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ABSTRACT

The most important single attribute of noncovariant gauges is thelr
ghost-free nature. Although noncovariant gauges have been an integral part
of quantum field theory for many decades, their effectiveness in the
quantization of nom-Abelian theories and their broad range of applicability
have only recently been appreciated by theorists at large. The purpose of
this review is to explain and illustrate the essentlal characteristics of
some typlcal noncovariant gauges, such as the axlal gauge, the planar gauge,
the light-cone gauge and the temporal gauge. Our aim is to acquaint the
reader not only with the basic properties of these ghost-free gauges, but
also with their deficiencles and advantages over covariant gauges, their

computational fdiosyncracies and dominant areas of application.
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I. Introduction
A. Overview

after playing second fiddle to their covariant counterparts for many a
decade, noncovariant gauges are finally making a name for themselves by
acquiring an ever-increasing share of the flourishing, £f risky, "gauge
market™. There are sound reasons for this popularity, the most important one
being the decoupiing of fictiticus particles, or ghosts, from the theory. As
a result, all Feynman diagrams involving ghost loops can be shown to vanish,
a circumstance which simplifies perturbative calculations. There is another
reason why ghost-free gauges are popular. Some of today’s most scphisticated
models, like superstring theories in the light-cone gauge, are more
tractable, and certain field-theoretic properties, such as the ultraviolet
finiteness of supersymmetric Yeng-Mills theory, are more transparent in a
noncovariant gauge.

& powerful and indispensable tool in theoretical discussions, from
quantum electrodynamics to gravity and superstring theories, is the principle
of gauge invariance. Ome of the earliest references to gauge Invariance
dates back over fifty years to the pioneering work of Weyl who exploited this
principle in the quantization of the Maxwell-Dirac field. Curiously encugh,
this quantization was performed in the temporal gauge which is one of the
mTOmn-mHmm.mwummm to be reviewed in this project.

Te quantize a theory with gauge symmetry it is necessary to eliminate
the unphysical gauge degrees of freedom. The standard procedure is to break
the gauge symmetry by adding a gauge condition on the field variables. The

explicit form of this gauge condition is, within the confines of a given

theory, largely dictated by computational convenience. Even so, the number
of gauges is vast: some are linmear and covariant, others nonlinear; some are
hemogeneous but noncovariant, others inhomogeneous, and so forth.

Fortunately we can divide the majority of gauges into twe categories. The
first category consists of covariant gauges like the Feynman gauge and the
Landau gauge whose relisbility has been tested in numerous computations. The
second category contalns the noncovariant gauges, including the familiar
Coulomb gauge and the gauges to be studied in this paper, namely, the axial
gauge, the plapar gauge, the light-cone gauge and the temporal gauge.

The purpose of this article is to study the essential features of these
four gauges, all of which belong to the "axial® type and ave defined in terms
of a fixed, noncovariant vector. We caution the reader not tec regard this
review as the final word on ghost-free gauges, but merely as a guide to the
literature, and to keep an open mind especially about issues currently under
attack, Among the unsettled problems are the proper use of the Coulomb gauge
in non-Abelisn theories, the correct implementation of the temporal gauge in
the context of path integrals, and the overall role played by the principal-
value preseription im the treatment of spurfous singularities.

Firally, a comment about the limitations of this project. We have
omitted, except for occasional mention, such important topics as the Coulomb
gauge and stochastie identities. Nor is there any detailed discussion about
phenomenological aspects or the impact of Fermiems. We also decided, for the
sake of brevity, to present the axial, planar and light-cone gauges in the
elegant and convenient path-integral formalism, and the bulk of the material

on the temporal gauge in the canonical formalism.
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covariant gauges. The principal drawback is the need for ghost particles
which complicate perturbative calculations, especially in non-Abelian
theories. Another disadvantage surfaces in the treatment of sophisticated
models such as supersymmetric Yang-Mills and superstring theories, which are
awkward to handle in a covariant gauge, yet become amazingly tractable in
noncovariant gauges like the light-cone pauge. It is this limited range of
applicability that has led te the current fascination with noncovariant

gauges,

2. Noncovariant gauges
One of the oldest moncovariant gauges is the Coulomb gauge, or radiation
gauge,

wlxm_yxos -0, k=1,2,3 (1.3)

which has been applied literally by generations of physicists, chiefly in
quantum electrodynamics. In non-aAbelian models, the dominant noncovariant

gauge is the general axial gauge specified by

-+

o AG(x) =0, g = 0,1,2,3; 0% = ny? - 0% (1.4)

ny - (n,, mv is an arbitrary comstant vector which defines a preferred axis
in space, hence the name "axiasl” gauge. Different functienal forms of the
gauge-fixing part rm»x of the Lagrangian density, coupled with special values
of n?, give rise to some particularly convenient axial-type gauges, such as
the pure axial gauge (n2<0), the planar gauge (n2<0), the light-cone gauge
(n?=0) and the temporal gauge (n?>0). (See also Tables B and G.) . These
gauges form the nucleus of the present review,

5

The pure axial gauge, also called the homogeneous axial gauge, Is
specified by
n# wwnxv an-A%x) =0, n2 <0 , {1.5)

with

I- .mn « H.m
Hmwx T (na®2 |, a-07%, (1.6}

where & is the gauge parameter. Similarly, the planar gauge is defined by

n-A%(x) = Ba(x), n? <0 , (1.7)
Ly, = ° mw n-A% (32/n?) n-A® , g = -1, (1.8)

and the light-come gauge by

na8(x) -0 , n* I.D , (1.9)

L - (n-A%)2 | a0 . (1.10)

fix

Noncovariant gauges possess three masjor advantages:

(1) ghosts decouple from physical S-matrix elements (although
ghosts are required in the discussion of the Becchi-Rouet-
Store identities);

(1i) some aspects of field theory become more transparent in a
noncovariant gauge, such as the proof of ultraviolet
finiteness of supersymmetric Yang-Mills theory in the light-
cone gauge;

(11i) certain sophisticated models like superstring theories

a¥e more tractable in a ghost-free gauge.

See the footnote connected with eq. (4.2).

6
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Table B. Principal Roncovariant Gauges

1. Coulomb gauge, or radistion gauge!~® (See also Heckathorm (1979), Muzinich
and Paige (1980), Adkins (1986)):

kL2
F2 m 3% Ap(x) , k=1,2,3,
- I T
Leiw 70 (3% A)?, a= 0
2. a. Axial gauge, or pure al gauge, or homogeneou. al gat

{Section IV).

-+

F& m ¥ >wav , B? <0, n? =n,2 - n? |
N SR 1P
ﬁmwx 7o {nd btv . a-~+ 0,

b. Inhomogeneous sx

F4 m ¥ »wmxu - B4(x), n?* <0,

|| m.n
Leix 20 (FAD? .

3. Plapar gauge {Section V):

F2 w p# bwﬁxv - BB(x), n? <0

S ST a
L 2am? WA 87 n-AR a = -1,

4. Light-cone gauge (Sections VI and VII):

F2 = p# bwﬁxv . n? =0,
- ay2
ﬂMﬁx 7 (n# bﬁu , a=0 .
5. Temporal gauge, or Helsenberg-Pau auge, or Weyl psuge (Section VIII):

R A Lt -
e m Ay = Ay, n* >0, oy

1 a
R ST 2
S {n wtv , a=0.

- (1,0,0,0)

ﬁmmx

*Abers and Lee (1973); ZColeman (1975); SFaddeev and Slaviov (1980);

‘Huang (1982); BSItzykson and Zuber (1980).

Table €. Other Gauges

8.

Abelian gauge ('t Hooft, 1981; Min et al., 1985),
Dirac gauge (Pirac, 1959; see also Fradkin and Tyutin (1970)).
Flow gauges (Chan &nd Halpern, 1986).

Fock-Schwinger gauge, or coordinate gauge (Fock, 1937; Schwinger, 19531;
nﬂoﬁmnﬂmﬁ. 1980; Shifman, 1980; Durand and Mendel, 1982; Kummer and

Welser, 1986):
F& m (xF - 2M) A}, z is "gauge parameter"”.

Nonlinear gauge conditions {(Dirac, 1951; Nambu, 1968; 't Hooft and

Veltmen, 1972; Fujlkawa, 1973; Shizuya, 1976; Zinn-Justin, 1984).

Poincare gauge (Schwinger, 1973; Dubovikov and Smilga, 1981; Brittin et
al., 1982; mxbmwﬂmﬂma. 1983);

F& = x# bmANv.

't Hooft-Veltman gauge ('t Hooft and Veltman, 1972; Mann et al., 1984:

McKeon et agl., 1985a):

Fw=ad-a+ XA? |, X geuge parameter,

L

- - L¢3 2
Fix wﬁm»+»>un.

Wess-Zumino gauge (Wess and Zumine, 1974; Gates et al., 1983).

10
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1. Basic Definitions

In this Section we establish our notation and review some definitions
from the theory of gauge fields. The subject of gauge fields has grown
tremendously In significance during the last decade and a half and now
permeates essentially every area of modern quantum field theory.

The study of gauge theories is aided considerably by the use of Lie
groups, among which the compact simple and mmam-uwsvwa Lie groups are of
particular interest. We recall the following definitions from the theory of
groups:

(1) A Lie group G is a group of operators which depend on & set of

continuous parameters.

{1i) A Lie group G is gompact 1f the parameters of G vary over a

finite, closed region.

{111} A Lie group G is said to be gimple if it has no nontrivial

jnvariant subgroup; G is called gemi-simple if it has no Iinvariant
Abelian subgroup.
Instead of dealing with the whole Lie group, it is often advantageous to work
with the corresponding Lie algebra, defined by the group generators and their

commutation relations.

Hext we introduce the notion of gauge field. A gauge fleld Ay is a

vector field which may be expressed as >t w ¥ r? A2 yhere a = 1,...,N2-1,
& B
for SU(N), and p = 0,1,2,3; A® are the compomnents of 4,, while ty denote the
B

generators in the adjoint representation of the gauge group G. The latter is
usually tzken to be a simple compact Lie group. The generators t, are linear

operators satisfying the commutation relations

13

ftg.tp} = taty - tpyty, = = mmrn te, a,b,c=1,..,,82-1, (2.1}
O

where mwwa - mme are totally anti-symmetric structure constants of G, and N

c
lebels the dimension of the group. A, takes its values in the adjoint
representation of G.
Furthermore, if the generators commute,
{tg.tp] = 0, (2.2)
G 13 called & commutative, or Abelian, Lie group and the associated field Ay

an Abelian gauge field. Conversely, if the generators do not commute, i.e.

if the structure constants in (2.1) differ from zerc, we call G a non-

" eommutative or non-Abelian Lie group and the corresponding fieid Ay, a non-

Abellan gauge fleld.

0f special interest to the theorist are the transformation propercies of

mﬂ&amm gauge fields. BSuppose we are glven a Lagrangian density L of an N-

Waﬁﬁnwﬂwnﬂ {#g) = & of scalar fields , a = 1,...,N, vwhich transforms according

to an irreducible representation of a compact simple Lie group 6 {Itzykscn
and Zuber, 1980):

$ 4 -V, U -V (8) (2.3)
where g(x) 1s the generic element of ¢ and U(g) is an N x N unitary matrix.
It usually suffices to work with the infinitesimal transformation

apa
g =g, +ouie?,

where g, 15 the identity, w? are arbitrary iInfimitesimal gauge functions and
tg group generators, a = 1,2,... N%2-1, for SU(N). If »® depends on the
space-time variable x#, the gaupe group s called local; if w2 is Independent
of x#, one speaks of a global gauge group. If ©® is x-dependent, we must
introduce a2 gauge field Ay, which transforms like

14
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III. Choosing & Gauge

Gauge symmetry plays an essential role In many theoretical models from
QED to supergravity and supersymmetric string theories. According to the
preceding Section, invariance of the Lagranglan density under a set of gauge
transformations implies a certain freedom in defining the fields. The
central question is, therefore, what are the lmplications of this "gauge
freedom”, for elther canonical quantization or path-integral quantization?

In the context of canonical quantization the general procedure is to
construct a complete set of canonical coordinates and momenta whose values at
an initial time t = t, determine their values at some future time t (see, for
instance, Coleman (1975), Kummer (1976), or Lee (1976)). However, if there
‘is & "gauge freedom®, it is Impossible to find such & complete set of
coordinates and conjugate momenta, since one may always choose a gauge
transformation which vanishes at t = t, but is differemnt from zero for
t > t,. In the case of the photon fleld, for example, mot 21l the components
of mtﬁxv are dynamical variables, and it becomes impossible to comstruct an
independent set of canonical coordinates and momenta (Faddeev, 1976).

In the framework of path-integral gquantization, characterized by
functional integration over the field bthxuv the gauge degrees of freedom
manifest themselves in a different manner. Due to gauge invariance, there
now exist infinitely many fields mbtaxu which are physically equivalent to
»rnxv and are related by transformations of the form eq. {(2.4). Integration
over these gauge-equivalent fields mbt produces an infinite velume factor,
which is propoertional to %m dg(x) in group space, and whose presence In the
generating functional leads to ill-defined Green functions.

17

For a consistent quantization in either formalism it is clearly
mandatory to eliminate the troublesome gauge degrees of freedom. This may be
achieved by imposing on the system an auxiliary constraint, called a gauge
condition, or choice of gauge, of the form

FR(AR(x); ¢(x)} = O s a=1,...,N-1; (3.1)
N is the dimension of the group, and F2 a local functional of >w and ¢4, with
values in the Lie algebra, where ¢ denotes all other fields (Itzykson and
Zuber, 1980). The gauge condition (3.1) represents the equation of a
hypersurface and may be covariant like the Feynman gauge, or noncovariant,
such as the planar gauge or light-come gauge; conditiom (3.1) is usually
anmmﬁ like the Coulomb gauge, but it may also be nonl inear.

The gauge constraint (3.1) has to fulfill two important criteria
(Faddeev and Slavmov, 1980). First, It must be satisfied by the transformed
fields 8a and 5§, namely

FA[8a0(x); B4(x}] = O, (3.2)
and, second, for a glven bw and ¢, system (3.2) must yleld a unigue solution
g(x) subject to certain boundary conditions. The second Mﬂwnmnwon implies

the nonvanishing of the Jaccbian determinant (we take 4 = 0, for simplicicy}

with respect to infinitesimal transformations; .

det(dg) = det wlmmw_ -0, (3.3a)
or

det(Mp) = det ﬁmr»hm% cm.n& 0, (3.3b)
with

D O Bop * BEopg Ap(R). By = wxﬂ . (3.4)

18
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Let us incorporate condition (3.1) Into the generating functional of the
Green functlions, Suppose L{x) 1s a Lagrangian density invarilant under a
simple compact Lie group (Lee, 1%76), and let uwhxv be an external c-number
vector source function for the field A3. The generating functional may then

be written as

a
z{33) = Bl Ly [ by der (upy mos( FRA) )
X
exp 1 f atx [ L(x) + .___.www?: , (3.13)
where D{A) = w m m d >wﬁxv. a=-1,.,.,82-1, is a local gauge-invariant

measure {Capper et al., 1973), and ﬂmuww generates connected Green functions.
The dependence on ¢ (cf. eq. (3.1}) has been dropped in eq. (3.13} for
convenience. The normalization factor N should be such that ﬂﬁuwm vanishes
for uw -~ 0 (Coleman, 1975).

The generating functional Z may be cast inte "practical form* by
rewriting both the Jacoblan determinant det (M;) and the delta functional
5(F3{A]) as exponentials of an agtlon. Concerning §(¥8) it fs advantageous
to replace (3.1) by

FAR(x)] = B%(x) , (3.14)

where B2(x) takes its values in the Lie algebra, so that

2[32] - N [ D{a) det (Np) s (D - 8b) exp 1 [ atx( L{x) + IH#eae y

(3.15)

Since (3.15) Is independent of uw. we may apply ‘t Hooft’s technique

{’t Hooft, 1971} and integrate over BY with the help of a judiciously chosen

weight function o[BP],
o[BP} - exp (- mw I asx [82(0)]%) (3.16)

2L

in which case
2{38) = 8 [ D(a) det (Mp) exp & J d'x [L(x) - mw (FPran® + u%»ww .

(3.17}
with A a real parameter.

The nonlocal functional det (Mp) can be exponentiated in a variety of
ways, A particularly elegant representation, based on the anti-commutlng c-
number flelds n,(x) and fa{x), reads (Faddeev and Slavnov, 1980; Itzyksen and

Zuber, 1980; Coleman, 1975):

det (Hp) = § D7) Biny et JEF RalR) Hap mp(x) (3.18)
rwwﬂm the phase of the exponent (j M ) is cenventional (lee, 1876). The
"mwwwnm n and § represent ghost particles and obey Fermi statistics (Feyoman,
1963; De Witt, 1967a,b,ec; Faddeev and Popov, 1967, Handelstam, 1968). Here
these ghosts are ascalar particles, but in gquantum gravity, for example, they
are orlented vectoyr partieles. The purpose of ghost particles is to
eliminate the unphysical polarizations arising from closed loops: in short,
they restore the unitarity of the secattering matrix and the transversality of
the scattering amplitudes. For more detalls we refer the reader to Faddeev
and Popov {1967), Fradkin and Tyutin (1970), Coleman {1975), Lee (1976},
Faddeev and Slavmov (1380}, and Itzykson and Zuber (1980).

Substitution of (3.18) iInto {(3.17) ylelds the generating functional

Z{J,, §.¢1 = ¥ [ D(A) D(H) D{n) exp L [ d*x L'(x), (3.19)
where

Lf(x) = L + L +

r " -
inv fix rm#o»n + raﬂn = LA Ae)
with

inv

.-l
L L2,

22
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Ellis gt al., 1978, 1979; Humpert and van Neerven, 198la, 1981b), people
wasted little time in applying the axfal gauge to other non-Abelian models,
notably gravity (Matsuki, 1879; Capper and Leibbrandt, 1982b, 1982¢; Winter,
1984; Capper and Maclean, 1982, Delbourgo, 1981} and supergravity (Matsuki,
158800 .

The purpose of this Section is to examine the principal fearures of the
pure (or homogeneous) axial gauge and them 1llustrate them with specific
examples from Yang-Mills theory, Einstein grevity and supergravity. Due to
lack of space, we shall review the axial gauge only in the path-integral
formalism. Discussions in the Fframework of canonical quantization may be
found, for example, in Schwinger (1963), Burnel (1982b), Huang (1982), Cheng
and LL (1984), Bassette et al. (1984), and Cheng and Tsal (1986). See
particularly the recent paper by Simdes and Girotti (1986) on the
quantization of non-Abelian gauge theorles in a "completely fixed" axial
gauge. These authors asnalyze In detail the residusl gauge invariance in the

axlal gauge generated by local x*-independent gauge transformations.

2. Decoupling of ghosts

Consider the Yang-Mills Lagrangfan demsity for a massless vector field
bm in the presence of an external c-number source ummnu. which depends only

on the space-time variables =M:

hﬂm = ﬁuad * hm»N * kun + HWbonn ’ n&.Hy
- - Lep2 32
Line (R
1. -t (nfal)?
fix 2a H !
_sa g pdP b
rmromn oo Ut ne e

25

lmtw
Foxn J bt !
whera the flelds n® and #® represent fictitous particles and obey Fermi
statistics, and
be
a a bac
Fp, = 0l - 0D+ BET AT

ab _ P b abe, o

a
D 8, + gf T AL,

b

while g and mwda

have the same meaning as in eq. (2.8). The axial gauge 1is
then specified by

dtbwﬁxv -0, n?<i, (6.2)
with ny = (n,, #). (For a distinction between n? < 0 and n? > 0, see the
papers by Delbourgo and Phocas-Cosmetatos (1979), Humpert and van Neerven
(1981b), Burnel (1982a, 1982b, 1983), Burnel and van der Rest-Jaspers
(1983).) Taking the limit a - oF we obtain the pure (homogeneous) axial
gauge.

As stressed several times befors, the princlpal advantage of the axial
gauge arises from the effective decoupling of the fictitious particles in the

theory. According to Taylor (1986), it is convenient to distinguish between

the decoupling of closed ghost lines and the decoupling of open ghost 1ines®.

¥This limit is connected with the representation of the delta functionsl
(Abers and Lee, 1973; Dittrich and Reuter, 1986),

§[n-A%] = 2im (2xa)~3/% exp [-1 [ dz mw (n-48)2% |
A second way cmnﬂmvwmamﬁnnsm the axial gauge condition (4.2) is to employ a
gauge-fixing term of the form Hm»x = C& n-AB, where C%(x) is a Lagrange
multiplier field (see, for instance, Pelbourge et al., 1974; Kummer, 1575,
1976; Capper et gl., 1986; Antoniadis and Flerates, 1983).

#The author is grateful to Professor J.C. Taylor for providing him with the

following analysis in terms of open and closed ghost lines.
26
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and thereby vanish in the context of dimensional regularization (Frenkel,
1976; Matsuki, 197%), Note that the letter g in eq. (4.10) differs from
the q in Fig.(4.1). The net result 1s an effective decoupling of the
scalar ghost particles in the generating functional thwm and hence from the
gaupge field bwnxu. The argument between egs, (4.5) and (4.10) applies only
to glosed ghost loops but is valid both for the axial gauge and the planar
gauge (Taylor, 1986). Although this analysis was carried out for the
particular gauge choice F#[A] = n-A% = 0, it holds equally well for the mere
general condition

F2 m n-A% = BR(x) ,
where B®, an arbitrary function of space-time, is independent of the gauge

field,

3. Feynman rules

The Feynman rules {n the axlal gauge follow from the Yang-Hilla
Lagrangian density (4.1). In the gensral axial gauge, where asd, the bare
gauge field propagator reads

b -4 ab am B +gmn) " {n? + aq?)
Qm (q.a) = Amxvmeﬁan&._—.mu _HWt.\ - * + A—t&t ﬁ.

P qn {q'n)?

e>0 . (4.11)

Letting @ +~ 0 in eq. (4.11), we get the bare gauge fleld propagator in the

pure axial gauge (n? < 0):

h (qn +gn)
ab -3 5% am v %, m n?
G (120 = Gy Tatqzeie) [ B an T W (qomy? _ :
€>0, (4.12)

while the ghost propagater is given by:

29

ab

ab -
g - amﬂmﬂn . (4.13)

I3

A prescription for the unphysical poles of (q'n) 7, f# = 1,2, will be

discussed in Section IV.B.

The lagrangian density (4.1) also implies the following axial-gauge

verticea (ltzykson and Zuber, 1980):
(1) three-gluon vertex
abe sbe 2w 2w

Viwp (280 = + g 770207 87 ptatn) (g, (p-a), + g, (a1,

+ 8, (£Rhd . (4.15)

anv four-gluon vertex

abed 2 2w 2w eab _ecd
c::on (p.q,8,x} = - L g?(2x)" & Au+n+u+mvﬁ £ £ Amrn By ™ By m<uv
eac .edb
+ £ £ -
nmtq Bow 7 By wbuu
ead _ebe
FEE (g, By, " 8y, chv_ . (4.15)

We also note, for completeness, the following

(iil) hog

qwrn (p.%,q) = -1 g £5°° n, @0 5%+ - . (5.16)
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——1r 1 ¢ 1 1
g-n{g-p)‘n u.uﬁ

B (@-p)n " qn H R e

{i1i) Replace Ap.ﬁv-m by the prineipal-wvalue prescription (4.18b):

w& mup H w
qm? ¥ TgmiP " 3 ku m (an+ 0P ¥ (@n - f w '

and keep u different from zero until all parameter integrations
have been completed,

{iv) It is convenient to paremetrize the propagaters according to

1

17 N-1 -af
T mv da o e

, A>0 .

(v) Integrate over momentum space by using the generslized Gaussian

integrals (Capper and Leibbrandt, 1982b}):

2w
J it exp toa a? <28 @p - v(a'm7)

v 2 252 2 2
- | L B%p?  y 8% (p-n) .
MMH (= + v n2) /2 %P a alx + 7 n?) M H (4.21a)
&Mena
d (am2e O F [-=q® - 28 qp - v (gm)?]
x
- [= cl’ﬁ. ¥ p-n 8%p?  y p2(p-mi?
ﬁb (& + y n3)i/2 ﬁ Pu ” B aay dnu P “ e  ofla + ¥ n?) w '
(4.21h)

where o, 8, v € {0,1} are Feynman parameters. Similar formulae
containing 99, 9,995+ etc., in the numerator may be deduced from
eq. (4.21a) by operating, respectively, with mu\mut ap,, mu\mwt ap,
8pg. etc., on both sides of eg. (4,.21a}.
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{vi) Integrate over Feynman parameters by fellowing, for instance, the

outline in Leibbrandt (1975: steps (v)-(viii}, Section II. B.1).

The procedure (i)-(vi) permits us to evaluate the divergent and finite
components of axial-gauge integrals. For exasmple, the divergent part of

-1
J 4 9y [{q-p)2 gq-m] reads

dg q -
—n _ Zp:m 113 1]
aiv [ it o [ e - % aru_ I, (4.22)
I = divergent part of [ dq [q? An-vvnu-p , (4.23)
a 1 (-x)¥ T(2-w) [T(w-1}]2
I = ™ Pl 2120 s w2
¢* (q-p} (r?) T {2w-2)

thus in EBuclidean space I- x2/{2-w), while in Minkowski space - in2/(2-w).
Other masaless axial-gauge integrals are given In Appendix A and in Capper

‘and Leibbrandt (1982b),

Integrals conteining several nt.m in the numerastor may also be computed

.v% the elegant tensor method (Keinz et pl., 1974; Capper, 1979; Tkachov,
1981; Jones and levellle, 1982; Leibbrandt, 1984b), provided certain basic
integrals are already known. Lee and Milgram (1983) have derived a formuls
for [ dq {4*}* {(q-p)?]¥ (qg-n)® , p,v,0 ¢ £, in terms of Meijer Ffunctions by
using a mixture of dimensionsl and analytic regularization {see also Lee and

Hilgram (1985b)).

Although the PV prescription (4.18) leads to consistent one-loop

integrals, both In the axial and planar gauge, it is by no means an ideal
technique (Wu, 1979; Bassetto and Soldati, 1986; Cheng and Tsai, 1986; Lee
and Milgram, 1985a), and should not be applied indiscriminately to just any

gauge. For example, the PV technique is known to be inappropriate for the

34
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we arrive at the Ward identity

Laf g cnwﬁnv + mnmau.meac 550 | gamy 2w gabe

&

BE(q) = O. (6.28)

The term BS{q), which is the Fourler-trensform vacuum expectation value of
AS(y), corresponds to a massless tadpole and vanishes in the context of
dimensional regularization (Capper and Lelbbrandt, 1973}, Hence (4.28)

reduces to

ab

lgnno# nwwﬁnv T q, " =0, (4.29)
[# 1

where owwﬁnv - nttanv mmw is the bare co-dependent propagator to one-loop

order, given in eq. (4.11). Multiplication of (4.29) by

wv-H mw-n mw
Aotvv - Aoo:vu - ntt

leads to the Ward identity

b
(@) -0, (4.30)

w r
awnr Ancttv |wAnn th - G + W ﬁt:ti uwc denoctes the one-loop gluen

self-energy,

2
nwwﬁ.pts - g7 5% O EC - u.w + gsu.:v?tue - g, %)

3 n? iy

La _
+ mmwmww {(p'n Py - p? ntu {pnp, -pP* )} 1.
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D. Renormalization and uniterity

Renormalization of Yang-Mills theory im the pure (homogeneous} axial
gauge was established by Konetschny and Kummer® (1975, 1977) and Kummer
(1975, 1976) over ten years ago, and has contributed significantly te placing
the pure axial gauge on an equal footing with covariant gauges. We do not
intend to review here the literature in detail, since the original papers are
sufficlently explicit, but shall confine ourselves to a few short remarks,

Working to order 0(g?), Kummer demonstrated as early as 1975 the
following identity between the divergent parts of the wave function
renormalization constants 2, and the renormalization constants for the 3-
vertex and 4-vertex, Z, and Z,, respectively:

anunhd - ANuvan< = AN.vmw4 ‘

This equality implies, among other things, the gauge independence of meuawd
(Kumrer, 1375). In the same vein, Beven and Delbourgo (1978), verifying a
general theorem of Konetschny and Xummer (1977), studied the equality of the
infinite parta of the renormalization constants in various gauges,

General exial gauges, with n? » 0, require the appearance of
noncovariant at'mmumuab:n counterterms. Such counterterms may possess both
finite and infinfte parts. Whereas the Infinite parts of these counterterms
can be shown to be govariant in the gauge n-A% — 0 (Konetschny and Kummer,
1877}, it was noted by Leibbrandt et sgl. (1982} that in inhomogeneous gauges
of the planar type, Lorentz-noncovariant infinite counterterms are admitted

by the solution of the Slavnov-Taylor identities which depend on the gauge

*In order to avold sny danger possibly related to the limit a -+ 0, these

authers assumed a gauge-fixing term of the form L " G* n-a%, with ¢2 an

£1:
auxiliary Lagrange multiplier fileld.
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E. Applications

We illustrate the use of the axial gauge in quantum chromodynamics and
pure Einsteln gravity. Other applications can be found in the listed

references.

1. Quentur chromodynamics
(a) Gluon self-energy in the pure axial gauge (a=0)
>mogﬂmwﬂmnmstuwmtmﬂozmwamnnramHGOSmemausaHmw HMW noosmuwoom

order (Filg. 4.7). From the Lagrangian density

IP
L~ - wﬂmwcvn - A=t>wva . (4.31)

we obtain for the gluon loop in Fig.(4.7a) (Frenkel and Meuldermans, 1976}

.Auv - w {factors) fdg a ﬁw a,-(prq)) 6°° “au

—un.nh

Vpigrer (P12 -(p3a)) n L (p-q) . (4.32)

while the contribution from Fig. (4.7b), eorrespending te a tadpole diagram,
vanishes in dimensional regularization (Capper and Leibbrandt,1973). nad,ﬁau
oo

is the bare gluon propagator in the limit as a + 0, eq. (4.12), and dmwn
por

denotes the three-gluon vertex glven by (Capper and Leibbrandt, 1982a)
abc be 2w
Voor Brdr - (Bt} = g £7°02m P g (pta), + g, (20-p),

{(2p-q),] . (4.33)
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Multiplying out the integrand and using the decomposition formula from
Section IV.B, we can rewrite mww“ {(p) as a sum of Integrals whose dependence
on n, in the denominator is elther proportional to (g-m) " or {(p-q)-n]
m= 0,1, or 2, Since a shift of the integration variable from q to Av.avt
replaces maﬁ-au.ﬁwas by An.ﬁv-a. we see that all self-energy integrals are
only proportional to (@™, m=0, 1, or 2. Using the appropriate formulae
in Appendix A, together with the tadpole integrals

fdarq? -0, Jag/(gm)? - 0, ete.,
we find for the one-loop gluon self-energy im the pure axial pauge (Frenkel

and Meuldermans, 1976; Capper and Lelbbrandt, 1982a)

r

W) - - (1/3)* 6% Cp (puby - 0%,,) T . (4.34)

where £a¢d ghed - Cpy %P and T is defined in (4.23). Clearly, mwwﬁﬂv is

:trangverge, In agreement with the Ward ifdentity (4.30).

{(b) Gluon self-energy In the general axial gauge (aw0)

Computation of the gluon self-energy in the general axial gauge, a=0, is
identical in procedure to the a = 0 case, mhmmmnunm solely in the degree of

complexity, With rmwx - 1hﬁu A%)2 and q or ® the same as in eqs. (4&.31)

and (4.33), respectively, the extra nosﬁHmenw arises from the a-dependent

term in the propagator nww

ab ‘w mwv Antﬁt+ mt:tv (n?+aq?)
Qtthn.ﬁl_uv - W.ct - q-n + 4,9, (g-n)? '
(20)2%(q2+16)

>0 . (4.12)
The final expression for the divergent part of the gluon self-energy reads
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density {4.37). Computation of the graviton self-energy involves now "only*
a single diagram, the graviton-graviten loop shown in Fig. (4.8).

The bare graviton propagator in momentum space follows from

Aﬁmws + rmmxu in (4.37) and reads (Capper and Leibbrandt, 1982b):
6 (o) = ——2t— 511 R R
AB, po MAMauNEnnu+an A, po w-1 “AB,po
. 2/q.032 |T6 4’02 .9 . 10
2a(q’/q:n) ﬁa»n.hq MITESHE TR PP |
where (4,38a)
1 -1
Htt.bq &4 Anfamvy + nt»mtavnnvaany + ﬂb»naav ’
2 " - .
Htt,bu utamtaauyuny ' att mtv g-n £
while the tensors Hwt.bu. i=1,2,...,14 are listed in Appendix B (Matsuki,

1979). To calculate the divergent part of the graviton self-energy

ﬁtt.»mnmv. HnmnmmMnmmno¢0HW£wﬂ5nrm propagator

—k
(q,a%0) - (21! - 12

), 4.38h
220 g4y | ABipT T TABipo ¢ )

38, p0

and with the three-graviton vertex V ) Fi
nwmw.n»m?a%u@_, P2:P3), Flg. (4.9),
glven in eq. (2.14) of Capper and Leibbrandt (1982b}),
Application of these Feynman rules leads to the following expression for

the infinite real part of the graviton self-energy (Capper and Leibbrandt,

1682¢}:
trans non-trans , (4.39)
i Ja=0) =
o, po (P00 = I Y
trans nm»_uanm
hif - i .
v, por (p.a=0) 120 m.rt:on@. ™)y {4.40a)
45

-1 i
2,2 2
mvt.hq 13 a function of ¥y = (p?n?) “(p-n)? and of the tensors Ht:.bq R
i =1,...,14; the non-transverse portion reads
non-Lrans 1 2 5
0y ~Fy? |- T + 7 - T
mtv.nq (p.a=0) w ’ ~ B, po uy, po H¥, po
+ pta8 B T L
v, po By, pa uv, po
! -1 14 3
: -2 T 232 g2 1 | 4.40b
W W T, . % (e"? = {4.40b)
., nen-transverse £ =0,
M20_...@ that Htt.hn. & local function of Py i no veyse even for a

wmﬁ contrast to the Yanpg-Mills self-energy, eq. (4.34), The question has been

‘ralsed whether it is possible te recover the transversality of ntt pa for

.9 » 0 by choosing, for example, a gauge-breaking term like (Capper and

Leibbrandt, 1982c)

2
L L4, L A maba, , P e0 .

fix = 2« o @tt n? ov

-The answer is negative: there does nof appear to exist a real value for o
_mon which the infinite real part of the graviton self-energy {s transverse.
On the other hand, Winter (1984) has recently shown that the Imapginary
component of the graviton self-energy is transverse.

The non-transversality of the infinite real part utt.bn emerges
logically from a study of the appropriate Ward identity. The gravitatfonal
Ward identity in the axial gauge can be derived from the generating

functional
NEE\H -§Nfp) z, (6.41)

Z - expli fatz (L L, + ,_E\src: ;

ein ¥ Lfix
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V. The Planar Gauge
A. Theory
1. Introduction

Although the axial gauge (a = 0) possesses & number of gignificant
advantages over covarlant gauges, its application to gquantum chromodynamics
and other non-Abelian theories has been hampered by the complicated structure
of the gauge fleld propagator. The main culprit is the last term in eq.
{&.12), proportional to Yy n?/{q-n)?, which aggravates considerably the
analysis of perturbative calculations in quantum chromodynamics {QCD) and
elsewhere. It was this unwieldy nature of the gluon propagator that
encouraged theorists to search for other ghost-free gauges having simpler
propagators.

In thelr analyses of hard processes in QCD, Kvmmer (1976) eand Dokshitzer
et al. (1980) discovered the plapar gsuge which is intimately related to the
axial gauge but possesses a more attractive gluon propagator (Lipatov, 1975;
Dekshitzer, 1977). In massless Yang-Mills theory, the general planar gauge

is defined by

n# >wnxv = Ba(x), n?%=0, aw0, {5.1a)
Liix = 7 Zanz MAT 37 meat, (5.1b}

leading to the bare gluon propagator

. 2
omvm o) = -1 mmc . Aatﬁt M ntdhv & atntnw ayn
(AR (20)P(q241c) | B ’

q-n {g-n)?
e >0, (5.2a)
As a + 1, we obtain the propagator in the planar gauge,
ab {gn +qmn)
ab - ;|mu.|ml| —pv  vop
nttAA.D 1 (2m) “¥(q2+1¢) ﬁ wtv N a-n w e >0, (5.2b)

49

which is certainiy simpler and easier to employ than the axlal-gauge version,
eq. (4.12 ). ﬁ#m spurious poles of na.nvuw in eq. (5.2b) can be treated by
the principal-velue prescription (4.18), just as in the case of the axial
gauge. In fact, the entire procedure of Sectiom IV. B.1 applies alsc to
Feynman integrals fn the planar gauge. In short, planar-gauge integrals are
the same as axial-gauge integrals. (See Appendix A.) The three-gluon and
four-gluon vertices are alsc the same 8s In the axilal gauge (egs. (&4.l4},
{4.15)).

The planar gauge 1z blessed with other attractive features. Apart from
being ghost-free and possessing a relatively simple propagator, the gauge is
devoid of Gribov gauge coples, like the axial gauge (Gribov, 1577, 1978;
Sciuto, 1979; Bassetto et al., 1983; Weisberger, 1983), massless Yang-Mills
theory is remormalizable (Andrasi and Taylor, 1981; Mil’shtein and Fadin,
1981), and collinear divergences appear only in self-energy components
(Andrasi and Taylor, 1581}. The planar gauge has been employed primarily in
perturbative QCD, especially in the study of hard processes (Dokshitzer et
gl., 1980; Humpert and van Neerven, 1981a, 1981b; Bassetto et al., 1983;
Bassetto et al., 1984). The gauge has also beenr used in the renormalization
of the twist-four operator and of composite operators im gauge theories
(Andrasi and Taylor, 1983a, 1983b). The implementation of the planar gauge
in the canonical formalism was carried out by Bassetto et al. (1984).

The key difference between the planar gauge and the axial gauge occurs
in the respective self-energies and Ward ifdemtities. Not only is the planar-
gauge Ward identity {(cf. eq. {5.17)) more Intricate than in the pure axial
gauge {a = 0), but so is the one-loop gluon self-energy which turns out to be
both nontransverse and nt-mmﬁmﬁamnn {cf, eq. (5.19)). These intricacles

50
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1. The Ward identity

The Ward identity in the general plamar gauge may be derived from the

complete generating functional for Green functions (cf. eq. (3.19)),
Z[3B] = N [ D(a) exp £ [ atz m - by
- a&ﬂﬁ»V-w n-A% 3% n.A" + JR.5% M , m-Amnf >w , (5.12)

where the ghost Lagrangian density, L

shost" has purposely been omitted, since

ghost fields were just shown to decouple from the gauge fleld A%, Performing
the gauge transformation (4.25) on Z _uw_ and applyling the procedure

discussed between eqs. {(4.25) and (4.28), we obtain in momentum space (Capper

and Leibbrandt, 1982a)

be ec ebec
-n_g? ce eba f b

- SR D) - tags VM) + evTs qp + Sie7s Bpa) - 0,

(5.13)
where UMMAAV and ﬂmvwnav are, respectively, defined by

01T Ac e - 20 1 g-{x-y) .ce

<0} »:cc >_mcc jo> = [ da¥g e csm:t , (5.14a)

AomaTmcc n-aP(y) a2 n.,pncofov - m.w [ a%¥q ote () cmcm?:.
(5.140)

T denotes the conventional time-ordering operator. The last term in eq.
{5.13) corresponds to a massless tadpole diagram and can be omitted.

Mereover, since the second term in eq. (5.13) does not contribute to lowest

nMAa.nv given In eq.

order (mo loops), uMMAav reduces to the bare propagator mt

{5.2a), Bence eq. (5.13) becomes

i ate i an? &%
o 67 (q,a) = a8 - (5.15)

53

B (22)2% q.n q2

To obtain the one-loop contribution toe the Ward identity (5.13), we multiply

the latter by the bare Iinverse propagator aenwvnw giving

abc 2w
g £ (O} m.“.amﬁ.nv“

(5.16)

i4
n_.m HHO.HA.A.QV n?

8

mmwwan“nu is the amputated one-loop contribution te cMUmAn.Qu_ shown in the
"pincer® diagram of Fig. (5.1):

WP (q.a) = 7% (q,0) ¥P%(q,0) . (5.17)
) A v
We note that the function mmwmnn.av vanishes identically in the axial gauge.

The Ward idemtity (5.16) may be represented diagrammatically by Fig. (5.2),

Eig. (3.2)

where the tws bars on the left leg imply contraction with qf. Here =Mw is

the one-loop gluon self-energy, eq. (5.19), while the divergent

component of WMVQ is given by (Capper and Leibbrandt, 1981)

b b - .

FiP8(q,a) = 2in? g o? q'n g? £00% P(2-uw) (2m) 2¥ (n, - L8 4. (5.18)
¥ qf

For nonvanishing values of o the right-hand side of (5.17) 1s cleariy

different from zero, suggesting an n,-dependent and pontransverse gluon self-

energy, contrary te the claim in Dokshitzer et gl. (1980). The properties of
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¢. Importance of ghosts

As shown in Section (V. B.1), one can derive the proper Ward fdentity by

omitting L

ehost from the generating functional for Green functions, eq.

(5.12), While the absence of HWﬂomn might seem perfectly logical in view of
the ghost-free nature of the planar gauge, it is incorrect to assert,
nonetheless, that fictitious fields may also be discarded in other
theoretical contexts iavelving the planar gauge. Ghosts are not only
"...helpful in proving the finiteness of the renormalized Green functions™,
sccording to Mil'shtein and Fadin (1981}, but they are actually necessary in
the framework of Beecchi-Rouet-Stora invarfance (Becchi et al., 1974, 1975),
as emphasized by Andrasi and Taylor (1981).

Since ghosts play an equally Important role in the light-come gauge, we

thought it might be instructive to reproduce here the essential arguments of

Andrasl and Taylor (1981). These authors work with the Yang-Mills Lagrangian

densivy
L =L+ ﬁmwx ,
- _1pa papv
L " mtt F + waomn . (5.23)

-1
- - 2 JAB 42 .p8
Hmmx (2a n?) n A% 4% n-A

il

where the ghost term reads

- b b
Lehost = 1% (g % 0% + g £2°° n, 7% 4%

+ 3% (o, n® + gf2° ab ey - w g £20% ga b e
Here n,, fi; are ghost fields, and uw. K, external sources; the quantities a8,

fa, By are anti-commuting. 1 obeys the Beechi-Rouet-Stora (BRS) identiry

57

fasx [ERodh Sl 6L
5 AR 53K T g g8 5 3d

’

+ (an?) ! 57 (n-a®) wlwl -0, (5.248)

and the ghost equation

L ALk _ _ o

+
571" W 5 IE . {5.24b)

It is advantageous (Lee, 1976) to work with the generating functional I' for
one-particle-irreducible Green functions, with the gauge-fixing term

omitted,in which case eqs. (5.24) become, respectively,

X LT 50
._.&xﬁwl,mw.mumt+mammmmuno. (5.25)
and

The divergeat parts D of the one-particle {rreducible Green functions then

satiafy the BRS identity (Andrasi and Taylor, 1981)

cfae FEL & 6L 8§ £L 5
oD .“.nammﬁmgmt;euu%mww,vmawmw.w

8L 5 _ -
tskEs A B0 (5.27)
where ¢ 1s a nilpotent operator, o? = 0. Employing the ansatz
G = ay AR t3* & n# 57 4 a, ¥ A8 (v I3+ n? 48) + a, n® K&, (5.28)

Andrasi and Taylor proceed to express the general solution for D as

58



09

‘wyoy L uelF ayfii, owsu syy LoTdme sicyinw Iayio pue {(LLET1) 300,

a3 U] SIW[IBWOS B ,SUEIF suca-3gd(y, uoisseidye ay3 IBY3 afqeirsafex

ST 2] uosEsl SYY3 104 °,@ITUII SABATER S} Wnjuamow Y3 ‘Iuspuadepuy-auwsIyccc,
‘(986T) Yr pur Lyspolg ajonb o3 *S¥ s83BUIPIGCD AeI-YAFY Fo suial

uy uol3lEin@Icy 5,0vifQ 38Y: ST 3ueliodmy Lyyenbs 5T Jeym -4FIaue asjaedcu
3o saTorared Lqeisya Sujploar ‘uUBFROITIWEY Y3l UF 1001 23wnbs v jo aoussqe
8y3 ST wIo 3u0IJ oya Jo soFeuBApe Syl JO SUH JUBTIBAU] JUCIJ IYI SIABIT
awy3 dnoid pimoujog syl 3o dnoxlqns w yIa poIwIvessw ST w0y oyl  "IYdyy
Jo £3§o0Taa Ayl YITA SaA0W YOTHs awfl-8owds U 908BJIRS [RUCTSUSUP-9RIYl ¥ S¥
‘zuoxy aawm-surid B "9} ‘JUOI B SOUTIOP OH .*mHmHlmmmHH poTIES-08 IY] Wyl

Juomr ‘swe3sds TeoTwwulp 27ISTAJIVIAL JO S2INIONIIF INOTIPA SIQIIOEIP IVIT(Q

‘uSoTuwrudp  IYISTATIVIIA JOo sWI0], ITOTIAV BTY uy - [ I
2y3 23@ px';X'_X puw JWIJ SUOV-IYITT sy3 pailes {[TPU0I3TpeIl B} ,X aieys

R ) - m flex T exuﬁmw\av = 3% BI0j eyl uf (6w61) °8ITQ £q (X' %' (X' X)
- X I0308A-In0] Lus J0J peonpoiIuy ISATF oiom wseyl HIINUIDISGT
JTGFTIUIFT go 3oafgns ‘TROTIUSRT 30U 3Ing ‘pPajwial a9yl JNoge S5PIoM
nay ® Avs o3 jy3no aa ‘FINET sucd-ydy oyl OIUT BATIP °m 2I0Iaq Ing
‘Buruued SATIURALT URYI JUIPTOOB
4£q sixow pajsyxa yoyys sa3ned adiy-reijxe jo L11mey eyl Jo Jequam ‘YsINwLIF
30U JT ‘ppo uw su papawdea sem 3] ", UMCWNUN SWBJ 03 PUB IUNJIOF O3,
e8ned ¢ swa 23nw¥d suon-jydTr ayz Lyysuydiip o8ned jusiimacoucu Luw Jo eyl
58 3ujasuiosey pus fnjanoToo sw 57 a8ned auoco-juByy ouyz Jo L£I103STY eyl
SepIBUTELTeRy "1
UOTIoNpPOAIUT ¥

I 3383 -ednep suos-3yBpT i cIa

65

{8z 5}
‘bs U] § [PuUOIIOUNY Sy3 IO ZIESUB POIIIPOW € YI[A 1Taqie ‘a3ned suos-1ydi
IBDLIIUT SI0W IYIF UF hwnwuuﬁvw syxom osfe ‘spToTJ 1soyd Jo esn 37o7idxe sat
yaia ‘yoeoidde gig |a0qr 9yl IBY] JA UOTIDIE U 935 [IRYS @M Cefqe2flemIouns:
A1sapaeorrdianm 20u 8] £Iooyl B[TIH-Buel SSIYSSEE 1Byl PUB ‘B5IBASUBIIUCU
s] £919ua-3Tas sTIIN-Jur} dooy-2uo ay3 Jey3z LT°WRU ‘UCSN]OUCD SmWES Y3
03 I5IN00 Jo pee] soyoroxdde yzog (- (Zge1) uewIoey puw xadde)y £q yiom ayl
uoyosunecd SYY3 Uy eag) ‘peajsuy swpeidelp J50UZT seanbar gowoxdds gyg 2uz
‘sueyBeip I900FE ‘oyduexs o ‘@aosl] S2I3TIULPT pPAEM SBOTOUM SO I3ULP]
PARM 3 I0F PIpasu KoYl Woexz ‘Iwaausd uy ‘jusiagyrp eav sysdijeue

guqd ay3 Fuizeque sydexd vewudsj ayy I¥Y3 JOpEeII 2] PUTWRI am 'IBA0IIOW
‘uoyleTEmIousl 35042 o3 Fujpuodssiion wisi-%® 8yl Jo enfea
otazuou 9yl ‘Ienofired Ul ‘es7l0N -~ SUOTIERZI[RmIOUSI pPIalF uessidax *e pue

¥ o1jys ‘uoyjwzilewlous: jusjsuco Buitdnoo o3 spucdssazoo Tw jusioyyzecs eyy

; P N Uy . I %8
(og"5) mMMIMIII - s z - = 9g - u Eg
D 20 ﬂmno - ¥
C mr - 2 in o tg t ? gxgh - ig
T - b= 0 Fe

T = T

‘Te sjuegsuos jueliealp syl J0F FenTEa FUTMOTTOF Y3 2ATIIP USY3 pue

ad. z Nn b M N:
«%m;ﬂ:uﬂa__mmmm_wln

. . e
(62°S) 924+ ¥ 1 "



literature confused with or replaced by the phrase "infinite-momentum
frame®.

The infinite-momentum frame was oxriginally discussed by Fubini and
Furlan (1965) 1in the context of current algebra "as the limit of a reference
frame moving with almost the speed of light" (Kogut and Soper, 1970). It was
subsequently studied by Welnberg (1966), Bardekci and Halpern (19268}, and
others. In 1970, Kogut and Soper developed a canopical formalism for guantum
electrodynamics in the pﬂmwswnwpaoamanca frame which was later extended to
massive quantum electrodynamics by Soper (1971). cmmmwnm the pioneering
work of Kogut, Soper, Bjorken et al. (1971) and Tomboulis (1973) on the
guantization of the electromagnetic and Yang-Mills flelds in the light-cone
frame, interest im the VHNWhhhbbhlhhﬁhh* during the period 1973-1976 remained
sparse and was confined to a few researchers (Cornwall, 1974; Chakrabarti and
Darzens, 1974; Gross and Wilezek, 1974; Kaku, 1975; Hagen and Yee, 1976,
1977; Scherk and Schwarz, 1975).

Towards the late seventies, however, articles by Konetschny and Kummer

(1975, 1976, 1977), Kummer (1976), Beven and Delbourge (1978), and Konetschny

*Some suthors prefer to use the phrase "null-plane gauge™, or *light-front

** and

gauge" instead of "light-come gauge”. The reason, according to Aragone
Gambini (1973), is that "...cones are pot characteristiec hypersurfaces at
thelr vertex (Hérmander, 1963)*, whereas "...the null hypersurfaces x* -
constant, or X~ = constant, are good simple characterlstics at any of their
points, they do not present singulaxr points...".

**The author is grateful to Professor €. Aragone for clarifying remarks on

this matter and for bringing Hérmander's reference to his attention,
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(1978) on the renormalizsbility of Yang-Mills theory in the axlal pgauge and
on the unitarity of the scattering matrix had managed tc dispel some of the
ingrained skepticism about nonceovariant gauges, and researchers were willing
to take a frash look at the pros and cons of the light-cone gauge. By the
end of 1982, several positive features had emerged from wnﬁnwmm in
perturbative QCD (Kalinowskl et al., 1981; Furmanski and Petronzioa, 1%80;
Curci et al., 1980; Konishi, 1981; Floratos et gl., 198%1). For instance, in
deep inelastic processes, only planar diagrama are needed to evaluate the

dominant contributions in the leading logarithmic approximation (Pritchard

and Stirling, 1980). The major technical problem seemed to be lack of a

‘ consistent prescription for the unphysical poles of An.sv-w. The principal-

value prescription vielated power counting, as well as other basic criteria,
and was therefore unsatisfactory for the light-cone gauge.
Early in 1982, Mandelstam (1982) suggested a new prescription for the

light-cone gauge and used it to demonstrate the ultraviolet finiteness of the

wz = 4 supersymmetric Yang-Mills model. Later that year an equivalent

prescription was discovered independently by the asuthor and implemented for

. the first time in the context of dimensional regularization (Leibbrandet,

W 1982, 19B84a). Togethex with Brink, Lindgren and Nilsson (1983), and

" Bengtsson (1983), Mendelstam (1983) was one of the first to emphasize the

computational advantages of the light-cone gauge in supersymmetric theories.
The reputation of the gauge was further enhanced in 1984 by the fact that the
sophisticated superstring models based on the semi-simple Lie groups Spin
32/Zy and Eg x Eg were originally tractable only in the light-cone gauge.
Since that time the gauge has found numerous other applications, for example

in studles on stochastic quantization (Parisi and Wua, 1981; Zwanziger, 1%81;
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Since ghosts decouple in any Feynman diagram whether the ghoat lines are

open or clesed (see Sect. IV.A), the term L

ghost may be dropped from the

genexating functional for complete Green Functions,
z(1B] - KfD(A)Z , (6.6)

Z - exp 1fdtz]- wnmn.\vu + mw (n-A®)% 4 F2.a8] |

Using the invariance of (6.6) under the gauge transformation

4% (6%, - g mmun.pwv WB(x) ,

and proceeding as in Section IV between eqs. (4.21) and (4.26), we obtain the
Ward identity
abe

gef B%{q) ~ O, (6.7)

ab
Lgn o 62 (g - M- 5

= +
=] H A.Nﬂu 2u kg

where m”wna.ﬂv is the bare propagator to one-loop order and wmaau denotes the
Fourler-transform vacuum expectation value of bmnxu. Since the tadpole term
wmﬁnv vanishes in dimensional regularization, eq. (6.7) reduces to the Ward

identity

&b
q utcﬁnv -0 , (6.8}

which also follows from BRS invariance (Taylor, 1982), The one-loop
Yang-Mills self-energy ﬂww in the light-cone gauge {s shown in Fig.(6.2) and
given in eq. (6.34).

The fact that the Ward identity (6.7) can be derived without ghosts
might leave the erroneous impression that nosww&mﬂwwHon of ghost flelds in
(6.1) is completely superfluous. This is not the case. There are
situations, where the powerful consequences of BRS {nvariance provide a
welcome tool for analyzing the renormalization structure.
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B. Evaluation of light-cone gauge integrals
1. Prescription for unphysical poles
Until about 1982 the spurlous singularities of Aa.uv.w in kight-
cone gauge Integrals such as

a®q £(q%.q_,n ,9-p)
.m. H U
{q2+1e){(q-p)? + 1] g'n ’

wers invarlably treated by the principal-value prescription

|Hll |HIIP 1 1 6.9
q-n > q'n 7 “MW na.ﬂ + iy + q:n - mtv. u>0. (6.9)

. While this prescription seems to work reasonably well for the axial and
muwwdmn geuges, 1t is unsuitable for the light-cone gauge, where it viclates

Hcotmn counting and leads to one-loop Integrals whose divergent components are

elther nonlocal or contain double poles. Prescription (6.9) may even fall to
satisfy the appropriate Ward identities. The question one has to answer is
whether these difficulties are symptomatic of the light-cone gauge Der ge, or

whether they are caused by the prescription itself. It is possible, after

~all, that (6.9) is mathematically 111 defined for n? -~ 0.

To see that this is indeed the case, we observe that for ng = 0 (as

)

required by n? = 0), the poles of (g-n % Htv.w. namely q, " - AM.M + Htv\sn.
lie on a line parallel to the imaginary gu-axis, i.e, they appear in the
first and fourth quadrants of the complex qy-plane. We assume n, > 0 and
M.M > 0. (Fig (6.1)). The location of nm+u and AM.U prevents us from making
a Wick rotation to Euclidean momenta, without encircling one of thase poles
(Lelbbrande, 1984a). By comparison, the poles of a typical Feynman
propagator like (q2 + Hmu-p Iie In the second and fourth quadrant.

Nor does the primcipal-value prescription work for momentum integrals
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first in Minkowskl, then Euclidean space,

a. Minkowski space: Substituting

1. i Gt @)
T.Lx?w " ?w+ (3070,% - ()% + ief

{6.14)

into I and observing that the resulting integrand is pot Lorentz iInvarlant,

we first write

2

a ea - &me-w

: 4 »
then integrate over q, and § separately:

nmepnﬂoSQ + 4%

1= \MWW+ ..m. [(a-p)% + Hnmmnnunau - (@-W)2 + 1¢) (6.15a)
1
-tm faxa? fa® g " aq, (qom, + )
es0t @ -
{Cao - B/a)? - (4/A%) + 1¢/A1% , @ = B2 - 4C , (6.15b)

A

x + {1-x)ny? , B = xp,,
G =xps® - x (- B)? - (1-0)(@FW?,
where the denominator i{n {6.15a) has been combined according to Feynman. The

various imtegrations lead to (Leibbrandt, 1984a):
2 1 2p-m 2
Ja®q 1(q-p)? qn]"" « R ?ew@-e; -p'R pro¥ we-

* —_—
- B T, wo 2t (6.16)

n-n

which is local, but Lorentz-noncovariant, and agrees with power counting,
Here n-n* = 2 B2 = 20,2, while T w in? F(2-w) has already been defined in eq.
(4.23). Comparison of (6.16) with the result in the axial gauge, namely
2 p-n M\du. shows that the light-cone gauge is not a limiting case of the
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axial gauge when n? -~ 0.
b. Euclidean space: The transition from Minkowski to Euclidean space is
effected by the transformation

pw-tq ,4-17,

n, = n, , B =7, (6.17)

gco that prescription (6.11) reads

m.m+Haﬂ
lhl l M ;a u
r.n Eucl. “.».w+ -q%n? - (F-B)? + 1c (6.18)

and 1 becomes

2u-1 o {8+ 1q,n,)
- . 6.19
I-1/fd q H-ann. [(3,-p4)? + (3-B)%}{q.?n,? + (4-B)?) { )
; 2w 2w-1
where the ic has been dropped and d q replaced by {4 4 dq,. Note

wvmﬂ ny, 18 pet rotated in (6.17)! Rather than combine the propagators
according to Feynman, as was done in Minkowski space, it 1s more efficient in

Euclidean space to apply the exponential parametrization
A__1 ., E1
e - Ha da o exp(-aA), A >0, N=1,2,3,...,
wwdmﬁm

o gz o ) , ;
1-f dadg PP [ ™4[ aq@H+1qn) e,

E-g42 - 2048 +a (§H7+ (B +an,)q? - 28 q,p, . (6.20)

Integration over g, and § yields (see Appendix C)
I - in® pon* [Tda a8 p77%p + a 0,12
exp [-fp? + BB? + (-af(B-B)% + F2p,H)/(B + an, 7)),
lescaling a to n\ﬁ.»_ and introducing the new parameters (A,¢) via
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light-cone vector ny, has linearly dependent compenents.

b.  The operator §/dm,:

Application of the operator m\mﬂt to & known integral generates new
light-cone gauge integrals, ovided nt# is kept fixed and the final indices
are symmetrized {Andrasi et gl., 1986). We illustrate the procedure by
evaluating the Integral

dq q q
1 = e, {(6.29)

By 9*{q-p)*(q-n)?
from the expression

dq g
— Cu.. I
- o, I/n-n* | (6.30)

9% {q-p)?q-n
The appropriate ansatz for (6.30) is

dg g

*,7 * *
- I1/n- + n? . .
P (a-p)%qn OB {(I/n-n") + n? hin,n",p) (6.31)
where the function h must be chosen so that the answer for Htt is symmetric
in p,v. Moreover, h should conserve mtﬁ. be loecal in Pu and of dimension

fn3

fixed,

1. Dbifferentiation of (6.31) with respect to n, gives, holding u!*

dq 9,9, n'n
q2(g-p)2(g-w)? " (n-n")3 an " my h. (6.32)

i)

Setting n® equal to zero in (6.32) and cbserving that the first term on the
right-hand side is slready symmetric in the indices, we may choose h = 0 to
get the divergent part of the Integra}l,

dg q q,
P C —

Tl Tam? W I, 6.33)

Similar examples are studied in Andrasi et al. (1986).
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C. Application to Yang-Mills fields

We 1lluatrate the light-cone prescription (6.11) In the case of quantum
chromodynamics, first, by reviewing the Yang-Mills self-energy and then by
analyzing the three-gluon vertex function to one-loop order. The three-
gluon vertex is studled in some detail in order to display the importance of

ghests in the derivation of nonlocal BRS counterterms.

1. Yang-Mills self-energy to one loop
The relevant Lagrangian density for this caleulation is given in

eq.{6.1), but with ( ﬁfx + } omitted. Application of the Feynman

t wwvown
rules (6.4)-(6.3) and of prescription (6.11) leadz to the following
expression for the Yang-Mills self-energy in Fig.(6.2) (Leibbrand:r,

1985a):
ab - ab 11l . , 2p- * *
aiv :uvnvv wauﬁnm-evndz g & ﬁ 3 {p mt: - vtﬁtv + mwmm mvtﬂt + Py, )

*
+ p-n n-n HNﬂnﬁtﬂu\ - ﬂ-.ﬂ.ﬁmw.t.s.-\ + ”(nﬂ.t.vw

:
- % (nn,* + uq:.s*# . (6.34)

vwhere mmna NVna - mwv nmz. For a more recent study of the gluon self-energy,
see Dalbosco (1986).

Apart from the traditional factor, AHw\wvAﬁumtt - ﬁtﬁtv. the gelf-
energy in the light-cone gauge differs drastically from that in the axfal and
planar mwcmom..mnm. (4.34) and (5.19), respectively. Not only is (6.34)

gauge-dependent: and Lorentz-noninvariant, but it {s alse nenlogsl in the

external momentum Pys the nonlocality arising from use of the decomposition

formila
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den

b
W olPraet) = 1g£ (@, (5 - 1 () , {6.37)

where mtn is given in eq. (6.34), we ghall use the Slavnov-Taylor
identities (Slavnov, 1972; Taylor, 1971) to postulate a suitable counterterm-
Lagranglan.

Following the procedure between egs. {5.25) and {5.27), we find that the

divergent part D of the one-particle-irreducible Green functions is given by

D=Y+eX (6.33)
A

¥--1 A SRR TR WV i (6.39)

oo 8L & Shof  BL S SL 5 _ 5 _ g (6.40)

5a2 53H% * 832 sAFE T 5n% gk® T 5KA §yB

where ¥ is gauge-invariant and oX gauge-noninvariant. J2, ¥2 are sources and
Na, Ny ghost fields. The coefficient a, in Y may be dropped on dimensional

grounds. (See in this comnection, Galgg et al. (1986}.) The functiomal X is
basically arbltrary, but should conserve ghost mumber Ny (Lee, 1976; Itzykson

and Zuber, 1980) and have the proper dimension of mass.

We return to eq. (6.38)., Since mww and ﬂMWM contaln both local and

nonlocal terms, 1t seems reasonable to endow the functional X with similar

characteristies. Accordingly, we shall assume the ansatz

X x

nenlocal ' (6.41)

- NHoan *

Xiocal = 33 AF (K% + p0K) + a, n,* 472 of (U2 + R0, + a, n® KR,

{(6.42)

Xnonlocal = 2, (2%, 8%/nyaky m, &7 0} (3,2 + pn))

abe

+oap g £ {(n,*3%/n,8Fn, AL 0t a,P]

77

[(n8,)™h (35 + ¢ nyne]. (6.43)

Hence the counterterm Lagrangian is glven by
L --haFr PR,y (6.44)
count 2 BY

- &3 shown by Leibbrandt and Nyeo {19£64), the counterterm for the three-gluon

. vertex has the form

m mmmvnmummu A - 3a, A+ ﬁ‘nwmwa mAHu - a, G- a, UANVV

: 2 2 13

+nen* (2ag D - a2 4, gV L g, N, (6.45)

mzwmﬂo btth.....mttﬂ are given in eq. (6.36). By explicit computation

a1l ghost diagrems vanish (see Figs. (6.6) and (6.7)), the chief reason being

that nronw = 0. Comparison of (6,.45) with (6.36) leads to the coefficients:
ay -+ HW K, 89 = 0,

(6.46)

8, = - 85 = 8; = -2x/n.n* |

The coefficient a, vanishes from a study of the ghost diagrams. HNotice that
the last four terms in (6,45) correspond to the nonlocal terms in (6.36).
bue to the presence of nonlocal counterterms, and despite considerable
effort in recent years, there remain a number of unresolved questions abour
the renormalization structure of Yang-Mills theory in the light-cone gauge
which has been studied by various groups, including Bassetto er al., (1985,

1986), Bassetto (1985, 1986), Lee and Hilgram (1985c, 1986a), Andrasi et al

{1986}, Nyeo (1986a, 1986c), and Leibbrandt and Nyeo (1986c, 19863). The
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2. R=4 superaymmetric Yang-Milla theory
The Lagrangian density for the N = 4 supersymmetric Yang-Mills model
(Gliozzi gt al., 1976, 1977} can be written as (Namazile et gl., 1983)
R - N Y 1 o 173
L i Amrtv 1¥ v ¥, + ry VBT ¥ mnb
g
;i

@* . e Txct ¥5 + herm. conj.)

B2 gef oy 7.
18 xH mnnu:qm“ {(7.1)

M_E\ I mtb.v. a mﬁ»t + g _Pt x4, ., p,vw=90,1,23,
where Ay is a Yang-Mills field, ¥, a chiral splror, mnu a scalar, and a, § =
1,2,3,4 are 8U{4) indices. Gauge indlces are suppressed in this Section and
all fields are in the adjoint representation of the gauge group. C is the
charge conjugation matrizx. This N = 4 model possesses the following
symmetries:

1) 2 local symmetzy (any senl-simple gauge group, with all filelds in
the adjoint representation);

2)  a global supersymmetry and a global SU(4) symmetry, under which the
supersymmetry charge trensforms as a 4. This implies that there {g
only one independent coupling constant g. Moreover, ¥, ~ &,
¥, ~ % , and H g~ 6 of this SU(4), with the "reality" condition
mﬁm - (Y/2) mﬁmqm

Star (¥) means complex conjugation and the superseript T in {7.1) indicates

mém imposed, and m.q.m - Ama.mv.».

the transpose. V = 4BV, where Vu is the gauge derivative
qtlmt+mb.:x. (7.2)
The Lagrangian (7.1) may be rewritten in light-cone form by defining, in

81

, 4-dimensional space-time,

xted oot | o ey
xp lu‘wﬁxa.‘.mx»v . MMIHWC% - fx?) ,

Mtw_t -2 (x*x" - % M.Hu H (7.3)
and .

he = 7h Bo £ 8, A, = (ag.ay.008)
wauu.w:; - 14y .manq“_m.?,ru.puv. (7.4)

where the subscript T labels the ransverse components, Tt ig customary to

call x* rhe light-cone time, or evolution parameter, and x~, Xp, Xp the
gpatial light-cone coordinates, Equations of motion containing 8, = §/3x%
ars, therefore, dynamical equations, whereas those not invelving 3, are
treated as gonstraint equations. Imposition of the light-cone gauge
condition n# Ay =0, or

A_=0 (7.3)
for the specfal cholce n, - (1,0,0,1), allows one to use the constraint
equations to eliminate some components of the various fields in favour of the
remalning physical degrees of freedom. In the light-cone gauge (7.5), the
equationz of motion for b_:.

J, - Wb Fpp + ¥ = (+,-,1,D)

can be solved for A,:
Ap ~ (3.)°7 (Vpd. Ay + Vp 3.Ap - J)) (7.6)

where V7 - NW vy, - iv;) , m.m. - HW (V, + 19,). We recall that the nonlocal

operator 1/d_ represents an indefinite Integral and will, therefore, be
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31 a’g alploylfs Ag

1 X5 4y

It then follows from the S0(1,1) x S0(2) light-cone symmetry that

&‘0?:M0ﬁ-%40#+ﬁﬂm.
a1+ &2 19 s e L G2 P 19) 45
3x + €28y, 8p e 2% ap, Bp o et by : (7.19)

3. Superfield reprasentation

In terms of the superfield ¢ , eq. (7.18), the Lagranglan (7.1) now

assumes the light-cone gauge form (see eq. (4.10) of Brink gt al. (1983a))

- 2
L = [ a4 d4§ .._N.a.lra-vna +

+ ﬁ w g (¢ - MIWMi 4 x 8p 4 ) + herm. nouu.i

2
-Mﬁmawm.a.mexm-w+wuxa.ﬁxtu ' (7.20)
which is manifestly invariant under the global symmetry expressed by the
transformations (7.11)-(7.13).

The light-cone gauge superfield formulation of the Lagrangian (7.20)
provides a convenlent starting peint for proving the ultraviolet finiteneas
of the N-4 supersymmetric Yang-Mills model. By examining the detailed
structure of each vertex in an arbitrary amplitude of the theory, Mandelstam
(1983) showed that sufficiently many powersz of momentum are associated with

each external line so as to render the corresponding Green function “power-
85

counting ultraviolet finite®. A cruclal ingredient in tha proof is his
light-cone prescription which allows the amplitude to be Wick-rotated to
Euclidean space so that naive power-counting is indeed valid.

Further details may be found in Nsmazie et al. (1983) who proceed to
demonstrate, among cother things, that the off-shell finlteness of the N=4
Yang-Mills theory remains intact even when supersymmetry is broken explicitly
by the addition of mass terms for the scalars and spinors of the model. In
addition, the local symmetry can be spontaneously broken. For an SU(2) pauge
group, for instance, the resulting theory has a spectrum that is entirely
massive and, hence, both infrared and ultraviclet finite,

This completes our brief review of the basic light-cone gauge

mﬂozmsowmnzﬂo in supersymmetric Yang-Mills theory.
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eliminates a further four redundant modes. In four dimensions the graviton
field possesses, thersiore, two physical degrees of freedom, whereas in d
dimensions the number of propagating modes equals W {d4-2)(d-1) -1 (Goroff and
Schwarz, 1983).

To demonstrate the elimination of the redundant mtt modes, we follow

Scherk and Schwarz (1975) who define new variables ¥, 4Mu and ¢ by writing,

respeetively,
By = e¥ T4y R 1,j =-1,2, (7.26)
nmnhdwuu -1 (7.27)
g, = ot | (7.28)

where the symmetric, unimodulayr matrix dpu is characterized by twe
independent varisbles, p and §:
P .
cosh siné}{e? O]{coss sing ik 1

Ty = B O I PRI TN (7.29)
1 -sing cosd) [0 e ) {sins cosf Jk ]
The next step Is to veplace the gauge constraints (7.25) by the more sultable

set (nt = 2 , n - 0)

0, {7.30a)

By w1 T By T

$ = w ¥, {7.30b)

and then te rewrite ¥, g, and 8.4 in terms of anu.
Consider first ¥. Substitution of eqs. (7.26), (7.27), (7.28), (7.30a) into

eq. (7.23) yields
Ry = 20 8,8 )89 - 2007 - (3,02 + } 3,4 5, 7 =0 (7.3D)

leading to the solution (¢ = W ¥)

89

- i
¥ |w (8)7°2 (3 Y 3, J_Cv ' . (7.32)

where the nonlocal operator (3,) ! is equivalent to the operator (8.} ! used
in Sect. VII.A.
The components m-m and g, on the other hand, follow from mt+Wtw lmM

and mt+ht. = &%, reapectively:

g - - o2¥/2 4Em+.._ . 4,3 -1,2, (7.33a)
¥ 1
g -e ¥ 41 B.gEy - €8, (7.331)

where Byg = mM - mw - 0; m+u may be deduced from w+u = 0, and m++ from

R, _ = 0. Eqs. (7.32)-(7.33) permit us to write all three variables ¥, B 4

+ -

Mmbn g5 _ as functions of dmu. so that Fﬁa= finally becomes (see eg. (3.17) of

‘Scherk and Schwarz, 1975)

Logy © o¥/2 Tamumuw . w yHaw ay¥ +

+ 1 a8 T By - L._N. o i ™ w
+ ¥ Tfm. ¥ - a,yia, Ty H_
+ mlwﬁ\m qwu ﬁWﬂ NMH WH Nuw » L ke =-1,2, (7.34)

with

Ry = W e¥ Mm+4quH 4uw + g 8,9 - 3 m+mw¢~ + 8 ﬁm& 4uw a5 Qwuu .

We have succeeded In rewriting Einstein’s Lagrangian entirely in terms of rhe
physical degrees of freedom of the graviton. The relative simplicity of the
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G. $Strings and Superstrings
1. Introduction

In Sections VI, VII.A, and VII.B. we illustrated the practical side of
the light-cone gauge in the case of ordinary Yang-Mills theory,
supersymmetric Yang-Mills theory and Einstein gravity, respectively. The
purpose of the present discussion is to introduce the notational framework of
the light-cone gauge formalism also for supersymmetric string theories, which
burst onto the scene In the Orwelllan yesr and have since caprured the
imagination of a diverse spectrum of particle physicists. While the basic
idea of the light-cone gauge, namely elimination of the nonpropagating flelds
and reformulation of the theory in terms of physical medes only, fs the same
for all models, the reader will have noticed a gradusl inerease in the
complexity of the light-cone formalism, coupled with minor but annoying
changes in notation. This trend continues for the various supersymmetric
string theories, or superstring theories for short, including those based on
the gauge groups Spin 32/Z; and Ey x E,. Since the original superstring
madel of Green and Schwarz (1982) and nurerous subsequent calculations are
formulated in the light-cone gauge, we decided to Inciude here a few remarks
on the implementation of this exceedingly versatile gauge. We stress that
the present discussion is in no way meant to replace the excellent review
articles available in the literature (Mandelstam, 1974; Scherk, 1975;
Schwarz, 1982; Green, 1982},

Superstring theories emerged from dual string models (Veneziano, 1968)
which were developed between 1968 and 1975 as 2 theory of hadroms, but were
later abandoned, because they were unable to provide a satisfactory physical

description of the hadronic world (see, for instance, Alessandrini et al.,
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1971; Frampton, 1974; Veneziano, 1974; Jacecb, 1974). Among the defects of
the "old"” string theory were the eppearance of massless states in the
hadronlc spectrum and a lack of awareness for the need of a critical
dimension of space-time, a dimension which differs from four and in which
these theories were meaningful. Today we know that the critical dimension
for bosonic string theories iz 26, for fermionic string theories 1¢. With

the discovery of supersymmetry, however (fol'fand and Likhtman, 1571; Volkov

~and Akulov, 1973; Wess and Zumino, 1974), and supergravity (Ferrara gt zl.,

1976; Deser and Zumino, 1976; van Nieuwenhuizen, 1981), and the development
of various grand unified models, the ceonceptual framework of quantum field

theory changed dramatiecally and led to a revival of the ideas of Kaluza

- (1921) and Klein (1926). (For a review, see Duff et al. (1986).) 1In essence,

. particle physicists became "conditloned" to working with higher dimensions

. and were, therefore, quite willing to consider the implications of the

radically new theory of superstrings.

Superstring models appear to be good candidates for a unified theory of

_ the known interactions, offering for the first time a realistic opportunity

. for combining quantum mechanics with general relativity. The models based on

the semi-simple gauge groups E; x E,, and Spin 32/Z,, are particularly
attractive, since they are free of tachyons, ultraviolet finite and anomaly-
fres to one-loop order. Nevertheless, superstring theories are not easy to
work with. They demand a uMWmWﬂwﬁn mode of thinking and the application of
unconventional mathematies. .Won this reason, many of the calculations have
been and still are being carried out in the light-cone gauge which, as we
know, breaks Lorentz covarlance. The first-quantized light-cone gauge string

action is supersymmetric, Lorentz-noncovariant and possesses the following
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the remaining gauge degrees of freedom, we select a specific axis¥ ny, in
space by constructing :tMt. with n, an arbitrary D-dimensionsl veetor. We

then choose 5&Nt proportional to the evolution parameter r:

n, XF{o,r) = :txtmﬁu = n,x¥ + 2af oy P r, (7.37e)

]
vhere p# is the total D-momentum of the string (Scherk, 19753, x# an

integration constant, and where the xM{s,r) are "centre-of-mass" coordinates
given by

x
xH(r) =2 [ %Bo,r) do . (7.38)
x

Egs. (7.37) form a unique orthonormal system which may be still further
simplified by choosing , light-like, n? = 0 (the resulting gauge constraint
is also referred to as the transverse gauge) and by working in D-dimensional

light-cone coordinates:

x* - HW x0 + x> Yy | (7.39)
i 1 D-2 i

=l x0T - @y, e1,2,.0.,0-2; (7.40)
XY =g, Y.y - v+ xt oyt (7.41)

Kotice the difference in the overall aign between eq. (7.41) and eq. (7.24a)
which is due to the metric (7.35). With n, - (1,0,...,0,1), and in view of

eq. (7.37c), the light-cone condition reads
o, r) wx¥(r) = xt 4 220 ptr (7.42)

vwhile the string action (7.36) reduces to {Schwarz, 1982)

#Hote that the cholce of such an axis breaks manifest Lorentz covariance.
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Qia. _.m
mh.n. |h.l.pﬂ J aw [ dara xtacxl | a-12, (7.43)
T gud i i=1,...,D-2.

Since it is possible to express X~ in terms of X! . see the detailed
discussion in Scherk (1975) - the dynamical content of the theory is
completely determined by the transverse cocordinates N»Aq.ﬂu. The latter

satisfy the free wave equation

Hmwn . nm..u (e, r)-0 , 1-1,2,...,D2, (7.45)

8e%  8r2

subject to the following boundary conditions for open and closed strings,

respectively:
2 ot 2. ol
X oonlo ) - X {g,1) -0, (7.44a)
dc “open =0 do “open -
i - xi
anowmnao.qu anoumn (x,r). (7.48b)

To solve system (7.44) - (7.44a) for open strings, one simply expands xl

in terms of normal modes so that

-
X2 (e =xl+ 2 5l s 2iar 3 Lal cos(uare (7.45)
open o
n~1
while quantization of the string gives
[x%,p¥) = 10", pv=-0,1,...,0-1, : (7.46)
i - i . - _a. -
ool -m 6, o6 5 Li-12.p2imne12,... . (D)

At this stage it i5 customary to introduce the lowering and raising operators

mw and Amwv , respectively,
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“xt.o>mv which define a superspace. XHM{o,r}, p = 0,1,...,B-1, are the usual
bosonic space-time coordinates in D dimensions, while mbmﬁq_ﬁv are
Grassmann coordinates expressing the fermionic degrees of freedom, The two-

c\w. transforms 1like a spinor in

component object mbw. Aw 1.2, 8a«~1,2,...,2
D-dimensional space-time, thereby connecting bosons and fermions (Schwarz,
1982; Greem, 1986). Since the eritical dimension for superstrings is D = 10,
there are exactly D-2 = 8 phyzlcal modes (matching the number of transverse
components Xi(o,r)) and elght physical spinor modes. The variable wbw is
assumed to be self-conjugate (Majorana) and cbeys the chirality (Weyl)

condition {Green, 1986: Schwarz, 1982)
et P *@,ry -0, A-1,2, ab-1,...,32, (7.51)

where nqtvmv are space-time Dirac metrices in a Majorana waﬂmmmHRMHno=.
gt = 31, Try = Y0yl 9% and {48,9¥) = - ¢"Y, where the last negative sign is
due to the particular choice of Minkowskl metric, :tv = dlag(-1,%,...,1).
The next task fs to give the form of the light-cone constraints on the
Aa

superspace coordinates (X#,8"}. For the bosonic coordinates X#, the

constraint is of course the same as in eq. (7.42),

o, r) = xF + 22" ptr (7.52)

An

but for the spinor 8 the light-cone condition assumes quite s different

form {Schwarz, 1982):

(H® e (or) =0, A=1,2; ab-1,2,... .32, (7.53)
+ " o o
with % = 73 (P + %),

101

To obtain the symmetric string actlion, one just adds to eq. (7.43) the
Dirac action for spinors, 1 Abavuw M do % dr 8 ¥ = 8, 8 , so that the total

action is given by (Schwarz, 1982)

- TF _
st o1 [0 1, or Hmw 8, Xy % X! + 182 4% 3, mmw . (7.54)
f=131,2,..,8; a =1,2.
Here
B (1B ()22 (0B | AB 12 ab-1,2,...,32,

and Avnubw are two-dimensional world-sheet Birac matrices with nalﬁm -wv.
b—lﬁm wu . The light-cone action (7.54), flrst proposed by Green and Schwarz
(1982), is invariant under the supersymmetry transformations
sxl w (pty-1/2 ¢ 4l g, (7.55)
s8 = L(pMY Y2y yupa ¥e, p-0,...,9, (7.56)
Aan

¢ being Majorana-Weyl spinors in ten dimensions.

The equations of motion for X! and 8" follow readily from the string

. action (7.54). For open strings, NHAq.ﬂv satisfies

2. ¥ o) =0, e (@, e, (7.57)

Cwith boundary conditions

mlu ..mln
do Novman.ﬁv omd 8o Nokuﬁq.qv Qla. (7.38)

while wbm obeys

88 =g, 3 828wy, {7.59)

with boundary conditions

818(0,7) - 623(0,r), @38(x,r) = 823(x,r). (7.60)
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transformations are still a symmetry of the action., This residusl fnvariance
manifests itself as an unphysical pole in the longitudinal part of the gauge
field propagator. To solve this delicate problem, the following schemes have

been proposed.

In this approach one tries to

eliminate expliclitly the unwanted degrees of freedom associated with time-
independent gauge transfermations (Goldstone and Jackiw, 1978; Bjorken, 1980;
Christ and Lee, 1980; Haller, 1986). The procedure can become complicated,
especially in non-Abelian models, and does not lead to a practicable set of

“Feynman rules™®,

. Its basic idea {s to remove the ambiguities

arising in integrals like | dg [(q-p)? q.n]"?, [ da {(a-p)? g2 (g-n)*1°%,
etec., by finding a suitable MWmunﬂnvnFOb for (gm}™ %, a=1,2,... . This
strategy, pursued by Caracciolo et al. (1982), Curci and Menotti (1982),

Landshoff (1986a), Steiner (1986) and others, has led to several concrete
results and some much needed insight fnto the technical subtleties. It is

too early to say how successful this approach will turn out to be, since none

of the consistency checks have been carried out beyond the one-loop level.

In this scheme, Rossi and Testa (1980a,
1980b; 1984a, 1984b), Leroy et gzl. (19B4as, 1984b) and Chan (1986) achieve
quantization by invoking the Faddeev-Popov prescription. Working with a
finite-time propagation kernel (Feynman and Hibbs, 1965), they are able to

(1} identify the physicel states, {(1i) derive a set of consistent Feynman

105

rules, and (ii1i} prove equivalence between the temperal gauge and Coulomb-
gauge formulatioms. Theugh unconventional, this method appears to be the
only consistent one avallable to date. Starting from first primciples, we
are led to a functional representation for the Feynman propagation kernel
which then allows us to derive a perturbative expansion. There are no
spurfous singularities in the gauge field propagator and hence nmo amblguities
in the loop Integrals. Practical problems, related to the complexity of the

perturbative expansion, have been solved to some extent by Chan (1986),

B. Path-integral approach

M Let us apply the finite-time path-integral method to the temporal gauge.
mﬂro main ingredient in this approach is the Feynman propagation kernel NAMQ.
“H\Nu Mu. -T/2) which represents the amplitude for fimnding the field in the
configuration Munmv at time t = -T/2, if it was in the configuration muﬁmv at
time t = - T/2.* In Euclidean space, the kermel is given by the functional

integral (Rossl and Teata, 1980a, 1980b)

_ " 3. -5 _ (g
K(A,,T/2:4,,-T/2) - | i Dg(d,t) [ 6 ax) e 50 By,
~T/2 < t < T/2
- = -+ ~+
Alx,T/2) = A,(x)
- - -+ -+
A(x,-T/2) = A (x} {8.1)
where we have used the identity
1~=af K pgx.t) 5¢"80a,) ; (8.2)

“P/2 <t = T/2

g{x) i1s a generic element of the local gauge group G, and U(g) an N x N

*In this Section, three-vectors are frequently denoted by an arrow:

-

Ew (Bg), L -1,2,3.
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Ly =--1F &, P ™ O hy = 8y Ay, pv = 0,1,2,3, (8.15)

-+ -+ -+ -+ .P..n' -+
mldxb.m..l-mﬂb:dbn.Nolnlnwam.

where b.:CG is the four-vector potential and m.tvﬁnv the fleld strength. For
the Hamiltonian formulation it is essential to identify the canonical
coordinates and canonical momenta. Choosing Ay to be the field variables wsa
Fpuo the corresponding canonical momenta, we observe that not all the
components of &t can be Independent, since Fm# in {8.15) does not contain
Fgp- Hence there {3 no momentum which is conjugate to A,. Accordingly one
defines Ay{x), 1 = 1,2,3, as the independent camonical ggordinates and Fio as

the corresponding conjugate moments, Fjo being the electric field:
Fio =By = - 8, 44 4, = 3/3t, (8.186)

Since Mauwell's theory is gauge invariant (Weyl, 1931; Heisenberg and Paulf,

1930; Feynman, 1977}, we may set A,(x) equal to zero, leading to Maxwell's

eguations
VE = T, (%), (8.17)
3y By = 8y Fiy » 8= asaxt | (8.18)

where mt is a conserved current. {The current component in (§.17) has been

added "by hand" for later convenience.) The total Hamiltonlan reads
1 - = -+ el
m:mw%xﬁm.m;;qx&; R (8.19)
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and the theory is quantized by imposing the equal-time commutation relatiocns

({Itzykson and Zuber, 1980),

(g, By o _yo =18y, 80 G-y (8.202)
hy(x), A0 Ly =0, (8.20b)
{Eg(x), B4 40 o ¢ wg . (8.20¢)

! We observe that (8.17) appears to be inconsistent with (8.20a) and thatr it is

not a dynamical equation, but rather a constraint equation, known as Gauss!

law (Willemsen, 1978; Jackiw, 1980). Implementation of Gauss' law (8.17},
w and of the temporal gauge constraint A (x) = 0, eliminates 2ll unphysical
degrees of freedom from the theory.

We shall now take a closer look at the rele played by Gauss’ law

. operator G,
6(x) = V-E - Jg(x) , &.21)
¢

in removing the unphysical modes from a gauge-invariant theory such as QED.
What is crucial here i{s to note that imposition of the constraint A,(x) = O
removes gome degrees of freedom, but by no means all. The question is where
do the remaining, i.e. residual, degrees of freedom come from and how are
they to be eliminated? (In quantum mechanics, the residual degrees
correspond to the center-of-mass degrees of freedom (Bifalynicki-Birula and
Kurzepa, 1984).) As emphasized In Section B, residual gauge invariance is

due to local, time-independent gauge transformations which are generated
1190
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Consider the Lagrangian density

Low - w e e . pw o= 0,1,2,3, a=1,...,8, (8.29)

F2 -3, 82 -3, A8+ g £0°

b \c
b bﬁ A

which is independent of F§,, so nrwn.bw cannot be considered a dynamical
variable. In analogy with QED, the jpdependent canonical coordinates are

»M. 1 =1,2,3, and the corresponding conjugate momenta are wmo.

Foy, = Ef = - 3, &; , (8.30)

where mw is the color electrie field (Feynman, 1977). In the temporal gauge

(8.28), the equation of motion for mw is
& ab
3, Ef = Dj mwp . (8.31)
Gauss’ law constraint reads (cf. eq. (8.27))
b
) 00 - 380 (8.32)

and the canonical equal-time commutation relations are given by

Tw?v. mwoL -6y, 5% 58 3y (8.33a)
%% = y©

Twca_ wwai -0 (8.33b)

3 X0 = yo . .
a b

EL G0, Ey(y) -0 (8.33¢)

%9 - @
The Hamiltonian reads
113

8
H-1 5 [ ax Tmmu» + QU»_ . (8.34)
2 g1 ’

with the color wmagnetic field mw defined by (Feynman, 1977; Huang, 1982)

-+ -+ -+ -+

¢
wnnqx>a+wmmmwn>rxpn. (8.35)

As 1n Maxwell’s case, the equal-time commutation relstion (B8.33a) is
Inconsistent with the conatraint (B.32), Yo remedy the situation and, at the
game time, Incorporate Gauss' law into the Hamiltonizn structure, we demand
that only those states of the full Hilbert space be acceptable which satisfy
the subsidiary condition

]

CB(x) | B> =0, (8,36}

where |F> are physical states (Bjorkem, 1980; Jackiw, 1980). The residual

gauge invariance of the theory may agaln be attributed to Gauss’ law operator
Ga(x) = u.m__wE mw - J8x),

.mmumﬂwnwsm local, time-independent gauge transformations. Since the
Hamiltondan (8.34) does not depend on these residual degrees of freedom, it

must commute with G®(x):
{H,G2] = 0 . (8.37)

A more challenging task is to render the longitudinal components of the

vector potential and electric field ineffective. Following Bjorken’s clear

. analysis (1980), we split A2 and B2 into transverse and longltudinal parts,

-

PO - (8.38)
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propagator. Application of the principal-value prescription, for Instance,

leads to the longitudinal propagater (Lim, 1984)

b 3 kk, 1ke(%g-%y)
nL i §® dk 15y z7%1
nm (Kz. 1%y, 8,) = - el S e 5. ., (8.47)

while the prescription of Caracciolo, Curci and Henotti (1982) gives the form

{Yamagishi, 1986)

1 . ab
ofy Gttt = E—fjee ) # (5, 4 ) 45
¢ kL O1E&E)
i) Lwls.an tm» e . (8.48)

f being a constant. The form of the longitudinal gluon propagator has also
been scrutinized by Frenmkel (1979), Maller and Rohl (1981), Dshmen et al.
(1982), and Girotti and Rothe (1986). Since this form depends on the cholce
of regularization and can be tested by computing the Wilson loop, for
example, we have some contrel over the type of prescription to be chosen for
(g-n} 2. A good case in point is the caleulation of Caracciolo, Curel and
Menotti (1982). (See also the article by Landshoff, 1986b.) They found that
use of the principal-value prescription at the one-loop lavel did not lead,
as anticipated, to exponentiation of the time dependence of the Wilson-loop
aperator.

More recently, Landshoff (1986a) has proposed a different prescription

which he calls "a-preseription”. It consists of replacing (8.46) by the

propagator

117

b ab Aacﬁ: + a:nnun.n . s»a:az - pnbusrst
Ottﬁ.ﬂv - AMﬂvMEAﬂn+ﬁnv Nt»\ - Aa.ﬂvn.vﬁm«-nvn TM.—‘C» + Qﬁ_ﬂuvn B

¢ >0, {8.49)

of performing all calculations with a = ¢, and letting & + 0 only at the end.
Hlote that the structure of (8_49) does pot imply a principal-value
prescription for {g-n) !, a situation reminiscent of the light-cone gauge
(Mandelstam, 1983; Leibbrandt, 1984a).

The propagator (B.49) possesses a number of pleasant features (e.g.
nwwﬁﬁ = 0) that prompted Steiner (1986) to

search for an "explanation™ of Landshoff's scheme. He suggested that

translation invariance, also n#

wﬁmnuwromm~n a-prescription may be derived £rom an improved temporal gauge of
wnwm form

Af(x) = o« ¢8(x), ¢8.50)
where ¢2 {3 a functional of bMAxv and the parameter « In (8,50} is the same
”mm Lapdshoff’'s o« in (8.49). Stefner’s goft temporal gauge is then defined
by the limit a + ¢ (Chan and Halpern, 1985), The ansatz (8.50) gives the

bare propagator:

b
ab -1 g2 (1) (2) (3 9%
e - Shis TE @ +a? 60 (@ + ta 6200 + Lo 4 e

(8.5L)
where A is a gauge parameter, and the components QMHVAnv L, 1« 1,2.3, can be
found in Steiner (1986). Debate on this topic continues.

Goncerning the pregmatic approach, the present situation may, therefore,
be summarized as follows:
{1) Momentum-space prescriptions, containing nmwﬁnv » 0, have been derived
by Stelner (1986} and Cheng and Tsai (1986), but are of little practical
value.
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leads to the intermediate expression

L(-m)¥ F(2-0) [T (w-1)}? da Ty

- = . 9.2
Talp) T(2u-2) I Fe-on7 7 @2
The remaining q,-integration gives (see Appendix C.3)
dq g 21 w - *
m (-x}¥ T(4-2u) p'n 101 R
J 2y 2t - E3Y % % dx dy %e L
*{(g-p)*] gq-n (n-n)? I'(2-w) 2
> " * * ¥
n-n * .
M MMMNMMWIMWMM nt -y nent py + xy (p'mn 0, + pen ﬂtvu . £9.3)

and H = {1-¥) p? + 2xy p'n v.ﬂ*\u.S*. Subatituting (2.3} into (9.2) and

noting that

£im  {T(4-2w)/T(2-w}) = 172,
w2t

we obtaln for the divergent part of Ht.

2w Ip-n v.sw
(-x3" T(2-w} * * *
inlp) = 2 n-n H PP my” - Zpn”opy + n-a* T
* %
. e
+.mwﬂwmp|==u L w2t (9.4)

" which is seen to possess only a gimple pole.
There are other two-loop integrals in the self-energy, Flg. (9.1), such

as
dq dk g-k

) q* k? (k-p+g)? q-n kem

' {9.5)

which give rise to both single and double poles. ‘The integral (9.5) is

particularly challenging since it contains an overlapping divergence

(Leibbrandt and Nyeo, 1986a). Other two-loop integrals and clever schemes of
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evaluation can be found I{n Capper gt al. (1985) and Smith (1985a, 1985h,

1586},

B. Stochastic quantization

Noncovariant gauges also play a significant role in the area of
stochastie quantization (Parisi and Wu, 1981). We shall, therefore, review
some of the basic features of the stochastic approach which is based on the

celebrated Langevin equation of non-equilibrium statistical mechanics:

24

2¢ 8. 4 plx,r) , (9.6

Gard = - i)

; where £ densctes the action of the field theory under study in (d+1)-

dimensional Buclidean space (we may, for example, consider a real, self-
interacting scalar field ¢4), and where r i3 an extra dimension usually called
the "fictitious" time. The system evolves with respect to r, reaching an

equilibrium distribution for r - 4=, The random variable n(x,r) in (9.6} is

. a Gaussfan "white®™ noise with correlations

Aix.lv_- -0,

Aan.wvahxh.ﬂ.uva -2 mmax-x.v §ir-r') . (9.7)
The correlations are defined by performing averages over the noise n with
Gaussian distribution. Let us suppose that eq. (9.6) can be solved for some
Initial conditions and denote the solution by ﬂaﬁx.qw. indicating explicitly
the dependence on 5. Correlation funetions over ﬂa are then defined, as in
(9.7), by performing Gaussian averages over 5., The basic claim in stochastic
quantization (Parisi and Wu, 1981; Floratos and Iliopoulos, I983; Grimus and

Haffel, 1983) is that as the ficitious time r - +o, the stochastic averages

122



vzl €21
J]3IEBYI03IS JO #37A3T 9]dO0SQIDYM Ino 3BY3 axearw Lj[ny aiv op
"{986T ‘PIAFULIYDIT [SQET 'UBTIARZ PUF TUTGRI “OABITV SP 98T ‘5861 CTE
37 0aBJTV #p) 59Ta0ayl ST{TH-Jurx ojizeumdsyadns XoJ soI13IAUSPY 0LAISVU0O3S
30 uoTIOnIISUCd 9yl uy paIBTIqETY osTe 5§ 2adnwd asucn-3ydy{ ayy o eouszroduy
ayl -(GBsI ‘ouwyzauap puw [Ivwy) #2ned auoo-3ydyy oYz Uy F[qISsod uasg Auc
23up o3 8By ($ge1 *"T¥ I oawyiv ap) dem yeodIN [EO0T ® YITa L108y3 PIATI
1BUOTSUAMP-INCF ¥ F] AX1094y3 SITIH-Bupy ojIlemmisiodns [ = % 3eyy ‘eidwexs
T03 ‘Fooxd eyl (2961 ‘0861 ‘T¥IOOIN) wdewm JWIODIN FO SOUSISTXD WY 03 HOEq
pIoRI] 3q Avm {gEGT “OTISPIVITH PUB 30993 '£96T '6.61 ‘SPLANOS pur TSTIRY)
soss52001d 073EYo0gs puw Lremedsiadng usaayaq dyysuoyiwlal a3BWTIUT STUI
Fo uipfrae syl {gge1 ‘TP T9 JujuReao[d !¢BET ‘TUTURLlCLI !ggET ‘ousizausy
pur FITUEV Iyggl '"TF 39 oawilv @p) uoyllezTiusnb 013sEYoO3s pus AIlismwisiadns
uanjaq dyysuojzeisl oyl Sujdpnas Uy ealjosyje L(qesqismaz usicid sey
YS7YA IIA PUBR I SU0TIORS Jo #8nwd suoo-3uydj[ aya sT sty  -9¥ned yeixe aya
upy3 1endod s1ow waeas £ yojym alnwd Juvpavaccucu Iayjouw B SISYY Ing
‘ *{{9861) uiadieq pue
ueys pue (q9gs) FFouspue] 051¢ 995) aZned TETEF ayy uJ Aroeyy [ruojiuaALOD
ssonpoadex yoyys Axo0ey3 uolzwqaniiad ofaseyoels B viE[NmIo} o3 sIqIissod
ST 37 IPY3 pasoys oys (ggel) FIouspuw] puw YajynH £q pIssnosip usag A[juscax
88y U ® yong ‘o3ned juwjiwacoucu v up uozjezyuenb pus uorlexyiuenb
2735BY00%8 Uvamiaq U} 21q1ssod v 515938ns spyaT3 1soyd Jo ovuesqe
suil {1851 ‘2eByzuesz osw 295 lggel ' I¥ I TipmeN 'IR6Y ‘nu pur jspaed)
paiynbax 1w swrey Fujxpy-o83ned Iou saysjized uwonw Iay3Teu aouls ‘saplosys
JUETIEAT-23ned oy jumasyex LjI1eInorized ST mSTTEUIOY DJISBYIOIS SUL
*(1861) T2I30H puw pivedmwg £q sejaex Fuimooylioj ® puw einyelaljy Teufdilo
agy 1Tnsuod o3 A3junjzoddo uw puly [IIA 1epw¥eI peissisjuy eyl 3wys adoy (8°6) C (U (TR > = Be(u Tyl - (u Tyl VENMM

ang ‘oldoa saljsooscad ‘Jurivuyosey syl ol 8dfasn{ op jou saop uojawzizuwnb Ajewen ‘suojiouny ussisy umiuend yoeoidde



K. Conecluding Remarks

In this review we have concentrated on four prominent nomcovariant
gauges: the axial gauge, the planar gauge, the light-cone gauge and the
temporal gauge. Our aim has been to acquaint the reader not only with the
basic properties of these ghost-free gauges, but also with their advantages
and deficiencies, their computational idlosyncracies and different ranges of
applicability. As seen from the discussion In the main text, the usefulness
of a particular gauge depends ultimately on its effectivensss in eliminating
the unwanted gauge degrees of freedom, and on the availability of a reliable
prescription for {g-m)”!. In this context, the axial gauge and the planar
gauge are in good shape, both from a theoretical and technieal point of view.
The standard prescription for {q-n)~! for these two gauges {s the principal-
value prescription which provides internally consistent integrals at the one-
loop level and leads to satisfactory answers in most, theught not all,
practical calculations.

The related, but computationally superior, light-cone gauge is endowed
with unusual charaeteristics, including an unorthodex preseription for
{(q-n)”'. The new prescription, which is pot of principal-value form,
satisfles locality and naive power counting, and permits an unamb{guous
evaluarion of one- and two-loop Integrals. A novel feature of this
prescription is the apppearance of ponlocal expressions in the gluon self-
energy and three-gluon vertex which require the introduction of nonlocal BRS-
invariant counterterms. As a result of these counterterms, and despite
progress in this area during the last twe years, there remain several
unresolved questions about the renormalization structure of Yang-Mills theory
in the light-cone gauge.

125

Further effort and fresh ideas are also needed in order to place the
tricky temporal gauge on & par with the other noncovariant gauges. The key
proeblem is that the temporal gauge choice 1s not sufficiently powerful to
eliminate all degrees of freedom. There remains in the theory a residual
gauge symmetry which is due to Gauss’ law operator generating local, time-
independent gauge transformations. While canonical gquantization in the
temporal gauge is satisfactory for Abelian models, it is problematic in non-
.b&awﬁwn theories, especlaily in the strong-coupling limit. Uncertainties
,wwmo prevail in the covariant path-integral formalism, where absence of a
wﬂawunvwn prescription for (q'n) ! tends to undermine user confidence.
wmoﬂwdmﬂ. glven the tenacity and eternal optimism of theorists, it seems only
ww matter of time before the temporal gauge will be placed on a firm
”anrmswnaoww foundation.

Today’s preoccupation with gauges 1s neither new nor surprising. What
is novel perhaps is the guarded enthusiasm with which the search for and
study of suitable gauges is being ooawcnﬂmn. an enthusiasm that will likely
.persist as long as there i{s a demand for non-Abellan models with gauge
symretry. We hope that this article will encourage judicious application,
and provide scme insight into the character and potential usefulness, of

noncovariant gauges.
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Appendix 3

The Tenmsors T
v, g

We list the fourteen independent tensors (Matsuki, 1979) which appear in
the text in comnection with the graviton propagator, eq.(4.38a), and the

nontransverse cempenent of the graviton self-energy, eq.(4.40b). The tensors

i ,I=1,...,14, are formed from ny, P § and satisfy ¢l -
v, po Bt Tpe B, po
Tt -7l -1 (Capper and Leibbrandt, 1982b).
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L P N I
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Fig. {(1.1):
Fig. (4.1):
Fig. (4.2):
Flg. (4.3):
Fig. (4.4):
Fig. {4.5):
Fig. (4.6):
Fig., (4.7a):
Fig. (4.7b):
Fig. (4.8):
Fig. (4.9}:
Fig. (4.10):
Fig. (4.11):
Fig. (5.1):
Flg. (5.2):
Fig. (5.3):
Fig. (6.1):
Fig. (6.2a):

Fig. (6.2b):
Figure Captions

Fig. {(6.3):
Location of poles in the complex g,-plane.
Chost loops with m external gauge bosons attached to it.
Broken lines represent ghost particles, while wavy lines Fig. (6.4a):
denote external gauge bosens.
Gauge boson propagator. Fig. {6.4b):
Ghost propagator. Flg. (6.5):
Three-gluon vertex. Fig. (6.6):
Four-gluon vertex,
Ghost-ghost-gluen vertex, Fig. (6.7):
One-loop self-energy in the axial gauge. All lines correspond
to Yang-Mills fields.
Massless tadpole dlagram.
One-loop diagrem for the graviton self-energy in the axial g
gauge. All dotted-dashed lines denote gravitons. i Flg. (9.1):

The three-graviton vertex used in the computation of the
graviton self-energy.

Gravitational Ward identity in the axial gauge.

The "pincer™ dlagram for the one-loop contribution to m» in
the axial gauge. B.p
The "pincer” diagram for the one-loop contribution te mmww in

the planar gauge. Wavy lines correspond to Yang-Mills fields.
Yang-Mills Ward fdentity in the planar gauge.

One-loop Yang-Hills self-emergy in the planar gauge.

The poles of & typical Feynman propapator such as {q2+fe)}"!,
denoted by a cross (x), lie in the second and fourth guadrant,
whereas the poles connected with the principal-value
prescription (6.9), and dencted by (*)}, are seen to lie in the
first and fourth quadrant of the complex q,-plane.

Pure Yang-Mills self-energy diagram in the light-cone gauge.

157

Massless tadpole diagram, vanishing in dimensional
regularization.

One-loop fermion self-energy diagram. The wavy line
corresponds to a gluon field, while the solid lines denote

fermtons.

QED-like fermion-fermion-gauge vertex diagram. Wavy and solid
lines correspond, respectively, to gluons and fermions.

Hon-Abelian fermion-fermion-gauge vertex diagram.

Three-gluon vertex diagrams.

Ghost-loop dlagrams vanishing In noncovariant gauges (ef. Fig.
(4.1)). Broken lines represent ghost fields, wavy lines gluon
flelds.

{a) J-w ghost diagram, (Broken lines represent ghost fields.)
(b) J-A-w vertex diagram,

(e} J-A-w vertex dlagram.

(4} K-w vertex diagram.

A two-loop Yeng-Mills self-energy diagram in the light-cone
gauge.
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