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ABSTRACT
This report extends the results found in the report, MURA-397, on
the theory of an accelerator having a general magnetic field. The results
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I. INTRODUCTION

The results found in the repqrt, MURA-397, for the tune Vy. Vi ,
of an accelerator having a general magnetic field begin to break down for
machines with small N and for tunes )Iy or K which are close to
1/2 N. This breakdown is due to the neglect of several small terms in the
linear equations of motion. Also the method used in MURA-397 for finding
the tune from the linear equation of motion is not valid when the tune )/;,
or Vi gets close to N/2. In this report the results for the tune will be
expressed so that they are valid when the tune is near N/2, and the neglected
small terms are kept to make the results valid for machines with small N.

II. SUMMARY OF RESULTS

Some of the more important results obtained will be listed here.
Derivations and somewhat more general results are given in Sections III and IV

The equilibrium orbit corresponding to a given particle momentum

is given by

reoy = R () + 200 ) 1)

The parameter R is very nearly the average radius of the equilibrium

- orbit and depends on the momentum according to the relation

SRS NL LS LN

where the Hv\ are evaluated at Y= R /
7/9) is given by
o C h N6
AXIB) = Z_ X, €
p® — (2. 3s
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where
K, = w;.;z_m 5_@___@,)1(*‘”,‘%;{"5‘ -+ ;‘zH,""}
o T Ty U/ LR ) (2. 3b)

y S g e
. = i A Ty (2. 3¢c)

wha /’\‘A T |

(2. 3d)

The radial tune as a function of the average radius, R , is given by

RVEIR /y * VY N
yY = g - ‘(‘tg _5> - 9,1 ; (2. 4)
Eo “<}+? H:)[ @R CK»H&' + 2 HD) =
© R , o H Yoy ok T4 Q_H»)

TRAEY D W] (R M+ IR
W2, - -Lz‘-/% - ri”zz«r» ﬁ‘% )7

TG &
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i (%B‘W e + 5 1)+ K78 H::) |

- (2. 4b)
E = N* _ Qi l?’m)q' |
-9 - .__:.7. MLNL-_A%ED
Mz
) 2
2 (S2)
(2. 4c)

4 2
o %5%[(““"*%&)1—?%‘6/“ .

The vertical tune is given by

(2. 5)

)/?Q:_—_— '%: s \)(EF'_E;'>1_’£J1
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E@,’ {-{- i >[ (ere)j_/” e N H"fm _\%@ H
‘ ""‘(9.5) y(REHs + 2 R

,L)j 2| (R Hor .
o AR H*’”ﬂ

H“Jl [(W “*“wh) + R¥H A :]

/ (2. 5b)
g ) “rm ) -
F'= N2 2y '
£ LA ) o
LI- . mg 2 L N !:t,
— L oeRN K
> ( 77?)" (2. 5¢)
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III. DERIVATION OF TUNE RESULTS
We will start by treating the 2 - tune since this turns out to be the
easiest case. The #- tune is also the quantity which is most likely to be
affected by the neglected terms,
The equation for the 2~ motion is (see MURA-397)

a0
4 _ F;_.;/‘

A8 (14T

(3. 1a)
F,= < (yrHe— rir).
e (3. 1b)
In MURA-397, we assumed that X <</ , ¥ <<| ,
and we wrote Eq. (3. 1a) as |
A;)“ = Q.+7>F~z- (3. 2)

We will now keep the terms which were thrown away and see how much

they contribute. We write

4 fam') = § [_QL A9 - ““‘Ez“
d9(&?) % * 49(~1?> ey, (3.32)

where

L.

4= EQ ) XAy 5

(3. 3b)

We rewrite Eq. (3.1) as

' T Lo gt = 0t

6
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which, when compared with Eq. (3. 2), has the correction term

Co = (+%) 55 (a9 ) = 9"

|

0

(3. 5)

Ca = Aa" Z(H-x}q..[]-»-a“a’(i#-%},

"

To further evaluate C'\} , we expand @, in powers of ¥ , ’X.')

and »y )

a = % B2k x' - ?/“E*’:
“ ‘ (3. 6a)
-l . RS DU

g= 0407 1= iy (e o o

- TRV AR S, 2 P VISV
4= ""75' > X =39 '*’w--z +w"¢f *"“3' (3. 6c)

_ I NPV S R VR
A= l=2=3% =39 + 2% +xx ... 5

It is not easy to see how many terms one should keep in the expansion of

A until we come to evaluating the tune )é . One may keep in mind
however that in the expansion, Y <<y’ since ¥ (V’V) x’ . Also
that we have %' | as ' x N K

From Eq. (3. 6) we find for a’

ql - - %I‘ %’x,“ - Aair?”‘.' ‘ (37)

where we have kept only up to terms of © (x’) . Thus we find

(rna-i = j-x-3x'* -

(3. 8a)
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N VY i R L T RS
(+x)d=1 = -3 % LY T XX 4+ w ’3’2' (3. 8b)

/
We get for the correction term

= (oL yl* > L 12 !
(3.9)

+ (=x'= 22" =y (J+») .
Finally, the linear equation for the Z-motion is then
it _ .
(1 =+2 )" 4 (B =)y =2 (1+x")ny'= 0, (.10
where we have kept only linear terms in /"a, , and have used the result of
MURA-397 that (I +%) F; gives (F,'= f/(e)) Y -

In Appendix A, the problem of finding the tune of an equation having the

form of Eq. (3.10) is treated. It is shown in Appendix A, that the equation

A?“"L A"?'""‘B"&:a (3.11)

can be written in the form

T+ (-8 -ga )= .12

where

LA

f‘g: c \a ‘

By examining Eq. (3.12), one can see what terms must be kept in the

(3.12b)

linear equation because they contribute significantly to the tune. One sees

that A[B) can be smaller than B/8) by the factor 1/N, and still contribute
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as much to the tune as does }(ﬁf“"/ . For Eq. (3.10), we actually have that

t

, and /:\' where b

>

and A+

and can make comparable contributions provided }\ e

For Eq. (3.10),

4
E—. A S B S A
FS B S ;
R A (3
! f" = g8 A ‘
l - e ¢ ‘};iw.__\ P N /) _
w (3
We expand ,z,% and {? in powers of ¥ keeping up to terms of
order ;{""{w
LA v )
A = = X i+ XS ;
(3
g Ytk xt)

(3

(3

; . d o ¢ ) .
pi £ b j o P T T A
"é b i “f tl% o .fm Y 3 'j
’ : : / 3.
(B vig) 2 (
-4 WA v{ ;oo f 4 A i
4 s "
oA e g Ps
- “‘j X ( I~ X )
. A .

,13a)

. 13b)

. 14a)

. 14b)

. 14c)

15)
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Thug if we write Eq. (3.12) in the form

v+ LE Yo ES = fe) = Atie )y =0 )
(3.16a)
then we rind that
¢ = {0t A LV
L3 é:: L (:‘ Z ,Z /:a;. ( X X j« l
J (3. 16b)
Ly - /A4 /1 ) ,
A 2 L ")'ﬂ ( ki (3. 16c)

Wea combine the corrections given by Egs. (3. 16) with the results for

E. and 7.  found in MURA-397 to find the following corrected values
of £. and woos
: . o vl é i D e 1 é
- b !t [ i 4 i J ‘l ’ :Z © gc\’ é‘”} oo ,‘( . N — L i\ [,3 ﬁ\,
b ;o S £ L e 2, ¥h f }/m) Hh«‘ F «
e ey

-~ E,. i"\} 2 b s sy b e £
e ¥o CR Hoo 2 KH (3.18a)

)5 Il (KA KRS _

~

i R v H i /% w: ; )

e .‘ (3. 18b)

10
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In Egs. (3.18), the "X“,} are the Fourier coefficients of the
equilibrium orbit ! 2! and the corrected values of / . will be given

in Section IV on the equilibrium orbit. One may note that

R R
M i‘\ A o ‘r! e )
. (3. 18¢)
JPTTER! o vl
O Hon ) (3. 18d)
. Ld y o '?;ny
A TN H,
4 ’ Ml L Ty (3. 18e)
; o= o
‘» L A ’?‘ f. - ’:;’ 7
ALY e / | (3. 181)
’\ f A

where in the last two results, we assume we can neglect all the harmonics
but the first. It may be noted that Eq. (3. 18f) says that even if the magnetic
field has just a first harmonic, there may still be an appreciable second

Y .
harmonic in 7 "7/ given by

e = GRS
A _— / Vo (3.18g)
This second harmonic, é} can be comparable to the first harmonic
“%t if the flutter (@R /p. ) H, is comparable to the field gradient
gipe ) K ig, , which will happen in large flutter machines with
H i H

small N and field gradients} like a low energy two-way FFAG machine.

The tune y_;; can be found using the above results for ", and

Twn . In MURA-397 the smooth approximation formula

11
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P { S
s b, 4+ L TOE
& p; .‘ Ve (3 19)

was used. This formula is not valid when Vz is close to 1/2 N. We

will use here another result which will be derived in a future report that

is valid in the entire range § < VE < e N This result is

i\‘.u....ﬂ_-...m...,-.._‘ EPNE

, P y . "
w)‘; T e e ‘ Fom - e 4 \\ . B ’Iﬂ‘, i
C VAR LI - T
(3. 20a)
- ,4"\‘!3 “
" = L . b
y .
’ vy *\ o
Lo T, T, b (3. 20b)
) “
; SR N
@i '\} % ‘;
L4 + A,
t‘l ‘Ma X h; S E I3 2 i

Eq. (3.20) for the tune may be considered an expansion in powers

wh

'/"
of % and it is correct up to and including terms of order T for

o

k.

G el [ N7 and is correct up to terms of order ¥ when
¥t L2 7/ 37 . Usually the % " term may be safely neglected,

except for machines with small N and large flutter. If we assume that

the higher harmonics past the first in the magnetic field may be neglected,

then the “ term contributes the amount

< ; Lo Py N - .
Py, PR a Ll wiad, ) N AN /
i g 4 rd W
(3. 21a)
-3 o i [ ,\ 3 v piae v g
- Ce wv;,___ ] ~, UK ; o @ 7 JI—. i“ ;"f} i
TS /
NN —
(3. 21b)
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The second harmonic ‘;7_ generated by 'H, will also contribute

yrrs

to &y through

0 F = o *‘3‘3) A
emsimamcniren o , ‘b
W, :;:,’ Fe AV, (3. 21c)
: ;ﬁ__.'_‘u&v-ﬁ\
It may be noted that this contribution will exactly cancel the ; (X't

-

term in tf -
—
A result for l: £ which should have a wide range of application is

2 , . |

/ e B sl ; L “\ Lo Yo W
f chu Crammonin éA} b . A«/ ,‘T H

The Y - tune

The equation for the " - motion is

I ™
: | + x .
A S { X — F;, ,
e e X \[:} P Y i (3.23a)
o= £ ¥ H:
b s o2
Fe (3. 23b)
In MURA-397, we assumed that ¥ <« | L M and
we wrote Eq. (3.23) as
A dd . — f:" . w, fi}e :
X (1+x) = Ut+tx)0 5 20

13
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We keep now the thrown-away terms and we write

d (ay = 2. [i/,;)., L ox

M\Hmﬁ‘){/\ — | o \}; ci(l#%)“"l_l ,

(3. 25b)
We rewrite Eq. (3.23)as
Wi 3 O+ A (axt) = A
wQ +y) 2“* (+x) - I } = (I+x) Iy )
which when compared with Eq. (3.24) has the correction term '::A
v (tx) + (o= () e
/X 7 (% U ) ) (3. 27a)

[
Cy = Urx) d (Gx') - K"
18 (3. 27b)

- (14 fa(“wx)w/]}

‘c - ,:: ) 1 - Lié ;o 7
T X" L0006 ] - Gex)aln’
7y Y v T § “ i o 3. 27
X)) At -1 ) (3. 27c)
P A,
We now expand L. X 1in powers of X and X . Using the
. {o + ;:) (.:} - ) g , . .
expansion for fj *)4 =] and for ¢ found previously, we find that

14
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+ X/ (/W%walxhy

(3. 28a)
) e et x 2]
U T v T
/
C, = ). L ' sy '2"‘13
x = X . 2 2 7
L ' i
e X! ( - - X )
| %
- _:Ji_. 4 (3. 28Db)
| /
where we have dropped the /é.‘dependent terms.
To find the linear equation for the Y« motion, we have to expand
( X about the equilibrium orbit, ¥ = "X (). We write
X = %;5 -+ MU (3. 29)

and expand in powers of AA

C% = ( lﬁ'5‘1+ M u) Z‘:iL (Xé; +u/>h ”}"‘:: (f}lfﬁ 1‘_"“) (751'/"»”/)7:]

- -
b / H ;] 4 e, b y ’l‘ IHI [)
t (X' +u )" (= s (3. 30a)

. "
+ = (% +4') )

15
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P
~
A
$
e
g
W
y
N~

b
e
s
PR SN
ks
3
Y

s o2 0 4
y (3. 30b)

C . !y H N :j ;4 ¢ 7y
0% e L g Afj
+ (¥ ! { - X - N‘: d i /

(3. 30¢)

where we have kept only the leading terms in the coefficients of {4 o
Ho,ooM
We find then for the linear Y. equation of motion, using Eq. (3.27a)

and (3. 30c),

=2 )M+ (BE- e, ) M
i P

o T U (s sy, DM e
oo X o+ L R M (3. 31)

where we have used the result of MURA-397 that !\, -+ & ) }::..w A (A

gives (E@ = ;‘, ([t ) AA

16
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As was done in treating the 2~ tune, we eliminate the A / term

in Eq. (3. 31) by using the transformation

d& _
n= g =i 5

J (3. 32a)
and get
P! A’ b &D U = o
L+ (F- -y AU =
Ak (3. 32b)
where
A _— — ;&3‘; (j + 3’ Qiﬁ ﬂ ‘>
= B _:: -3 :B;”‘& /
| % ’{g (3. 32¢)
- s iw
‘ Y ’( (3. 32d)
3
We expand A and B in powers of 2’; , keeping just the
leading term,
/ - A
A = - xS Ci+ 3% )/ | (3. 332)
A= T v )

B = [F-g9e/ L1+ 22 .

Thus we find for the tune function

17

33c)



MURA-451

f?c’j’ Cr+3 2" DJ (3. 34)

If we write Eq. (3. 32) in the form

di m -]—CE:G.;.@F‘QM g/p") *Aéﬁ(’ﬁj)ﬁvfﬁg

then we find that

AE, = E. “’f‘( >o 2 ’}’“") . C{(Q/ ‘xu)j

(3. 36a)

Bhn T E (0L -3 (4 um),

(3. 36b)

18
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E,= [_w f(x")JL % (RH +23H) — |

Yt

+ 2 ek }’)ZM}(R’#W'#QH 424,
T *"*6;7:
>J (3. 37a
) v+ )
/
3&1 = e %:')‘\ ({R &y, "/" Y G,”
L (), i3k (),
(3. 37b
where in most cases we can take
1 (,X)l — <9K
(3. 37c
~— (IK.X;,OM\ = &K HV,,) (3.37d
(9@ ‘
q [ty ] = 1 jer H-
Y (};‘ k*} /0 = ( ) ' (3. 37e
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mw;%:m e M Pk ( "‘X’ ) ﬁ'}r‘;" ‘j h oy, P g J |

o Sohe X2, (337

Eq. (3. 37f) shows the existence of a large second harmonic in

for machines with small N and large flutter

V.
A Eoey :;3 N
9» e I R
2&' ‘g‘

The tune )/r is given by

(3.38)

)’ N ¢ e Z‘Wy‘: . \) . NS - L
r K Q‘E £) - l J !j ) (3.39a)
2
— I, 2 wl 2 ’ jn» f
E‘; B w“‘? - ’f/ 79 r: - (/ 57‘0
" She 9 (3. 39b)
e 3 w, 0N 9 Wi
e 2
T n,+m+ng=o WMZ (5"«’#, +wm}

3
For the 3 term in E+ ., we may take

Z on A Jos %’ 3”" +<j,a,\>

L(w’ +Wn 3

(3. 40a)

=-9(<t ) Hq ) (riez g )T-REH ]

(3. 40b)

20
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The second harmonic 3_1 generated by 6’. will also contribute

to E; through

. ¢
3.0~ - 4 Sz_ﬁyf Hi
N>

_..; A
W:”‘“HEQ * ‘&“

(3.41)

—
@

L " o )
: 9 !
which will just cancel the = I ( l‘ls y_g‘ o termin L o
A result for E‘F which should have wide application is

E = N* _ 2 ea\lz —L [(R/f,,’, +%H4‘)3‘+R?"E,;3‘i‘h§
: ‘f N-'.:.T (?: Wm"L/Eu

m3z &
-1 (QR)V H’
T [ =
Pe /\/5L (3. 42)

— 1 (3—'—‘-3)"%% | (RH#2H)" =R w0

IV. EQUILIBRIUM ORBIT
In the previous section we found the correction to the tune due to
certain terms in the equations of motion which are small and are of the
order of Z' but which can contribute significantly in some special cases.
It is clear that in treating the tune we should have first found the effect of
these small terms on the equilibrium orbit since the equilibrium orbit is
used in calculating the tune. We will calculate now the effect on the

equilibrium orbit.

21
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In treating the Y- tune we found the corrected YV~ equation of motion

which we write as

1 -04x0) +C = AR

(4. 1a)
— W o PR ;-
Co = 2" ="+t
ra™ (c1-%")
(4. 1b)
Lottt
P\h Lo i,
~ L ' 23 g
Cp = -7 X X
(4. 1c)

Now following the same procedure as was used in MURA-397, we

can write Eq. (4.1) as

v+ (E, -5 ) x=*Fm) =~Cx

(4. 2)
As in MURA-397, we find the solution
- q A (8)
Y (&) % : @ 50
E.S - Eh )
_ o) TLioy = C
a, = jg& Uuts) ) Frer-Cx @ )
- fe® N\ L
Loy = 1+ (&) Ha (@ 30)
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Now we choose R so that ac = ¢ s
¥ o
/ (4. 4a)
9, Col, B
-z = & 7 )
(VI / , (4. 4b}
S R ¢ ) =2 Gom )
on ““”",5‘7 (k& g (4. 4c}
Thus
< ")w { ,,,[
fo -2 o7 xJ.
oo (4. 5a)
or
|-k He =28 25 (’”/‘”’ Hod 24y )
e "7, (4. 5b)
fo, —
- = (% ) = o

e [ Y')
_In evaluating L » , we can use the uncorrected value for //Y/ﬁ) .

Thus

P ) - ( v Hy
N ¥ ; Aj""
(4. 6)
Thus we find
_ eR . _ 2/erw Z (* H, + %
, w—?z HO Eﬂ) M/ KHH NH >
hz) (4. 7a)

-

or

23
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- eR %H +JH$+ TS L (R Maf, v 2 A7) 73

<
(4. o)
We now find the other &H
)
4 = —le Sa& ALY ) [30/9)" Cox |
h E” ,E"' (4. 8)
@ g
Here it is accurate enough to put
o $ W B
M, (&) & o
(4. 9a)
hm /_\{ W‘r}
(4. 9b)
Then ‘
(4.10)
For }’) :l . which is usually the dominant term.
- ~ 1
- EW\B, - 3 (2/ e >/
4.11
w« ) H, (4. 112)
/
—_ J eR L ' B e
R K NS i (RPN
P‘j ‘t; . Fe N+ )

24
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The correction we have found for ql is small, and as the other ’dh

are usually not as important as Q, , we can write for all the

1. er ¢ 2 ""_ﬂf_]
Gh = Wi-E, P E+ ( f\;/"" . (4.12)

If we expand /)(/9) in a Fourier series,
LUy &
. [ 4]
A1e) = 2 Un |
n (4. 13)

we may note that ”}'/o Fo as the term q, /('/, /9) has a zero

harmonic component since

q ¢ th
0ce ™ (1-5 2wl
e T, UntH AN, (4. 14)
—_ c N& - A (2”9
- G -+ 3-: (é, 63
N* N /
X, = 4 %:‘f + C<C. ) (4. 15a)
or
( > QQ HoH' +aH )
LE A . (4. 15b)
Finally we can write X (#) as
¢ wh 9
Y- S o
XIQ) 2 i’?- e J | (4. 16a)
s - — @p‘l ) ‘. i:g #/ ‘+Q#f‘k>
£ 2( ) YE “ﬂ / (4. 16b)
Y, = @};{ I G, (l+3_(<a&’> #">
noo W E" (4. 16¢)

25
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We may note that as X Fo o, R is not actually the

average radius of the equilibrium orbit. The average radius is given by

R C+ %f’) . This correction is rather small and we shall
refer to R as the average radius and usually ignore the correction.

Frequency of revolution

We will now calculate the frequency of revolution, W/JUTJ of the

particle in the equilibrium orbit. To do this we must first calculate the

length of the equilibrium orbit, L . L. is given by

2 —
L = ( Ao J re+pr>

(4. 17a)

T
— T 4
L= R L \/(H"Y-) + X / (4. 17b)

L=k [T (aee) + %)

/ ‘ (4. 17¢c)

L: 2“77"2 ()+’¥a+'%£'(% )0\>.
(4.17d)

In MURA-397, we neglected ¥ and % in Eq. (4.17) and found that
) = 2 7R (4.18)

Using the results found for 7(4 , we now have

&
_ + H
L= 21m7R E) + %{i ,\‘/L . 19)

— (ep)z )L/\ﬁ (RH B+ 2B

26
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The frequency of rotation may be found from

0\)::2»7"\/“

. | (4. 20a)

b = -’-\-;-. Z) - % -—J{(%ﬂ)"’j , (4. 20b)

n )

=22 1) - () Lr
> (RH,'H,+ 2K7)

+ 2 %’;_) /\‘/V ( 1

APPENDIX A

We start with the equation

o + AN By =0y (A.
and to eliminate the "‘a,’term, we make the transformation
= g )
" A (A
- o
' T <’y + <9
(A
yoe e gty + T
(A.
Thus Eq. (A. 1) becomes
- = /ot cle By =
C5" 45 Cacitne) + 9 (€ -4 T e
(A.
We then determine C from
e’ +AC =0 (A.

/
27

(4. 20c)

. 2a)

. 2b)

2c)

43a)



Thus

<

<. +h__ﬁ;-.4;.l3

e

and our transformed equation becomes

-

™

¥,

Mot
o

ﬁw

+ﬁ,"—)%~:0/

28
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- -';f,e; Jd b
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(A. 4b

(A. ba

(A. 5b

(A.6)

(A.7)



