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The electromagnetic production of pions on the nucleon has long been stud-
A Dynamical Model of Pion Photoproduction on the Nucleon ied since the publication of the pioneering work by Chew, Goldberger, Low and
s Nambu (CGLN).! Extensive work during these more than thirty years*~!7 indi-
cates that, below 500 MeV incident photon energy, the dominant mechanisms of
the YN — « N reaction are the Born term (arising from minimal substitution
in the #N Lagrangian) and the A excitation, as illustrated in Fig. 1. At the
same time, and quite separately, much progress has been made at describing
purely hadronic systems. Here the strong interactions make it less appropriate
B. Blankleider to use lowest order contributions. Thus the emphasis has been on a careful treat-
Paul Scherrer Institute, CH-5232 Villigen PSI, Switzerland ment of multiple scattering, and therefore unitarity. A prime example of such
an approach is given by the unitary models of the 7 NN system.!8=?2 Until very
recently, little attention has been given to extending these multiple scattering
formulations to include coupling to electromagnetic interactions. In this paper
we present a calculation of YN — wN that incorporates # N multiple scattering,
(Submitted to Phys. Rev. C.) and therefore forms a first step at combining these two traditionally different
areas of nuclear physics. Starting with these well-studied models, we will con-

S. Nozawa
TRIUMF, 4004 Wesbrook Mall, Vancouver B.C., Canada V6T 2A3
and Paul Scherrer Institute, CH-5232 Villigen PSI, Switzerland

T.-S. H. Lee
Argonne National Laboratory, Argonne, Illinois, U.S.A.

struct a dynamical model which has the following features: (1) It is unitary and
gauge invariant, (2) It can describe most of the existing yN « 7N data below
500 MeV incident photon energy, (3) It relates the electromagnetic excitation of
the A resonance to the chiral/cloudy bag model® of hadron structure, (4) It can
be straightforwardly included in the current # NN models'®*~%? for investigating

ABSTRACT

Pion photoproduction on the nucleon is investigated using a model Hamilto-
nian defined in the channel-space H = TN@®ny®B with B = A and N. The basic
electromagnetic matrix elements are deduced from the low-order Feynman am-
plitudes calculated from a Lagrangian describing interactions among v, 7, p,w, N
and A fields. The 7N interaction is described by B «» 7N vertices, and a two-
body separable potential. A scattering formalism is introduced to assure that
the constructed pion photoproduction amplitude is unitary and gauge invariant.
The wN parameters are determined by fitting the phase shift data up to 500
MeV incident pion energy. The remaining three free parameters of the model,
cutoff A for the form factor which regularizes the Born (non-resonant) terms,
G and Gg for the YN « A vertex, are determined by fitting the M;4(3/2) and

Ey,(3/2) multipole data. The resulting E2/M1 ratio of the vN « A excitation analyticity and crossing symmetry to express the photoproduction amplitudes
in terms of 7N scattering amplitudes and the Born terms calculated from a

intermediate energy electromagnetic interactions with two- and many-nucleon
systems. The paper will give a detailed presentation of how (1)-(3) are achieved.
Although (4) will be established theoretically, its numerical consequences will
not be discussed here.

In order to see the main features of the present approach, it is necessary
to briefly review the previous theoretical studies. Basically there exist three
main approaches. The first one is the extension of the CGLN model based on
the dispersion-relation formulation. It makes use of the properties of unitarity,

is —3.1%. The model provides a good description of the existing cross section
and polarization data for yp — #*tn, yp — 7°p and yn — 7~ p up to 500 MeV
incident photon energy. The importance of unitary in extracting the basic pa-

Lagrangian. The development peaked in 1967 with the publication of three
papers by Berends, Donnachie and Weaver.? In general the dispersion-relation
approach can account for the main features of the data. Its main difficulty is
to describe = production data above the A-region. The results of Ref. 2 and
earlier works were reviewed by Donnachie.?

rameters from the data is demonstrated explicitly. It is also shown, that within
the present unitary model, the m N off-shell effects can account for up to 50% of

the cross section. This calls into question those models that only use Watson’s . . . .
! Y The second approach is the effective Lagrangian method which utilizes Chiral

symmetry. By gauging a Chiral Lagrangian® to include coupling to the electro-
magnetic field, the pion photoproduction mechanism is calculated with perturba-

theorem to impose unitarity. The model is consistent with the existing unitary
7NN models, and hence can be directly applied to study pion photoproduction
on the deuteron and heavier nuclei.
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II. The basic pion photoproduction mechanisms

Following earlier studies,! "' we assume that the main features of pion photo-
production can be deduced from an effective Lagrangian describing the interact-
ing fields of the nucleon (yx), delta (¥4 ), pion Qv.v. p meson (p*), w meson (w*)
and photon (A4*). We note that here the A is a stable bare particle that later
obtains it’s empirical mass and width by dressing with pions. The interactions
involving 7, p and w mesons are identical to those considered by Olsson and
Osypowski,® and therefore take into account chiral symmetry. To describe the
electromagnetic coupling of the A, we use the formalism of Jones and Scadron.®
Our interaction Lagrangian can be expressed as

Lint = Lpv + Loy + La. (2.1)

The first term, Lpy, contains the 7N pseudovector coupling contribution, to-

gether with related electromagnetic interactions. Using the conventions of Bjorken
and Drell,?® we have

Lpv = Lann + Lynn + Loyer + Lyann, (2-2q)
where
Lavw = L5 ey, Fyn(e) - 049(z), (220
— 1
Lown = —eaf (@) {(—52A)
1+ Kp 1- o v :

G52+ ()5l 0 A (@) o (a), (2:2¢)
Lonr = eof[0u8(@)]T x F(2))s4*(2), 2.2d)
Loeir = —¢0 2 (@)y7,7 x B (@) 44(2). (2:2¢)

The second term in Eq. (2.1), £, describes the interactions involving the vector
mesons. Explicitly we have

h\.2 = N..SZZ + hEZZ + hES + hia\f Awwﬁv
where
— K L.
Lown = funn (@) + 52087 FH@)vn(e), (230)
5

— K
Lon = Fonnon (@)1 + 5,0, 0 )3 (2)bn(2), (2.3¢)
my
Loy = B0, 507 4 (2)§(2) - 075 2), (23d)
Lony = .wms €aprs O AP (2)$3(2) 0w (). (2.3¢)

The last term of Eq. (2.1), L4, involves the A-excitation. It is given by

La = Lrna + Lyna, (2.4a)
where
Lona = @s Pa(z)Tn(z) - 8,6(z) + h.c., (2.4b)
Lona = ieoPa(2) T uyn(z)A(2) + hec. (2.4c)
with
t 2 i ..
m.,.. N._u. = W%Q - Mm&.»ﬂr; As..w.\a = .—‘M.wv Aw&&v

In Eq. (2.4¢) T, i1s a yN « A vertex which we discuss later in this section.
In Egs. (2.2)—(2.4), the isospin operator 7 is the usual 2 x 2 Pauli operator,

while T is the N — A isospin transition operator. The charged fields of the pion
are defined as

bs = ﬂwa_ * i¢y), (2.50)
$o = ¢3. (2.5b)

Note that this convention differs from that of Bjorken and Drell by a (—) sign
for the ¢4 state. Accordingly we define

1 .
Ty = F—=(n1 £ imy), (2.6a)
V2
To=T3 (2.6b)
and hence
M.&.Hﬂoﬁolﬂ|&+lﬂ+s! 2.7)

This choice, more conventionally used in nuclear physics, makes the pion field
a usual spherical vector and allows us to calculate isospin matrix elements us-
ing standard tensor algebra, as given, for example, in the book by Brink and
Satchler.?” Similar relations are used to define the charge states of the p meson.
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pions on inclusion of final state interactions. The A-excitation vertex is used in
calculating the diagram of Fig. 1(g).

Egs. (2.8)-(2.10) define the basic pion photoproduction mechanisms on the
nucleon. Apart from the A excitation parameters G (0) and Gg(0), all param-
eters are taken from the literature and are listed in Table 1. In the next section
we will show how the current matrix elements defined in this section are used in
defining the model Hamiltonian in terms of only the pion, the nucleon and the
A degrees of freedom.

III. YN — 7N scattering equations

Although we restrict our attention to photoproduction off one nucleon, this
can be considered a first step at extending the unitary models of few-body
hadronic systems!®~22 to the electromagnetic sector. With this in mind, it is de-
sirable to derive scattering equations for photoproduction with the same methods
as used for the few-body models. Motivated by the # NN formulation of Refs. 18-
20, one such derivation has been given by Afnan and Araki'” using diagramatic
techniques. The resulting equations have sometimes been used in the past,'%!!:!4
but usually without explicit proof. Here we present an alternative derivation
starting from a model Hamiltonian. The present work is closer in sprit to the
Haniltonian formulation of the # NN system developed in Refs. 21-22.

We retain four explicit channels, 7N, YN, N, and A. States with a higher
number of pions are implicitly taken into account through potentials. Thus our
Hilbert space can be written in terms of direct sums of channel subspaces

H=S®~N, (3.1a)
S= ) nN@B. (3.1b)
B=N,A

Subspace S describes pion nucleon scattering without coupling to photons, and

needs to be discussed first. The assumed model Hamiltonian in this subspace
takes the form

Hs = Hy+ H; (3.2a)

with

Ho = \ &k B, (Fyala; + Y \ df En(5) blgbsa. (3.2b)

B=N,A

Here mm and &wm are respectively the creation operator of a pion with a momentuin

-

k, and a baryon B(= N or A) with a momentum p. All spin-isospin indices are
suppressed here. We define E,(k) = (Mu +m2, Eg(p) = \/p? + mig with mep
being the bare mass of the baryon B. Strictly speaking, however, Eq. (3.2b) only
applies to a theory with multi-pion states. Since our Hilbert space contains at
most one pion states, the nucleon in a 7N state will not be explicitly dressed.
For this reason, we use the physical nucleon mass in Eq. (3.2b) for all states in
subspace TN.
The interaction term is written as

Hi= % ([ d5dpdk albl.bss fons(k, 5", 5)
B=N,A

10
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although during the collisions the system can be off its energy-shell. It is certainly
not a covariant field theoretical formulation. As is well known, this is at present
an unavoidable approximation for "deducing” from a field theory a practical
model which can confront experimental data. Our next task is to find a way to
implement the electromagnetic interactions, defined in Sec. II, into this ”three-
dimensional” formulation. For this we’ll use gauge invariance as the guiding
principle.
The electromagnetic interaction can be introduced by adding a terms to the
wN Hamiltonian Hg
H=Hs+ H™+ H™ (3.15a)

where HE™ is the free photon Hamiltonian, and

- \%.Eib?y (3.15b)

is expressed in terms of the electromagnetic current operator j,(z). By transla-
tional invariance, the coordinate-dependence of the current operator is trivial

Ju(e) = e F75,(0)e, (3.16)

where P is the total four momentum operator of the system. We now assume
that the matrix elements of j,(0) in the subspace B@nN are the Feynman
amplitudes defined by Eqs. (2.8)-(2.9), evaluated at the on-mass-shell limit, and
multiplied by phase space factors Egs. (C.5). Namely, all four momenta of the
external legs in Fig. 1 are set to be p? = p'2 = m} for the nucleon and k* = m?
for the pion. Note that this "three-dimensional reduction” leads to an ambiguity
in defining the four momentum of the intermediate state if the transition is
off the energy-shell. For example the matrix elements of Fig. 1(a) evaluated
with p§ = qo + En(P) and pj = m%mv + En(p') are different for the off-energy-
shell kinematics. This is precisely the reason why the gauge invariance of the
original Lagrangian formulation becomes hidden and may be destroyed in the
three-dimensional theory if the choice of the intermediate four momentum is not
properly made. We will explain this in more detail in the next section where the
gauge invariance of our formulation will be proved.

With the above assumptions, the Hamiltonian H§™ can be written as
™ = [ dRdpdgdp albh N o (B, 3P )carbsn
+ \%:% dpba SR (P §F)eiabsn

+ [ 47 a5 Agdpcl BB (T 5 T )ensbsn (3.17)
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where ¢z Ao“‘ ,) is the annihilation (creation) operator for photons of momentum
¢ and helicity A, and

mo..a

aZQZQﬁG Qﬂvv = AM§vw~ﬂn=nAMa2vﬁaﬁmVﬁzAm\vﬁwAm‘vwzﬁmv Emca:. Awwmﬁv

FRon(8,TF) = 2x)*Fa(5F)F>(§)Fn(F) M2 (3.18b)

Here MP°™ and M® are current matrix elements which have been given explic-
itly in Egs. (2.8)-(2.9), and as discussed in Appendix C, Fy(k), Fn(P), and Fy(7)
are phase-space factors (explicitly given in Egs. (C.5)) required by changing the
covariant normalization of Bjorken and Drell?® to the non-covariant normaliza-
tion of Goldberger and Watson.® Eq. (3.18b) arises explicitly by comparing
non-relativistic expressions for foy 292 f2 . and fOy 292 f2 . With those using

the Rarita-Schwinger formalism. Here the A phase-space factor is only slightly
modified

. 1 Ea(Pa)+m m
Fa(Pa) = Siu\uﬂ a(Pa) A A

Ea(pa)

) (3.19a)

MSD
In Eq. (3.17), the term v3{ 7\ (§'p’, ¢7') contributes to Compton scattering. Since
it’s effect on pion photoproduction is negligible, we shall not discuss it in detail
here. Note that in Egs. (3.18) a cutoff function F., is introduced to make the
Born term a square integrable operator. It is defined by

>n

Foukn) = (——— 3.19b
t(kxn) A%iwzv ( )

where m:z is the N relative momentum, and A is a cutoff parameter which
will be determined by fitting pion photoproduction data. Here we assumed that
all Born terms have the same cutoff form factor. This is of course not very
satisfactory. It is desirable to associate a different form factor with each vertex
shown in Fig. 1, according to the cloudy bag model. In practice, however, it is
difficult to achieve, since the model will lead to a violation of gauge invariance.
Both gauge invariance and unitarity of our model will be verified in the next
section.

In comparing the interaction Hamiltonians of Egs. (3.2c) and (3.17), it is ap-
parent that transitions to subspace N are handled differently in the two cases.
The strong interaction Hamiltonian of Eq. (3.2c) is expressed in terms of a ”back-
ground” potential v,n.n that does not have a pole at the (bare) nucleon mass.
Instead, an explicit vertex fJy v is included. Ideally, the electromagnetic Hamil-
tonian of Eq.(3.17) should be handled similarly. That is, the nucleon pole dia-
gram of Fig. 1(a) should be excluded from the term c\waq.nz , and an explicit vertex

wz‘z should appear in Eq. (3.17). It is clear, however, that maintaining gauge
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IV. Pion photoproduction amplitude: unitarity and gauge invariance

In the first part of this section we will show that the yN — mNmodel, de-
scribed in Sec. III, satisfies unitarity (up to the first order of electromagnetic
coupling constant eg), and hence the Watson theorem.?* More importantly, we
will show that its dynamical content is significantly different from that of the
early approaches®~® using solely the Watson theorem to describe the 7N final
state interaction. In the second part we explicitly prove, that for a particu-
lar choice of intermediate state momentum variables, the present Hamiltonian
formulation is gauge invariant.

For the case of pion photoproduction, consequences of unitarity are well dis-
cussed in standard texts.>® However, it will be useful to present some of the
arguments here. Unitarity of the S-matrix, i.e.

SSt=1, (4.1)

is assumed to hold in the Hilbert space 7N @ yN. Taking matrix elements of

Eq. (4.1) between states < 7 N| and |yN >, and keeping only the lowest orders
in e, leads to the relation

SeNaN + SananSynan = 0. (4.2)
In terms of the partial wave t-matrix, defined as in Appendix C, Eq. (4.2) becomes

Tan(k, 4, E) = Tun" (k, 0, B) = —2mip(ko) T3 (k, ko, EYT.R 5" (Ko, ¢, E).

: (4.3)
where, at this stage, kg = k, and all momenta are on-energy-shell. In the deriva-
tion of Eq. (4.3) we have used time reversal invariance of the t-matrix. Here
{3t specifies the 7N partial wave, L is the corresponding allowed photon orbital
angular momentum, and p is defined in Eq. (C.7). By noting Eq. (C.6), we see
that Eq. (4.3) is equivalent to

Tk, g, E) = e T30 (k, g, B)| (4.4)
which is the statement of Watson’s theorem.

The equations for pion photoproduction are given by Egs. (3.22). One way
to prove unitarity, however, is to start with the matrix equation (3.24) for the
fully coupled processes of 1N —«N, yN — 7N, and YN —~N. These equations
define a Lippmann-Schwinger equation in the space 1N @ yN :

T(E)=V(E)+ V(E)G(E)T(E) (4.5)

where the tildes serve to indicate that these are 2 x 2 matrices. We now can follow
the usual procedure to show the unitarity of a Lippmann-Schwinger equation.
Formal manipulation of Eq. (4.5) gives a relation for the unitarity cut

T(EY) - T(E™) = T(E*)[V(E*)™ ~ V(E™) | T(E")
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+T(EY)[G(E*) - G(ET)T(E"). (4.6)

For pion photoproduction we need only the (1,2) element of Eq. (4.6). Dropping
the higher order electromagnetic term, we obtain

\.N._az.dzﬁm.+v|m._a232AMIv = M..aZ.aZANu+v—Qa2Am+v|Qa2A@l:\H,NZQZAm.Iv. AA.NV

After performing a partial wave decomposition, and noting that all potentials
of Eq. (3.25) are real functions of energy, we again obtain Eq. (4.3). This time,
however, the momenta k and ¢ can be off-energy-shell, while k; remains at its
on-shell value. In'this case Eq. (4.3) can be referred to as the off-shell unitarity
relation; for k and g on-shell, this reduces to the usual statement of unitarity.

The dynamic content of our model can be shown more clearly by introducing
the well known relations

H._:Z.:Zﬁmv = maz.azAMV|~.=.NJ=Z..:2AMV%A@|movm32_azﬁm.vq
(4.80)

(4.8b)

1
E — Hytie E- mo
where p means taking the principal-value in evaluating the propagator. R,y .n(E)
is the reaction matrix which is an hermitian operator defined by

=Fumé(E — Hy) + =——

%
maamﬂmmlm, .
z.zAv 1+ "E_Hy—H, ! Tmm&
where H; is defined by Eq. (3.2c). After partial-wave decomposition, the half-
off-shell 7N matrix element of Eq. (4.8a) is

Ty%en(kos b, B) = RN on(ko, b, E) = imp(ko) T3t o (Ko, ko, EYREN (Ko, k, E),
, (4.9)
Note that the half-off-shell t-matrix has been expressed in terms of the on-shell
t-matrix and half-off-shell R-matrix which is a real function because of its her-
miticity. By using Eq. (4.8b) to evaluate the 7N propagator in Eq. (3.22), and
using the relations Eqs. (C.6) and (4.9) to perform the partial-wave decomposi-
tion, the pion photoproduction amplitude of a given partial wave can be written
as
TR0 ko, g, E) = €% cos 83 [ V41K (ko,q, E) + (PV)] (4.10)
where

R (Ko, k, E)
(PV) na\&%m Wzﬁvo A0 V3K (k,q,E). (4.11)

A key point to note is that the partial wave matrix elements mm«.a ~ and <uﬁ4~\<
are real functions. Hence the quantity inside the square bracket of Eq. (4.10) is

real. Therefore Eq. (4.10) shows that the phase of each pion photoproduction
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Substituting Eqgs. (4.18) into (4.17), we have

< T K E (K, p"En(5") | JB™(0) | PEN(P) > g

. .\aZZl 4 1
=ieo™ - NP, T Ere {—rsd + (K — (2K g — QJQV
Q+&+32v H+.J H+.J @' -4+ mn) .
trab ) (L Ty (T (5,7
. .\aZZl "o o_n 1+ Awﬁﬁlﬁﬁn_vﬁwn_vﬂ:z&v
=teo™ - an(p”y " T [Frer sk +1a( UJQ%\ +2p¢g
1+ 2" q—pd - +m ,
+A uvﬂﬂ_ﬁ CaR & & :\ Z&V.«a‘\._tzﬂmﬁ.fﬂv.
2 - 2p
(4.19)
Eq. (4.19) can be further simplified by using the Dirac equations
(# — mn)un(p,s) =0 and un(p”, s")(P' — mn) = 0. We then have
< K EL(F), 5"En(5") | J2™(0) | PEN(F) > ga
. JaNN_ 1+ 1 + T.
= smc\:\wz ~N(p, .w:. T :Hﬂﬂﬂ_\«ux + J:A uj&m —(— 2 ﬂﬂ~§w.\_:2€,m,ﬂv
. .\s.ZZl 1" 1 U
= teo= = un(p", " ) {F 31 + Slre sk un(p, s, 7)
=0.
(4.20)

The proof for 7° production is very similar. Using Eqs. (2.8¢c) and (4.18), we
have

R Eo(F), 5" En(7") | J2T(0) | PEN(F) > g

= —ie szu (", 8", 7")rsvsk Sr(p + Qx_ Ly
iH TSk (" — Q) vs malun(p,5,7)
= —ieolMa (L ji\@ﬁ g
| S (s,
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e g1,y LT Gt~ o)
RN A
P q
= Is.mo.xmwaZI ", 8", 7" (—— Lt J:Quﬁ\ — sk Yun(p, s, 7)
=0. (4.21)

This completes the proof of the gauge invariance of our formulation.

Before we end this section, two remarks should be made. First, in the deriva-
tions of the Eqgs. (4.15), (4.20) and (4.21), no restriction was made for the photon
momentum; i.e. ¢* can be either zero for a real photon or non-zero for a virtual
photon. Therefore the model presented here can be directly used to carry out
a gauge invariant calculation of electroproduction of pions on the nucleon (pro-
vided that we assign the isovector YN N form factor FY(¢?) to diagrams Figs.
1(c) and 1(d) ).?® Second, the momentum variables of the propagators in the Born
terms, Figs. 1(a)-1(d), can be calculated using either the initial YN momenta or
the final TN momenta. For example, within the Feynman rules it is legitimate
to specify the intermediate nucleon momentum of Fig. 1(a) as p”+k’ instead of
p+q as used in Eq. (4.18b) and the subsequent derivations. Similarly, we can
specify the intermediate nucleon momentum of Fig. 1(b) as p—k' instead of the
p"—¢ used in Eq. (4.18c). These different choices are equivalent on-energy-shell.
However in our three-dimensional formulation they are not equivalent, since the
calculation involves off-energy-shell matrix elements, as seen in Eq. (4.12b). The
proofs given in Egs. (4.19)-(4.21) come about only when the choices given in Eqs.
(4.18) are made. Our finding is obtained only by inspection. Perhaps this choice
is unique, but further investigation is needed.
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good. However, in the high energy region our model only gives a qualitative
description of the data. The model also has problems in describing the 70 data
in the low energy region. Later we will explore this problem in more detail.

Before we proceed further, it should be mentioned that the results displayed
in Figs. 3-8 show a substantial improvement over the early, but widely used non-
unitary model of Laget.> As pointed out later in Ref. 9, the neglect of unitarity
is especially bad for 7° production. We further note that the same set of the
parameters, listed in Table 1, is used in our calculations for all the three charged
pion channels, yn — 7~p, yp = 7*n and yp — 7%. In contrast, different
parameters are used in Ref. 9 for 7° and n* production, implying a large charge
dependence in the basic coupling constants.

We now turn to reveal several important dynamical features of the present
Hamiltonian approach. First we note from Fig. 3 that the nonresonant term is as
important as the A term in determining the pion photoproduction cross section
in the entire energy region. It is therefore important to examine the extent to
which our results depend on the only free parameter in the calculation of the
nonresonant term: the range A for the cutoff form factor of Eq. (3.19b). We
have performed three calculations: with A=350, 650 and 900 MeV /c. For each
value of A, the values of Gy and Gg are chosen appropriately so that the fits to
the M;,(3/2) and E,;;(3/2) multipole amplitudes compare favourably to what
has been given in Fig. 3. The resulting predictions for differential cross sections
are shown in Fig. 9. It is clear that the calculated cross sections depend strongly
on the chosen value of A. Overall, the choice A=650 MeV /c gives the best results.
If we naively relate the value of A to the range of the photo-meson interaction by
a relation r = v/6/A, then we find that our best fit requires r=0.74 fm. This is
close to the radii of the nucleon and the A used in most of the cloudy bag model
studies of baryon structure. Of course A is a phenomenological parameter in the
present model, and can be interpreted as a hadron radius only qualitatively.

The importance of unitarity in pion photoproduction can be illustrated par-
ticularly well by its effect on the multipoles M;4(3/2) and E;4(3/2). If we leave
out the FSI from our nonresonant term and set A = oo in the Born term, we
essentially obtain Laget’s original model.® This is illustrated in Fig. 10. The Born
term contributions (dashed curves) are real and structureless. The total contri-
bution (solid curves) gives a very poor fit to the multipoles, and is very similar to
that obtained by Laget.® By varying the values of Gy and Gg within reasonable
ranges, we have found that it is impossible to fit the multipoles with the non-
unitary model. Comparing the dashed curves of Figs. 3 and 10, the problem with
a non-unitary calculation is evidently a lack of an oscillating energy dependence.

We now turn to the differences between our model and the earlier unitary
models*~7 using solely the Watson theorem to describe the FSI. As discussed in
Sec. IV, our model satisfies the off-shell unitarity relation Eq. (4.7), which for
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on-shell kinematics is equivalent to Watson’s theorem. The main consequence
of our dynamical treatment of the FSI is in the appearance of the (PV') term
in Eq. (4.10). It arises from an integration over the half-off-shell R-matrix. We
therefore shall call those earlier unitary models the on-shell-unitary models. It is
clear that the 7N wave function at short distances is relevant in our approach,
while the on-shell-unitary models essentially assume a free wave function even in
the interaction region. The importance of this wave function effect is of course
model dependent. Within the present model, we find that it accounts for as much
as half of the calculated cross sections. This is shown in Fig. 11. In Fig. 12 we
also see that when the (PV) term is set to zero (dashed curves), the resulting
M,4(3/2) amplitude is significantly different from that of the full calculation
(solid curves). This means that if the on-shell-unitary approach is used in our
fit to these multipoles, the resulting Rgy will be very different from what we
have obtained. As an example, we show in Fig. 13, that our on-shell-unitary
calculation can also fit the M;4(3/2) and E;4(3/2) amplitudes, but with very
different values of the A parameters Gy= 3.2 and Gg=0.0 . Perhaps this is
the reason why the value Rgy = —1.5%, obtained by Davidson et.al,® is rather
different from our value —3.1%.

Now we examine the vector meson (p and w) contribution to the differential
cross sections. As one can see from Table 1, pNN and pym coupling constants
are a factor three smaller than the corresponding coupling constants for wNN
and wym. Thus the p exchange contribution is much smaller than the w exchange
contribution. The most disappointing result in Figs. 4-6 is that of the differential
cross sections for 7° production in the low energy region. The main difference
between 7° and 7% production is the contribution of the w exchange diagram
(Fig. 1(f)) to the Born term. To explore the importance of the w exchange
diagram, we have carried out calculations setting the p and w exchange terms to
zero. The M;,(3/2) and E,,(3/2) amplitudes can be fitted by setting Gp = 2.4
and Gg = 0.07 with A=650 MeV/c. The quality of the fit is as good as that
shown in Fig. 3. The predicted differential cross sections are the dashed curves
in Fig. 14. Comparing these results (dashed curves) with the results including
vector meson exchange diagrams (solid curves), it is clear that the w exchange
diagram is essential to describe the differential cross sections of 7° production at
higher energy region. The w exchange term is also responsible for getting better
results in the low energy region, but it is clearly not sufficient. The present model
is therefore not able to resolve the longstanding problem of 7® photoproduction
at threshold.3 Clearly new mechanisms have to be discovered in the future.
The vector meson exchange contribution is small in 7* production, since the w
exchange diagram does not contribute and the p-exchange contribution is very
weak.

To further explore the role of vector meson exchange, in Fig. 15 we compare all
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section magnitude (Fig. 11) is due to this off-shell effect; i.e the 7N wavefunc-
tion is strongly distorted and cannot be approximated by a plane wave. This
off-shell effect is not included in those models that impose unitarity by appealing
to Watson’s theorem (which only uses the 7N phase shifts to describe the final
state interaction). This difference with the present model leads to very different
interpretations of the data in terms of fundamental parameters, such as Gy, and
GE of the A excitation.

Finally, the predicted multipole amplitudes have been compared with the mul-
tipole analysis data (Fig. 15). We have found that the description of final state
interactions, provided by the present unitary calculation, leads to a satisfactory
description of imaginary parts of multipole amplitudes in most channels.

To end, we would like to mention some possible future developments. One
feature of our model is that it is consistent with the existing unitary descrip-
tions of the T NN system. Our formalism can therefore be applied directly to
calculate the electromagnetic production of pions on the deuteron. By treat-
ing the nucleon and A on the same footing, it should also be straightforward
to extended the model to include A states. This would enable a study of
photoproduction at energies higher than 500 MeV incident photon energy. The
needed 7N model including coupling to the A channel, has been constructed
by Blankleider and Walker.®' The present approach of calculating the final state
interaction is also applicable to the study of pion weak-production on a nucleon;
eg v,+ N — u~ + 7+ N'. This may lead to a better understanding of the
N & A axial vector transitions. Perhaps the most straightforward application
of the present model is to pion electroproduction on the nucleon (eN — €¢'nN).
Because electroproduction takes place via an off-shell photon, one can study

the electromagnetic form factors at non-zero values of ¢2. This study is now in
progress.
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a k™

folk) = ;I,Nwﬂcﬂt. (A.4b)
The values of the parameters are given in Table 2. The resulting fits to the
&N phase shift data are displayed in Fig. 2. We also have constructed three
Py models based on the cloudy bag model parameterization Eq. (3.14). The
resulting parameters are given in Table 3. Their fits to the 7N phase shift data
are indistinguishable from that shown in Fig. 2.

By inserting Eq. (A.3) into Eq. (A.1), the 7N amplitude can be writtcn as

Tonan(hp ko B) = Ton(kp ki E) + flkgs(E)f(k), (45)
where the non-pole t-matrix is given by
HWQ_.:\,A».\,».: E) = hylkg)to(E)ho(k.), (4.6)
A
o E) = - (A7)

1= Ao [ dkk? | ho(k) |2 Gon(k, E)
The pole term in Eq. (A.5) consists of a dressed form factor f(ky) (a =1, f) and
a dressed propagator gg(E) defined by

Fka) = folka) + ol EVho(ka) [ dkk*holk) folk)Gan(k, E), (4.8)

1
98 E) = B s = TR () ol k)G B) (49)

i1) other 7N channels
For channels other than Pj; and Py, the vertex interaction of Eq. (3.6b) does
not coutribute. The 7N potential is then assumed to be of rank-2 separable form

venan(hp ki) = (kA iha(ki)  + ha(kp)Aaha(Ky). (4.10)
The form factors are parameterized as
apk™ .
(k) = - k' A
u(k) EET IR (A.1la)
ke
ho(k) = —2 . (A.11)

(k% + b3)m:
As before, the parameters in cach partial wave may be found in Table 2, with
the resulting fits to the 7N phase shift data being given in Fig. 2.
By iuserting Eq. (A.10) into Eq. (A.1), one obtains the following analytic
solution ,

Tonvanthp b E)Y = Ik ma(EYa(k) + (k) ma(EYha(k)

33

+hy(kg)Tor(E)hi (ki) + hal(ky)Taa( E)ho(k:), (4.12)
where
A(1 = A Hy)
- A13
._..:Amv AH b \/—E.~XH - »Nmnv - y—\/nmqu A Ev
\/ux/mmnn
S - ; A13b
nlE) = ml(E) = Gy E A G H,) - aeHG (A.13b)
Xa(1 - M Hy)
o(E) = , A.13c
72 E) (1= MH)(1 = A\Hy) — MaHE, ( )
and
. = [ dkk?® | hy(k) |? kE A.l4
NN—! _:ﬁv_QaZA, v. A . Qv
H, = \ dkk? | ho(k) |2 Gon(k, E), (A.14b)
Hy = [ dkk?hy(k)ha(k)Gon(k, E). (A.14¢)

B. Multipole amplitudes and Definition of Rgym

Following the standard CGLN convention,! the multipole amplitudes for each
charge state « can be calculated from the following equations

T Iy

Ep _ +1 Jg
M, = s dz Di(x) 5 | (B.1)
Mg Jg

where & = ¢ - k. Here ¢ and k are unit vectors of photon and pion, respectively.
The 4 x 4 matrix Dy(x) is defined as

n2_+_; wN |3+_ w\ﬂﬁmlu - MU~+~V EAm - 3+wv H

2043
1 I
Diz) = _ 5l P —P %wk_ﬁdt - Py) si5(P—P) | . (B.2)
.~:+:— ~u~ .!m+- ﬂMANU;— - ml_v 0 _
L =P Py (Piy— P 0 ]
where P = Pj(x) is the Legendre polynomial. The invariant amplitudes J§

(i = 1,2,3,4) are related to Myy_n (Eq. (C.1)) in the cm. frame ( p = —¢,
p'=—k) by
4 E t

Nad X s (B.3)
my

I _
A aNAN —
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where N is a product of factors, one for each particle 7 of energy E; and mass m;

N=T] (2m)¥2(2E,)!/? for bosons

- . c.2
L (27)¥*(Ei/m;)"/* for fermions. (€2)

Similarly our non-relativistic t-matrix T obeys the relation
S =1-12r6*(P; — P)T. (C.3)

For the case of pion photoproduction, the two scattering amplitudes are therefore
related by

Tonon (K, G5) = (270 Fo(K)En (P ) Fy (@) Fn(B ) Manon (KDY, G5) (C.4)

where ] )
F, k)= —_— e, (C.5a)
(&) Awuﬂvu\N NNWAAM‘V

Ff)= =t (C.50)

(2m)¥2 B (¢)
1 my

Fy(P)= —53./5—=- (C.5¢
M) = G En) :
It 1s often useful to reexpress Eq. (C.3) in terms of partial wave amplitudes.
For # N scattering, for example, the on-shell t-matrix in a given cigenchannel of
total angular momentum j, total isospin t and orbital angular momentum ¢, is
related to the s-matrix by

Sk k, E) = &% = 1 = 2mip(k)TR, y(k, k, E) (C.6)

where ' is the phase shift and the density of states is

En(k)Eq(k)k

(k) = ———"" ",
M) = ) £ En(R)

(C.7)

1) Ditferential cross section
The differential eross section for pion photoproduction, in the center of mass
frame, 1s given by

do 1 k%l ,
dQay Ho:~w|7| ) | < KM onan (B A s > | (€.8)

s's,\

where w, =| §'| and A are the energy and polarization of the photon, ﬂomv@orﬁu;
The total energy is E=E, + w,, where § = —¢. The pion momentum k=| k | is
given by energy conservation as

= W,\EN +m2 —mb)? — 4m2E. (C.9)

ii1) y-asymmetry

The y-asymunetry is defined by

=L % (C.10)

oL+ o)
where o, (oy)) is the differential cross section Eq. (C.8) for the photon polarization
normal (parallel) to the production plane defined by the vector (§ x mv. where
¢ 1s the incident photon momentum and k is the outgoing pion momentum. We
follow the usual convention of choosing the photon direction along the z-axis and
defining the 2z-plane as the scattering plane. Thus the vector (§" x Nv is along
the y-axis. In this convention, we can choose the photon polarization vectors as
follows: €| = €(q,A = +1)=(0,1,0,0) for o, and ¢ = €*(¢g,A = —1)=(0,0,1,0)
for oy, respectively.

v) Target asymmetry
The Target asymmetry is defined by

t t
Q.~|Q~

\HHQ_+Q,
1 !

(C.11)
where a(o}) is the differential cross section Eq. (C.8) for the target nucleon spin
polarization parallel (anti-parallel) to the vector (¢ x Nv Therefore the target
nucleon spinors y, (s = +1/2) are chosen to be eigenstates of g, instead of o,.
Namely x11/2 =1/v/2(1, i), where s = +1/2 and s = —1/2 correspond to the
cases of o] and o, respectively.

v) Recoil nucleon asymmetry
The recoil nucleon asymmetry is defined by
o7 — o7
— 1 l b
P = P (C12)
where of(07]) is the differential cross section Eq. (C.8) for the recoil nucleon spin
polarization parallel (anti-parallel) to the vector (¢ x .mv Therefore the recoil
nucleon spinors yy (s'=£1/2) are chosen to be eigenstates of o,. Namely x4/
= H\/\.MC, +:¢), where s’ = 41/2 and s’ = —1/2 correspond to the cases of at

and a7, respectively.
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Figure Captions

Fig. 1 The basic mechanisms for pion photoproduction considered in this work:
Born terms (a) ~ (f) and A excitation term (g).

Fig. 2 Fits to the 7N phase shifts of Ref. 37 for each partial wave Ly, 2; using the
separable poteuntials of Egs. (A.3) and (A.10). The corresponding 7 N paramcters
are listed in Table 2. The Py results calculated using the parameters of Table
3 are indistinguishable and therefore not shown. The resulting off-shell t-matrix
T.n.n provides the final state interaction in our calculation.

Fig. 3 The caleulated My 4(3/2) and E;4(3/2) multipole amplitudes compared
with the data.%334 Solid curves are from the full unitary calculation. Dashed
curves are the contributions from the non-resonant terms only. These calculations
correspond to the model parameters Gpy=2.28, G=0.07 and A=650 MeV /c.

Fig. 4 Calculated differential cross sections of yn — 77 p reaction compared
with the data.®? The model parameters are the same as in Fig. 3.

g Same as Fig. 4, but for yp — 7¥n reaction.
Fig. 6  Sume as Fig. 4, but for q4p — 7% reaction.

Fig. 7 Calculated differential cross sections of yn — 77p compared with the

TRIUMF data.*® The model parameters are the same as in Fig. 3.

Fig. 8 Calculated total cross sections of (a) yn — 77p, (b)yp — 77 n, aud
(¢) 9p — 7% reactions compared with the data.3?% The model parameters are
the same as in Fig. 3.

wwjr,/\\ﬁ (short-dashed curves), 650 MeV/c (solid curves) and 900 McV/c
(long-dashed curves). Data are taken from Ref. 32.

Fig. 9 The differential cross sections calculated with cut-off parameter A =

Fig. 10 The solid curves are AM,4(3/2) and E,;4(3/2) multipole amplitudes
calculated from a non-unitary model neglecting the effect of 7N final state in-
teractions on the Born terms. The dashed curves are the contributions from the
Born terms only. Data are from Refs. 33 and 34.

Fig. 11 The differential cross sections from the full unitary calculation (solid
curves), and the on-shell approximation where we set the (PV) term of Eq.(4.10)
to zero, and .\ = 00 (dashed curves). Data are from Ref. 32.

Fig. 12 Sane as Fig. 11, but for the caleulations of the M4 (3/2) and E,(3/2)

multipole wnplitudes. Data are from Refs. 33 and 34.
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Fig. 13 The best fits to the M;,(3/2) and E,,(3/2) multipole amplitudes in
the calculations using the on-shell approximation with A = co. Data points are
taken from Refs. 33 and 34.

Fig. 14 Sensitivity of the differential cross sections to the vector meson exchange
diagrams of Figs. 1(e) and 1(g). Solid curves are with meson exchange, dashed
curves are without. Data are from Ref. 32.

Fig. 15 Same as Fig. 14, but for multipole amplitudes. Data points are taken
from Refs. 33 and 34.

Fig. 16 Calculated y-asymmetries compared with the data.?
Fig. 17 Calculated Target asymmetries compared with the data.®?

Fig. 18 Calculated Recoil nucleon asymmetries compared with the data.’?
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