accolcrntion 

frequency procra:.iruo ; this is not the sc;.rac as a noiao vol ta.go on 

the caviticn in addition tv tho RF sinusoid. 
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If the main thing that worries us is the big radial 

excursions that result from small errors in the frequency progranune, 

the obvious thing is to servo the ra.dia1 position of th<:! bean. 

0 e + 
-----'ltiVl----~------- -- -:... 

+ 

{J 

+ 

Radial rof erence 
signal 

The radial position of tho bean is compared with some 

reference vo.luo (which mo.y well be zero if we want to accelerate 

in the middle of the aperture), and the difference is fed back in 

such a way as to change the frequency, There arc many ways of dravring 

the diagram for such a set-up : note that (to avoid changing the 

formulae that we a.lready have) we have kept 01 to mean the frequency 

error applied to the beam and introduced 0 for the error of the 
e 

frequemcy programme, 
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The radial error signal lR thJ.t we detect and cor.i.pa.re 
I 

and feed back is of c ~JUrse the average over the incliviCJ.ual protons 

in the ~eon, and it is only this avercgo beheviour that we sh~ll 

be n.ble to influence directly ~· by .tho servo-syster.i that we consider. 

Tho response of 6R to progranun.e errors 0 e for this 

closed-loop systcn is given by the usual formula 

(4) 

where we hllve b and where fl is within practicoJ. linits, µ2 = --------
p2 + w 2 

whatever we care to raake it 

'. ... . - ... ._ .. .. 
It is ':cleo.r that to improve the situation with respect to 

progra.iiuae frequency tolerances we must have a high open-loop gnin ~ µ 2 

at least for all low frequencies (low conparod with w ) ' so one has 
cp 

the usual approxiracte relation for systems with high open-loop gain : 

To give an exainple 1 one raight tm.ke {3 such. t .hat AR 

is, r.ay, 1. om for o. prograr.une :frequency error of 1 %, so giving 

reasonable: frequency tolerances. 

"' We already mentioned tho.t the phase-spread and energy-spread of particles 

around the average can be influenced indirectly (by way of the 

non-lineo.ritics) : adversely by transients, fnvourn.bly by a beam 

control system that supprosses transients. 
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Working for the oooont in re.U..ativc units for 0 etc., 

we have then to r.mke : 

We hnvc already seen that for low frequency components 

in the perturbation., we have : 

1 Ctl 
µ = -----

; ..... 10-4 

(at high energies., ruid 
more noa.r transition) 

So the open-loop is a hundred or moro for a useful 

value of {3. )Vha~ is the transient response of such n systcn? 

Putting our oxprossion for · µ 2 into ( 4-) we get 

b 

p2 + w2 + fb 
<p 

If p is just a. simple coefficient ono can 

oonvez:ri.ently :write thus : 

with cu2 = w2 
r <p 

+ pb 

b 

p2 + cu2 r 

This is of tho samo f oro as we had bef orc we chosed the 

loop (2)., but with a highor apparent resonant frequency, 
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Vie have seen that ·:to get anything useful out of the 

feedback we nu::it hnve ~µ2 large cor.:iparod with one nt low frequencies 
2 

and this araounts to saying f3b large conpared with w(fl so the 

eff0ct on tho transient behaviour is just to raise the free oscillation 

frequency of the systel'.1 froo (I) to w , and this will be a substn.ntial 
tp r 

factor. The feedback has not altered the fact tbat the transient response 

contains an unclanped oscillation, and docs not help with respect to 

the noise probleo nor the other bad effects of transients. 

We are very ouch in the situa.tion of sooeone who does not 

like the elastic oscillations of a r.iechanical systen, so they 

add a more powerful spring to the existing one : this increases 

tho resonant frequency, and makes the systen ouch stii'for against 

DC or low-frequency forces, but docs not produce any dru:iping. 

Evidently it would be interesting to consider the case 

where the transfer function fJ of the return path is ooro complicated 

than a sir.1ple constc.nt coefficient : iii particular, one night put 

an integration in : 

this means the focdbc.ck go9s to infinity at zero frequency, and, ns 

is well known, reduces to zero the DC error liR associated with 

a DC or step-function in 0 • 
0 

The stability and transient response of Fig. rJ' 

with this typo of p is t'.n interesting c.xcrcise in servo-theory 

but we do not havo tine to cliacuss it hero. 
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We now consider a systen in which we neasure 6cp 1md feed 

this back into the Ttli' frequency, so our block diagra.w bccones 

+ ' I 

, 

/31 ... 

A 

- J µ 1 - -- --------.:-, -·- -µ2 --

•.,· 

We look first at the open-loop gain, which is 

= .i.1P __ _ 
p2 + w2 

qi 

-
- 6R 
r 

One seos irlr.led.iately tha.t (unless we include a. stage 
-1 

(5) 

of integra.tion in f3, to r.10.ke fJ go to infinity like p or fa.ster 

as p approaches zero) this quantity /31 µ 1 ~ 0 as p -+ o. 

So this forn of feedback cloes nothing about our problem 

of DC frequency tolerances the ~~ at DC is just as bn.d as it was 
ne 

without the feedback. 
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BGf·:::>re n.bandoning phase lock on tho so grounds, let us · 

look at the transient response cf this syster.i. One finds very easily 

---~1- = 
1 + {31 µ 1 

= __ jl_~---- = 

1+(:J1µ1 

_______ ;e ______ . 
2 2 

p + /31 p + w 
cp 

b --------------:? 
p2 + {31 p + w· 

9 

Now these are interesting, a.s we have managed t·o introduce 

(6) 

( 7) 

a p tero into tho O..enorJinators, .rind this changes the eha.ra.etcristics 

froo those of o. resonator without dnnping to those of a dw.ped resonator. 

We can, and in the CPS phase-lock syster.i we in practice do, nakc /31 
large enough to have this dc.nping auch stronger than critical daoping. 

The condition for this is /31 >> w 
cp 

Tho CPS phase-lock syster.i has P1 about 2.107 s - 1 

while wcp is nover higher than 5 .1 0
4 

radians/ sec, so this is very 

largely satisfied. 

Uncl..er these conditions we can factorize this denor.1inator 

with approxi1.12..tely 

PS/4497 

p2 
+ (31 p +w

2 = (p + 0:1) (p + O:z) 
Cf 

(>> w ) 
cp 

(« (Al ) 
cp 

(8) 
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This is a systeo with two si:.1plc; rec.l clGco.ying tine-constants. 

For haps it is intorusting to com:.idor a.n electrico.l :ma.loguo : I take 

an 1-C resonu.nt circuit a.nd. danp it by putting n very sn.:i.11 resi3tor 

across it : 

1 ~ · c 
R 

f I 
;E.~£2_.n 

Nearly all the charge in the cc.p~citor disappenrs very quickly, 

with tine-constant RC. On the other ha.ncl tho current in the inductor 

will continue to flow fbr o. long tine, the tiDo-constant being L. 
R 

In our case o.ny phc.se orror of th<:: bco.:"1 nonrly 1111 disappears 

very fast, because vf the strons feedback : this justifies 'the expression 

phase-lock for such o. syston. On the othor hand 311y r~dicl displaoenent 

of th~ bean tends to porsist with a. long t:i.rJo-constnnt, because the 

feedback results in there being only a very snc.11 bcp to nova the bellf.l 

across the cha.r.1ber. 

On tho basis of (6), (7) and (8) and c. table of Laplace 

transf onaa tha response of ~<p or bR to an iapulso or step-function 

in n 1 can very ea.sily be written clovm if one wants then. 

The fact tha.t r.iost of the transient in Licp is very briof 

is i'articularly interesting froo the point of view of the noiso problem. 
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Vlith thu oqua.tions we n'lvo used there is no linit to (J 1 

but in practice there will be delays c.nd phase-shifts which [IUSt bo 

ta.lrnn into account at high frequencies, 11Ild l ooked. c.t in relation 

t c thv stc.bility nl'..rgins of thu systo1.1. This hc..s b e en done by .Schnell 

(Ref. 4). There i:::; one vury interesting point ab out this for froquencios 

substnntie.J.ly above one can, in 5ood ~~d)roxir.:c.tion, neglect 
2 

wcp in any o:i."' thG oxpr•cssions that we have u;Jod., '."'..nJ., in particular, 

in (5), tho loop gain,. which bocor.10s : 

this docs not contc..in any re;ference to tho properties of the been. 

So th0 problon of tho stability of Jur phase-lock servo in the high 

frequency region ·,-;here tho dolc.ys and ph'1.se-shifts in (31 begin 

to enter is just tho s.:>..r.1e ·.vhe>thlilr wo servo onto tho boon or servo 

onto sono other RF signal. In th0 crs·; things aro arranged. so that 

when not sorvocd onto the bcc.r.i one is servcicd ·.Jnto tho progr.'.l.ono 

RF instead. 

The fact that one hc..s to nr:.ke r.. systor.1 ·11i th reasonable 

stability r.ic..rgins cloc.::::; of course oean that [, 1 nust be no.de to fall 

off suitably r.t hit:;h froriuencies, r.nd sots o. linit to how big one 

Ono r.ms t ad.r.1i t the. t the hit~h fi~o quency po.rt of tho 

transient response, if ·.Jne 1wi te:::; it tlmm on the bnsi~. of {J 1 

being a consto.nt coofficiont without frequency Cl.opend.::mce or 

phase.: shift, nill certainly be conpletoly uisloading in practice • 

. . 
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Since vie arc soon goinG to .add ;>.nothcr loop, C'..nd W:?..nt tc r:nicl 

too ouch con11licntion, we shc.11 ·7rito rlcwn tho "mec_iWJ-freq_uoncy11 

a.pproxir:1.".tion to so~.1e of our expressions. T~is is Cl.one by assuoing /-; 1 

large c.nCl. takin5 only the: r:iicldle tern of '.)'Ur (ienooino. tors. Then ( 6) 

and ( 7) bccoae : 

r.1cdiun 
frequencies 

( 

( 

Llcp = 
o-;-

= __ jl_~---- : _.E__ 
1 + P1 µ 1 P1 P 

"Hi th (. 1 » ~ this o.pproxir:w. tion in {Sood over a. wido b'lnd 

centred (logarithrJically) on ~ • 

, .. 

'fie hri.ve shown tha.t ph:lse-lock, with c'.s high L~s possible c. 

fucdbu.ck coefficient f5 1 , is good fron th:J point of view of noise, but 

(9) 

we still ha.ve to do sooething about rociucin1.3 thc·J response of LiR to zero 

freq_uency or very low frequency perturbr .. tions in 01 • This is done by aclU.ing 

a radic.l s8rvo loop. 

Let uc look at things physically f :)r o, ;:101.1:.mt, Suppose. 

we detect n non-zero LiR ( sa.y r:·osi tive) and want to "bring tlv beam 

bo.ck to LiR = 0, To c1o this we sh1ll have to c;ive tho bear.1 a. bit less 

acceleration for o. ·;1hilc. 

There ere only two reasonably direct ways of doing this, 

and both wore consiuer~d for the CFS : 

- a) Rociucc thu RF t~'!lplitude, 

- b) Change the wcp • 
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The second is the one we use, antl the only one I shall 

discuss. 

Smee wo already have a phase servo, the way chosen 

to change Cicp with a radial error signal, ·nith some coefficient p2 

is fed in a.t the point narked A on Fig. V. 

First it is convenient to draw the phase-lock sys te ~1 

radial loop open, arranged in a different way froo Fig. V. 

flcpRef + 

Programme 
error n e 

µ1 ___ ...i...;_ ___ ~ 

,.., 
t----',.,~ Y"t----4- - - - - -............ ..... 

~guro Y.,II 

The transfer function frora the input Llcp to the 

output b.R is : 

Y!c call this µ R because we are going to treat it 

as the f orwo.rcl gain of the ra().ial loop. 
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Raclicl. signal 
rcforcncu 

The open-loop ~ain of thi~ rctiicl loop we look at first, 

for . if it ia l:irgo we can · use tho . lc:.rge-locp gcin approx~tion, 

which is convenient : 

µ 2 . is 

In· the DC co.so, zero froquency, µ 1 

1 
- - , ao wo have : a 

is zoro and 

One SOOS ·that {32 will need to be switched froB positiv.::. 

before transition to nog~tivo o.ft~r, b0cause a is n~3ativc before, 

:i.:iositivc; after, This i:.:i physically obviou3 when ono [;•Jes back nnd 

consiclors whC1.t is the purp.Jse of (52 , 
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Let us check v1hother this zero-frequency open-loop gain of 

the radial loop is in fact large. Working for the r.10uant in ::iillinetrcs 

and kHz, the CPS phn.se-lock loop has o.pproxinately : 

fJ1 = 50 kHz/d.egree 

And the radial error signal is fed back with ~bout 

{32 = 2 d.egrees/rm 

so (11 /32 is about 100 kHz/mr.1. The bunch-frequency change with 

radius, a, is biggest at injection, where it is about : 1 kHz/mo. 

So we have DC open loop gain radial - 100 at injection. 

It is ::iorc (because a is less) at other energies, and, 

in particular, tends to infinity as transition is approached. 

This very well justifies working in the approximation 

thnt radia.l loop 13ain is high at zero frequency. You will remember 

that we ho.d, for progra.r.u:ie errors, before closing the radial loop : 

DC ~R 1 
Radial loop opon 5-; = a 

Closing the radial loop we just divide this by the radial 

open loop gain and get : 

DC 
Radial loop c_~osod 

CiR __ 1__ - 1 nm/I 00 kHz 
n~ = f31 /32 

independent of a. 
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The r udiel open-loop gain (9) in the n0dium frequency 

r egjcn bec or.ms , : 

If I put in p = jw . and the nur.ibors, o.ncl calculate 

the w at which this falls tci 1/ j I find at injection an w 

corresponc~ing to about 2 kHz, which is fairly well below the 

synchrotron oscillation frequency. ht higher energies, except 

the ior;1eclinte neighbourhood of transition, this is even more true, 

Thus the · open-loop gain of the radial servo is small, 

and it has little effect ·:in :the behaviour of the systc::1,. exce;pt 

at the very lowest frequencies where we neecl it • 

.. · · '· .As· one i;iay suppose, the raclial response when we try 

to change radius is slow with this systcr.i ( orcler of 10 rJs tine-constant 

at top energy). This is less of a disaclvantagc than one might guess, 

because there is risk of overlonding the system if one tries .to move 

the radius too fnst. . . 

Suppose I put 20 r.1r.1 into ·the ro.Cl.ial reference : the first 

thing that hn.ppcns is that qi f junpa 40° and pretty soon after re 
6cp servoes onto this and the berun starts rloving radially at a. rate 

cletorminod by the RF working at 40° away f'ror.1 stable phase. 

Eviclently tho physical limits nea.n that we cou1.cl not go much faster 

(especic.lly if it is towards the outside). So there is not nuch 

interest in consiclering trying to get a. faster tir-.ie-consta.nt in 

the ra~ial response, 

H.G. Horcwnrd 
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