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Abstract

In this report we calculate the transverse impedance of a charged particle beam, displaced
from the axis of a circular cylindrical beam pipe which has finite resistivity only over a finite
length. For this purpose we replace it with a cavity filled with the resistive material and connected
to the region surrounding the beam by a gap of the same length. Matching of the electro-magnetic
fields on both sides of the gap leads to an infinite set of linear equations for the field expansion
coefficients with terms given by infinite sums over integrals which are evaluated by summing over
their residues. By truncating these sums one can determine the transverse impedance and evaluate it
numerically. Keeping only the lowest terms gives simple approximate expressions which are often
sufficient to estimate the values and parameter dependence of the impedance.

Geneva, Switzerland
24 July 2008



1 Introduction

Nearly all of the numerous publications on the transverse resistive wall impedance in charged particle
accelerators[1, 2, 3, 4, 5, 6] analyze walls of infinite length, which is usually a good approximation for
the effect of structures whose length is large compared to the distance from the beam. Exceptions treat-
ing resistive walls of finite length are ref[7] which uses the simplified Leontovich boundary conditions
which are not always good approximations for all frequency regions, and ref[8] which uses the same
approximations and is limited to the longitudinal impedance. Here we derive exact expressions for the
transverse impedance of a resistive wall of finite length using field matching.

Walls of infinite length are usually a good approximation for the effect of structures whose length is
large compared to the distance from the beam to the vacuum chamber wall. In particular for the LHC
collimators, whose transverse impedance was recently a source of much concern for beam stability as
it can become quite large when the highly resistive graphite jaws approach the beam to a distance of
only millimeters, the effect of their finite length was hoped to reduce their impedance[9]. However, the
length of these collimators is half a meter or more; hence the ratio length to transverse distance is so
large that the use of the infinite length approximation for the estimate of their impedances[10, 11, 12]
appears well justified.

Nevertheless, this concern was the reason for starting the present analysis, the results of which have
now been found to be more important for the calculation of the impedance of a number of kickers which
were recently installed in the PS and SPS for CNGS ans LHC operation. They have larger openings and
thus their walls do not come very close to the beam, but their lengths are subdivided into short sections
for which the ratio of length to transverse distance becomes quite small and needs to be taken into
account in the calculation of their impedance which should be low enough to permit injection of rather
strong beam currents. A similar subdivision has recently also been proposed for the LHC collimators
and its effect therefore needs to be considered[13].

Here we calculate the transverse impedance for a model geometry consisting of an infinitesimally
thin, annular beam of radius a, surrounded by a perfectly conducting, axially aligned, semi-infinite,
circular-cylindrical beam pipe of radius b which is widened to a radius R over a length g thus forming
an annular cavity (see Figl). Through the gap an annular cylinder of resistive material is exposed to
the beam. Its outer radius is R, its length g, conductivity ., permittivity ¢ = e, and permeability
i = pop-- The whole structure is surrounded by a perfectly conducting cylinder with radius R and
annular end plates at z = 0 and z = g; thus the outer region forms an annular cavity.

This model for an element of finite length and finite conductivity permits the calculation of the
impedance contribution due to the finite wall resistivity. The geometric part of impedance, due to the
cross-section variation of the beam pipe can be calculated with standard analytical or numerical methods
and should be added to the contribution calculated here. The separation into two independent contribu-
tions not only simplifies the calculation but also permits evaluating the influence of each contribution
independently. It is a good approximation for elements consisting of materials with sufficiently high
conductivity such as metals, but may break down when it is too low.
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Figure 1. Geometry of beam model.



Our approach will be to use the frequency domain and solve the Helmholtz equations for the electric
and magnetic fields in two separate uniform regions, obtain the expansion coefficients by field matching
and finally obtain the transverse impedance as a function of frequency. Unlike the calculation of the
longitudinal impedance, which needs only TM field components, for the transverse impedance both TM
and TE field components are required in general®.

2 SourceFields

In the time domain, a ring of radius a, traveling in the axial z direction, is assumed to have a charge
distribution proportional to cos # which excites the dipole fields of interest here, traveling with velocity
v = (Bcin the axial z direction, is described by

p(r, 0, z;t) = i(:0505(7“—&) d(z — vt). (2.1)

ma?

The dipole moment (in the z-direction) of this distribution is

//rdrd@ (rcosf) p(r, 0, z;t) = Pé(z — vt). (2.2)
We now proceed to the frequency domain by using the integral representation of the delta function
dw e k=
5(z — vt) = / ot (& 2.3
(o) = [ G [ .3

where k = w/v, and in the following drop the factor [ exp (jwt)dw/(27).
We then can write the charge density in the frequency domain as

p(r, 0,z k) = cos 0 6(r — a)e Ik, (2.4)

Ta?v

and the axial current density as
P —jkz
J(r, 0,2, k) = pv = — cosO(r —a)e ", (2.5)

The longitudinal electric field strength £(*)(r, 6, z; k) due to the source terms in Egs. (2.4) and (2.5)
is given by the Helmholtz equation (i.e. the wave equation in the frequency domain)

1 1 02
l 0 <@>+—a——k‘2+ EY = jwped, + — L0p

ror \or 2062 €0 c0 0z
= —% cos06(r — a)e % (2.6)
Tegatvy
where
v = [1— /e, @27)

The same Helmholtz equation holds for the longitudinal magnetic field strength H ., but with curl.,J
on the right hand side. However, since the source current in Egs. (2.5) is purely longitudinal, the z-
component of its curl is zero, hence also the driving term for the magnetic source field and thus H (*) = 0.
For dipole oscillations, the driving term for £(*) is proportional to cos # and hence also £ can be

written _
(s) gy _JRP ik | Li(s)Ki(u) , r>a
EX(r 0,z k) = p—— cosfe { LE\(s) . r<a [ (2.8)

1The superscript TM refers to “transverse magnetic modes” with /. = 0, while TE refers to “transverse electric modes”
with £, = 0. All TM and TE modes considered in this paper are dipole modes with azimuthal mode number one.
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where s = ka/~, u = kr/v and I, K, are modified Bessel functions of first order and both kinds.
From this point on, we shall only use the electro-magnetic fields outside the particle beam, i.e. for
r > a, and thus
E®(r,0, 2 k) = jcos 6 D Ky (u)e ™%, (2.9)

For the usual case s << 1 one may approximate 7;(s) by s/2 = ka/2~ and the constant D then is given
by
k% P k* P Z,
D = = .
2mequy® 2mwBy3

(2.10)

The transverse field components can be obtained from £(), using the Maxwell equations, e.g as
described in Appendix B of ref.[12] or in section 8.2 of ref.[14] . They can be written

K .
Ees) = 7D sin6 lil (u)] e Ik
u

ZOHH(S) = —BvD cos 0K (u)e 7%
E® = EZOHQS) = —~D cos O K| (u)e ™%
v

K )
ZoH® = —YEF — _3yD sing [Ml e k= (2.11)
& u

All source fields are purely TM in character when the driving current is purely longitudinal. There
are no transverse currents in the model we have assumed and hence no TE source fields. However, TE
modes are excited by the presence of conducting walls and have to be included in the analysis.



3 Fiddsfora <r <b: TM Part

In the infinitely long, hollow cylindrical region a < r < b between the beam and the wall, the complete
solution for the longitudinal electric dipole field strength consists of the source field to which one must
add solutions of the homogeneous Helmholtz equation. We will express them as a sum or integral over
product solutions for arbitrary values of the separation constant ¢ which equals the axial propagation
constant. The axial dependence is given by the exponential function e /9%, and the radial one by Bessel
functions of first order .J, (xr), which we normalize by the value at the beam pipe radius .J; (xb).

The radial propagation constant  is related to the axial one by

K? = 3k* — ¢*. (3.1)

Since ¢ can take any value, we integrate the product solutions over ¢ from —oo to +oo, after multiplica-
tion with a yet unknown weight function A(q) to get

E.(r,0,z; k) = jcosf {D F(u) ek

00 . Ji(kr)
iz A ) 2
[ dge <q>J1(Rb>} (32)

The weight function A(q) will be determined by the matching conditions at the gap. In writing this
equation we have changed the modified Bessel function K (u) in the expression for the source field,
Eq.(2.9), to the function F'(u) which is zero at the beam pipe radius. It is obtained by subtracting a term
which is well behaved for r» — 0:

~ Ki(z)

I (x)
where = = kb/~. This choice makes F'(x) = 0, and therefore the integral over A(q) alone generates the
gap field:

F(u) = Ki(u) Ii(u), (3.3)

E.(b,0,zk) = COSQ/Oo dge™ 7 A(q). (3.4)

In evaluating the integral in Eq.(3.2), we have to avoid the apparent singularities due to the zeros of
J1(u) which occur when kb = ry, i.e. when

ab =+ (8275 — 7)) (3.5)

where r, are the positive zeros of .J;. We take the integration contour in the complex ¢-plane to go
above the poles on the positive real g-axis and below the poles on the negative real ¢g-axis where their
contributions vanish.

For z > 0, we may then close the contour in the lower half plane at |¢| = oo where the factor
exp(—jqz) goes to zero strongly, while for z < 0 we close it in the upper half plane where the factor
exp(jq|z|) goes to zero strongly, and thus do not contribute to the integral.

As before, the transverse field components can be found from the Maxwell equations

inf [~2 » < qdq _ Ji(kr)

E(TM) _ S T DF jkz Jjaz A )

0 r k (u)e [oo k2 e (Q) Jl(/'ib) ) (3 6)
7 H(TM) _ / —jkz > —jqz J{ ('Lﬂa>
0llg = cos —ﬂ"}/D F (U)e + ﬂk’b o dqe A(Q)m s (37)
ke [ qdg J1(kr)

E(TM) _ —~DF' jkz q_ jaz A 1 .

B COSQ{ 0l (u)e [m P (@) Ti(wb) [ (3.8)
in6 [[y? < dq _. Ji(kr)

7 H(™™) — smu “T D 2 iz 1 ) _

0% r k /—oo w2 ¢la) J1(kb) (3:9)



4 Fiddsfor a <r <b: TE Part

In order to satisfy all boundary conditions, we need to include TE field components. As pointed out at
the end of Section 2, there are no TE source fields, and hence we generate the TE fields for » < b from
the solutions of the homogeneous Helmholtz equation alone

Ji(kr)
Ji(kb)

ZoH (1,0, z; k) = sin@/OO dqe 7O (q) (4.1)

where the new weight function C'(¢) is yet to be determined and we changed the normalization to .J; (xb).
In evaluating the integral in Eq.(4.1) we avoid the singularities at the zeros of .J;(y), which occur
when kb = p,, when p, are the positive zeros of .J(y), i.e. when

ab =+ (875 - p2) " . (4.2)

As before, we take the integration contour in the complex ¢-plane to go above the poles on the
positive real g-axis and below the poles on the negative real g-axis. For z > 0, the contour will be closed
in the lower half g-plane where its contribution vanishes for |¢| — oo as the factor exp(—jgz) goes to
zero strongly. For z < 0, the contour should be closed in the upper half ¢-plane where for ¢ — oo the
function exp(jq|z|) tends to zero strongly.

The transverse TE field components can be found from the Maxwell equations as before and are
written

_ J1(kr)
B™ = / U o= o) a
= jBkbsin 6 C(q >J{(nb) , (4.3)
0 [ qdq _ Ji(kr)
2ot ("™ = 150 | o 44
ol SO e (4.4)
Bkcos@ = 1 . Ji(kr)
E(TE) _ _L/ e lez ! 4,
A | a5 e C() COR (4.5)
ZoH™ — _jsing / - qdq SELel0) (4.6)



5 Fiddsforb <r < R: TM Part

Theregiond < r < R, 0 < z < g forms a cavity which we assume to be filled with resistive material
with complex permittivity ¢’ = ¢ — jo/w and complex permeability ' = puo(u, + jtané,,). Since
the region is of finite length, the axial propagation constant can only take discrete values ¢,,, where
0 < n < oo is called axial mode number. The boundary conditions for the electric field at the perfectly
conducting annular end plates b < » < R at z = 0 and z = ¢ require vanishing of the radial and
azimuthal components, or simpler of the axial derivative of the longitudinal componenti.e. dE.,/dz =0
. This can be achieved by an axial dependence « cos (¢, z) i.€. the axial propagation constants are then
given by

nm

g

The radial dependence is expressed by a combination of Bessel functions of first order and of both kinds
with argument «,,r, where the radial propagation constants «,, are related to the axial ones by the root
in the 4-th quadrant of

a2 =wue — 2. (5.2)

The longitudinal electric field strength is obtained by multiplying the product solution with coeffi-
cients A,, and summing over all axial mode numbers

E.(r,0,z;k) = jcosf nz:% A, cos (qnz) S(and) (5.3)
where the combinations of Bessel functions S(w) and S’(w) are defined by

S(w) =Yy (w)Ji (o, R) — J1(w)Y1 (e, R) ,

S'(w) = Y{(w)Ji(anR) — J{(w)Yi(anR) . (5.4)

The functions S(w) and dS’/dw vanish at w = «,, R, hence the boundary conditions £, = 0 as well
as Fy = 0 for the tangential electric field components at the outer wall » = R are fulfilled automatically.
The transverse field components can again be found from the Maxwell equations and become

jsinf & gy, , S(anr)

ES™ ) = 220 —A :
9 (r7 07 Z? k) r nz::l O[% n S11 (an) S(Oénb) Y (5 5)
E™) (1.0, 2 k) = —j cos b i In A, sin (q Z)M (5.6)

T Vb Ned ] ot Ogn n n S(&nb) 9 .
ZoHS™ (r,0, 2 k) = Bk cos 08—/ i D 4, cos (Gnz) S'(anr) (5.7)

0449 3 Uy <y £ — a, n n S(Odnb) ) .

and Pksinf e’ X A S(ar)

ZoH ™) (1,6, 2 k) = Tt = 5 20 (g, 2) 2 5.8
0f4y (7“, X2 ) r g0 = Od% cos(q Z) S(Oénb) ( )

which fulfill the boundary conditions for a perfectly conducting wall at » = R, i.e. all tangential electric
field components vanish there: E,(R) = Ep(R) = 0.



6 Fiddsforb <r < R: TE Part

The expression for the longitudinal magnetic field H is similar to that for £, the longitudinal electric
one, but with cos(q,2) replaced by sin(g,z) so that the normal component of the magnetic fiel 7, = 0,
vanishes at both end plates = = 0 and z = ¢. Furthermore we replace the functions S(w) and S’(w) by
T'(w) and T"(w) which has a vanishing derivative at » = R. Hence we write H, as

anbT(au,r)

ZoH,(r,0,2; k) = sinf Z Chsin(gnz) T"(0u,b)

n=1

(6.1)

The radial derivative of the tangential magnetic field component is zero at the outer wall and fulfills the
boundary condition for a perfect conducting outer wall.
The functions T'(w) and T’(w) are defined by

T(w) = Yi(w)Ji(anR) = Ji(w)Y{(anR),
T'w) = Y(w)Ji(anR) = J{(w)Y{(anR). (6.2)
The function T'(w) has a vanishing radial derivative at » = R, hence dH,/dr = 0 as required

at a perfectly conducting wall. The coefficients C,, will be determined by field matching. The other
transverse field components are again found from the Maxwell equations

(TE) y e . T’ (cv,r)
E, r,0,z; k) = j— Bkbsin@ » C,sin(¢,2) —=——=, 6.3
kb% cos ) & T (anr)
ETE)(r 9 2 k) = — s ﬂi C, sin(q,2) ———2 6.4
(M0, 258) =~ 10 S0 Csinfan) (6.4)
(TE) o, bcos & T ()
ZoHy 7 (r, 0,2 k) = nz::l% Cn COS(an)m ) (6.5)
ZoH ™) (r,0, 2, k) = bsin@iq C,, cos(q Z)M (6.6)
0Ly y Uy <y —~ n<n n T/(Oénb) .

which fulfill all boundary conditions at » = R.



7 Field Matching at the gap

7.1 Longitudinal electricfield E.:

From Eq. (3.2) and with F'(z) = 0 we obtain the axial electric field just inside the tube radius

E.(b_.0, % k) = { jeos [°2 gq e 1% A(q) : ) <00<8erld<zg> , } ' (7.1)
The inverse Fourier transform of this expression leads to
275 cos A(q / dzed"E,(b_,0, 2 k). (7.2)
The axial electric field just outside the gap is found from Eq. (5.3)
E.(by,0,z;k) = jcosf i A, cos(qn2) . (7.3)

n=0

Since the axial electric field must be equal on both sides of the gap, substituting Eq. (7.3) into (7.2)
yields an expression for the weight function A(q)

Alg) = 9> AnGanlg) (7.4)
n=0
where (1)
gz _ 49 —1)"e%9 — 1
Gn(q) = 27Tg/ dz &9 cos(qnz) = o] l 2 | (7.5)

7.2 Azimuthal electricfield Ey:

Also the tangential electric field component £y must be continuous across the gapatr = b, 0 < z < g,
and should be zero at the perfectly conducting beam pipesat r = b, z < 0, and z > g.
From Egs. (3.6) and (4.3) we get

Eo(b_,0, 2 k) Sm@ qdf e 9% A(q) +

-0 K
iBkb sin 0 / 4 9 omie20 (). (7.6)

while .
Ey(by,0,2; k) = jsing > D,sin(g,2) (7.7)

n=1

where we define the coefficients D,, as
kb

D, =By 4 HOKb. (7.8)

a2b Lo

Dropping the common factor j sin ¢ leads to

S 9% seeatg) 4 i [ Moy
b

ool€2

{ Z D, sin(¢,z) , 0<z<gyg } ' (7.9)

n=1
0 , 2<0,z2>¢g



Taking the inverse Fourier transform of this equation leads to

J9Alg) | BEC(g) _ jm i DyGnl(q).- (7.10)

br? K q =

Using Egs. (7.5) and (7.10), we find

Bk JT & 94
= D, — A 7.11
ORSAPPEAT) [n v ] (7.11)
7.3 Longitudinal magnetic field H.:

We also require continuity of the longitudinal magnetic field component across the gap at » = b, 0 <
z < g. Using Egs. (4.1) and (6.1) one finds

%0 . J1(kb) _ anb T (a,b)
Jqz
/_OO dge™*C(q) 71 () 2:10,1 sin(gnz) T () (7.12)
Integrating over z leads to
Qb T (b) 1 Ji(kb)
O, 202 0mY) gty / dg G ()C(q) . 7.13
T (o) J 29 71 (sD) (¢)C(q) (7.13)
We now use the expression for C'(¢) in Eq. (7.11) to obtain
b T (b 4m3m oo 1 kb Jy (kb > 2
¢, tnbend) A = g, LA ¢ ()6a() S 1D, — 2L 4,
T'(a,b) Bkbg J-c " g% J{(kD) = b
4 = dm &
Bkb = Gkg nz::l (7.14)
for m > 1, and where
[ a0t (7.15)
Pam =g kb i (kb) D |
and dq kb Jy (kD)
7T nm [ K K
Qun = A G (9)Gin(a) (7.16)

—oo’ q* Ji(kb)
It may appear that P, = P, and Qnm = @, but this is not correct, since the integration contours
in Egs. (7.15) and (7.16) must extend into the complex plane to avoid the singularities of .J{(xb) at
kb = :l:pg.

The terms in the integrands of Egs. (7.15), (7.16), as well as in the later equations for 7’,,,, and R,,,,
are all even functions of ¢. As discussed following Egs. (3.4) and (4.2), the contour in the ¢-plane should
go above the poles on the positive real g-axis and below the poles on the negative real g-axis. We can
therefore change the sign of ¢ in the third term within the bracket in Eq. (7.14), so that it can be replaced
by
¢g*[1+ (=) [1 = (=1)"e’¥]

47‘(’2 (q2g2 _ m27-‘-2)(q292 _ n27r2) :

Gr(9)Gn(q) = (7.17)

The dimensionless matrices @),,,,, and P,,,, are evaluated in Appendices A and B.
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7.4 Azimuthal magnetic field Hy:

Finally we turn to the continuity of Hy(r, 0, z; k) across the gap at r = b, 0 < z < g. Using Egs. (3.7),
(4.4), (5.7) and (6.5) we get

—ByD F'(x) e 7% 4
J1(kb) ] qdq eI C(g) Ji(kb)

kb / ¥ dge i A(g)

kb Jy(kb) b Ji(kb)
g S'(anb) > nb T (cu,r)
kb — —— — —_ . 7.18
b g0 b S(ay,b) + nz::l g Cn COS(qz)anb T"(cv,b) (7.18)

We now multiply each side of this equation by cos mnz/g and integrate over the length of the gap. With

the integrals
1 9 , —1)me—dks _ 1
—/ dz cos | T2 emiks — —jkg (=1)™e ,
g Jo g m27r2 _ k2g2

1 r9 . —1)me—J99 — 1
5/0 dz cos (mwz) e’ = jqg [( 2)2 - ] = 2rGL.(q),

g q*g* — m*m?
1 r9 mmz Omn (1 4+ o)
-/ d W) = ———> 7.19
g/o zcos(g)cos(qz) 5 (7.19)
this leads to
, ) —1)me ke — 1
iBvkg D F'(z) [(mﬁﬂ YT ] +
o0 J’(/—ib) Jl(/ib)
+ Wﬂkb/mdq ) sy b Jy (b m/ dq ijl( b)Gm(Q)
g L4+6m0) S (amb) mmb T (cvmb)
= A . 7.2
pkb €0 m( 2 )&mbS(&mb) 29 " amb T (cmb) (7.20)
Using the Wronskian relation
Ki(z) Li(z) — Ii(x) Ki(z) = —1/x, (7.21)
we obtain from Eqg. (3.3)
/ o Kl(x) / o 1
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7.5 Combining the Matching Equations
We now use Eq. (7.4) for A(q), (7.11) for C(q), and (3.3) for F'(u) to rewrite Eq. (7.20) as
_ jBykg D [(—Dme‘jk“’ — 1]

xli(x) | m2n?— k2g?

ad oo J! (kb
+27rﬂk;ngAn / dqﬁ()b)

27T2 e J1(kb)
D, / dq .
5k¢ 2 On L G 2(0)Gr(q)

S f” dqq—QMGnm)G;(q)

Gn(q)Gr.(q)

ﬁkb —0o K2 KbJ{(KD)
:ﬁkbg—/Am L4+06mo\ S'(amb) mmb . T (c,b) |
o 2 amb S(amb) 2¢ Qb T" (e, b)
where
2
g < q*dq Ji(kb)
/ "2 rb (D) n(0)Grn(q)
o0 SR | (/ib) [1— (—1)"el]
- —1)mtn / d q 1 ‘
I { +(=1) } k20?7 kb J{ (kD) (¢%g? — m?m?)(q%g? — n’n?)
and
o0 J1(kb) J1(kb)
an — 4 2 / d 1 Gn G* — 3 m+n / d 2 1
"9 qﬁle(mb) (@)Gn(a) =9 /be1 Iib)
11— (=1)"e/%]

(4?9 — m?*m?)(¢°g> — n’?)
Both 7,,,, in Eq. (7.24) and R,,, in Eq. (7.25) have been arrived at by changing the sign of ¢

(7.23)

(7.24)

(7.25)

in the

third term of the bracket [ | in Eq. (7.20) to reach the form in Eq. (7.23). The matrix T;,,, is evaluated

explicitly in Appendix C and matrix R,,,, in Appendix D.
Next we use Egs. (7.15), (7.16), (7.24) and (7.25) to rewrite these expressions as

_ jBykg D [(—1)%3"“9 - 1] Bkb &

ZA an+ﬂi ZnD Py

xli(x) | m2n?—k2g? 27

1+ 5m0 S/(Oémb)
AT, k‘b—
QWﬂkg Z nm = 0 €0 < 2 ) amb S(a,b) ™
mm jig T(&mb) m2n?  po T(am,b)

A,

28kg 1t ambT ()™ 28kg2a2,b j1 b T (ub)
We now use Eq. (7.8) to eliminate the coefficients C),. This leads to

amb T (amb) g D mm Al =
T'(amb)  pBkb bgas,
A
Bkb =

which is valid for m > 1. We also rewrite Eq. (7.23) as

dm
DnQnm - 57 Anpnm7
Pkg nz:%

oo

2m mr o T(amb)

N aAp o
Bkg =" " 2Bkg poabT (b)) ™
to b T (a,b)
D — D
51{;()2 nQnm = S T amb) O™
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(7.27)

(7.28)



valid for m > 1. We also rewrite Eq. (7.26) as
Z D _omm g T(amb)
ﬁkg n Lo 28kg 1 ambT'(amb) ™

1+ 5m0 S,(Odmb)
A — AT, kb—
Z nftm 27 ﬁk 21 Bkg? Z wm < 2 ) Amb S(amb)

N m2m? o T(amb) _ jBykgD [(=1)"e 7% — 1
28kg202b p abT (b)) ™ whi(z) | m2m? — k2g% |’

ﬂkb s

(7.29)

which is valid for m > 0.
Finally, we renormalize A,, and D,, to remove the factor outside the bracket on the right hand side
of Eq. (7.29). Specifically, we write

| Bvkg D Bvkg D
A, = 100k D o a D, = 20k D (7.30)
z ]1 (l‘) €T Il (ZL‘)
Egs. (7.28) and (7.29) are then replaced by
2m & mm fo T'(aumb)
npnm - m
Bk‘g 2 26kg 11 cmb T (amb)
2m to b T (a,b)
—— d d,, = 7.31
Bl 2= T g o) (7.31)
form > 1, and
2 mr o T(amb)
A P — — Ao
By - Z " 28kg 1 amb T (amb)
Bkb & 14600\ S (amb)
it _ kb—
T o 2 Gnttum 27?516 2 Z“” = PR 2\ ) b S(amt) ™™

2 2 —1\me—ikg _
LM o T (cmb) o - (—1)™e 1 (7.32)

2Bkg?a2,b 1 b T () m2n? — k2g?

form > 0.

Egs. (7.31) and (7.32) are two linear matrix equations for the unknown coefficient vectors a,, and d,,.
The absence of terms proportional to powers of v suggests that the solutions for the coefficients a,, and
d,, will remain finite in the limit v — oo, § — 1. As we shall see in the next section, this also implies
that the transverse impedance will reach a finite value as v — oo.
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8 Calculation of the Transverse Impedance

It is possible to write the transverse impedance in terms of P, the dipole moment of the driving current,
defined in Eq. (2.2) and the value of E.(r, 0, z) at r = q, the radius of the driving current ring:

Zac(k) ==

L 2w .
7T]€CLP/O dz ; dO E.(a,0, z; k) cos 0 7% | (8.1)
where L is the circumference of the accelerating ring. We can later check our normalization by requiring
that the transverse impedance contain the correct space charge contribution.

From Eq. (3.2), we find at » = a, that

. _ ka —jkz jqz Jl(l{a)
E.(a,0,2 k) —jCOSH{DF(7> k +/ dge % A(q )Jl(nb)} . 8.2)

The transverse impedance in Eq. (8.1) then can be written as

' ka Ji(ka)
Z.(k) = DLF 2w Ak 8.3
() M{ c (7)+w<>Jl(ﬁb)q:k}, 83
where we have used the large £ limit by writing
c o
/ dze97eh =2 oms(q — k). (8.4)
0
Since, from Eq. (3.1)
K= 0K - ¢, (8.5)
we have for g = k
2 1272
Wl =R (8.6)
so that
J A(k) Ji(ka/7)
Z.(k) = F(k 2 : 8.7
Assuming that ka/~v << 1, we have, from Eq. (3.3),
2
~ (%
F(ka/v) = . <1 b2> : (8.8)

Using the value of D in Eq. (2.10), the contribution of the first term inside the brackets in Eq. (8.7) is

JL Z 1

which agrees with the well known expression for the transverse space charge impedance.
The contribution of the resistance of the tube of finite length is therefore given by the second term
in the brackets of Eq. (8.7):

i A(k)
Z0) (k) = -T2 8.10
Y P AEY (819
From Egs. (7.4) and (7.5), we have
Jk‘g = —1)re’ts —1]
Z n?n? — k2g? (8.11)

14



and the transverse impedance can be written

i (—1)"ef* — 1]
2vP J1 kb/v n27r2 — k2g2

7D (k) = (8.12)

Using the renormalization of A, and D, to a, and d,, defined in Eqg. (7.30), we can rewrite the
impedance as
JBK* D & ay [(—1)"e/™ — 1]

ZED () = 8.13
R P ) P T e
Using the expression for D in Eq. (2.10), this can be rewritten as
ZIM (k) gk kbj2y \* & ay [(—1)meks — 1
Zy m b\ Jy(kb/7) = nPr? — k2g?

Since a, and d,, remain finite as v — oo, as discussed at the end of Section 7, also the transverse
coupling impedance, which correctly has the dimension 2/m, remains finite in this limit.
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9 Variational Form for the | mpedance

From Egs. (7.31) and (7.32), the equations for the normalized coefficient vectors a,, and d,, are given by

m Z Ay Prom, + Z Ay Gpm =0, for m>1 (9.1)
n=0 n=1
and . .
Z n dpPpm + Z AT = fm, for m>0. (9.2)
n=1 n=0

Here the coefficients p,,, etc are the conjugates of p,,,, i.e. the indices are inverted. We particularly
note the close relation between the coefficient of a,, in Eqg. (9.1) and the coefficient of nd,, in Eq. (9.2).
Specifically,

2 T o T(amb)

—P,n — — Onm - 9.3
Bkg " 2Bkg p anbT"(a,b) " (©3)

ﬁnm -

We now multiply Eq. (9.1) by Z d,, to obtain

m=1
m=1n=0 m=1n=1

Next, we multiply Eq. (9.2) by ) a,, to obtain

m=0
Z Z namdnﬁnm + Z Z A T = Z amfm . (95)
m=0n=1 m=0n=0 m=0
We then construct
W =2 Z amfm - Z Z dnqunm
m=0 m=1n=1
-2 Z Z Ay Prim — Z Z A U, Ty, (9.6)
m=0n=1 m=0n=1

and evaluate 61V, the change in W which occurs when d,,, changes by éd,,, and a,, changes by déa,,. We
find

W =-2%" éd, lz A + MY anﬁnm]
m=1

n=1 n=0
m=0 n=1 n=0

Requiring 6W = 0 for arbitrary éd,,, and da,,,, we duplicate Egs. (7.31) and (7.32). Thus W, defined
in Eq. (9.7), is an invariant under arbitrary variation of d,,, and a,,. Using Eq. (7.31) and (7.32), the
extreme value of W turns out to be given by

o0

Westreme = Z amfm (98)

m=1

which agrees with Eq. (8.9). As a consequence, the value of I varies only quadratically with any
errors in a,, and d,,. We may therefore truncate the infinite sums over m and n and still obtain a good
approximation to W which varies only quadratically in the discarded terms.
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Therefore one may truncate the infinite sums over n in Eq. (7.31) and (7.32) at a value N without
large error. There a total of 2V + 1 unknowns (N + 1 values of a,, for 0 < n < N and and N values of
d, where 1 < n < N), and just as many equations (N values of m in Eq. (7.31) and IV + 1 values of m
in Eq.(7.32))’ Thus these equations by can be solved by conventional matrix techniques, confident that
the result for the impedance will be quadratic in any error caused by the truncation. This can easily be
tested by performing the calculation for several values of N. A simple extrapolation technique can then
be used to obtain more accurate values of the impedance.

The most sweeping approximation one can make is to choose N = 0, so that only the coefficient a
remains in the equations (a,, = 0, d,, = 0 for n > 1). This is discussed in Appendix E and is equivalent
to using a constant trial function for £, (b).
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Appendix A: Evaluation of Q),,,,

We start with @,,,,, defined in Eq. (7.16) and use Eq. (7.17) to rewrite it as

_gnm man] [, kb Ji(Kb) [1— (—1)"ef9]
Qon =5 [ V™ [0S0 = e

Examining Eqgs. (7.12) and (7.14), we see that there is no singularity at either gg = +mmn or qg = £nr.
The change in the sign of ¢ in the third term within the square brackets in Eq. (7.17) has introduced
singularities at ¢g = +m, but not at qg = +n.

We now close the contour in Eqg. (A.1) at ¢ = oo in the upper half g-plane. As discussed before, the
contour goes above the poles on the positive real g-axis and below the poles on the negative real g-axis.
Only the poles on the negative real ¢-axis are then enclosed. Since from Eq.(3.1)

(A1)

K =0k - ¢, (A-2)

the factor xb J1(kb)/J;(kb) in Eq. (A.1) is an even function of ¢.
Closing the contour of integration at ¢ = oo in the upper half g-plane, we get

4 Ji(kb) (¢*g® — m*m?)(q*g® — n’n?)

where the symbol ¢ implies a contour which goes counter-clockwise around all poles on the negative
real g-axis and on the positive imaginary g-axis. To avoid a second-order pole when m = n, we consider
n to be a continuous variable in the integrand. Since the integrand in Eq. (7.16) has no pole at gg = —n,
the only poles enclosed by the contour are those at qg = —m and at the zeros of J{ (kb).

The contribution from the pole at gg = —mr, denoted by Q(4), is then given by

nm’

(gL 4 (1)) b Ji(Kmb) e—i(m=n)m _ |

= A4
@ 4m(n +m) J{(Kmb) (m—n)r ’ (A4)
where )
21.2.2 2 _9\1/2
wy =4 FRg—mi) 1//29, ymm < Bkg | (A5)
+j (m?n® = B°k*g*)"" [g  mm > Bkg

We now return to considering n to be an integer. The factor [1 + (—1)""™] requires both m + n and
m — n to be even, so that

e—j(m—n)ﬂ -1 n=m

. _ _j ) if
n—}ilgtréger (m—n)m { 0 , if n — integer # m } ' (A-6)
Thus,

QW — 1 Kb Ji(kad) 5
= T T ()
(ﬂ2k2927n27r2)1/2 i [(ﬂ2k2927n27r2)1/2 b/g}
Onim b T{[(82k2g2—n?72) /2 b/g] ’
A7 g (n27r2—,82k:2g2)1/2 I {(nQWQ—,@QngQ)l/Q b/g}

— I{I:(?’L27T2—ﬁ2k292)1/2 b/g] 9 nmw > ﬁkg

nm < Bkg AT

The remaining singularities in the integrand in Eq. (A.3) are located at the zeros of .J|(xb). Specifi-
cally, these occur at xb = +p,, where p, are the zeros of .J{(y), in increasing order. The corresponding
values of ¢ are given by

awb=— (R —p)" | 1<i<L (A.8)
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along the negative real ¢-axis, and
qeb = jou (A.9)
along the positive imaginary ¢-axis, where

o= (- p0?)” | >L+1,

(A.10)
as discussed following Eq. (A.3). The integer L is chosen so that
pr < Bkb < pri1. (A.11)
Near kb = +£py, the zeros of J{(y), we have
kb Ji(kb) +pe J1(£pe)
= . A.12
J1(kb) J! (£pe) (Kb F pe) ( )
The differential equation satisfied by .J; (£p,), with J; (£p,) = 0, leads to
+ 2
hixe) _ __p (A.13)
J1 (£pe) p; — 1

so that Eq. (A.12) can be rewritten, near kb = +p,, as

kb J1(kb)

~ P (petrb)  2p/(p7—1)
Ji(kb)

= ) A.l14
P -10f w0 (@ - PR ) (A0
The contribution to @,,,,, from the zeros of .J{ (xb), which are located within the contour at

ng:{ ~ (R0 =) 1§£§L}

Jor , > L+1 (A15)
can be written as
Q) = L= [1+ (—)™] 5 229%{7(52?; i) 1 (—21)2”EXI;(J'261¢9)]
=1 979%)(n*m* — q;9°)
/ 22 + pgq— 32202 (A.16)

Using Eq. (A.15), Q'2) can be written as

Q(B)_@X

{_j EL: (1= (—1)"exp (—jg (82k26% — p2)'"* /b)| bt/ (0} — 1)

= (32k20? — p?)lﬂ (m272 — B2k2g2 + p2g?/b?)(n2nm2 — B2k2g2 4 plg?/b?)

[e.o]

[1 = (=1)"exp (—¢ug/b)| pi/ (07 — 1)
A.17
t 2 i+ A e+ gy | O
for m + n even, while Q&) = 0 for m + n odd.

Our final result for @,,,,, is then the sum of Eqs. (A7) and (A17) for m + n even, while @,,,,, = 0 for
m + n odd.
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Appendix B: Evaluation of P,,,

We start with P,,,,, in Eq. (7.15), using the expression for G*,(¢)G,.(q) as given in Eq. (7.17),

P, = g; [1 1 (_1)m+n} /°° g’ J1(kb) [1— (=1)"e/99]

B.1
M) (R — ) (g — ey B

and proceed with the calculation for m > 1 as P, is not needed in the infinite sum . Since J;(xkb) —
xb/2 for small kb there is no singularity at xb = 0.

As before, the integration contour in the g-plane is taken above the poles on the positive real g-axis
and below the poles on the negative real g-axis, and closed at ¢ = oo in the upper halfg-plane. Thus
only the poles at gqg = —mm and at the zeros of .J; (xb) are enclosed.

We first consider the contribution from the pole at gqg = —mm, where we rewrite the bracket in
Eq. (7.17) as
(1= (=1)"e/%] — [1 = exp [j(qg + n))] (B.2)
This leads to
pay _ T _ilknbd) (B.3)

T 4 kb Jy (kD) T

where «,, is given in Eq. (A.7) separately for nm < (kg and nm > Bkg. We now evaluate the
contribution of the poles at kb = +p,. Near these poles, we see, from Eg. (A.14), that

A(sb) o 207/ — 1) (B.4)
kb Ji(kb)  (¢?b? — B2k2b2 + p7)’ '

where the contour integral encloses the pole identified in Eq. (A.15) at

k22— p2)'? ) 1<e<L
p=] — (6 , lst<L | B.5
1 { 10 , {>L+1 ( )

Our final result for P ) is then

WgS
nm F
L AR =) 1 (1) exp (g (8% = p})'* /b)]
J Z (pt% _ 1)(m27r2 — 32k2g? +p§g2/62)(n27r2 — 2k2g2 —l—p%gQ/bz)

— S dep? [1 — (—1)"exp (—deg /b))
2 = D e+ R TB) (P + 6 2/52)} 86

for m + n even , while P{%) = 0 when m + n is odd . Once again
(.2 2;2,2\1/2
gbg:(pé—ﬁkb) L (>L+1. (B.7)

The matrix P,,, = P4 + P(B) is the sum of Eqg. (B.3) and Eq. (B.6) for m +n even, while it is zero
for m + n odd. Clearly, P,,, is symmetric in the interchange m « n. Therefore p,.., = Pnm = Prm. AS
a consequence, the first terms on the left side of Egs. (9. 4) and (9.5) are equal. Similarly, G = ¢nmGum
and 7,,,,, = 7Tnm. Our final result for P,,,, = P<A> + P ) then is the sum of Egs. (B.3) and (B.6) for
m + n even, while P,,,, = 0 for m + n odd.
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Appendix C: Evaluation of T,

We start with Eq. (7.24) for T,,,,.:

4
5 __1\ym+n > q Jl("ib)
Tam =9 [1 +(=1) } /700 dq k20 kb J1 (kD) 8

[1— (=1)"e]
(¢?g* — m*7)(¢*g> — n?m?)

(C.1)

The contour in the complex g-plane is again chosen as for the coefficients P and ¢, Then only the poles
on the negative real g-axis and on the positive imaginary ¢-axis are within the contour. We first consider
the poles at g9 = —mm, but there is no pole at gg = —n in the integrand of Eq. (7.24).

The contribution to 7,,,,, from these poles is

2,3
(4 _ nom J1(kpb) 5 C.2
g e T ) O (C.2)

where )
272,22 _2\1/2 <
. (ﬁ k*g® —m*m?) 1/2/9 , mm < kg ' (C.3)
+5 (m?7m? — 3%k2¢*) " b/g , mm > Bkg
The remaining part of 7,,,,, comes from the zeros of .J; (xb) at kb = +£py, including ¢ = 0, where p,
is defined as po = 0. We find

5
T _ Ay

nm b5
o (R )" 1= (=1 exp (g (B2k20% — p)"/ /b)]
s (p% _ 1)(m27r2 _ ﬁ2k’292 +p%g2/b2)(n2ﬂ-2 _ 52]{292 +p%92/b2)

. ¢ [L— (—=1)"exp (—eg/b)]
EXL;H (p% - 1)(m27-(2 + ¢%92/b2)(n2ﬂ'2 + gb?g?/b?) } ) (C.9)

where m + n an even integer, while T2 = (0 for m + n odd. Here

o= (p2 - 10)"” (C5)

with L chosen so that
prL < Bkb < pri1. (C.6)

Our final result for 7;,,, is then the sum of 7,(4) given in Eq. (C.2) and 7\®) in Egs. (C.4). Specifically
T = TY + TB) (C.7)

for m + n even, while it is zero for m + n odd.
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Appendix D: Evaluation of R,,,

We start with Eq. (7.25)

oo J1(kb) 11— (=1)"e/¥]
o, = 3 1 -1 m-—+n / d 2 1 D1
R 9 [ +(=1) } . taa Kb J1 (kD) (292 — m?12) (%g% — n2m2) (D.1)
choosing the same contour as for the coefficients P and (). We first consider the poles at gg = —m,

but there is no pole at ¢ = —n in the integrand of Eqg. (D.1). The contribution to R, from these
poles is (o)
() _ - Jilknb)
B = Ty Tr () O™ (D-2)
where x,, was given in Eq. (C.3).
The remaining part of R,,,, comes from the zeros of .J;(xb) at kb = +r,, where r, are the positive
zeros of J;(t), including ro = 0. These occur within the closed contour in the ¢-plane at

_f —ab  1<U<L
qb‘{ jte . (>L+1 (D3

where "
qb = (ﬂQkaQ - r,?) >0, 0<(<L (D.4)
and where 2
U= (] = B) T >0, (> L. (D.5)
The parameter L is defined such that
rp < Bkb<rpy. (D.6)
Near the zeros of J;(kb), we find
Ji(kb) == B 2 (D.7)
kb Ji(kb)  Ere (12 — k2b?) 20?2 — (2R +r} '
Specifically, for 0 < ¢ < L
J1(kb) 1
= , D.8
kb Ji(kb)  qeb(qb + qeb) (B8
andfor¢ > L+ 1 )
Ji(kb 1
~ a— D.9
kb Ji(kb)  jibe(gb — jve) (B-9)
Using these expressions we find
4 g?
B) _
Rgzm) = 7 X
XL: (325202 — )" [1 = (=1)" exp (=g (BK%0* —12)"* /b)]
T T (mn? = PG+ 1702 (W) (nPn? — BPKRgE + 173G 1P)
- e [1 = (=1)" exp (—theg/b)]
I D.10
2 P R+ g ) -

when m 4+ n is an even integer, and R%) = 0 for m + n odd.
Our final result for R,,,, is then the sum of R(4) in Egs. (D.2) and R'Z) in Egs. (D.10). Specifically

Rym = RA 1+ RB) (D.11)

for m + n even, while it is zero fro m + n odd.
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Appendix E: Analytic Approximation to the Transver se |mpedance

We start by choosing N = 0, so that only a, remains in the expression for ZZ7' (k) in Eq. (8.14) since
a, = 0andd, = 0forn > 1 are all zero. The set of equations then reduces to a single one

1 —e Ik
aoSoo = TQQ ) (E.1)
where kb ; ' Sanh)
g Q
Soo = — Roo — ———Tpo — fkb— ——F——. E.2
007 op 700 21 Bk g? 0=/ g0 b S(agb) (E2)
From Eq. (7.24) we get
o Ji(kb)(1 — &)
Too = 2 / d E3
0= 29 )M T30 T (kb) E3)
According to Eq. (7.24) Té{f‘) = 0, hence Tyy = Té(?) and from Eq. (D.10)
2 oo 1 Jj(kb)(1 —e/9)
Ry = = / dg—21 . E.4
00 g J—oco 1 q2 Kb Jl(/ib) ( )
From Eq. (5.2) we see that
o 1/2
aoh = ﬁkb( K ) (E.5)
Ho€o

and the quantities S(cob) and S’(b) can be obtained from Egs. (5.4) with n = 0.
In the approximation containing only the single n = 0 term of the infinite sum over n, the impedance
can be found from Eq. (8.14)

ag [1 — ejkg} B (1 _ ejk:g)(l _ e—jkrg) B 21 — Cos(kg)
kzgg - k2g25’00 - l{QQQSoo

(E.6)

With Sy, from Eq.(E.2) we finally get a simple approximate expression for the transverse impedance of
a resistive wall of finite length

Z8F0 (k) 2 lkbm ru—cos(kg))

N I(kb/7) Soo

= : E.7
A wk3b3g (E7)
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