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Abstract

In the following report we want to review some beam dynamics
problems in accelerator physics. Theoretical tools and methods are
introduced and discussed, and it is shown how these concepts can
be applied to the study of various problems in storage rings. The
first part treats Hamiltonian systems (proton accelerators) whereas
the second part is concerned with explicitly stochastic systems (e.g.
electron storage rings).
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1 Introduction

As synchrotron radiation sources and as colliders, storage rings have become
an important tool in physical research. Colliders are devices which allow
two beams of ultrarelativistic charged particles circulating in opposite direc-
tions to be accumulated, stored and collided. (see Figure 1) These colliding

Figure 1: storage ring

beam facilities reaching energies from several hundreds of MeV up to the
TeV range ( see LHC project at CERN [1] ) allow the investigation of the
innermost structure of matter, and they have become an indispensable tool
of high energy physics. The technical components of such an accelerator are
magnets, a toroidal vacuum chamber and radio-frequency (rf) structures such
as cavities and transmitters. Usually the stored beams consist of bunches,
each of them containing 10'° to 10 particles. The size of these bunches
ranges from a tenth of a millimeter to a few centimeters. Some details of the
electron-proton storage ring HERA at DESY in Hamburg are listed below:



electron —ring proton — ring

arcum ference 6.336km 6.336km

enerqy 26/30GeV 820G eV
No. of colliding bunches 174 174
particles/bunch 3 x 101 4.5 x 1010
bunch — width at interaction point 0.24dmm 0.22mm
bunch — height at interaction point 0.06mm 0.07mm
bunch — length at maximum enerqgy Smm 53mm

An accelerator constitutes a complex many-body system - namely an en-
semble of 10" to 10" charged ultrarelativistic (v & ¢) particles subject to
external electromagnetic fields, radiation fields and various other influences
such as restgas scattering, space charge effects and effects due to the beam
induced electromagnetic fields in the surrounding metallic structures ( vac-
uum tubes, cavities etc.), the so-called wakefields. Two key issues in the
performance of colliders are:

o the storage and confinement of particles over many hours corresponding
to 10% to 10" revolutions in the toroidal vacuum chamber and

e a high reaction rate when the particle beams collide at the interaction
points where the experimental detectors are located.

In order to achieve a high number of revolutions inside a tube with a diameter
of a few centimeters one has to control and understand the effects which cause
degradation of the beam lifetime or which cause the particles to hit the wall
of the vacuum chamber and thus be lost. Various loss mechanisms are:

e intrabeam scattering

e reaction rate losses during colliding beam operation (wanted)
o restgas scattering and imperfect vacuum

e nonlinear dynamics effects

o cffects due to noise



The reaction rate for a process of cross section, o, obtained in a collider can
be written as

R=1L-o (1)

where L is the luminosity, a parameter characterizing the colliding beam
system. Generally, the luminosity is calculated by integrating over all pos-
sible collisions between the particles in both beams. In the case of head-on
collisions of equal current bunched beams of opposite charge with Gaussian
charge distribution the luminosity is given by

N-N-f

:47rax-azoB

(2)

where N is the total number of particles per beam, f is the revolution fre-
quency, B the number of bunches per beam and o,, 0, the standard devia-
tions in the transverse directions. A degradation or limitation of the lumi-
nosity can be due to a blow up of the transverse beam sizes (o, 0, or of the
beam emittance, which measures the particle distribution in phase space) or
due to a limitation of the number of particles, N, which can be stored in
the accelerator (instabilities). Figure 2, for example, shows the blow up of
the proton beam in HERA after several hours of luminosity operation [2],
and Figure 3 shows how the beam-beam interaction has influenced the beam
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Figure 2: beam blow up of HERA proton beam

dynamics in the electron-positron storage ring PETRA [3].



Concerning the theoretical methods and tools to describe and analyze the
beam dynamics in storage rings there are two approaches:

e collective theory

e single particle theory.

Beam dimensions at I+ = I,- = 0.15mA I+ =052mA  I.-=0.74m4

Beam dimensions at I+ = I,- = 0.3mA e =0.6mA I =0.6mA

Figure 3: Examples of beam blow-up at PETRA due to beam-beam interac-
tion

Collective phenomena such as instabilities are treated within the framework
of the Vlasov-equation [4], [5] and will not be studied in this review. A
schematic description of the Vlasov theory is shown in Figure 4, and a recent
theoretical review can be found for, example, in [6].

In this review we will restrict ourselves to the classical single particle
dynamics, i.e. we study the equations of motion of a single charged ultrarel-
ativistic particle under the influence of external electromagnetic fields and
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radiation effects. In general these equations are nonlinear [7] [8] [9] [10] [11].
The main nonlinearities are due to the beam-beam interaction, where a test
particle in one beam experiences strong nonlinear electromagnetic forces of
the counter-rotating beam. Other sources are nonlinear cavity fields or trans-
verse multipole fields. These multipole fields are either introduced artificially,
e.g. by sextupoles which compensate the natural chromaticity or they occur
naturally as deviations from linear fields due to errors. These field errors
play an important role in superconducting magnets [12].
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Figure 4: Vlasov scheme

Because of these nonlinearities a storage ring acts as a nonlinear device
schematically sketched in Figure 5. a;, is some initial amplitude (position,



momentum given by the injection conditions) and ay;, is the amplitude after
N ( 10® - 10'° ) revolutions in the ring. In accelerator physics one often
tries to define different zones according to a;,. For small amplitudes up to a
certain boundary aj;, - the linear aperture - the storage ring behaves more or
less like a linear element (at least for the time scales of interest, i.e. 10 - 20
hours storage time). For larger amplitudes the behaviour becomes more and
more nonlinear and eventually at a4, - the dynamic aperture - the particle
motion becomes unbounded. One problem of the single particle theory of
accelerators is to make quantitative predictions of these different zones, or
stated in a different way, to calculate quantities such as the linear aperture
@y, or the dynamic aperture ag4y,. Furthermore one wants to know how
these quantities depend on various machine parameters and the type of the
nonlinearity. A better and - from a practical point of view - more relevant
question is: what is the lifetime of the particle, or what is the probability for
the particle to hit the wall of the vacuum chamber after it has been injected
into a certain volume of phase space.

Mathematically the single particle dynamics is formulated in terms of
ordinary differential equations (dynamical system) of the type

(1) = @ 1, ai(t)...) (3)

describing the time evolution ' of the six-dimensional phase space vector

Instead of time ¢ one often uses another independent variable in accelerator physics,
namely the arclength s along a certain design trajectory (see Appendix A). However,
since there is a one-to-one correspondence between these quantities, in the following we
will always feel free to switch between both notations and use them synonymously. ¢ is
mainly used in a general context, whereas s is used in special accelerator applications.

STORAGE a
fin
RING

Figure 5: storage ring as a nonlinear device



Z(t) = (21....26)T with f: (fi---f6)T some vector function of #. The quan-
tities a;(t) which may depend on time (deterministically or randomly) rep-
resent a set of control parameters.

As we will show later, the classical proton dynamics (heavy particle with
negligible radiation effects) is described by a Hamiltonian. On the other
hand the dynamics of light particles like the electron, where radiative effects
play an important role, is governed by a stochastically and dissipatively per-
turbed Hamiltonian. In order to solve the dynamical equations (3), various
numerical and analytical tools have been developed, some of which will be
described in greater detail in the following.

This survey is organized as follows: In the first part we will consider
storage rings where radiation phenomena can be neglected, i.e. accelerators
for protons or heavy ions up to the TeV range. In HERA, for example, the
radiation losses of a proton are about 6 eV at 820 GeV whereas an electron
loses more than 83 MeV at 30 GeV. This large difference is due to the fact
that the radiation losses are inversely proportional to the fourth power of
the rest mass mg. At the same energy the ratio of the energy losses of
an electron and a proton is given by % = (%)4 = 1.13 - 10", Thus
proton storage rings can be modelled mathematically by nonlinear (in general
nonintegrable) Hamiltonians. Nonintegrable means that the corresponding
nonlinear equations of motion cannot be solved analytically. As we will
see later the phase space dynamics of these systems shows a very rich and
complicated structure. The questions we want to answer in the first part are:

e what does the Hamiltonian for the particle dynamics look like?
e what is in principle possible in these systems? (qualitative theory)

e which analytical (i.e. perturbative) tools are available for a quantitative
study of these problems?

In the second part of this survey we will treat systems where radiation ef-
fects or noise effects are important. Because of the stochastic emission of the
radiation, radiative systems can be modelled by explicit stochastic dynamical
systems. A straightforward way to extend deterministic systems to include
noise effects and explicit stochastic phenomena is to write down stochastic
differential equations. In this contribution we will illustrate some of the sub-
tleties related to stochastic differential equations including Gaussian white



noise, and we will mention and illustrate some applications in accelerator
physics.

In the third part of this review we will briefly mention and discuss the
problems. which arise when one also takes into account the spin degree of
freedom of the relativistic particles. We will describe the classical spin mo-
tion within the framework of the Thomas-Bargman-Michel-Telegdi (TBM'T)
equation. In particular we show how depolarizing phenomena like spin dif-
fusion can be calculated.

Some details of the calculations have been relegated to the appendices.

This work cannot cover the whole subject exhaustively, we can only sketch
the basic ideas and illustrate these ideas with simple (sometimes oversimpli-
fied) models. For many details we have to refer the reader to the references.
Concerning the list of references we have tried to include a lot of informa-
tion. However, due to the many topics treated in this review the list of cited
research papers is by no means exhaustive. The choice we made is purely
subjective and reflects our personal "taste”.

The main aim of this review is to show in an informal way how tools and
methods of dynamical systems theory (sometimes very old and well known in
other fields) can be applied to various problems of particle motion in storage
rings.
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2 Hamiltonian dynamics

2.1 Hamiltonian for coupled synchro-betatron motion

In this section we will investigate the motion of charged particles under the
influence of electromagnetic fields. The dynamics is governed by the well
known Lorentz-equation, which we will write in canonical form.

Starting point is the following relativistic Lagrangian for a charged par-
ticle under the influence of an electromagnetic field described by the vector
potential A and the scalar potential ¢ [13]

2
L= —mee\[1— 4 S(FA) — eo (4)
& C

with

o c=clementary charge

o c=speed of light

e mgo=rest mass of the particle
o F’:partic]e velocity .

Following the rules of analytical mechanics one changes to a Hamiltonian
description of motion and one introduces the curvilinear coordinate system
depicted in Figure 6 [14]. It consists of three unit vectors €;,é,, €. attached
to the design orbit of the storage ring. s is the pathlength along this trajec-
tory. For simplicity we have assumed a plane reference orbit with horizontal
curvature k only. Using s as an independent variable and introducing differ-
ence variables with respect to an equilibrium particle on the design orbit one
obtains in a certain gauge (see Appendix A)

H(x, 2,7, Poy Pz, Pri §) =
€ [

= —(I+ra){(L+p.)° = (po — EOAm)Q = (p: — EOAz)Q}]/Q -

—(1+/i:r:)-Ei0-A7+(1+PT) (5)

where we have used
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Figure 6: curvilinear coordinate system

e v ~ ¢ (ultrarelativistic particles)

e T=5—ct

_ AFE
.pT—E—O

o Fy=energy of design particle.

The corresponding equations of motion are

d OH d
s r = + apIS s Pz
d OH d
Is z = + apZS s P=
d OH d
I T = + apT; s pr

f_l'(x,z,s) = (Ay(x,z,8),A(x, z,8), A(2,2,5)) is the vector potential which

design orbit

OH
Oz

OH
0z

OH
—5 -

is related to the external electromagnetic fields via

B=V x A
and

. 0A

c—aT.

12
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‘H describes the oscillations of a particle with respect to a design particle
travelling with velocity ¢ along the design trajectory. The oscillations in
the transverse directions (x. z, p,, p,) are called betatron oscillations and the
oscillations in the longitudinal direction (7, p,) are called synchrotron oscil-
lations. Some simple examples for the vector potential fY(:z; z,s) are shown
below:

rf - cavity:

L -Vo-cos(kQ%T)-cY(s—SO) (7)

with
o Vy=peak voltage of cavity
e [L=circumference of storage ring
e k=harmonic number
e (s — sg)=delta function (localized cavity)

bending (dipole) magnet:

e 1
— A, =—=(1 . 8
R 5)
with
o K = ELOBZ(I = z = 0)=horizontal curvature of design orbit. B,=z-

component of magnetic field

quadrupole:

€ 1

o4 L2 2
BT = g9 ) )

with

® go= 7 (aa%)mzzz(]: focusing strength of quadrupole
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multipole (sextupole):

1
Eio~/47:—6~)\0-(.7:373m22) (10)
with
o= 5 (%)m:z:(}z strength of sextupole

multipole (octupole):

g 1
o A= g (21 = 6% 4 ) (11)
with
 [lo= g - (%)xm:ozstrength of octupole

Further examples for other types of electromagnetic fields can be found
in [14].

Generally, by expanding the square root in equation (5) and the vec-
tor potential %T(m,z,s) into a Taylor series around a reference orbit, vari-
ous examples of nonlinear motion can be investigated.The linear part of the
Hamiltonian is given by [15]

1 1
HU(CL‘./ 29Ty Pzy Pz Prs ‘5) = 510920 + 5(“2(‘5) + 90(‘5)) ’ wQ—I_
+%p§ — %go(s) 22 f%V(s) r?—k(s)- 7 ps (12)
where V(s) = Vy-d,(s—s0) with d,(s—s) = >"=1 §(s—(sg+n-L)) describes

a localized cavity at position sg and where go(s) characterizes the (periodic)
focusing strength of the magnet system. Hg describes three coupled linear
Floquet oscillators [15] (see also Appendix B).

Two simple examples of nonlinear motion are given below:
Example 1:Nonlinear Cavity

1, 1.
H(w, 2,7, s, Ps. Pri §) = §pfc + §p§+

—I—%go(s) (2 = 2+ %/@2(5) cat — k(s) - pr +V(s)-cos(t) (13)
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Introducing the dispersion function D defined by

D(5) =~ (5¥(5) + o)) - DIs) + 5(s) (1)
with
(Y=

via the canonical transformation [16],[17].[18] (depending on the old coordi-
nates x, z, 7 and the new momenta p,, p., p-)

FQ(CL‘?Z-/Tapx-ﬁmﬁT;S) = pr(‘prTD(‘s))_l_
—|—pT-D/(S)'$—|—pT'T—|—pz Z——D(S)D/(S)Pz (15)

and the corresponding transformation rules,

=2+ p, - D(s)
2=z (16)
T=T4p, D(s)—z-D'(s)

Pz = Pz + Pr - D’(S)
Pr = Pr

one obtains the Hamiltonian in the new variables (z, z, 7, p;, p.. p;) as follows

H(Z. 2,7, Do, P2 Pry 8) =
= 1732+1(g(9)+K2(9))~i~2+1;§2—1q(9)-22— (18)
e T g WOV AR e gt
1 .
—;{(5) cD(s) - p2+V(s)-cos(t+ D(s) p. — D'(s) - 2).

If there is no dispersion in the cavity region (V- D = 0), and (V- D' = 0)
the synchrotron motion (7,p,) is completely decoupled from the betatron
motion (z, z, p, p-) [19].

Example 2:multipole

As a second example of nonlinear motion we consider the influence of
transverse multipole fields with the following Hamiltonian:
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1 1 €

H(xﬂz-,vapzas) = 5173 + 5735 - F, : AT('I‘,Z?‘S) (19)
The equations of motion are given by
s © = D=
%Px:ﬁ'%: ELO-RZ(m,Z,s) (20)
% p: = o - 86,’4; = B,(z, 2. s).

The magnetic field components B, and B, are usually expressed in terms
of the skew and normal multipole expansion coefficients @ and b according to

e}

(B.+1iB,) = Bo- Y (b, +iay)- (v +iz)""". (21)
n=2

It is an easy exercise to verify, that these simple examples (18) and (19)
contain the standard map [20] [21]

7(n) = 7(n —1) + p,(n)
{ pe(n) =pr(n—1)+V sin(r(n—1)) (22)

and the quadratic map of Hénon [22] (v is the tune of the machine)

( z(n +1) ) B ( cos(2mv)  sin(2mv) ) ( z(n) > N ( 2?(n) - sin(27v)

pen+1) )\ —sin(2mr) cos(27mv) pa(n) 2(n) - cos(2mv)

as special cases. These maps are extensively studied in nonlinear dynamics
and show a very complex behaviour. Regular and chaotic motion is intricately
mixed in phase space. For the quadratic map of Hénon this is illustrated in
Figure 7 (created with the help of GIOTTO [23]).

Thus one can expect, that the original system as described by (5) also
shows highly nontrivial behaviour.

In order to get a better understanding of this complex dynamical phase
space pattern, we will briefly repeat some facts from the qualitative theory of
dynamical systems with an emphasis on weakly perturbed integrable Hamil-
tonian systems.

16



-1 1

Figure 7: Hénon map (23) for a tune of v = 0..2502

2.2 Qualitative theory of dynamical systems

Before we start with the qualitative discussion of Hamiltonian systems we
will briefly sketch the theory for general dynamical systems. The aim of
this short section is to give the reader a flavour of this fascinating branch of
mathematics, to illustrate the ideas and to introduce some of the concepts
and results that will be needed later. For a careful and exhaustive discussion
and presentation we refer the reader to [24], [25], [26] and [27]. Dynamical
systems are given by a set of ordinary differential equations 2

d -

i(t) = f(7) (24)

—7
dt

“with some modifications similar considerations are valid for discrete systems (maps)

of the form #(n + 1) = f(f(n)) Later we will see how to relate these discrete systems to
time continuous differential equations

17



where 7 = (21, ...,2,)7 specifies a vector in the n— dimensional phase space.
The mathematical problem is to investigate - qualitatively and quantitatively
- the time evolution of #(t) for a given initial value Z(0) and vector field
f = (f1,....fu)7, or stated differently to understand the phase flow of the
system (24), T", which associates to each #(0) the corresponding vector #(t)
at time t,

() = T'7(0). (25)

Varying ¢ one obtains a solution curve of (24), i.e. a curve in n— dimensional
phase space passing through Z(0) with a tangent vector in each point &
along the trajectory that is determined by f_‘(?) In the following we will
always assume, that our dynamical system has unique solutions, which can
be assured, if, for example, fis continuously differentiable [28], [29].

Special questions of a qualitative study are:

e Is the motion described by (24) stable? i.e. does a solution. that starts
near a given solution always stay near this solution or even approach
it (asymptotic stability)? Stability studies require the investigation of
neighbouring solutions and trajectories.

e Are there periodic solutions? i.e. are there solutions such that for fixed
T (periodicity)

(t4+1T)=2(t)? (26)
o How does a given solution depend on parameters (external control pa-
rameters or initial conditions)?

o Are there other types of solutions (chaotic solutions, which - as we will
see - depend sensitively on the initial conditions)?

These and other questions are studied in the framework of the qualitative
theory of differential equations (dynamical systems), the foundations of which
have been laid by H.Poincare more than a century ago [30].

Key issues of such a theory are:

e stationary solutions

18



which are determined by

d -

St =0 = () (27)

Investigating the linearized motion around Zpp (a solution of the algebraic

—

equation f(x) =0 (27))

Ef( )= Eg(t) = [(@rp +9) = [(Trp)+ Df(@rp) - 4(t) +
d S ~
(1) = Df(Frr) - (1) (28)

(with D f the Jacobian matrix resulting from the Taylor- expansion of (27))
one can extract information about the local stahility of these stationary so-
lutions or fixed points. Having determined the eigenvalues and eigenspaces
(eigenvectors) of the linearized system the following statements can be proven
and formulated as theorems [28], [31]: The fixed point solution of (24) is
(asymptotically) stable if all the eigenvalues of the linear system (Jacobi
matrix) fulfill (Re designates the real part of a complex number)

Re)\i <0
and the stationary solution is unstable if at least one of the eigenvalues fulfills

Re); > 0.

Furthermore. for hyperbolic systems, i.e. systems where there is no eigen-
value with

ReX; =0

the phase space dynamics of the linearized system near the fixed point looks
locally the same as for the nonlinear system. This is the content of the
Hartman-Grobman theorem which reads:
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If Zpp. is a hyperbolic fized point of (24) then there is a continuous invert-
ible map, h, defined on some neighbourhood of ¥ p which takes orbits of the
nonlinear flow to those of the linear flow. This map can be chosen so that
the parametrization of orbits by time is preserved.

Another powerful theorem that is available for the study of fixed points is
the so-called theorem for the stable and unstable invariant manifolds, which
are - roughly speaking - the nonlinear extensions of the corresponding linear
eigenspaces of a fixed point. We define:
stable invariant manifold (with U some neighbourhood of ¥ p,)

Wi =G cU with T'§ — Trp. for all t > 0} (29)
unstable invariant manifold of Zrp.
Wi =1{veU with T'§ — Zpp for all t <0} (30)

The theorem then reads:

If Zp.p. is a hyperbolic fixed point of (24) and if E* and E* are the stable and
unstable eigenspaces of the linearized system (with Rel; < 0 and ReX; > 0)
then there exist local stable and unstable manifolds W .., and Wi, ., of the
same dimension as FE* and E“ respectively. These manifolds are (respec-
tively) tangential to E° and E“ at the fized point Zpp..

For an illustration of the situation see Figure 8. For non-hyperbolic (el-

o
W,
\\ E*
x Fpr
W,

Figure 8: illustration of stable manifold theorem
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liptic) fixed points additional information is needed to determine stability.
We will come back to this point later, when we investigate the dynamics of
Hamiltonian systems.

Similar statements hold also for discrete systems (maps). However, there
is one important difference. Whereas the stable and unstable invariant man-
ifolds of hyperbolic fixed points of time continuous systems cannot intersect
because of the assumed uniqueness, these manifolds can cross each other for
discrete mappings. In this case discrete points are mapped to discrete points,
and intersection points are mapped to intersection points. These intersection
points or homoclinic points ? are the source of chaotic and complex dynam-
ics as we will see in the following, when we study the special features of
Hamiltonian systems.

Other important issues of a qualitative theory are

e periodic orbits.

The determination of periodic orbits of a dynamical system i.e. finding so-
lutions such that

F1) =7+ T)

is in general a very difficult task. Only few exact results are available -
especially for higher-dimensional (n > 2) systems. One problem that often
arises is the investigation of the stability of a given periodic orbit. This is
facilitated by the Poincaré-return map, which reduces the time continuous
dynamics to a discrete map. This map is constructed as follows. Let a
plane ¥ intersect the periodic trajectory transversely. The intersection of
the periodic orbit with ¥ is Zy. Let us ask what happens to a point near to
Fo namely 75. If the point iy is close enough to ¥ then, because of continuity,
this neighbouring point will evolve in time such, that after a certain time 7}
it crosses X again, say in point g;. The map that associates ¥ to yy is called
Poincaré-return map. The situation is illustrated in Figure 9.

From the picture it is clear that #y is a fixed point of the map and the
stability of the periodic orbit is reflected in the stability of this fixed point.
Furthermore, the characteristics of this fixed point (elliptic or hyperbolic)
can be used to characterize the periodic orbit.

Further issues of interest of a qualitative theory of dynamical systems are

3the possible intersections of the corresponding invariant manifolds of different hyper-
bolic fixed points are called heteroclinic points

21



e finding complex (chaotic) trajectories

e investigation of the dependence on parameters (bifurcation theory).

Figure 9: Poincaré-return map

After these remarks about general dynamical systems we will concentrate
now on Hamiltonian systems. For these systems the right hand side of (24),
f, is determined by the Hamilton function H, which depends on the gen-
eralized coordinates ¢ = (qi,....q,)7 and the generalized momentum vector
p=(p1,....pn)T. Without proof we mention two important characteristics of
Hamiltonian dynamical systems: conservation of phase space volumes and
symplectic structure of the phase flow [32].

Excellent and detailed reviews of the qualitative theory of Hamiltonian
systems can be found in [20], [21],[33],[34],[35],[36].

The easiest way to investigate Hamiltonian systems is via a map. The
general reduction of a Hamiltonian system to a nonlinear mapping has been
a well-known procedure since Poincaré (1890).

Consider for example a two-dimensional Hamiltonian system without ex-
plicit time (or s-) dependence H(q1,q2,p1,p2). The corresponding phase
space is four-dimensional, and since H itself is a constant of the motion, the
physically accessible phase space is three-dimensional. Consider a surface
Y in this three-dimensional -not necessarily Euclidean- space as depicted for
example in Figure 10. The bounded particle motion induced by the Hamilto-
nian H will generally intersect this surface in different points (P, Pi,.... Py...).

22



If one is not interested in the fine details of the orbit but only in the be-
haviour over longer time scales it is sufficient to consider the consecutive
points (P, P;....) of intersection. These contain complete information on the
Hamiltonian system. In this sense one has reduced the Hamiltonian dynam-
ics to a mapping of ¥ to itself, which is in general nonlinear (Poincaré surface
of section technique). The Hamiltonian character is reflected in the symplec-
tic structure of the map. Symplectic means that the Jacobian J of the map
is a symplectic matrix with

J'-S-J=5 (31)

where J7T is the transpose of J and where S is the symplectic unity

( = ) (32)

(1 designates the unit matrix). Similar mappings (stroboscopic maps) can
also be derived for Hamiltonian systems with explicit periodic time (s-) de-
pendence (this is normally the case in storage rings).

Another important fact and, after the work of Chirikov [21] one of the
few beacons among an otherwise still dense mist of diverse phenomena, is
the KAM-theorem (Kolmogorov,Arnold,Moser see for example [20]). We will
only illustrate this theorem in the two-dimensional case and instead of con-
centrating on mathematical rigour we will discuss its physical implications.

P

9,

Figure 10: Poincaré surface of section method

Consider first the bounded motion of a two-dimensional autonomous
not explicitly time (s-) dependent) Hamiltonian system which is integrable.
g

23



Roughly speaking, an n-dimensional system H(q1, G2, .., @us P1y D2y evs Pn) 18
integrable if there exists a canonical transformation to action-angle variables
(I, 12y 1,,01,0,,...,0,) such that the transformed Hamiltonian depends
only on the n (constant) action variables (Iy, I, ..., 1) alone. For the two-
dimensional case under consideration this implies, that H(q1, ¢z, p1,p2) is
transformed into H(/y, [3) with the corresponding equations of motion

d
% L =0
% 2=0

dl_i 0, = % = wi(1y, I) = const (33)

d 0, = 3_7'5 = wy( Iy, Iy) = const.

The motion is restricted to a two-torus, parametrized by the two angle
variables ©; and O,, as depicted in Figure 11.

7
_/4” /

0, (n)

11 {n)

Figure 11: surface of section method for a two-dimensional integrable system
As surface of section one can choose the (/; —0;) plane for @y=constant.

In this surface of section, which may be chosen to be just the plane of the
page, the motion of the integrable two-dimensional system looks very simple.

During the motion around the torus from one crossing of the plane to the
next the radius of the torus (action variable) does not change (see (33))

Ii(n)=Li(n—1) (34)
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and the angle ©; changes according to (see (33))

where T is just the revolution time in @y-direction from one intersection of
the plane to the next, namely

_27r

T (36)

Cop)

Thus, for an integrable system one obtains the so-called twist-mapping

Ii(n)=TL(n—1)
{ O1(n) = O1(n — 1) 4 27 - a(L;(n)). (37)

The term o = 2! is called the winding number and is the ratio of the two
frequencies of the system. In general o will depend on the actions. If «a is
irrational, the ®;(n) form a dense circle while if « is rational the @4(n) close
after a finite sequence of revolutions (periodic orbit or resonance).Thus, there
are invariant curves (circles) under the mapping which belong to rational and
irrational winding numbers. What happens now if a perturbation is switched
on, i.e. if

Lin)=hLn—=1)4¢c- f(11(n),01(n —1))

{ O01(n) = Oy(n— 1)+ 27 - a(,(n)) + - g(Li(n), Ou(n = 1)) 7 OV

In particular, can one still find invariant curves? The KAM-theorem says
that this is indeed the case if the following conditions are fulfilled

e perturbation must be weak

o o = ?! must be sufficiently irrational, i.e. |o — 2| > 52,(3; with p, ¢
integers, 6 > 0 and k(g) — 0 for ¢ — 0

together with some requirements of differentiability and periodicity for f and
g. For further details see for example [20], [36]. Under these assumptions
most of the unperturbed tori survive the perturbation although in slightly
distorted form.

The rational and some nearby tori, however, are destroyed. only a finite
number of fixed points of the rational tori survive - half of them are stable
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(elliptic orbits around this fixed point), half of them are unstable (hyperbolic
orbits).This is a consequence of the Poincaré-Birkhoff fixed point theorem
33], [37].

The hyperbolic fixed points with their stable and unstable branches,
which generally intersect in the homoclinic points, see Figure 12, are the
source of chaotic motion in phase space, i.e. motion which is extremely sen-
sitive to the variation of initial conditions. From a historical point of view it
is interesting to note, that these facts were already known by Poincaré 100
years ago [30], [33].

The motion around the elliptic fixed points can be considered as motion
around a torus with smaller radius and the arguments used till now can be
repeated on this smaller scale giving rise to the - now well known - schematic
picture shown below (see Figure 13 ,”chaos-scenario” of weakly perturbed
two-dimensional twist maps).

Figure 12: homoclinic intersections of stable and unstable branch of fixed
point o

irrational torus

oOx

£50)

rational
torus

unperturbed
System N ”

perturbed System

Figure 13: chaos scenario

Thus, the phase space pattern of a weakly perturbed integrable two-
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dimensional system looks extremely complicated. There are regular orbits
confined to tori with chaotic trajectories delicately distributed among them.
As the strength of the perturbation increases more and more KAM tori break
up giving rise to larger and larger chaotic regions. This onset of large scale
chaos has been the subject of many studies [20],[38]. For the standard map
(see equation (22)) the situation is depicted in Figure 14.

One comment is pertinent at this point - two-dimensional systems are
special in that the existence of IKAM circles implies exact stability for orbits
starting inside such an invariant curve. Since these trajectories cannot escape
without intersecting the KAM tori, they are forever trapped inside.

The situation is much more complex and less well-understood for higher-
dimensional systems like our storage ring (six-dimensional map, or three-
dimensional explicitly s- dependent Hamiltonian system). The KAM the-
orem predicts three-tori in six-dimensional phase space, four-tori in eight-
dimensional phase space etc. In this case chaotic trajectories can in principle
always escape and explore all the accessible phase space although the motion
can be obstructed strongly by existing tori. Chaotic regions can form a con-
nected web along which the particle can diffuse, as has been demonstrated
by Arnold (Arnold diffusion see for example [20], [38]).We will come back to
this point later.

6.2900
4.7175
3.14s0

1.5725

0.0 1.572% 3.14S0 Y.7178 6.2900

Figure 14: (p, —7)-phase space plot of the standard map (22) showing global
chaos for V = 3.3

Figure 15 shows examples of regular and chaotic trajectories in a realistic
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model of a storage ring [39],[40]. We have used the characteristic Lyapunov
exponent A to distinguish between regular and chaotic motion [20], [41],[42]:

A= lim  —-In(+—%) (39)
t—00,d(0)—=0 ¢ ‘d(())‘
1.0 T T T T 2.0 ¥
o.s } ]
0.0 | ]
0.5 } h
1.0 N . N -2.0 L
- -%.0 -2.0 0.0
-3.0 -2.0 -1.0 0.0 1.0 2.0 2.0 .0
HORIZONTRL PHRSE SPRCE
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Figure 15: regular and chaotic trajectories in a realistic model of a storage
ring and the evolution of the distance of two adjacent initial conditions

d(t) describes how the (Euclidean) distance between two adjacent phase
space points evolves with time and d(0) is the initial distance. In a chaotic
region of phase space this distance will grow exponentially fast and a positive



Lyapunov-exponent X is a quantitative measure for this separation. For the
details of an explicit numerical calculation of the characteristic Lyapunov-
exponents (for continuous and discrete dynamical systems) the reader is re-
ferred to [20], [41], [42].

Another method derived from the homoclinic structure of nearly inte-
grable symplectic mappings is due to Melnikov, and this method belongs
to one of the few analytical tools for investigating chaotic behaviour. It is
applicable to dynamical systems of the form

seR (40)
F == (FI,FQ)T
G = (Gh,Gy)

where F usually describes a Hamiltonian system. The perturbation Eé,
which may also be weakly dissipative, is periodic in s, and the unperturbed
system

d =

e Z(s) = F(Z) (41)
has a homoclinic orbit belonging to a saddle point 5. Homoclinic orbit means
smooth joining of the stable and unstable branch of the saddle or hyperbolic
fixed point (see Figure 16). The Melnikov method enables a kind of directed
distance between the stable and unstable branch of the perturbed saddle 7
to be calculated and thus allows the existence of homoclinic points to be
predicted, a prerequisite of chaotic dynamics. A derivation of the Melnikov
function and further details and applications can be found in [43] .

Xg

Figure 16: homoclinic orbit belonging to saddle ¥
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Remark:

High resolution 3D-colour graphics can be a very helpful tool for visu-
alizing the dynamics of nonlinear four-dimensional mappings [40] [44]. Toy
models like

F(n+1)=R-i(n)+ f(Z(n)) (42)
with
z(n)
#(n) = p;((:)) (43)
p=(n)
and
cos() sm(e) 00
k(¢,6) e (nia) snﬂm (44)
0 0 —sin(f) cos(f)
and

> WU(z(n z(n
f(Zn) = o (2 ‘|‘137 (n+1)) (45)
A +1).2(n +1))
(F = f(z.2)

can help to get a better understanding of the break-up mechanism of invariant
tori and the role periodic orbits play in this process [44],[45]. ((n+1) periodic
orbits are defined by: #(n+ 1) = T(#(n)) = #(0) where T is some nonlinear
(symplectic) map).

In the last chapter we have seen that the single particle dynamics of a
proton in a storage ring can be modelled by nonintegrable Hamiltonians.
The qualitative theory we have briefly sketched predicts a very rich and
complicated phase space structure - regular and chaotic regions are intricately
mixed in phase space.
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When applying these concepts to accelerators one is immediately faced
with questions such as:
What is the relevance of chaos for the practical performance of a storage ring?
How do KAM tori break up as the strength of the nonlinearity increases? Can
we somehow estimate the size of the chaotic regions in phase space? What
is the character of the particle motion in this region? Can it be described by
diffusion-like models? s it possible to calculate escape rates of the particle if
it is in such a chaotic region of phase space?

A quantitative analysis of these and other questions makes extensive use
of perturbation theory and numerical simulations of the system.

2.3 Perturbation theory

The main goal of perturbation theory is to study systems of the form
_f(t) = (fst) +€§(fvt) (46)
where the solution of

d -

L) = fl@.)

is known (unperturbed problem) and where £¢(Z. ) is a small perturbation.
For example, one could be interested in a Taylor expanded system such as

d
80 = A-2(t) +9(7) (47)
with # = (21, ....2,)7, A an n x n matrix and & = (vy,...,v,)7 with
v () = Z ipyomy, - Ty (48)

The linear system is easily solved. However, what can be said about the
perturbed (nonlinear) dynamics?

Perturbation theory usually consists of formal manipulations such as co-
ordinate transformations to a set of new variables. In the ideal case this
transformation makes the system exactly solvable, for example, if the trans-
formed equation is linear in the new variables. However this is rarely the case.
What one can hope for, in general, is that the transformed system is some-
how easier to handle (in a way to be specified). These formal manipulations
lead -as we will see- to subtle mathematical problems such as
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e divergence of series and

o estimates of time scales over which the perturbative methods give valid
results.

In the following discussion we will only mention these problems and we
will illustrate some of the formal steps and basic results for weakly perturbed
Hamiltonian systems. The treatment is far from being mathematically rig-
orous. Readers interested in a careful mathematical analysis of the validity
of perturbation theory should consult, for example, [46], [47] or [48].

Before we enter into detail we will briefly repeat some facts from the linear
theory of particle motion in storage rings (linear theory of synchro-betatron
oscillations see [15], [49] and Appendix B).

In simple cases, as for example pure z- or z-motion without any coupling,
the system is described by Floquet oscillators of the form

1 1 ,

H@md):—-ﬁ+§-m@%q

5 (49)

with p = p., p., ¢ = &, z and go(s) = go(s + L) periodic function of circum-
ference L.

It is well known that these Floquet type systems can be solved exactly.
Using the optical functions a(s),3(s) and v(s) defined by the following set
of differential equations

L a(s) = () + A(s) - () (50)
%ﬁ@zflwﬁ (51)
L 3(s) =2+ als) - 9o(s). (52)

one can find a canonical transformation to action angle variables [ and ©
such that the Hamiltonian in equation (49) is transformed into [49], [50]

(0. 1) = Q’TL'Q

i (53)

with
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1 L ds
Q=5

4
2 Jo B(s) (54)
(@ is the so-called tune of the machine) and
2
q Bls)-p
SRR RIS (59

= 2/3(s) q

(1 is called Courant-Snyder invariant see [52]).

In realistic cases there is always some coupling between the different de-
grees of freedom and the situation is more complicated. In these cases ma-
chine physicists rely on the one-turn matrix M relating some initial state
phase space vector §(s;,) to the final state vector §(ss;,) after one complete
revolution around the ring

g(Sfin = S + L) = M(Sin + L: Sin) : :J(Sin)- (56)

In general ¢ is six-dimensional and consists of the phase space coordinates
T, 2, Ty PzsPsy Pr. The linear one-turn map M(s;, + L, s;,) contains all the
information about the system. For example the stability of the particle mo-
tion depends on the eigenvalue spectrum of the (symplectic) matrix M [15]
- stability is only guaranteed if the eigenvalues lie on the complex unit circle
(see also Figure 17).

What happens now if we perturb such a linear system with some nonlinear
terms? How can we extend the linear analysis to the nonlinear case?

In simple models we can start with a perturbed Hamiltonian

H(q,p,s) = Holqg,p,s) +c-Hilg, p,s) - (57)

Using the action angle variables of the unperturbed system one can apply
conventional Hamiltonian perturbation theory [49], [50], [51], [53], which we
will sketch in a moment. The advantages of such an approach are that -in
low order of perturbation theory- one easily gets simple analytical expres-
sions for interesting machine parameters of the perturbed system in terms of
the unperturbed quantities. The price one has to pay, however, is an over-
simplification of the problem. Realistic machines with all their nonlinearities
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and perturbations are extremely complex and cannot be handled efficiently
in such a way. In such a case one should try to extend the concept of the
one-turn matrix to the nonlinear case. This “contemporary” approach of
Hamiltonian-free perturbation theory for particle dynamics in storage rings
has been strongly advanced by A.Dragt and E.Forest and a recent description
can be found in [54], [55], [56] and [57].

ImA ImA

S5

P

Re A Re A
ImA ImA
@- Re A & Re A
ImA ImA
_@’ Re A /&( Re A

Figure 17: eigenvalue spectrum of a six-dimensional symplectic matrix

As mentioned above the basic idea of perturbation theory (common to
both the direct Hamiltonian (or time-continuous) approach and the contem-
porary Hamiltonian-free approach) is to find - in a way to be specified - new
variables, such that the system becomes solvable or at least easier to handle
in this new set.

Let us first consider the Hamiltonian (time-continuous) case. Various re-
alizations exist for this kind of perturbation theory:Poincaré-von Zeipel [49],

[50],[51],[53],[58], Lie methods [59], [60], and normal form algorithms [61],
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[62],[63]. Here we will illustrate the Poincaré-von Zeipel method. Assume
our Hamiltonian is of the form

H(G,p) = Ho(q,p) + & Hi(q,P) (58)

where the vectors for the coordinates and momenta ¢ and p may have arbi-
trary dimension ( 3 in the storage ring case)

q1 D1

(59)

<2y
I

=y
I

qn Pn
Introducing the action angle variable vectors [ and O of the unperturbed
system Hg

L 04

~i
[l
o]
[l
P
D
(]
Se—

I, 0,
the Hamiltonian (58) can be rewritten in the form

H(I. ) = Ho(I) +e-Hi(I,0). (61)

The problem would be trivial, if we could find a transformation to new
variables J = (Jy...J,)T and g/; = (31...4,)T such that the transformed Hamil-
tonian depends only on the new action variables J;...J, alone. Since most
Hamiltonian systems are nonintegrable [33],[34] this cannot be done exactly.
What one can achieve is to push the nonlinear perturbation to higher and
higher orders in ¢ i.e. after a sequence of N canonical transformations

H(L,0) = Ho(l) + - Hi(1.6)
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is transformed into a form given by *

— — —

(V) 4 eN+1 L Ry (V)| (V)
Siget 1y (S (62)

where

0 i)
JN) = . SN = . (63)
J) SN

are the new variables after N transformations. Neglecting the remainder
eN*1. Ry (which is of order eéNV*! i.e. one order higher than the first part in
equation (62)) the system is then trivially solvable.

For example in first order of perturbation theory this is achieved by a
canonical transformation (depending on the old coordinates O and the new
momenta j)

Fy(0,])=0-J+e-5(0.J) (64)

— =,

where S1(0,.J) is given by

I 1 (T .
S10,J)=—=->" Hin(:]) ~exp(i7i - ©). (65)
Lo iZe Wi
@ designates the frequency vector
e OH()
w(J) = 5 66
Y (66)

4For Hamiltonian systems one can do even better. As shown by Kolmogorov and
Arnold [46] one can push the phase dependence after N transformations not only to terms

N+1

N
of order ¢ but even to terms of order ¢2° (superconvergence)
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= =

and Hq (/) is defined by the Fourier expansion of Hl((:j, )

—

H,(6..)) = ZHM ) - exp(ifi - ©). (67)

However, there is a serious problem concerning the convergence of our per-
turbative approach: even if we exclude the nonlinear resonances i -& = 0 in
equation (65) the infinite sum always contains n;/s such that the denominator
in equation (65) can become arbitrarily small (small divisor problem) mak-
ing this whole enterprise very doubtful. Generally these expansions diverge.
Nevertheless the hope is that these expansions can be useful as asymptotic
series and that the new invariants (.Ji,...J,) calculated in this way approx-
imate in some sense our original system. However, for finite perturbations,
there is no proof for the accuracy, if any, of such an approximation. So some
care is always needed when one applies perturbation theories of this kind. A
careful analysis of the convergence properties of (65) leads immediately to
the heart of the KAM theory and requires sophisticated mathematical tools,
which are far beyond the scope of this survey [46].

Before we discuss perturbative methods for discrete time systems (maps),
we will briefly illustrate how single isolated resonances can be treated. In
this case the dynamics can often be reduced to the well known pendulum
Hamiltonian. The computational steps are very carefully described in [21]
and [64]. We will illustrate these steps here with a simple model, namely a
non-autonomous, one- degree of freedom system with explicit periodic time
dependence. An extension to n degrees of freedom is rather straightforward
and the details can be found in the ahove mentioned references [21], [64].

Starting point is a Hamiltonian of the form (periodically driven system
with period )

H(T.0,t) =Ho(T)+2-> Vil - exp(inf + img) (68)

with ¢ = Qt. The first step is
e fixing the nonlinear resonance of interest

for example,

lo(T") — kQ =0 (69)

37



with w(!) = %, k,l fixed integers and [” the resonant action defined by

(69). The next step is

e transformation to a resonant coordinate system and shift of the ori-
gin of the action variable [ with the help of the following canonical
transformation

Fy(0, J,t) = (10 — k) - J + 0T (70)

The corresponding transformation equations read

L OF
b= =10 ko (71)
oF, .
1="0 =+ (72)
OF,
= k. (73)

In the new variables .J, ¢ the Hamiltonian (68) takes the form
H(, J.t) = Holl + 1)+
1
+ed Vim(IT+17) - eXp(iT(m/; + (nk 4+ ml)¢)) — kQ.J. (74)
For the next step we assume that ¢ = Q1 is a fast variable compared to the
(by definition) slowly varying resonance variable ¢ so that we can
® average over ¢.

This gives
H(J.Y) =Ho(J)+ ¢ Z Viot—pi(J) exp(ipp) — kL. (75)
P

We assume that Voo = 0, Vo3 = Vi_; and we absorb a factor 2 in the
Fourier coefficients V,; .. Keeping only the lowest order Fourier harmonics
we finally
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e expand the Hamiltonian (75) around the resonant value [”

and we obtain the well known pendulum Hamiltonian

M) ~ S+ 2Vl cos(i) (70
with
M = 2 (1) ()
012 B

A phase space plot of the dynamics described by (76) is shown in Figure 18.
The separatrix width of (76) defines the width of our resonance (69) namely

=

(AI")y =20(eM V) _j)>. (78)
This type of analysis has been used to investigate nonlinear synchro-betatron

3

EW/
=\

7S

Figure 18: phase space plot of nonlinear pendulum with separatrix

oscillations in [50] and further applications will be mentioned later when we
consider the onset of large scale chaotic motion in phase space using Chirikovs
resonance overlap criterion [21].

One remark should be made at this stage. Deriving (76) we have assumed
that the unperturbed Hamiltonian Hy depends nonlinearly on the action
variable /. In the case of a linear dependence (this is usually the case in
accelerator applications) the validity of the computational steps described
above has to be checked very carefully [21].

Let us now briefly illustrate the perturbative techniques for mappings

[54],[65], [66],[67],[68],[69].



As mentioned already in the introduction, an accelerator acts as a nonlin-
ear device and an initial state phase space vector ¢(s;,) is nonlinearly related
to the final state §(ss:,) by a symplectic map or phase flow

Y(sfin) = M(y(sin)) - (79)
Let us assume this map can be Taylor expanded up to some order N with
respect to y(s,)

yilsgin) = 22 Aijyi(sin) + 32 Bijk - yi(sin) - Yalsin) + .- (80)

1k

with the transfer matrix or aberration coefficients A;;, B;j; etc. Because of
the symplectic condition of M (Hamiltonian dynamics) these coefficients are
strongly interrelated, and a truncation of the Taylor series usually results
in a violation of symplecticity. Dragt and Finn [70] have shown that Lie
algebraic techniques can be very convenient and efficient for parametrizing
and handling maps like (80) (see also [71]). The factorization theorem [68]
for example states that M can be expressed as a product of Lie transforms

M=l gle (81)

where : f; : denotes a Lie operator related to a homogeneous polynomial of
degree ¢ in the variables y;(s;,) and : f : acts on the space of phase space
functions ¢ via the Poisson bracket operation of classical mechanics [53]

:frg={f.9}. (82)
Example
The map €57 gives the known expression for a sextupole in thin lens
(kick) approximation [68], [69]:

( ;x((ssf;;)) ) N ( Pa;(sm)xfén.)mﬁ(%) ) (83)

because
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122%(sin): ﬂc(Sm) — ﬂf(Sin)

{ e:gxs(sm): pﬁ(gin) = pac(gzn) +a- '772(32'71)

In principle one could now try to construct the one-turn map for a non-

(84)

linear accelerator using these Lie algebraic tools. However, beyond an order
N = 3 in the Taylor expansion, this becomes incredibly tedious and compli-
cated. So we will discuss a more efficient way of obtaining Taylor expanded
maps for one turn later.

The advantage of using maps in the form (81) is formal and lies in the
Lie algebraic tools that are available for treating these systems. There is an
elegant extension of the normal form theory to such cases [72]. The problem
is -roughly stated- that given a map M one has to determine a map A such
that

N=A M A" (85)

is as simple as possible. Simple means that the action of the map is simple.
We can easily illustrate this fact with the following map which describes the
action of a single multipole in kick approximation [66],[73]

( x(n+1) ) _ ( cos(2m - Q)  sin(27 - Q) ) . < z(n) ) (36)
pe(n+1) —sin(2m - Q) cos(2m - Q) pu(n) +e-aP(n)
In complex notation z = & + ip, equation (86) can be rewritten as

S 1) = exp(—i 2 Q) {x(m) 4 o () 4+ )P} (80)

where z* designates the complex conjugate of z.
Finding the map A implies that one transforms to a new set of variables

z— & (88)

such that in the new variables equation (87) takes the following form

E(n + 1) = exp{—iQE() - €(n))} &(n) + terms > 2 (89)

41



Now, up to order &, the action of the map is very simple - it is just a rotation
in the &-plane with a frequency (winding number) Q which depends on the
distance from the origin (see Figure 19) °. This kind of perturbative analysis
has been developed in detail in [54], [65] and has led to a powerful strategy
for investigating the nonlinear motion of particles in storage rings. We will
come back to this point after the description of numerical simulations in the
next section.

Z-PLANE €-PLANE
/-_\

T 1N
AN

Figure 19: normal form theory of maps

2.4 Numerical simulations and particle tracking

The main idea of numerical simulations is to track particles over many rev-
olutions in realistic models of the storage ring and to observe the amplitude
of the particle at a special point so [74], [75], [76]. Given the initial am-
plitude ¥(so) = ((s0), 2(s0), T(50), P=(50), p=(S0), pr(80)) one needs to know
¥(so 4+ n - L) for n of the order of 10° (corresponding to a storage time of a
particle of about 10 hours in HERA). Different methods and codes have been
developed to evaluate y(so+n-L). Among others there are COSY INFINITY
[77],TEAPOT [78],MARYLIE [79],TRANSPORT [80], and RACETRACK
[81]. We will not go into the details of these codes, we restrict ourselves to
some general remarks and facts instead.

®As in the time continuous case, resonances need a special treatment [54], [65]
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An ideal code should be fast and accurate. It should allow for six-
dimensional phase space calculations, thus allowing all kinds of coupling
between the synchrotron and betatron oscillations. Error simulations of the
storage ring should be possible as well as the calculation of interesting phys-
ical quantities such as tunes, (perturbed) invariants, nonlinear resonance
widths etc.

One way of achieving this is by naive element to element tracking.

non-
linear linear

So SeNL

Figure 20: beam line

One has to solve the corresponding equations of motion for each element
(linear or nonlinear). In each case the symplectic structure of the underlying
Hamiltonian system has to be preserved by using suitable symplectic inte-
gration schemes [82], [83]. Such a code would be accurate but also extremely
slow especially for large colliders like HERA and the LHC. A modification
of these element-to-element tracking codes is the so-called kick approxima-
tion.Nonlinear elements described for example by terms

H = Z Apm(s)-a™ 2"

n,m

in the Hamiltonian are replaced by

Hi=3 o -a" 2" - Gy(s — 1)
n,m

where s; denotes the localization of the nonlinear kick. These codes can
speed up the calculations considerably and they also preserve the symplectic
structure of the underlying equations automatically. However, one has to
check carefully the accuracy of this kind of approximation.

A typical numerical investigation of particle motion in nonlinear storage
rings then comprises the following steps:
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1. specification of the storage ring model by a Hamiltonian ‘H

2. numerical integration of the corresponding equations of motion for one
complete revolution using symplectic integrators

3. extraction of the Taylor expanded form of the one-turn map (see equa-
tion (80)) from this calculation

4. use of this map for long-time tracking ¢ and for a perturbative analy-
sis (to get physical quantities of interest such as invariants, perturbed
frequencies and tunes of the synchro-betatron oscillations, nonlinear
resonance widths etc.).

Step 3 is elegantly solved by using the powerful automatic differentiation
package (often called differential algebra approach) developed by M. Berz
[85], [86] [87], [88], [89]. Figure 21 shows a flow chart for this approach.

Besides the symplectic problems with the Taylor expanded maps there
are also some other problems related to tracking namely the unavoidable
rounding errors of the computers and the limited CPU time. The round-
ing errors depend on the number system used by the compiler and they can
also destroy the symplectic structure of the nonlinear mappings. Thus these
rounding errors can simulate non-physical damping (anti-damping) effects
[90]. In order to estimate the order of magnitude of these effects, one can
switch to a higher precision structure in the computer hardware or software
and observe the differences. Another way is to compare the differences be-
tween forward tracking of the particles and backward tracking [91].

The limited CPU time could be improved by developing special track-
ing processors [92], [93]. Special processors have been successfully used in
celestial mechanics for studies of the long-time stability of the solar system
[94].

Besides these technical problems there are also some physical problems
related to the evaluation and interpretation of the tracking data. For exam-
ple, fast instabilities with an exponential increase of amplitudes beyond a
certain boundary (dynamic aperture) can easily be detected, whereas slow,
diffusion-like processes which are very important for an understanding of the
long-time dynamics are much more difficult to detect.

Sfor long-term tracking suitable symplectification algorithms are required [76], [84]
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Figure 21: particle tracking

Nevertheless, tracking is the only way to obtain realistic estimates for
the dynamic aperture up to 10° — 10° revolutions, but it is very difficult and
sometimes dangerous to extrapolate these data to longer times (10? revolu-
tions or more). Furthermore, tracking is always very important for checking
perturbative calculations because of the divergence problems in perturba-
tion theories as mentioned above. We conclude this chapter on Hamiltonian
systems with some final remarks.
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2.5 Remarks

As mentioned already in the introduction, in accelerator physics one often
tries to define different zones or regions corresponding to the importance of
the nonlinearities. For small nonlinearities the accelerator behaves more or
less like a linear element. A quantitative measure for this quasilinear be-
haviour is the so-called smear, a concept developed during the design studies
for the SSC [95]. This quantity indicates how much the invariants of the
linear machine are changed due to the nonlinear perturbations (see Figure
22). Another measure could be the amplitude dependence of the tunes. In
the weakly nonlinear region one would expect that perturbation theory is the
adequate theoretical tool.

linear machine
Invariant

number of turns

nonlinear machine
Invariant

number of turns

Figure 22: concept of smear

For stronger nonlinearities the dynamics becomes more and more non-
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linear and chaotic i.e. sensitively dependent on the initial conditions. A
quantitative measure for the onset of large scale chaos can be derived from
Chirikov’s resonance overlap criterion.One estimates the resonance widths
(see equation (78)) and resonance distances and the criterion roughly states
that no KAM tori survive in the region where resonance overlap occurs which
leads to a completely chaotic particle motion in this area of phase space. The
formal steps for applying this criterion are carefully described in [21] , [64]
and [96]. Direct application to the standard map (22) for example yields a
critical nonlinearity parameter of V' ~ 2.47, which is in qualitative agreement
with numerical simulations (see Figure 14).

The problem of beam-beam interaction in storage rings is an example
where this method has been applied extensively by Tennyson et. al. [97],
98], [99].

An interesting and important question is: how does the particle motion
look in this extended chaotic region of phase space? Can it be described by
a diffusion-like process and can probabilistic concepts be used successfully
in this context [100], [101]? A microscopic and mathematically rigorous
derivation of particle diffusion for non-integrable Hamiltonian systems is a
very complicated problem (see also [102]) and cannot be presented in this
review. What we can do here is to illustrate some of the ideas and techniques
on a phenomenological level by considering several toy models (which are
nevertheless relevant in some aspects of accelerator dynamics). At first we
choose the following simple model [20], [21], [38]

%(1/)] . ¢27 =]17 J?vt) —

1 .
= §~(,]12+J22)+5-(00s1/)1 — 1) - (14 p-sinthy + p-cost). (90)

which in extended phase space (J1, J2. p, 1,2, = t) can be written as

’C(Jh!]zvp-ﬂ/)l-,l/)zﬁﬂ) =
1
= 5-(J12—|—J22)—|—p—|—6-(COSl/)l—l)—u-s-singbg—/,c-acosx—l—

(sin(wz — 1) + sin(e + 1) + cos(¢y — x) + cos(¥y + ). (91)

<€
2

u
_|_
K represents now an autonomous system in six-dimensional phase space.
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The primary resonances of the system (91) and the corresponding resonance
widths are given by

Lopy &~ Jy = 0; width ~ /2

%¢2R.]2:0; width ~ /e (92)
Ly E )~ Jy £ Sy =0; width ~ /- p
L (o)~ i £1=0; width ~ /7.

For small ¢, 1 the energy surface is approximated by

1
Ko(Ji1, Ja, p) = §(J12 +J5) +p (93)

and the resonance zones are given approximately by the intersection of the
resonance surfaces (92) with the unperturbed energy surface (93), see Figures
23, 24.

If e > e pu, Jy =0 is the dominant resonance (guiding resonance). The
motion (transport, diffusion) along the guiding resonance and the resonances
which intersect it is called Arnold diffusion, see Figures 23, 24.

For ;1 = 0 the Hamiltonian in equation (91) is integrable (nonlinear pen-
dulum) and a constant of the motion. For p # 0 the Hamiltonian is non-
integrable and the separatrix of the .J; = 0 resonance will be replaced by a
chaotic layer. In this nonintegrable case we expect some diffusive variation
of the energy 7. One can calculate this variation approximately [20], [21].
[38].

Using

AH( 1, Jo, 1,12, 1) =
= / dt—:/jo g-psint- (1 — cost)dt (94)

“The dynamics described by (91) can be considered as stochastic pumping [20]. We
treat (91) as a system of two two degree of freedom Hamiltonians Kq(J1, Jo, ¥, ¢2) and
Ko(J1,p,¢1, ). Solving the dynamics of the first system gives a chaotic layer around the
J1 = 0 resonance with a quasi-random evolution of the corresponding phase 1, which
when put in system 2 causes a diffusion-like motion of p.
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(see equation (90)) and replacing ¥(t) by the unperturbed separatrix ex-
pression ¥4, (t) the evaluation of the resulting Melnikov-Arnold integral [21]
gives

< (AH)? >~ 87% - p* - exp{——F=1. (95)

Figure 24: projection of resonance curves on (.J; — J3) plane

Equation (95) is an estimate for the short time variation of the energy
of the system for trajectories deep inside the chaotic layer of the J; = 0
resonance.Further details can be found in [20], [21], [38].

As a second example we consider a system described by

T,
H([lv [2701,02,t) = % + 52_
—ccos(fy + Asin(Q - t)) — pcos(0y — 03) (96)
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which has been discussed extensively by Chirikov et al. in [103] [104]. It con-
sists of a phase modulated oscillator (/y, 6y) which is coupled to a second sys-
tem (/I5,65). This model describes another instability mechanism in Hamil-
tonian systems. Because of the (slow) modulation a set of closely spaced
resonances can form which - depending on the chosen set of parameters- may
overlap and form a broad chaotic region in phase space. As in the previous
model the resulting stochastic 1-motion can couple to system 2 and can cause
stochastic oscillations and diffusion-like motion. Chirikov et al. describe this
kind of dynamics as follows: The modulational diffusion can be regarded as
representative of a larger class of dynamical instabilities, sometimes referred
to as thick layer diffusion. This terminology is intended to characterize mo-
tion along the broad stochastic domains generated by the overlap of several
resonances closely situated in the system phase space. A thick layer diffu-
sion differs from Arnold diffusion both in structure and in the size of the
stochastic components involved. Indeed, Arnold diffusion takes place within
the narrow stochastic domains (thin layers) which unavoidably appear in the
vicinilty of separatrices of nonlinear resonances under the effect of arbitrary
perturbation. Since thin layers exist for any perturbation strength, so does
Arnold diffusion. In contrast, a thick layer can exist only in some suitable
parameler range, so that the same condition will determine the onset of the
associated diffusion....

The above mentioned model plays an important role in modelling modu-
lation effects in accelerators. It has been used to describe the influence of the
harmonic content of the power supply ripple of the magnets in a storage ring
[2], [105], [106], [107], [108]. In [2] for example, the influence of tune- modula-
tion on the proton dynamics in nonlinear storage rings has been investigated.
The emittance growth has been studied, and analytical estimates have been
given for the drift and diffusion coeflicients in HERA. It was demonstrated
how various field nonlinearities in combination with tune modulation effects
can drastically reduce the dynamic aperture of an accelerator. The analytical
estimates for the local particle diffusion during luminosity operation are in
very good agreement with the observed emittance growth in HERA see [2].

A good understanding of these diffusion-like phenomena in a storage ring
is essential for the operation and performance of experiments such as HERA-
B [109]. HERA-B is an experiment to study CP violation in the B(eauty)-
system using an internal target at the HERA proton beam. A controled
population of the proton beam halo would be highly desirable from the de-
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tector designer’s point of view [110].

Furthermore, these theoretical considerations have led to compensation
schemes for dangerous harmonics of the power supply ripples. Details of
these investigations and ideas can be found in [111], [112].

As mentioned already, an outstanding problem of accelerator physics is
the long time stability of particle motion under the influence of various non-
linearities such as magnetic multipoles, rf fields and beam-beam forces.

In perturbation theory one usually approximates a nonintegrable system
by an integrable (solvable) system. Whether this approximation really re-
flects the “reality” of the nonintegrable case has to be checked very carefully
especially because integrable systems have no chaotic regions in phase space
and because the dominant instability mechanisms are related to chaotic dif-
fusion or transport [113]. For two-dimensional systems chaotic transport is
in general only possible by breaking KAM tori (but see also [114]).For higher-
dimensional systems the chaotic layers can form a connected web along which
diffusion like motion is always possible.

For weakly perturbed integrable Hamiltonian systems stability for in-
finitely long time scales is guaranteed for initial conditions which are dis-
tributed on existing KAM-tori. These tori, however, form a complicated
Cantor-like set in phase space. What one would like to have is a stability
theory not necessarily for infinitely long times but for an open set of initial
conditions (compatible with the injection conditions for the particle motion
in a storage ring). Nekhoroshev [115] has developed such a theory which
deals directly with the variation of the action variables during the perturbed
motion

— = -,

H(T.0) = Ho(I) + cHa(T,0)

and which does not refer to the existence of invariant tori. Provided the
Hamiltonian fulfills certain conditions he could prove that the action variables
change only little over an exponentially long time scale, namely [116], [46]

| 1(t) — 1(0) |< &

for times



The coefficients a, b depend on the geometrical properties of the unperturbed
Hamiltonian. A proof of this theorem leads immediately to the compli-
cated problem of estimating remainders in perturbation series and giving
time scales over which perturbative methods are valid. Further details and
a lot of background information can be found in [46], [116].

Attempts to extend and apply these ideas to realistic accelerator condi-
tions have been made by Warnock, Ruth and Turchetti [117], [118], [119].
An interesting approach has been chosen in [120], [121], where these ideas
and interval arithmetic concepts have been used to give stability bounds on
the particle motion in storage rings.

To extract information about the long time stability of particle motion
from numerical simulations is also a difficult task as mentioned above. So-
called survival plots (see Figure 25) [122] can be helpful in getting some
insight into the problem.
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Figure 25: survival plot for the SSC, i.e. number of turns of the particle
before loss versus initial betatron amplitude of the particle

Since there are no exact solutions available for the complicated nonlinear
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dynamics in storage rings and in order to check and test the theoretical con-
cepts and tools described above, existing accelerators at DESY, FERMILAB,
CERN and at the University of Indiana have been used for experimental in-
vestigations of the particle motion. These studies include the experimental
determination and measurement of phase space plots, investigations of the
dynamic aperture, and the beam blow-up and diffusion-like motion under
various operational conditions. Summaries of these results and further de-
tails can be found in [123], [124], [125], [126], [127], [128], [129], [130], [131],
[132], [133]. As an example of an experimentally observed phase space plot
of a nonlinear machine we show Figure 26 [132].

Figure 26: measured transverse phase space plot near a (),, = 15/4 nonlinear
resonance in the [UCF

Figure 27 summarizes the status of the art of the nonlinear particle motion
in storage rings.

In the next chapter we will investigate explicitly stochastic systems i.e.
systems subject to noise or stochastic forces.
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Figure 27: nonlinear dynamics of storage rings
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3 Stochastic dynamics in storage rings

In the first part of this review we have shown how the single particle dynam-
ics of proton storage rings can be described by nonintegrable Hamiltonians.
These systems show a very complex dynamics - regular and chaotic mo-
tion is intricately mixed in phase space. We have mentioned the concept of
Arnold diffusion and chaotic transport and we have asked whether proba-
bilistic methods can be applied successfully in this context.

In the second part of our survey we want to investigate systems where
probabilistic tools are necessary, because we want to study the influence of



stochastic forces and noise. In this case the equations of motion., which
describe the dynamics, take the form

d . .

< a1 = [ dn) (97)

or in the discrete time (mapping) case

#on + 1) = L), &) (98)
where g(f) or g(n) designates some explicit stochastic vector process with
known statistical properties. Our aim will be to study the temporal evolution
of Z(t) or Z(n) under the influence of these explicit stochastic forces. We will
call this kind of (probabilistic) dynamics stochastic dynamics in contrast to
the (deterministic) chaotic dynamics investigated in the first part of this
review. Questions we want to answer in the following are:

Given the statistical properties of the random forces, what are the statis-
tical properties of Z(t) or Z(n)? How can we treat these systems mathemat-
ically? And how can we calculate, for example, average values < xz;(t) > or
correlations < x;(t) x;(1') >7

This part of the review is organized as follows. At first we will summarize
some basic results of probability theory and the theory of stochastic processes.
Then we will concentrate on stochastic differential equations and their use in
accelerator physics problems. In the case that the fluctuating random forces
are modelled by Gaussian white noise processes (which is quite often a very
good approximation) we will illustrate the mathematical subtleties related
to these processes.

Examples of stochastic differential equations are

1. Langevin equation approach to Brownian motion

%v:—n-wf(t) (99)

with v particle velocity, n friction coefficient and £(¢) fluctuating ran-
dom force
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2. stochastically driven harmonic oscillator

i ( nn )\ -1 0) L e ) e (100)
. spin diffusion or Brownian motion on the unit sphere [137] (see Figure
28)

—

S(t)y = H(t) x S(t) (101)

&.|&

t

where H(t) denotes a fluctuating field.

Figure 28: Brownian motion on the unit sphere

As we will see later, single particle dynamics in accelerators is a rich source
for stochastic differential equations. Before we start with a systematic study
of these systems we have to repeat some basic facts.

Summary of mathematical facts

Fundamental concepts of probability theory are the random experiment (e.g.
throwing dice) and the probability space. This space consists of the sample
space €2 of outcomes w of the random experiment, a sigma algebra of events
A i.e. a family of sets defined over 2 such that
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1.QcA
2. forevery A; € A, A; € A
3. for A;,j =1,2.... with A; € A

s

AJ‘GA

1

BN
Il

(where A denotes the complement of A with respect to Q) and a probability
measure Pr defined over A:

Pr: A—0,1].

Pr is a measure for the frequency of the occurance of an event in A and
it satisfies the following axioms:

1. Pr(¢)=0
2. Pr(Q)) =1
3. Pr(A; UA;) = Pr(A) + Pr(A;) for AinA;=¢

( ¢ is the empty set and designates the impossible event whereas € is the
certain event).

The aim of probability theory is not the calculation of the probability
measure of the underlying sample space {2, but it is concerned with the
calculation of new probabilities from given ones [134]. A rigorous treatment
needs sophisticated measure theoretic concepts and is beyond the scope of
this review. We will restrict ourselves to some basic facts and results which
will be needed later. Detailed presentations of probability theory can be
found in the references [134], [135], [136], [138], [139], [140], [141], [142]. In
the following summary we will closely follow the book of Horsthemke and

Lefever [134].

3.1.1 Random variables (r.v.)

The first notion we need is that of a random variable (r.v.) X. A random
variable is a function from the sample space 2 to R ie. X : Q@ — R with
the property that

A=A{w|X¥(w)<2}e A (102)
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for all € R, or equivalently
A=X""B)={wlX(w)eB}ec A (103)

where B € B and where B denotes the Borel field over R (the sigma algebra
of Borel sets formed by all open and closed intervals of R). (103) means that
X is a measurable function and because of this property we can also define
a probability measure (distribution law of the r.v.) on (R.B) via

Py(B) % Prix—'(B)}.

Although, in general, one should always distinguish carefully between the
random variable X and =z, i.e. the value X’ takes on R, we shall use in the
following the canonical representation of X where we identify the (general)
probability space (Q,A, Pr) with (R, B, Py). Furthermore, we will only
consider continuous r.v. which can be characterized by probability density
functions py(2)dx which are related to Py(B) via

Py(B) = /Bp/y(x)dx.
Roughly stated py(x)dx gives the probability of finding the value X' be-
tween z and = + dzx i.e.
pr(x)dr = Py(z <X < x4 dx).

Given this probability density one can define expectation value, moments
and mean square deviation or variance of a r.v.:

1. expectation value of a random variable X

E{X}=<X>=m ¥ /OO zpy(x)de. (104)

—O0C
2. moment of order r

E{x =< X" > [ arpa(a)da. (105)

— 00
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3. mean square deviation or variance

F{0X)} = B{(X— <X >)} =%
def /_ (x —my)’py(z)de (106)
As an example we consider the Gaussian distribution, which because of

the central limit theorem (see the references), plays an important role in
statistics. This distribution is defined by (see also Figure 29)

pa(e) = [(20) 0] - expl -

In this case equations (104), (105) and (106) yield

3. (107)

E{X}=m (108)
E{(6X)*} = o* (109)
o 0, for r>1 odd
EAX)"} = { (r—1)M-0", r even (110)
where we have used the following definition (r — H)!'=1-3-5-....-(r — 1).

A Gaussian variable is thus completely specified by its first two moments.
Extending these considerations to the multivariable or random vector case
(X1, ...X,) requires the notion of joint probability densities i.e.

Pxy.xn(T1,ety)day . dy, =
x(v1 <X <oy +dry, v, <A, <2, +dey,). (111)

Moments, cross correlations, covariance matrix etc can then be defined.

For example in the two-dimensional case X = (X, )" mixed moments are

defined by

s = [ e (12

Another important definition we will need is the conditional density func-
tion pyy(x|y). Conditional probability p(A|B) means the probability that
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Figure 29: Gaussian distribution

event A will take place, knowing with certainty that another event B has
occured. For random variables the corresponding density is given by

~ pay(r,y)
pry(zly) = ) (113)
or similarly
pxy(z,y) = pry(ely) - py(y). (114)

In the multivariable case one has accordingly

Py (T, =
= prx, (T1|T2e ) - pryr, (X)X 1) -

"‘p/vn—lan(xn_lkvn) .an(xn)' (115)

3.1.2 Stochastic processes (s.p.)

Next we introduce stochastic processes (s.p.) with the following definition: a
family of random variables indexed by a parameter ¢, X}, is called a random
or stochastic process (¢ may be continuous or discrete). A stochastic process
thus depends on two arguments (¢,w) where w is again an element of the
underlying sample space ). For fixed ¢, &; is a random variable whereas

60



for fixed w and continuous ¢ , X )(w) is a real valued function of ¢ which
is called realization or sample path of the s.p. (realizations are designated
by x(t)),see Figure 30. Generally, stochastic processes X; are defined by an
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Figure 30: Stochastic processes
infinite hierarchy of joint distribution density functions
p(;ﬁ, tl)
plar, ti; @2, 12)
(116)
play,ty;.cxn, ty)

and are a complicated mathematical object. A proper treatment requires the
so-called stochastic calculus see for example [136].
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In a similar way as for random variables we can define moments and
correlation functions. For example

E{Xt1Xt2} =< T(tl)T(tg) >=
:/ / ?715172]’)(.’1’71,t12/.’1727t2)(1.’171d.’172 (]]7)

is called the two-time correlation function of the stochastic process &;. Higher
order correlations are obtained analogously

= / / Ty play, by s xp, ty)dey . da, (118)

One way of characterizing a stochastic process is by looking at its history
or memory. The completely independent process is defined by

plan,tis g anty) = [ plait;) (119)
=1

i.e. only the one-time distribution density is needed to classify and determine
this process.
The next simplest case is the so-called Markov process. 1t is defined by

p(mN7tn|mn717tn71; mlvtl) = p('rnvtn|mn717tn71) (]20)

with
t <ty <. <t (121)
Equation (120) implies that if the present state is known, any additional
information on the past history is totally irrelevant for predicting the (prob-
abilistic) future evolution.
Markov processes are completely specified by the transition probability

density p(@,,tn|2,-1,1,-1) and the one-time probability density p(z,). Be-
cause of (120) and (115) we have

P, by xa, ty) =
= p(mnvtn|mn717tn71) Teee p(m27t2|m17t1) : p(Tlfl) (]22)
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The transition probability densities fulfill the following nonlinear func-
tional relation (Chapman-Kolmogorov equation)

plas, ts|r, 1) =
= [ plastslan,ta) - plas, ol ) (123)
Examples of stochastic processes are:

1. Gaussian stochastic processes AXj.

X is specified by

p(z,1)
p(xy,ty:ag,ls)

plai, by xn,ty,)

If all the m—th order distributions are Gaussian i.e.

plen,tis e Ty b)) =
1
= (2m)™/2. (detA)_1/Q'eXP{—§(f— m)" AT (& - )}

81

with mT = (mx(t1),...,mx(t,)) and A = A;; = E{(X,, —mx(t I, —

my(t;))}, A is called a Gaussian stochastic process.

2. The Wiener process W, which plays an important role in probability
theory and which is defined by:

n—1
P(Wpy Las oo Wo, L) = H p(wigr, tipr|wi, ;) - p(wo, to) =
i=0
- 2
Wi41 — Wy
= T rtt =) exp{- St =0 . 12

- 2ty — 1)
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The Wiener process is an example for an independent increment pro-
cess. This can be seen as follows: defining the increments

AW; = W; — W, (125)

and

Aty =1t — ti_y (126)
we obtain
p(Awna ny ey Awls tl; Wo, tO) =

H’MrAt )V2exp{— (2Az‘

} - p(wo, to) (127)

i.e. the random variables AW, are statistically independent. Further-
more one calculates in this case

E{W,} =0 (128)
E{WW;} = min(t, s) (129)
E{W?) = 1. (130)

A typical path of a Wiener process is shown in Figure 31. These paths
are continuous but nowhere differentiable.
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Figure 31: typical path of a Wiener process
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3. Gaussian white noise process Z;. It is a completely random process
with

plz1, by 2p, tn) = ﬁp(zi) (131)
i=1
i.e. independent values at every instant of time. It has
E{Z} =0 (132)
and the two-time correlation function is given by
E{Z:Z,} =6(t—s) . (133)

Since Z; is Gaussian all odd correlations vanish automatically (see
equation (110)) and the even correlations are given by [138]

E{Z . Zu,} =D 0ty —ty,) o - 8(liy,_, — 1) (134)
P’L

where the sum is taken over (2n)!/(2" n!) permutations. Gaussian
white noise is a mathematical idealization and does not occur in nature.
It plays a similar role in the theory of stochastic processes as the Dirac
o-function in functional analysis. One can show, that in a generalized
sense [134] Gaussian white noise is the derivative of the Wiener process.

The last concept we need is that of a Markovian diffusion process. This
is a Markov process with continuous sample paths. Diffusion processes play
an important role in physics and in the context of stochastic differential
equations with Gaussian white noise, as we will see in the next section. The
temporal evolution of these diffusion processes is described by the so-called
Fokker-Planck equation. This is a linear partial differential equation for the
transition density p(z,t|zo, 1) or the one-time density p(z,1).

3.1.3 Stochastic differential equations (s.d.e.)

As mentioned already stochastic differential equations are the natural exten-
sion of deterministic systems, if one wants to include noise effects

9w = Fl@ )
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Often £(t) is modelled by a Gaussian white noise process. This approximation
is well justified if the fluctuating forces show only short-time correlations
compared to other typical time-scales of the system. Introducing Gaussian
white noise in dynamical systems is related to some mathematical problems
which we want to illustrate now. In order to keep the notation as simple
as possible we will restrict ourselves for the moment to scalar equations of
motion (multiplicative stochastic processes ®) of the form

dilt X = f(X) +9(X) - 2, (135)
where Z; designates Gaussian white noise and where we have switched to
the notation introduced above in order to make clear that we are treating
stochastic processes.

Before we start our investigation let us repeat what Horsthemke and
Lefever have written in this context:

The transition to Gaussian white noise sounds rather harmless but it is
actually at this point that dangerous territory is entered, which contains hid-
den pitfalls and traps to ensnare the unwary theoretician ... if one succeeds in
avoiding the various traps, either by luck, intuition or whatever, one captures
a treasure which might be bane or boon: the white noise

We have mentioned already that the realizations of the Wiener process are
continuous but nowhere differentiable, and the same holds also, for example,
for the Ornstein-Uhlenbeck process which is defined by

dt

Thus (135) and (136) are no differential equations in the ordinary sense since
% does not exist in the usual sense. and we have to ask how to interpret
stochastic differential equations with Gaussian white noise. The mathemat-
ical problems are related to the irregular behaviour of white noise. We will
not go through all the mathematical details, we only want to illustrate the
subtleties, so that readers who are confronted with this problem are reminded
of being careful when using stochastic differential equations with white noise.
Excellent presentations of this problem can be found in [143],[144].

8the external noise is coupled in a multiplicative manner to X; the statistical properties
of which are sought
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After these remarks we try to give a sense to the stochastic differential
equation by rewriting it as an integral equation

1 1
X, :XO+/0 f(Xs)dH—/O G(X,) 2, ds

which is equivalent to ?

X, = XO—I—/; F(X,)ds +/Ot g(X)dW,. (137)

As before W, denotes the Wiener process. The second integral on the
right hand side of equation (137) - a kind of a stochastic Stieltjes integral
- is the main reason for the mathematical problems. Let us quote again
Horsthemke and Lefever :

The problem is though a sense can be given to this integral and thus to
the stochastic differential equation in spite of the extremely irreqular nature
of the white noise, there is no unique way to define it, precisely because while
noise is so irreqular. This has nothing to do with the different definitions
of ordinary integrals by Riemann and Lebesque. After all for the class of
functions for which the Riemann integral as well as the Lebesgue integral can
be defined, both integrals yield the same answer. The difference between the
definitions for the above stochastic integral, connected with the names of [to
and Stratonovich , is much deeper; they give different results.

This difficulty can be illustrated as follows:

Consider a stochastic integral of the form

t

Jg

If (138) would be Riemann integrable the result would he

1
§i = SWE - W2). (139)

9a careful analysis which requires the concept of generalized stochastic processes shows

that Gaussian white noise is the derivative of the Wiener process only in a generalized
sense. For more details the reader should consult [134]

67



As in the Riemann case we try to evaluate (138) by a limit of approximating
sums of the form

? e—1

S, = Z WT(n) . (Wt(n) — W o ) (]40)
i=1 ¢

with a partition of the interval [tq, 7]

to =t <t <4l < <tV < ) =1

and

or

with 0 < o < 1.
Using the stochastic calculus (the proper calculus to treat stochastic pro-
cesses as mentioned above) one can show that the limit of S, for n — oo

depends on the evaluation points Tl-(n) or o [134], [135]

n—0oo

1 1
lim S, = 5(W,f2 - Wi )+ (a— 5)@ —tg) . (141)

Thus, the stochastic integral is no ordinary Riemann integral. However,
an unambiguous definition of the integral can be given - and thus a consis-
tent calculus is possible - if TZ-(") is fixed once and forever. Two choices are
convenient

o o = (0, Tto definition

e o= %, Stratonovich definition.

Thus, a stochastic differential equation has always to be supplemented by
a kind of interpretation rule for the stochastic integral. In both cases men-
tioned above one can show, that the solutions of the corresponding equations
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exist and are Markovian diffusion processes - provided f and ¢ fulfill certain
smoothness conditions [134]. In the lto case

(I) dX; = f(X,, t)dt + g(X;, t)dW; (142)

the corresponding Fokker-Planck equation for the transition probability den-
sity p(x,t|xo,to) reads

0
ap(%ﬂtfo: lo) =
0 1 o7

= ——1I[f(z.t) p(a,t|zo, to)] + 5 7

dx g7 (1) - p(x, t]xo, to)] (143)

whereas in the Stratonovich case

(S) dX, = f(Xo )dt + g( X, )dWV, (144)

the Fokker-Planck equation is given by

0
7}9(35 t"rU-,tO) =

ot
13} 1 0
—%[f(%t) - p(a, tzo, to)] +

= 2 gl ) (gl Dple U 1)

or equivalently by

0
ap(r f‘/rO fO) =

0 1 dg(x,1)
- e+

+] 0?
2 Oxz?

Equations (143) and (145) have to be supplemented with the initial con-
dition

g T:t)] : p(?[ivf .7707750)) +

2 Jr (
[9%(x,1) - p(, t|zo, Lo)] - (145)
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pla, t|xo, to)imt, = 8(x — x0)

and suitable boundary conditions for x.
The Tto calculus is mathematically more general but leads to unusual
rules such as

WadW, = SOV~ W) - (o)
Jto 2 0 2
and some care is needed when one transforms from one process &; to R; =
h(X;). For further details and a discussion of the relationship between Ito
and Stratonovich approach (which preserves the “normal” rules of calculus)
the reader is referred to the references.

Remarks:

1. The one-time probability density p(z,t) of a Markovian diffusion pro-
cess A, also satisfies the Fokker-Planck equation (143) or (145).

2. In the case of purely additive noise where ¢ does not depend on X there
is no difference between the Ito and Stratonovich approach, so both
stochastic differential equations define the same Markovian diffusion
process.

3. Since Gaussian white noise is a mathematical idealization and can only
approximately model real stochastic processes in nature, there is always
the question how to interpret equation (135) in practical problems. In
most physical cases one will rely on the Stratonovich interpretation as
is suggested by a theorem due to Wong and Zakai [134] which roughly
states :

if we start with a phenomenological equation containing realistic noise

Wt(n) of the form

— X = f(Xt) + Q(Xt) ) di W, (146)



where all the integrals can be interpreted in the usual (e.g. Riemann)
sense and if we pass to the white noise limit

W W, (147)

so that a stochastic differential equation of the form

d d
7 Xy = f(X) + g(Xy) - 7 Wy (148)

is obtained (remember that Gaussian white noise is the derivative of
the Wiener process Z, = % W;) the latter has to be interpreted as a
Stratonovich equation.

. The above considerations can be extended to the multivariable case
where X;, f(X;) and W, have to be replaced by vector quantities and
where ¢g(X}) has to be replaced by a matrix. Now,the stochastic differ-
ential equation takes the form

dX, = [( Xy, O)dl + g( X, t)dW; . (149)

The Ito interpretation leads to a Fokker-Planck equation for the tran-
sition density p(Z,t|Zo,19) of the form

a ... . o=
= 72 ax[fl(Tf) -p(?[i,f‘.’l?ovfo)]%—
1 g 0
+57E g o, MG ) Aot (150)

whereas the Stratonovich interpretation gives
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d -
ap(f t|$0,t0) =
—Z fZ 1) p(Z. T, to)] +

to)l} - (151)

0
5 Z P {aE. ) a0 3.1
’.7

Examples

1. Wiener process

dX; = dW, (152)

with the corresponding Fokker-Planck (diffusion) equation (f = 0,9 =

1)

9?
g -plx, t|ag, to) (153)

DO | —

5}
ap(:p,ﬂxmtg) =

2. The Ornstein Uhlenbeck process (see also equation (99))

leads to the following Fokker-Planck equation (f = —n,g = o)

0
ap(u,ﬂvmm) =

0
= %[n v - p(o, tlvg, to)] + =o Fw) -p(v, t|vg,to) . (155)
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3. Stochastically driven harmonic oscillator as an example of a multivari-
able system:

dXy, \ 0 1 Ay, dt 0
(d/’\fzt)_(—lO>'<X2tdt>+<dwt> (156)
In this case one obtains as Fokker-Planck equation

77)(‘7"1: m?vﬂmlo: T2y to) =

ot
)
= _6—x1[$2 p(ar, o, tlag, w2y, to)] + 6—:52[‘761 (e, @, g, w20, o)) +
1 02
+§ : @P(mhmz:t‘mlnwm%wto) . (157)

The Fokker-Planck equation can be used to derive differential equations
for the moments very quickly. We will illustrate this for the second order
moments of the harmonic oscillator (156).

d

wi(t) >= 7

oo oo a
7 < '/_OO zip(xr, va, t)dzydey = '/_OO i ap(:phxg?t)dx]dxg

Using the explicit form of the Fokker-Planck equation on the right hand side
we obtain after partial integration

d

S alt)>=2 <a(t) walt) > (158)

Repeating this procedure for < x,(#) x2(1) > and < 23(¢) > one gets a closed
system of equations for the second order moments , namely

% <2i(t) >=2 < 2(t) 2o(t) > (159)
% < ay(t) xa(t) >=< 23(t) > — < 2}(t) > (160)
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d

7 < z3(t) >=1-2 < ay(t) 29(t) > . (161)
Note that the average of the total energy of the harmonic oscillator varies
linearly with ¢ under the influence of Gaussian white noise

% < E(t) >= %%k zi(t) >+ < x3(t) >) = .
The fact that the system of equations is closed is typical for linear systems like
the harmonic oscillator. In general this scheme delivers an infinite hierarchy
of higher order moments. which has to be truncated at a certain step in order
to get a solution of the problem.

For linear systems one can also calculate the moments or correlations
directly. Consider for example the following case

d . . .
) = AF() + € (162)

—

where £(#) is a random force (not necessarily Gaussian white noise). The
formal solution of this equation is

¢ o
(1) = M(t,0) - 7(0) +/0 Mt 1) - €(t))dt (163)
where M(t.t1) is a solution of the matrix equation (Greens function)

d
M) = A Mt 1), (164)

The correlation function < z;(t) z;(f) > is then given by
N it i N
<ai(t) ;1) >=3 /0 /0 Mt 1) M i(3, 1) < Ex(t)E(ts) > dtydts (165)
kil

where the correlation function of the external noise is known. For exam-
ple, applying this scheme to the harmonic oscillator under the influence of
Gaussian white noise one gets immediately

1 1
< ai(t) >= §t 7 sin(2t). (166)
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This way of calculating correlations and moments will be used later when we
investigate the linear beam emittance matrix of an electron storage ring.

Finally, we want to make some remarks concerning non-Gaussian white
noise. As mentioned already Gaussian white noise is an idealization and does
not occur in nature. The question is how to treat systems under the influence
of colored noise such as, for example, the Ornstein-Uhlenbeck noise V;. In
this case one can use the following scheme, which we illustrate for a simple
scalar equation of the form

S = (Xd) F (1) V. (167)

The Ornstein-Uhlenbeck process V; is defined by

d
Evt = —an + O'th

with Z,, Gaussian white noise. Introducing the vector notation ;)_7; = (X%, Vt)T
and Z, = (Z1,, Z5,)" one gets with suitably defined quantities f and g¢

—

d - . S -
%yt = fnt)+ gV t)- 24 (168)

i.e. a vector stochastic differential equation of the form (149). The solution
of this equation exists and is a vector Markovian diffusion process - pro-
vided fand g fulfill certain smoothness conditions. The disadvantage is that
the correspogding Fokker-Planck equation includes an additional variable, v,
namely p(x, v, |2, vo, o) and thus requires the solution of a partial differen-
tial equation of higher dimension. The same trick can also be used for more
complicated systems.

Summarizing, we can say that stochastic differential equations are the
natural extension of deterministic systems if one wants to study the influ-
ence of noise. Often these noise processes are approximated by Gaussian
white noise, a mathematical idealization, which has to be treated with great
care. However, the mathematical subtleties related to stochastic differential
equations with white noise are outweighed by the results which are available
for these Markovian diffusion processes namely the Fokker-Planck equation

[140].
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In this -admittedly- very sketchy summary of mathematical results we
could not consider advanced topics such as martingales and their great im-
portance for Markov processes. Furthermore, we completely skipped the
qualitative (stability) theory of stochastic differential equations. Detailed
presentations of these topics can be found.for example, in [145], [146], [147].

In the next chapter we will illustrate some applications of stochastic pro-
cesses in accelerator physics (electron and proton storage rings). Stochastic
processes are used for modelling various noise effects. Since a realistic mod-
elling of these noise phenomena is in general a very complicated problem and
requires a detailed experimental and statistical analysis, we will often restrict
our investigations to simple toy models, which show what is in principle pos-
sible in these systems.

3.2 Stochastic dynamics problems in accelerator physics
3.2.1 Electron storage rings

Radiative phenomena play an important role in electron storage rings. As
mentioned already these devices are used extensively as synchrotron radiation
sources. Because of the interesting physical properties (time structure and
polarization) this kind of radiation is an ideal tool for solid state spectroscopy.
for atomic and molecular spectroscopy, for x-ray structural analysis and it
can be used for many other (also non-physical e.g. medical) applications
[148].

Instead of studying these properties and applications further we will now
investigate the influence of the radiation on the beam dynamics. This is a
rather subtle point [148], [149]. On the one hand there is strong classical
radiation damping due to the radiation losses [150], [151] [152]. [153], and on
the other hand, due to the quantum-like emission of the synchrotron light and
due to the recoil the electrons experience during the emission process, there
is a steady excitation of the particle motion which causes a trajectory broad-
ening like in Brownian motion. Systems which show such quantum effects on
a macroscale are often called "macro-atoms” in the Russian literature [148].
[149]. Although an exact treatment requires a quantum mechanical calcula-
tion [154], in accelerator physics one often uses a semiclassical approach. In
this approach the classical Lorentz-Dirac equation of the electron is supple-
mented by some explicit noise which simulates the quantum-like emission of
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the radiation [150], [151]. [155], [156], [157], [158], [L59]. [160], [161]. Using
such a semiclassical theory the electron dynamics (including radiative effects)
is governed by the following system of equations [158], [159], [162] (perturbed
Hamiltonian)

ir _ +87—[_ d _7877—[713(5)87—[

ds = Op, ds Pe= "5 cky dp,

d . O0H d _ OH  P(s)OH

ds - +8pz" ds "7 T 9z T ek, op. (169)
d oH d OH  P(s) OH
oG R Py oH

ds dp, ds or cky Ip,

with H the Hamiltonian of the coupled synchro-betatron motion (see (5)),
and

P(s) = EX(1+ p.)* [erb? + /] &(s)] (170)
g(r{:,z,s) = %ﬁ(m,z,s) (171)

(Ko design energy of storage ring)

2repg 55r.hpq

Tme® 2 3B (mec (172)

1 =

and the white noise process

<E(8)E(s) >=6d(s—5); < €(s) >=0 (173)
(po = % and r, = mfc2). Using the equations for the magnetic fields of the

different kinds of lenses the particle motion under the influence of radiation
is then completely specified, and in shorthand notation one obtains

) = 7 5) + 1) - 67ls) (174)

with g = (2, 2,7, ps, 2, pr ). d¢(s) designates a Gaussian white noise vector
process.
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Interesting physical questions are :

What are the average fluctuations of the particle around the closed orbit
(beam emittances)? What is the particle distribution p(y,s) i.e. what is the
probability for finding the particle between i and i + dy at location s 7 1©
Is there a stationary (or equilibrium) solution of this density i.e. what is
limsoo p(if,s) ¢ What is the particle lifetime in the finite vacuum chambers
of the accelerator (time to hit the border) ¢

These questions have been extensively studied in the linear case [160]

[151], [161]. [163], [164]

% J(s) = (A(s) + 0A(s)) - 4(s) + cs) + dcls) (175)

A designates the Hamiltonian part of the motion (six-dimensional coupled
synchro-betatron oscillations) [15]; dA(s) describes the radiation damping
; 8¢ is the fluctuating part of the radiative force and ¢ denotes some ad-
ditional field errors of the system. In this case one obtains compact and
easily programmable expressions for the important beam parameters (beam
emittances) [161], [163]. An outline of the calculations and a summary of the
results can be found in Appendix C. Furthermore, the corresponding Fokker-
Planck equation for the probability distribution can be solved exactly [165].
[166], [167].

An investigation of the nonlinear system is much more complicated and
is an active area of research. Nonlinear systems such as an octupole-dipole
wiggler or the beam-beam interaction in electron storage rings have been
analyzed by various authors [168], [169], [170], [171], [172], [173]. Let us con-
sider the latter case in more detail. The main problem is to understand the
motion of a test particle under the influence of the nonlinear electromagnetic
fields of the counter rotating beam [174] (see Figure 32).

This so-called weak-strong model of the heam-beam interaction is mathe-
matically described by the following set of equations [174] (perturbed Hamil-
tonian system) :

0the probability density can be interpreted as density distribution of a system of non-
interacting particles
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particle trajectory of beam A

Figure 32: deflection of a test particle in beam A in the field of the counter
rotating beam B

:%H( 9 7pJ37p275)
d S
£ pa(s) = == H(w, 2,pespays) = Yo e + o - T
a): 9 H(Tazap‘L)])z,S) (176)
Ep:('s): ﬁ?‘[( T,z 7prn’l)~ ) f}/zp:_}_d:l"

Q.

@
0
VA

The Hamiltonian H(z, z, p,, p., s) consists of the linear part and the non-
linear potential due to the beam-beam interaction

H('?aﬁvvparvpzabj) =
o 2 p? .2
21—}—] (s) - 7—1—;—1—[\() 7—1—(/(1,2)-57,(5—50). (177)

This nonlinear term is given by [174]

.2 2

Ny-r oo 1—6XP{—#—ﬁ}
Uz, z) = °. __“7atd ZZT L dg. 178
(w5 ==""" (202 + g% 202+ )2 ! (178)

In equations (176), (177) and (178) we have used the following definitions :
dp(s — so) periodic delta function, v relativistic factor, r. classical electron
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radius, N, number of particles in the counter rotating bunch, o,,0, rms
beam sizes of the strong bunch. Radiation damping is described by the two
damping constants v,,v. and the strength of the stochastic excitation I' is
denoted by d,, d..

These equations have been used extensively in numerical simulations.
These simulations are very helpful for understanding the complicated inter-
play of nonlinearity, damping and stochastic excitation in lepton colliders.
Figure 33 [175] shows such a calculation. The combined effect of quantum
fluctuations and nonlinearity can move a particle starting near the origin in
phase space to a (nonlinear) resonance island before it is damped again and
eventually pushed to another resonance nearby.

)

Noe J0NY < 10967

Figure 33: (p. — z) phase diagram of a simulation
In this context an interesting and important question is :
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How does the distribution function p(x. z, ps., ps,s) of a stochastic system
like (176) evolve with s or time?

Since brute force numerical simulations are very CPU intensive and re-
quire the tracking of thousands of particles, it would be desirable to have a
faster algorithm based directly on p(z, z, p;, p., ) and

pla, 2, pe,pzys) = /p(waz,px:pZ?SIw’:Z',p;?p’zm) pla’, 2, pl. pl, so)da' d' dpl, dp,

where p(a/,2',pl..pl, so) designates the initial distribution at sq. However,
the stochastic differential equations (176) contain singular terms like the é—
functions which describe the localized beam-beam kicks. Therefore, there
is no guarantee that the solution of these equations is a diffusion process
and that the transition density of this process can be derived from a Fokker-
Planck equation. Instead of smoothing the kicks however, one can use directly
the discrete stochastic map which can be derived from (176). The suitable
quantity is then the transition density for finding the system between g and
Y + dy in phase space at time step n if it was at ¢’ at time step m, namely
p(y,nly’,m). One could now try to derive an equation for this transition
density in analogy to the Fokker-Planck equation in the time continuous
case. However, in the following we will sketch a different method for calcu-
lating the temporal evolution of the density function which is based on an
idea of Gerasimov and which gives much faster results than direct numerical
simulations (see also [176]).

We will illustrate this approach with a simple two-dimensional model of
the beam-beam interaction. The details are described in [177] and in a PhD
thesis of Pauluhn [178].

The considered model is given by (see also [99]):

z(n+1) \ cos(27Q) B - sin(27Q)) z(n)
(pm(n—l— 1) > B ( —% -sin(27Q)  cos(27Q) ) ' ( . ) (179)
Where p,(n) is defined by
Pe(n) = pe(n) —vape(n) + u(z(n)) + d, 1. (180)

I' is now a random variable, () is the tune of the storage ring, 3 is the
beta-function at the interaction point and u(x(n)) is given hy
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4nép_p 1 eXp(*z:a(g))
u(z(n)) = fT ~x(n) - 2] (181)

202

with {g_p beam-beam strength parameter [174].
The main steps of this algorithm are:

1. discretization of the two-dimensional phase space

2. use of the microscopic dynamics (see equation (179)) to calculate the
transition rates A;; between the discretized bins of the phase space

3. use of this (stochastic) transition matrix A;; as macroscopic propagator
for the time evolution of an initial particle distribution

Figure 34 shows how an initially constant and homogeneous distribution
evolves with time (after 1000, 3000, 15000, 99000 turns respectively). These
results are in excellent agreement with direct numerical simulations [178].

Spin dynamics in electron storage rings constitutes another interesting
application of stochastic differential equations in beam dynamics [179], [180].
In this case the orbital equations of motion (174)

() = J(7,9) + 17 ) 3e(s)

have to be supplemented by the spin equation of motion, the so-called TBMT
equation (Thomas, Bargman, Michel, Telegdi see for example [13])

d - - .
— S=Q(y) x S (182)
ds

where the field O depends on the orbital degrees of freedom. We will come
back to this point later.
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Figure 34: evolution of the density function for the stochastic map (179)
(here denoted by p(z, p;, 1)) as a function of time

3.2.2 Proton storage rings

Until now we have seen, that radiation is a natural source for noise in electron
accelerators. However, there are also other sources for stochastic forces such
as rf noise, power supply noise, random ground motion or restgas scattering.
These influences can also be present in proton (Hamiltonian) systems and
some of these sources could for example be included in the vector potential
A of equation (5).

For example, a simple toy model to investigate the influence of random



ground motion is given by

gi(s) = A(s) §(s) + SA(s) §(s) + 6b(s) (183)

where

L s) = Als) g5

describes the unperturbed linear synchro-betatron motion and where (W_;(s)
and dA(s) specify the random dipole errors and focusing errors due to the
stochastic ground motion. This model can be solved easily by the methods
we have introduced earlier. However, it is very difficult to determine the
explicit statistical properties of these errors [181].

The influence of tf noise on the beam dynamics in storage rings is another
example which has been investigated by several authors [182], [183], [184],
[185], [186].In the smooth approximation (oscillator model) [17], where one
averages k(s)D(s) and V(s) over the circumference L of the storage ring one
obtains the following Hamiltonian (see equation (18))

H(f‘,]%) =
1 9 L eV 2wk
Pt o R reos(— 7)o+
L e-3V o2k -V ok
- FEOVO ccos(2 L F) — 67 pEO% -sin(%-?) (184)
with
1 L
U=—= / k(s)- D(s) - ds (185)
L Jo
and
1 L
Vo= / V(s) - ds. (186)
s JO
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§Vp and §7 denote the amplitude and phase noise (for example Gaussian
white noise) of a cavity. The corresponding stochastic differential equations
now read

d - _
ds 7 = THIPT (187)
%pT:E%~(%—|—5%)-sin(2}:—k~7')+%-%67’@03(%4’).

Using the action-angle variables of the unperturbed (integrable) system
(without noise) and averaging the corresponding Fokker-Planck equation over
the angle variables one obtains a very good approximation of the problem
[182], [183], [185]. An alternative to this perturbative approach would be
a numerical integration of the exact Fokker-Planck equation or a direct nu-
merical treatment of the stochastic differential equations (187). Numerical
methods to solve stochastic differential equations are described in detail in
[187], [188]. The main steps of such a numerical treatment are

e Taylor expansion of the approximate solution in the step width h
e modelling of the noise process
e simulating a sufficient number of realizations for averaging

(see also [139]). These numerical tools have been used to calculate the bunch
lengthening in electron storage rings due to rf noise in [178], [189].

Until now we have considered stochastically perturbed integrable Hamil-
tonian systems such as (183) (linear system) or such as (187) (nonlinear
pendulum). However, most Hamiltonian models one encounters in accelera-
tor physics are non-integrable, and the corresponding phase space dynamics
shows a very rich structure : invariant KAM tori, nonlinear resonance is-
lands, and extended chaotic regions. Such models are needed for investigat-
ing the influence of localized beam-beam kicks, localized cavities and other
nonlinearities. Various tools have been developed to study the influence of
random tune modulations or random terms in the beam-beam interaction of
an accelerator [108], [190]. [191], [192]. [193].

The general problem consists in solving equations of the form

= - — = —

H(O, T,5) = Ho(I) + e[Hi(0, 1, 5) + W(B, I, s) - £(s)] (188)

85



—

where the stochastic excitation £(s) is defined by the following stochastic

—

differential equation including white noise ((s)

(s) = D &(s) + £ ((s) (189)

and where D. F' designate known matrices specifying the external noise. A
complete solution of (188) is still missing and a lot of open questions remain,
especially, if one is interested in the resonant case and the weak noise limit.
The development of approximation schemes for such systems is an important
task and at the same time one also needs suitable numerical tools for checking
these approximations. Among these numerical methods quick and powerful
solvers of the Fokker-Planck equation can be extremely helpful.

In the last two sections we have given a list of stochastic problems in
the beam dynamics of accelerators. We have considered electron machines
(dissipative systems) and proton machines (Hamiltonian systems). Tools
like stochastic differential equations and the corresponding Fokker-Planck
equation have been introduced and it has been shown how these concepts
can be applied to practical problems. We have sketched a kind of ”hybrid”
method for discrete dissipative maps, which is based on analytical tools from
the theory of Markov chains combined with a numerical evaluation of the
stochastic matrices. In the Hamiltonian case we have mentioned some open
questions. In this case it would be highly desirable to extend concepts (such
as the one-turn map) which have been developed in the deterministic case to
the stochastic case. For related problems see also [195], [196] and [197].

Since in stochastic problems one is often only interested in the moments
of a dynamical quantity (average values, average fluctuations) it is also inter-
esting to develop shemes (maps) directly for these moments. This approach
has been advanced by K.Hirata, see for example [194]. Altogether, stochastic
beam dynamics is an active and important area of research. Only few results
are available.
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4 Spin dynamics in storage rings

In the previous sections we have only considered the orbital dynamics of
charged particles under the influence of external electromagnetic fields and
radiation fields. However, particles like the electron or proton have also
an internal degree of freedom, the spin. Controled use of this additional
degree of freedom allows, for example, the measurement of the spin dependent
structure functions of the proton and neutron (see HERMES experiment at
HERA [198] ) and thus allows the extraction of more detailed information
from the experiments. Therefore. from the physical point of view it is highly
desirable to have high energy polarized particle beams [199]. In general, this
requires

e sources for polarized particles
e acceleration of these particles and

o preservation of the polarization degree over a period of several hours
(luminosity run time).

In this short section we will discuss some of the problems and topics
which are related to the single particle dynamics in storage rings. Instead of
giving an exhaustive review of this field we will only illustrate the basic ideas
and results. Much more information can be found in the proceedings of the
various SPIN conferences (see, for example, [200]) or in the review article
[201]. Furthermore, we will mainly concentrate on electron storage rings.

We have shown how radiation phenomena influence the orbital dynamics
in this case, and we have sketched the semiclassical theory. where the quan-
tum effects are simulated by explicit stochastic elements in the equations of
motion. Furthermore we have seen how the equilibrium beam sizes arise from
a balance between radiation damping and quantum excitations.

Radiative phenomena also strongly influence the spin dynamics in elec-
tron storage rings. In these machines there is a natural polarization mecha-
nism due to spin-flip synchrotron radiation. The kinetics for this process can
be modelled by a simple rate equation. Consider a system of ng spins and a
reference direction specified by a homogeneous and constant magnetic field.
The polarization degree along this direction is given by

p="+""" (190)

No
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where ny designates the number of particles which are aligned parallel to the
external magnetic field, and where n_ designates the number of spins which
are aligned anti-parallel to this field. Due to spin-flip radiative processes n
and n_ will change in time and one obtains

%P = (w_yp —wp) = (w_yp +wy) P (191)

wy_.w_y are the spin-flip probabilities from parallel to anti-parallel and
from anti-parallel to parallel alignment, respectively. The solution of this
rate equation is

t

P(t)= P, (1 —¢e ™) (192)
with
P, =t (193)
U)__|_ —I— 'LU_|__
and
T = (w_g + wi_) . (194)

The flip probabilities have been calculated for the first time by Sokolov and
Ternov using the Dirac equation for an electron in a constant and homoge-
neous magnetic field (for a summary of these results see [150], [202]) and
with these results one obtains

P., = —92.38 (195)
and
1 5V3e*4°h
. \/;# . (196)
T,  8mgc?R3

R is the radius of the particle trajectory in the homogeneous magnetic field.
Thus, as a consequence of the spin-flip radiation electrons become polarized
anti-parallel to the direction of the bending field (transverse polarization).
For example, at HERA the polarization time is about 40 min. at 27 GeV.
In a real storage ring the situation is much more complicated due to the
weakly inhomogeneous and nonlinear fields of the various beam line elements
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such as dipoles, quadrupoles, rf-fields, space charge fields of the counter ro-
tating beam and multipoles. The derivation of a kinetic equation for the
polarization of an ensemble of ultrarelativistic charged particles with spin in
these realistic fields of an accelerator is a very complicated problem [203],
[204], [205], [206], [207], [208] . Such a general kinetic description should not
only include the radiative polarization mechanism but also all depolarizing
influences. A treatment of this topic is beyond the scope of this review. In
this work we restrict ourselves to the question: What are the mechanisms
that can cause considerable depolarization of an initially polarized beam? .

As in the orbital theory we use a semiclassical theory which is based on
the Thomas-Bargman-Michel-Telegdi (TBMT) equation. This equation is
the relativistic covariant generalization of the Lamor equation and describes
the classical spin (polarization) motion of a relativistic particle under the
influence of electromagnetic fields. A derivation of this equation can be
found in [13]. [209] and [210]. Using the arclength s as independent variable
one obtains (see also Appendix D)

L) = i)  Sts) (197)

where ﬁ(ﬁ(s)) depends on the orbital degrees of freedom. (197) describes
the coupled spin-orbit motion in an accelerator and is the starting point
for depolarization investigations. The main depolarizing mechanism in a
real storage ring with closed orbit (field) errors, with a coupling between
the different oscillation modes and with various nonlinearities is due to the
stochastic emission of synchrotron light in the orbital part of the motion.
The recoil the electron experiences during the emission process induces an
orbital motion of the particle and on this stochastically induced trajectory
the particle spin sees perturbing fields which lead to a tilt away from the
original polarization direction and thus to a depolarization. The situation
we encounter is similar to the problem of Brownian motion on the unit sphere,
or to the derivation of the Bloch equations [137].

Extending the six-dimensional orbit analysis to eight dimensions by adding
the two independent spin degrees of freedom we can calculate spin diffusion
effects in storage rings [179], [180], [211]. The magnitude of this diffusion
effect is described by a depolarization time 74, which depends strongly on
machine imperfections as mentioned above. Especially strong depolarization
is expected, when the so-called spin tune ay fulfills the following resonance
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condition
ay=n=+ Qs (198)

with v Lorentz factor, @ anomalous magnetic moment of the electron, n
integer number and (), ., horizontal betatron tune, vertical betatron tune
and synchrotron tune respectively. The main steps of the theory are outlined
in Appendix D.
The kinetic equation derived from this simplified model then reads
d 1 1
—P=—(P,—P)——P
dt Tp T4
with the stationary polarization degree

P

cq

o0

The simple model calculations sketched above have been very helpful for
an understanding of the depolarization mechanisms in storage rings such
as PETRA, DORIS and HERA [212], [213], [214] and they form the basis
of various optimization and spin matching schemes [212], [215] [216], [217].
[218]. The main idea of these schemes is to decouple the spin motion as much
as possible from the orbit dynamics which is induced by the photon emission.
Polarized beams have been investigated in many other electron storage rings
too. In HERA these polarized beams are now used and handled routinely
[219]. HERA is especially interesting because with the help of spin rotators
one can obtain longitudinally polarized electron beams at the interaction
point. A measurement of the polarization in HERA is shown in Figure 35
[220].

Before we mention the situation in proton storage rings we make two
remarks:

1. from the TBM'T equation one can derive simple toy models. For ex-
ample in [221], [222] we investigated a two-dimensional spin vector
(constrained to a plane) under the influence of a random perpendicu-
lar stochastic field z(¢) (diffusion on the circle see Figure 36) with the
stochastic differential equations derived from the Hamiltonian

H(e,S) = S x(t) (199)
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Figure 35: electron polarization in HERA
namely
d
—S5=0
dt
d
— b=t 200
¢ =2 (200)
The fluctuating field x(¢) is determined by
d? d 2 i 5
dtQ:c(t) + aax(t) +wa(t) = o((1) (201)

((t) Gaussian white noise and «,w, o, constants). The model equa-
tions (200) and (201) have been used to investigate spin decoherence
effects in electron storage rings.

2. T.Boyer [223] studied the motion of a classical spinning magnetic dipole
under the influence of a random radiation field with the help of the
following equation

3

d“ = g 2_3 2 & d — — —
ESZGS X Bo—gc o 5 X ES—}-CYS X BR(t) (202)

The first part is the usual Lamor part in a constant magnetic field
By. The second part describes the radiation damping of a classical
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Figure 36: diffusion on the circle

precessing magnetic moment and the third part is due to the random
field. o is a constant and specifies the relation between the spin angular
momentum S and the magnetic dipole moment [

i=as.

As in the storage ring case one expects a stationary equilibrium for
the orientation of the system as a consequence of the balance between
damping and random fluctuating torques due to the random classical
electromagnetic radiation.

We will end this short section on spin dynamics in storage rings with a few
remarks about proton machines. Because of the negligible radiation effects
the most efficient way to get polarized proton beams is to accelerate polarized
particles and to preserve the polarization degree. This requires a careful
study of the depolarizing mechanisms (resonances) of the deterministic spin-
orbit dynamics described by the TBMT equation

L5(s) = (i) x 5(s)

d = —
Ey(s) =S

IH(y(s))
dy

(H Hamiltonian of the coupled synchro-betatron motion).
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The question how the polarization of an ensemble of spins behaves in
time in this case is a complicated problem - especially if one includes the
full nonlinear orbit dynamics (chaos and nonlinear resonances) - and this
question will not be discussed further here. More details about these topics
and about the extension of the Hamiltonian description of the orbit motion
to the coupled spin-orbit dynamics, the corresponding one-turn maps, and
about suitable perturbative and numerical tools can be found, for example,

in [224], [225], [226] and [227]
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5 Summary and conclusions

The main aim of this review was to illustrate the problems of the linear and
nonlinear beam dynamics in storage rings and to introduce various concepts
and tools to study these systems. Although a lot of facts are known and pow-
erful techniques - especially in the Hamiltonian case - have been developed,
designing new accelerators (like the LHC) remains a challenging problem of
nonlinear dynamics. The design of such a machine requires a lot of numeri-
cal simulations. the knowledge of the basic facts of the qualitative theory of
dynamical systems and perturbative investigations. Besides these theoreti-
cal issues, future accelerator developments will always rely on the experience
with existing machines and on special nonlinear dynamics experiments per-
formed with these machines.
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A Derivation of the Hamiltonian for the Cou-
pled Synchro- Betatron Motion

In this appendix we will sketch the derivation of the Hamiltonian of the
coupled synchro-betatron motion [14].

Starting point is the following relativistic Lagrangian for a charged par-
ticle under the influence of an electromagnetic field specified by the vector-
potential %T(Fﬂf) and the scalar potential ¢(7, 1)

-2
L = —mgcy 1—;—2+§(Fq)—eqf>.

We introduce the curvilinear coordinate system depicted in Figure 6 via
F=r1o(s) 4 67(s)

where 75(s) specifies the position on the design trajectory (which we assume
to ly in a plane, so that there is no torsion) and where s designates the
arclength along this trajectory from a certain origin. 67(s) is defined by

Or(s) =ax €, + z €,

with
d
%é} = k(s)ér
and
4z
ds © =

where k designates the curvature of the design trajectory and where €,, €., €,
are orthogonal unit vectors related to this design orbit. Using this coordinate
system one obtains

.

r=é&s(l+ra)+aé,+ 26,
and in the new coordinates z, z, s the Lagrangian then becomes

L(x,2z,8,8,2,8,1) =

[N

|

= —m0c2(1 — F—Q(IZ + 424 3'2(1 + H$)2)) +

(A, + 2A, + (1 + 52)34,) — eo. (203)
C
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The Hamiltonian is given by
H=p,@+p.2+ps—L (204)

with the canonical momenta

o= Mot ey (20%)
Ox (1-5) ¢

po= OB me ey (206)
0z (1-5)r ¢

ps = 87[, = mioil(l + /4,.7:)2 + E(] + k)AL (207)
ds (1—15)3 c

Introducing these momenta into the Hamiltonian (204) one obtains

H(lﬁ, 238y Pry Pz psﬁt) =

= (3[777’(2)02 + (px - EAGL’)Q + (pz - EAZ)Q + (piq o E 7)2]%
¢ ¢ (1+ra) ¢
+ed (208)
with the corresponding equations of motion
d OH d oH
a’ T Yot a@’ T "o
d OH d OH
@’ = ot T e
d OH d OH
a’ T et ahT e

As the next step we introduce the arclength s along the design trajectory as
independent variable [228]. This can be achieved by using the fact that the
Hamilton equations of motion can be derived from a variational principle

to
§ [ (it 2o+ $ps = (2,8, po pen s, 1))t = 0 (209)
Jiq
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and that with dt = %ds one gets
5/ Q(m'pf +2'p. +t'(—H) + ps)ds =0 (210)

where we have put (.) = % Comparing (209) and (210) we see that we can
interprete — py(x. z,t. ps, p., —H; s) as the new Hamilton-function with s as
independent variable (for a more careful analysis see [228]). This Hamilton
function which we designate by K is given by

K(xz,z,t,po, poy —Hs ) = —po(2, 2.1, poy po. —H: s) =

H — ed)? e e 1
R it B P S R L
c c c
(14 ra) A, (211)
c
and the corresponding equations of motion with s as independent variable
read
d N oK d oK
2. = : Sy =
ds Opy’ ds © dx
d oK d oKX
_ —p = 212
ds +f)pz’ ds 12 0z (212)
d oK d oK
— = = (_ _
ds +a(—7-[)’ ds (=H) ot
Choosing a gauge such that ¢ = 0 and introducing the variables —ct and p-
with p, = E;Jfo one obtains the following equations of motion
ALKk
ds op,’ ds I Jz
d oK d oK
— 2z = 4= — P, = —— 21
ds +(()p;’ ds ¥ 0z (213)
i(id) B +8/C_ d . 0K
ds' 7 op,’ ds 77T d(—ct)

with pp = 5-pe. p. = z-p. and K = ;=K
IC('/I:%Z', 7Ct',pAvaAvaAT:,8) =
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= (U ma) (L ) = () = (e = o A = (e = o A7) =

—(1+ /ix)EiOAT; . (214)

In the next step we introduce the difference variable 7 = s — ci(s) via the

generating function F3 depending on the old momenta and new coordinates

F3(§77§777]§x7]§271§77‘g) = —PuT — P.Z — PrT + 8pr + 8 (2]5)

with the transformation equations &

— A~

X.Z=Z,Pp = Pz, Pr = P, and

(—ct):—ggj—r—s
_ 0k _
br or

Neglecting the term (mgocz )2 which is very small for ultrarelativistic particles
one finally obtains (5).
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B Floquet oscillators

In this appendix we will summarize some results for Floquet oscillators of
the form (49) [50]. We will consider the general case

1 1
Holq,p. ) = 5 Fs)p* + B(s)ap + G(s)q" (216)
where F(s), R(s),G(s) are periodic functions of s i.e F(s+ L) = F(s), R(s+
L) = R(s),G(s + L) = G(s). The equations of motion can be written as

L0 ) e
or in shorthand notation
25 U(s) = A()3(s) - (218)

The general solution of (217), (218) is given by

§(s) = M(s,s0)y(so) (219)
where M (s, sg) satisfies
%M(& so) = A(s)M(s, s). (220)

M (s, s) is a symplectic matrix i.e.
MT('S*, 30)§M(£7 SU) = ﬁ

with the symplectic unity

s=( %) 21

Proof: Introducing
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with B(sg) = S one obtains

LB(s) = (M (s.50)) S M(s.50) + M (5,30)S(- M (s,50))  (222)

or with (217)

%5(5) = M7*(s,s0) [ATS + SA] M(s.50) = 0. (223)

Thus B(s) = const = B(sg) = S (q.e.d) . Following [52] the one-turn matrix
M(s+ L,s) can be parametrized by

M(s + I,5) = cosp 1+ sinpu J(s) (224)
with
J(s) = ( o ) - (225)
Since det(M) = 1 we have
yB—at=1. (226)
From the condition
M(s+ L,s)=M(s+ Lyso+ L) M(so+ L, s0) M(sg.3) (227)

we also have (tr = trace of a matrix)
1 1
cos u(s) = §trM(s + L.s)= §trM(50 + L. s0) = cos pu(so) (228)

i.e. g = const. From (224) and (227) we get
J(5) = M(s. ) (50) M~ (s, 50) (229)
which can be used to prove that J(s) is periodic

J(so+ L) = M(so+ L,s0) J(s0) M (so+ L,s0) = J(s0) . (230)
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The (optical) functions a(s), 5(s), y(s) satisfy the following equations of mo-
tion

L as) = 2 F(5) + B (231)
L 5(s) = 2B R(s) — o) () (232)
%7(5) = 2(a(s)G(s) —y(s)R(s)) (233)
where we have used
d
a(s) = Jim, s+ A9) — (5] =
~ Jim LS[M(S b As,s) J(s) M~ (s + As, s) — J(s)] =
= Jim (04 AsA(5) J(5) (1 AsA(s)) — ()
= A(s) L(s) — L(s) A(s). (234)

Using these optical functions and the following generating function for a
canonical transformation (¢,p) — (1, ¢)

2

Fila9) = — o [tan(s + éu) + (235)
one obtains
q(s) = 1/28(s)I cos(o(s) + ¢o) (236)
and
21
p(s) =— ﬁ((@)[sm(ﬁﬁ( s) + ¢o) + afs) cos(d(s) + do)] (237)
where [ is given by
[:%[7 q* + 5 p* + 2a pq). (238)
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The transformed Hamiltonian Hg now reads

y _ F(s)

Ho(l, o) = 239
and the corresponding equations of motion are given by
87{0 F(s)
- = 24
and
d _ JHo _
. —I = 96 0. (241)

Thus [ is a constant of the motion. The Hamiltonian (239) can be simplified
further by using a second canonical transformation (7, ¢) — (.J,¢) generated

by

Py J) = %Q( /(r ‘: Y (242)

where @) is defined by

L FG)
Q= 27T/0 B (243)

The transformed Hamiltonian now reads

9
H, = WTQ 7 (244)

and the solutions of the corresponding equations of motion are

27 Q)

]

J=1=const ; P(s)=1v(so) + (s —so0) . (245)

Using ¢g = 0, ¢ = 5 and [ = % in (236) and (237) one obtains two indepen-

dent solutions @ (s) and y(s)
(o Fs )
ST Tsin () + a(s) cos ()]
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ty(s) = \/@Sin o )
2(s) = ( \/%[cos d(8) — afs)sin ¢(s)] (247)

The general solution is then
U(s) = ¢ ur(s) + 2 Us(s) . (248)
Given these solution vectors it is possible to determine p. From
(il + L)y als + 1)) = M(s + L) (it (s), 7a(s)) (249)
we get

M(s+ L,s) = Leos[é(s + L) — @(s)] + J(s) sinl(s + L) — 6(s)]  (250)

and thus
b= dls + L) — ols) (251)
Using
/ s+L AF 3§
S(s + L) — (s) = / dsﬁ((é)) —27Q (252)
( see (240)) we can finally write
w=2rQ . (253)
For further developments it is also useful to introduce the solution vectors v;
and 7_g
" S - 1 iy B(s)
Ur(8) = ty(8) — 1ta(s) = e“b(s)( : ) 254
I( ) 1( ) 2( ) \/% —[a(5)+l] ( )
51(s) = () + itals) = () (255)

which are eigenvectors of the one turn matrix M (s + L, s)
M(s+ L,s)vi(s) = Arog(s) (256)
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M(s+ L,s)v_i(s) = A_r0_1(s) (257)
with the eigenvalues

)\[ — 672' 27Q (258)

A= et (259)
and the "normalization” conditions

01 (s) S or(s) = —1 (260)

F*,(s) S F_r(s) = +i. (261)

at is defined by (@*)" and * means complex conjugation). Furthermore.
Y p jug :
Floquet theory applies and we have

Fi(s) = 07(s)e™ 9T o F_y(s) = b_s(s)etPOL (262)
with
br(s+ L) =dr(s) 5 D_r(s+ L) =10_s(s). (263)

These relations will be useful in many calculations. Stability of the particle
motion is only guaranteed if

Q necR. (264)

104



C Linear beam emittance matrix for electron
storage rings

In this appendix we will outline the calculation of the beam emittance matrix
of an electron storage ring in the linear approximation i.e we seek a solution

of (175)

L1s) = (A(s) + BA()Ts) + &s) + 82(s)

In the following we take ¢/(s) in the form
g (s) = (2, po. 2,02, T, pr) -

The fluctuating part in the linear approximation is given by
§¢"(s) = (0,0,0,0,0,8¢c(s))

with the correlation function

5571 v5h ,
———0(s — &) .
24\/§mgc
(For a complete list of all the other matrix elements of the different beam

line elements the reader is refered to [15], [17], [161], [180]).
Due to the interplay between radiation damping and quantum excitation

< Je(s) de(s') >= |K°(s)

(265)

we expect some equilibrium fluctuations around a periodic closed orbit. We
separate the general solution of (175) into two parts

e closed orbit part go(s) and
e fluctuation part around go(s) which we designate by {}'(s)

The closed orbit part satisfies

J5Tl) = (A5 + BALls) + 1) (266)

and the fluctuation part fulfills

%5(5) = (A(s) + 8A(5))if(s) + 6(s) . (267)
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For j(s) we make the following ansatz ( variation of constants )

gls) = > [Aw(s)i(s) + A_k(s)T_x(s)] (268)

k=I111II

where the ¥¢(s),v_(s) form a system of linear independent solutions of the
unperturbed system (§A(s) = 0,48¢(s) = 0). These solutions can be obtained
as eigenvectors of the one turn matrix M (s + L, s)

M(s+ L,s) Uk(s) = Ae(s) (269)
It can be shown that the eigenvalues \; are independent of s that
A A =1

and that the eigenvectors fulfill the condition (see also Appendix B)

v (8)Svk(s) = o1, (5)ST_(s) # 0

5:(5)§171,(3) =0 otherwise.

For a more detailed investigation of the eigenvalue spectrum of the general
six-dimensional transfer maps of a linear accelerator see the references men-
tioned above and Figure 17.

Then, the functions Ag(s) are determined by

, 27 - .
%Ak( s) = —zAk(s)T(SQk + 1v35(s)0c(s) (270)

where

5Qu = 5 [ dsit(3)884() ) (271)

is just the (complex) )—shift of the k-th oscillation mode caused by the
perturbation JA.

Using these equations one obtains the stationary (periodic) second order
moments of a linear electron storage ring in the form

< Gm(8)ga(s) >"=2 37 < [A]* > Ref[ogm(s)vf,(s)] (272)
k=IIIIIT
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with
2 st 1 sotl. 2
<A = o [ wl3) ous(3)] (273)
20% 50

and the "damping” constant

7 so+1.

=3 ds 0(3) [S SA(8) + AT(8) 8] Gk(8) for k= [, I, 111 (274)

897

w(s) is the prefactor of the d-function in equation (265) .

In the limit of a simple uncoupled storage ring these general results reduce
to the well known expressions in [156] and in other textbooks on accelerator
physics.
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D Spin diffusion in electron storage rings

In this appendix we will outline the calculation of the depolarization time 7.
We will only list the main steps, the details of the calculation can be found

n [180].
Starting point of our investigation is the TBMT equation

d - .
dtq() ZBMTXS()

with

ay? 1

(4 30) 8 = B (a4 )i ).

0 S
TEMT myye 14~ ¢? 1+~ c

( @ anomalous magnetic moment and v = mECQ ). Using the accelerator coor-
o

dinate system and the independent variable s this equation can be rewritten
in the form [229]

28() = (7(s)) 50s)

If one restricts the investigation to the linear synchro-betatron motion, Q(y(s))
is linear in the orbital coordinates [229], and in analogy to the orbit dynamics
one separates Q(y(s)) into two parts - a part depending only on the periodic
closed orbit 7p(s) and a part depending on the fluctuating amplitude ?(5)

() = 2O (5io(s)) + w(yi(s)) - (275)
The TBMT equation then reads
L5(s) = (QOG(s)) + (i) §(s) (276)

At first one solves the spin motion on the closed orbit o(s)

diiq (s) = 2O(io(s)) Sols) - (277)

The general solution of equation (277) is a precession around a periodic axis.
For the orthogonal one-turn (rotation) matrix N(so + I, sg) one obtains

N(so+ L.s0) Tu(so) = a,fu(se) w=1,2,3. (278)
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The eigenvalues o, are independent of the chosen position sq and are given

by

gy = ei27ru (280)
az = €7i27r1/ (281)

(v real) and the corresponding eigenvectors 7,(sg) can be used to construct

a righthanded orthogonal coordinate system ﬁo(so),rﬁo(so),%(so) [229] via

71(s0) = 1o(s0) (282)
7(s0) = 1io(s0) + ilo(s0) (283)
73(s0) = 1m0(s0) — ilo(s0) (284)
fio(s0) = 1iio(s0) x lo(s0) - (285)

Because of

lo(s) = N(s, sa) lo(s0)

one can construct an orthogonal coordinate system at an arbitrary location
s. Since 1ig(s), mo(s),lo(s) do not form a periodic system

mo(so+ L)+ iﬁ](So + L) = N(so+ L.so) [mo(so) + il?](So)]

= ™ [mg(s0) + il—é)(soﬂ
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+ 1o(s0) + ilo(so) (286)

we introduce

(761)- (el S () e

This system is periodic if the following condition is fulfilled

P(so+ L) — (s0) =270 . (288)

The vectors fig(s), m(s), f(e) satisfy

() = QO (s)) (o) + ¥ (5)) (289)
%YS) = QO(G(s) I{s) = ¢/ (s)(s) (290)
d%ﬁg(s) = Q(O)(ﬂo(s)) _ (201)

(P'(s) = %w(s)) Using this coordinate system we make the following ansatz
for the solution of (276)

— /1= 0(s) — B(s)iiols) + als)(s) + B()(s)  (202)

and in the linear approximation where one neglects terms which are nonlinear
in «, 3, 9;(s) one obtains

Zals) = (@li(s)) os)) - (s) + B(s) (5 (293)
() = (@li5)) os)) - T(5) — as)(5) (291)



Introducing the two-dimensional vector

> als

o= (50 (209
(293) and (294) can be combined into a single equation

=

%5(8) = Go(9)ij(s) + Do(s){(s) (296)

where (G, describes the spin-orbit coupling [229] and where D, is defined by

=0y V) 297)

i(s) = ( &:(‘f) ) (298)

¢(s)
and the TBMT equation finally reads
d . . o
75U(s) = [Als) + 0A(s)Ju(s) + 6&(s) (299)

with the following definitions

(300)
s = (4§ (301)

5c(s)
53(3):( 0 ) (302)

A(s),8A(s),d¢(s) describe the orbit dynamics see Appendix C. The solution
of (299) is now in complete analogy to the calculation of the linear beam
emittance matrix (see Appendix C)

d(s) = >0 [A(s)Gk(s) + Ai(s)qor(s)] - (303)

k=IIIII1.IV
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The @i(s) form a system of linear independent solutions of the unperturbed
system SA = 0,6¢ = 0 and can be obtained as eigenvectors of the eight-
dimensinal transfer matrix

_ M(S‘FLS) Ogxo

MSXS(S + L:‘g) - ( Q(S _|_ 175) Q(S _|_ L7S) ) (304)

namely (see [229] for more details)
Mys(s + L, s)Gi(s) = Aegi(s) -

For k= 1,11,111 the g(s) consist of the orbital vectors vy(s) of Appendix
C and a spin part wy(s) with the eigenvalues A, of Appendix C (eigenvalues
of the transfer map of the coupled synchro-betatron oscillations).

o - () (305)

Wi (s)

Wp(s) = —(D(s+ L,s) — M) G(s + L, 5)(s) (306)

py— 671‘2”@’4 .

The fourth eigenvector ¢rv(s) has only spin components

J,V(S)—< ﬁﬁf‘ ) (307)

Wy (s)

—127v

)\[V:(f

Wrv(s) = % ( 27 ) e ) (308)

(the vectors ¢_x(s) are obtained by taking the complex conjugate of (305) and
(307)). Using these results one can derive stochastic differential equations
for Ag(s), k=1,11,111,1V. These equations together with equation (303)

allow the calculation of various moments of the coupled spin-orbit motion
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such as the beam emittance matrix (see Appendix C) and the depolarization
time 74 which is related to < |Apv(s)]? > via [180]

=TI Ao+ (N 4 DDE > = < [Aw(so + NDE 5] (309)

After a lengthy calculation one obtains
4 2¢ gt v N2 * (= V12
=g | A (Im Y (vis(Ben )P+ I 3 (s (3w (E)])

k=II1111 k=IIIII1

This expression was also obtained by A.Chao with a different method [179].
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