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ABSTRACT

We generalize the analytical approach, described in a previous
note, to include magnets with inclined and/or curved boundaries.
Evaluating the fringe field contribution in hard edge ‘approximation,
we arrive at relatively simple expressionms for the chromaticity,
general enough to cover all magnet types commonly used in proton
synchrotrons and storage rings. Results are given for a number of
small focusing rihgs for which the exact treatment of the fringe

fields is important.
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1. INTRODUCTION

In a previous notel) we discussed methods used in the design of

LEAR to calculate. the chromaticity, i.e. the linear dependence of betatron
wave number Q on momentum. Our approach,derived in ref.I),starts from

the equation of motion in a general time independent magnetic field?).
Expanding these equations up to the second order in the deviation of a
particle from the reference orbit and applying appropriate transformatioms,
we obtainedadifferential equation from which the tume shift AQ(Ap) can

be calculated using standard accelerator theory. The resulting expressions
have been evaluated in ref.l) for the case of magnets with orthogonal

beam entry (sector magnets) as is appropriate for LEAR.

These analytical results agree well with those obtained by using
the computer programme TRANSPORT3) to calculate the chromaticity from tEe
second order matrix elements, a formalism which was derived by S. Peggs .
But for small machines where the bending radius p is no longer large
compared to the dispersion D most other programmes and methods disagree
with our results. We believe that, with the exception of TRANSPORT, these
programmes use approximations for the edge field which are not appropriate

for the small rings.

In the present report we generalize the analytical approach
to include magnets with inclined and/or curved boundaries. We need
to calculate the dipole, quadrupole and sextupole components of the fringe
field that enters into the chromaticity formula., To obtain these components,
we assume that the field passes smoothly from its value well inside the
magnet to zero field in the straight section. The transition takes place
in a short edge region which follows the border curve of the magnet.
By evaluating this transition in hard edge approximation, we arrive at
relatively simple analytical expressions for the chromaticity, gemeral
enough to cover all common magnet types used in synchrotrons and storage

rings.



2, THE GENERAL FORMULA

We repeat here for convenience, the general derivation given

already in ref L (Appendix 1).

The trajectory equations of a particle in a static magnetic
field?) are (note that we use for the horizontal coordinate a sign

convention opposite to the one of Steffenz)):

2" "":‘:'EZ' =§_.:7_7 [~ X'Bs + (1 + hx)Bx]
(2.1)
x" + ;‘:—2- x' -=h(1+hx) = —Ie;% [2'Bg = (1 + bx)B,]

with h(s) = %.the curvature of the reference orbit, x the horizontal
co-ordinate (counted positive radially outwards), z the vertical
¢component and s the distance along the reference orbit. A prime denotes

the derivative with tespect to s, v the total particle velocity and w = s

the velocity of the particle projection along the reference orbit.

Introducing 2)

-:-:- = V/x'24+ 22+ (1+hx)?
d ,v?
W 13 &2
—— - " 212
w2 2 v2 2.2)
w2
e 2 €
P

and using for the magnetic field components the expressions up to second

order in z and x

= By(x,z,s) = - kz - rzx
Po

-E— B,(x,2z,8) = h - kx - —i}rxz -% (h" - bk - r)z® (2.3)
o _

— Bg(k,2z,8) = h'z —(hh' + k')zx

o
(-]
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: 9B, (0,0,8)
1 9Bz%0.0» -
: = = —m = and r(s) =7 = - -, (2.4)
with k(s) Bp ey (s) =33 B o 2 s
one can express the differential equations for the vertical and hori-
zontal motion to second order in z,x and their derivatives :
z"-(hx'-!-h'x)z'=-[k—k6+2khx+rx+h'x']z (2.5)

x" - -]2‘--hx'2 - h'xx' = hé - [h? - k + k6 - 2n%8]x - [h® - 2kh - -;— r] x2.

A \
Herein we use & E EE for brevity.
o

For the chromaticity calculation, we expand these equations around the
reference orbit by inserting x = DS into the equation for :the vertical
and x = x + D§ into the equation for the horizontal motion where D(s)
(also called op or n in accelerator theory) is the dispersion function

defined by the periodic solution [D(s + 2TR) = D(s)] of
D" + (h® -k)D =h . ' (2.6)

Neglecting all terms of higher than first order in x, x' and §, we

arrive at the differential equations

"= 'z's + + (2khD - k + rD + D'h")5jz = O
z" - (hD)'z's + [k + (2 r )6] | )
X" - (WD)'x's + [h% - k ~ (2h2 + h'D' - 2Dh® - k + 4khD + rD)é]x = 0.

From these equations the familiar equations of motion can be extracted by

setting 6§ = 0 :
z" +kz =0 : 2.8)
;ﬂ + (hz - k);( = o

For the following consideration it will be useful to write eq.(2.7) in

a more compact form :
y'+ 2gy' + (k + Ak)y =0 (2.9)

where y represents either the vertical (z) or the horizontal (X) com—

' 1
_ponent and where g = - 5 (kD) 'S and Ak are the perturbations linear in 6.

R



Using the transformation

= ge /898 (2.10)

we eliminate the y' term in eq. (2.9) and get

u" + (k + Ak - g' - g¥)u =o0. (2.11)

Dropping the gz- term as it is of second order in §, we obtain the tune
shift due to the Ak and g'-term applying the .€Courant and Snyder
theory (eq. 4.31)&11ref.5))to eq. (2.11) above :

Lk - g")sds. (2.12)

AQ = 41

Here B(s) and Q are the betatron function and betatron wave number of

the unperturbed motion. From eq,(2.12) we obtain the chromaticity defined as

£ = A%§9° : (2.13)

Thus the contribution to the chromaticity of any magnetic element can

be expressed by

gv = - 751!5}, {/kBds - /rDBds - 2/khDRds - S[u'D’ +% (hD)" ] pds}
| (2.14)
£ = - 2-{/(n? - K)Bds + JrDRds + f(h® - 2Dh® + &ktD)Bds + S[h'D' -F(hp)"]pds}

H 41TQH

in the vertical (index V) and horizontal (index H) plane respectively.
By adding up all contributions, one obtains the chromaticity of the
ring. What remains to be done is to find for the dgfferent types of
magnets, the quadrupole k and sextupole r compoﬁénts and to evart

luate the integrals in eq. (2.14).

3. A SIMPLE METHOD TO DERIVE THE FIELD COMPONENTS IN THE FRINGE REGION

From eq. (2.3), the vertical field in the median plane can be

written as

= Bz(x,o,s) =h - kx -~% rx? ....-= h(s,x). (3.1

Po
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Here h(s,x) may be interpreted as the curvature for a particle
trajectory at x, s, z = 0 and h(s,0) = h(s) is the curvature of the

reference orbit as used above.

In the central part of the magnet h, k and r do not depend on s
for "well designed" magnets or are slowly varying functions of s
n_nmn

for more complicated magnets. Where netessary, we use the suffix "m

to refer to the values inside the central part.
From eq.(3.1), we find k(s) and r(s) as

_ _9h(s,x)
9%

]

k(s)

x=0

(3.2)

_ 3%n(s,x)
ox?

r(s)

x=0

We use these expressions for the fringe region. This almost solves our
problem. We shall just have to express the partial derivatives with
respect to x by those with respect to s in the edge region denoting the

latter omes by

v _ oh(s,0) _ 3h w _ 9%n(s,o0)
b 3s 9s o BT = T3

To express the transition from zero field to the value inside the magnet,

we suggest the product
h(s,x) = H(O,Dhy(s,x) = H(A)hm(s,x) (3.3)

where hm(s,x) is the field well inside the magnet and is usually independent
of s; H(A) goes from 0 to 1 at the entrance (near A(c,£) = 0). The
cartesian system 0, has its origin in the "hard edge point",that is the

point where the reference orbit enters the idealized magnetic field



border. It may be defined by

S

m
_ E{o H(s,x=0)ds - s_ = O (3.4)
with S, large enough such that H(—so) = 0,

!
=
»

%m large enough such that H(sp)

STRAIGHT SECTION

Fig. 1 bt

From Fig. 1, one deduces :

. s
C6(s3x) = [ cosp(s)ds + x sind(s)
° (3.5)
s - -
E(s,x) = =S sind(s)ds + x cos¢(s)
o
where
s - _ .
¢(s) = J h(s)ds (3.6)
-s
0

is the angle between the (instantaneous) s-direction and the o-axis
(wvhich is almost the extension of the reference orbit in the straight

section).
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A "hard edge line" can be defined by taking eq. (3.4) for x # O.
When using the function H(A) introduced above to describe the "field

rise" in the edge region, it is general enough to take

A = o - tgyk - %-TEZ (3.7)

so that A = 0 describes a tilted and curved end face whose radius of
curvature is 1/(Tcos3el). Higher powers of £ do not contribute to the
chromaticity.

The azimuthal extent of the fringe field scales with the gap height g.
For a gradient magnet g is a function of the radial position and thus
contributes to the derivative 0A/90x. But this contribution goes to

zero in hard edge approximation (g - 0) where H(A) becomes the unit
step function and dH/dA the § function. In this approximation eqs. (3.3)

and (3.7) can be considered as appropriate.

4.  THE QUADRUPOLE AND THE SEXTUPOLE COMPONENT FOR A GRADIENT
MAGNET WITH TILTED AND CURVED END FACES

The fact that the edge function H(A) depends on A only allows one
to replace the partial derivatives for k and r (eq. (3.2)) by derivatives

with respect to s. Using

oM _ dH A
ox dA ox

ox2 da? \5x dA 9xZ2

3% da?s  [oa\? L, dH 3%A
ox

one gets, with A given by eq, (3.7), along with eqs. (3.1) to (3.6),

the quadrupole component k

=1k -h  lgine-
k =Hk =-h —= {sin¢ - (tge, + TE)cos ¢}

dd sin(e - 9)
Hkm +~dA cos® hm

where we have put

tgo = tgo, + TE.



We eliminate d using

dA
h' = h 4 {cos¢ +(tgh, + TE)sind}(1 + xh)
m dA g T x
x=0 _ .1
_ dH cos(6 - 9) H
dA cosb m
and get
k = Hkm + h'tg(6 - ¢). (4.2)

For the sextupole component r we obtain

dH sin(6 - ¢) Xk dH

2 .2 _
r =Hrm-2 +——-cosz¢ Thm-dH31n (® wh

dA cosh m dA dAa? cos28 m
. . d%g '
In order to eliminate 3AZ we need
d®H cos?(6 - ¢), . . dH , sin(® - ¢) . 2
" o_ g ah - .
h dA2 cos?f hm + dA [ cos o Tsin ¢]hm

which yields, together with eq. (4.1)

r =Hr - 2H'k, tg(® - ¢) - h"tg?(6 - ¢) + hh'tg®(® - ¢)
m .
' (4.3)
0 sin® ¢
+ Th' —<8% 7 __n -
cos(6 - ¢) C cos?(® - ¢) ]
For most cases it is sufficient to comsider k and r in hard edge
approximation. Then, eqs. (4.2) and (4.3) simplify to
k = Hkm + hm tg 6, &(s) (4.4)
r=Hr + {th - tg 8 [Z +h2(L + B L]} 5(s) - h_tg?6; 6'(s)
m m T t8 Y1 m  m 2 m

(4.5)
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Signs are correct for an entrance. Signs for the exit depend on
sign convention for © and T. Adopting that of Fig. 3; eq.(4.4) remains

unchanged whilst r for the exit becomes

2 tg202 2
r=Hr + {mm - tg 92[2km + h2(1 + =25 )118(s) + h tg® 028'(s) (4.6)

A magnet with upstream-downstream symmetry has the property of doubling -
never of cancelling - the contributions from the entrance at the exit.

This is also true for the last term of eq. (4.6) since, when folded with-
another function, -8'(s) yields the derivative at the hard edge point and

that has opposite signs at.entrance and exit.

5. EVALUATION OF THE INTEGRALS

5
Integrating eq.(2.14) by parts, using )

B' = -2a, a' = kB —.Y

and eq.(2.6) to express D" in terms of D one gets

£y = - ;—:Q—;{fksds - /rDpds - /h(kDB + Dy)ds - /h'D'gds
1 exit
- 5(h'DB + hD'B + 2hDa) | '}
' entr.
(5.1)
1 .
Ey = = Zmgol/ (h?-K)Bds + /rDeds + Sh(2kDB + 2D'a -Dy)ds
H
1 exit
- 5(h'Dg - hD'g+ 2hDa) | )

entr.
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In order to simplify the integration we use the hard edge model as

discussed above to describe the longitudinal field distribution h(s) over a

magnet:
h(s) =hpy <=1
|
: HARD EDGE
/ APPROXIMATION
!
I
1
|
|
+- 5
h=0 $2 h=0
h'=0 h'=0

Fig. 2

Thus, the function h(s) is constant everywhere except at the points s,
and s, where h'(s) becomes :ﬁm times the delta function 6(s). The
following integration rule®) holds the n-th derivafive with respect to

s of the delta function:.

st

I8 ® -ty £yae = D® £ (s (5.2)
s—¢

Since in hard edge approximation we shall need only the r.h.s. of egs. (4.4)

and (4.5) we omit the suffix "m" from hereon. Thus all h, k and r refer

to the central part,

to s. we evaluate

Assuming that the central part of the magnet goes from s 2

the contributions to the chromaticity in three steps:

i) entrance (suffix "1")
ii) central part
iii) exit (suffix "2")
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Central part

The contribution can be found from eq.(5.1). Using the hard edge approxima-

tion one gets

1 82 S2 S2 S9 .
BEy = - T {/ kBds - f rDRds = S h(kDB + Dy)ds - -:]é-(hD'B + 2hDa) | }
vV s s1 o8 S1
S2 S 82
AEH = - -[-J}Q— {/ (h2-k)Bds + S rDBds + J h(2kDB + 2D'a - Dy)ds (5.3)
vV s s1 51
. 8o
+ 2(hD'8 - 2hDa) | 3
81

The various integrals can be expressed amalytically by the values at s,.

With £ defined by £ = s_ - s; and introducing the following abbreviations

2

cos (VK %) % >0
C = S = for K = hz—kg
cosh(/TIET 2) sinh (VIR [ .2) <0
. K[
. . . = 0
cos(Z/I? %) sin(2¥Kp & >0
- B = VR
c2= /___, S2 = B for KBg
cosh(2/[Kg | ) sinh(27[Rg[2) <0
VIR
k vertically
where KB =%
K horizontally
one obtains
S2
S K8ds = 2{(R B + Y)L + a(C2-1) + 2(KB -y)S2) (5.4)
s B B 2 R
52 1 h 1 h
ilDBds = EI?;(KBB”) A[(D-f)s- D'g(c-1) + ]
h 1
+ —ZIEK—— E(KBB"Y)SZ + a(C2-1)

B
(5.5)

* 41<1"“’1< {(D-2)a(K-S-52+2C-C2 - 2)+D'a(25-C2 - C-52)
B" K

1 h .o -
+ EK—B- (K8-v) [(D-k-)(2KB-C—S2—K-S-C2)+D'(ZKB-SoSZ+C c2-1)]}
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- 2 _ ' 22 Q8
For K; =0 : ilDBds = DL+ (D'8 =2Da)75 + (Dy-2D"a+ihp) -+
P M
- b 10
2
[ BD(Eg+)ds = h(ke+y) ((D-)S + 2o (- ¢y +ne]}
51 s2 (5.6)
For K =0 : J hD(kB+y)ds = h(kp+y){D2 + -;-D'.Q.z + %‘hﬂ,a}
83 '

Since horizontally one has c2=c%- 1, S2=2S8C and K=KB the corresponding

integral can be written in terms of S, C and K only:

52

£ h(2KDE + 2D'a - D)ds = h(&E +) G - D) ((O-DS + £’ (1-C) + h]}
51 .
+n2 1 &+ DHrmeyse - 20rs?}
+ %—h{Z(Cs-l) [2a(n—§—) (-11-2- + %) -%D' (KB"Y)] (5.7
-2K83[?aD'(-II-2-+%) + (D-%). (Ks-y)]_
+5(1+262) [200" + (@ -P) RE-7) & + D)
~(36-1-2%) [20(D - D)~ 20" (ke=v) & + D]}
s » '
For K = 0 : / h(2kDB + 2D'a~ Dy)ds = h{(2kBB+2D'a — Dy)% + (kD'B - 2kDo + ha
s1
- 2014222 + (kg - 4kD'a + 26Dy - S + k@Y -yl + hkyk )
Entrance

In order to carry out the integration of eq. (2.14) over the fringe
region, we insert k and r as given in chapter 4, eq. (4.4) and eq. (4.5)
respectively. We must be careful with the functions o and D' because of

their discontinuity at the edges:

vertical: o = o} + Bh tge; H(s) ; horizontal: o = a; - gh tgf;. H(s).

D' = D{ +Dh tgo; H(s) 5-8
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But their average values <0> and <D'>, needed for the integratiomn, are

simply obtained by letting <H(s)> = —;— in eq. (5.8).

Inserting the eqs. (4.4) and (4.5) into the eq. (2.14), using eq. (2.6)
and the hard edge approximation (where H becomes the step function and H'
the delta function), one finds for the contribution of the entrance edge

applying the relation (5.2)

8y, T Ty Qv {hB1tgéy - ThD)B; + tg8y [2k+hZ(L + tgd1) D18y
- % h?D;8; tgd e - htge, < -:—S(DB)> - b?Dy8) tgp; — 2hp,<D'>
+ % ‘-i‘-l- (DB)> -—l-hZDlBl tg0,)

Ang= - Z-n'ld'ﬁ {-hBtg8; + ThD;B; —‘tgel[2k+h2(1+tg261)]D1'61

1 d 1 d
+ Eh2 D;B1tgd0; + h'tg261f<a-s-(DB) >+ 2h?DB tgo;+ 5h < g5(@8) >

1
- Z thIBI tge'l}

Carrying out the derivatives with respect to s and substituting the proper

averages one obtains

1. ' 3
Agvi = zﬁa;“PTIh B1D; +B; tg 6:(h + 2kD,) -‘hzﬁxDl tg 6165 - tgz 0,)

houDy (1 - 2 tg?6:) - hBy D} & + tg? 61)} (5.9)

AE = - {Tlhsl D1 - B; tg B8:(h + 2kD,) + hZBIDl tg el(_ + tg 61)
H lmQH

- hoiDy (1 + 2 tg2 0;) + hBlD; (-:],):- + tg2 81)}
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Exit
The contribution of the exit edge reads,with the sign convention

as defined in Fig. 3,

AEV = —— { ~T,hBoDs + Bz tg B2(h + 2kD2) - h2B,D, tg 62(—-- tg? 03)

+ haoDy (1 - 2 tg? 8,) + thD;(% + tg? 6,)}
(5.10)

AE { T2hBaD2 - Bz tg B2(h + 2kDy) + h?B.D, tg 920— + tg? 6,)

H2 4ﬂQH

+ hasDy (1 + 2 tg? 8,) — hBs D;(% + tg? 65)}

6. A CHROMATICITY FORMULA FOR PRACTICAL CALCULATION

Combining the three formulae for the contributions of the entrance,
eq. (5.8), the central part, eq. (5.3), and the exit, eq. (5.9), using eq. (5.7)
and the equivalent relations for the end field region one arrives at a
practical formula to calculate the chromaticity contribution of a magnet

element in terms of the lattice functions at the reference orbit:

So S2 S2
ALy = - 4—135‘ { / kBds - / rDRds ~ S hD(k+y)ds
vV 5 s1 51

+[tg 6(hg + 2Dkp)=htg26(8 D' =-20D -h DB tg &) - ghD' - TheD]

"1“
+[tg 6(hg + 2DkB)+htg26(s D' - 20D +h DB tg 6) + BhD' - ThgD] ! }
llzl!
L= sz 82 (6.1)
i R (h2-k)gds + S rDpds + S h(2kDB + 2D'a - Dy)ds
H s 51 81

+[=tgd hp + 2DkB)+htg2e (RD' - 20D + hDR tge ) + ThED]
"1"

+[~tgo(hB + 2DkB)~htg2e (BD' - 2aD - hDB tg ¢) + ThRD ] }
’ : - ngn
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where  s3 = beginning of the central part (H = 1)
sy = end " " " n n
A = entrance of the fringe region (H = 0)
"2" = eXit ”" " 111 1"
) = entrance or exit angle of the trajectory
1 .
Teos38 - radius of curvature of the end faces
h = %" = curvature of the reference orbit
L 98,(0,0,8) ,
k== — is the quadrupole component
Bp ox of the magnet
file
1 92B,(0,0,5) ) prot1
Y = - — is thé sextupole component
Bp 9x2
D, D' are the dispersion function and its derivative
a, B, Y . are the Twiss functionms.

The various integrals were already evaluated, see egs. (5.4) to (5.7),

The sign convention for g, T and p are all positive as shown in the

following figure:

1
1'200592

—

Fig.3

Summing the contributions of all magnetic elements of the circumference

one obtains the total chromaticity.
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7.  EXAMPLES

Eqs. (6.1) were evaluated to obtain the natural chromaticity of
a number of small focusing rings. The results, summarized in Table 1,
agree with the chromaticity obtained by the method of Peggs") which
uses the program TRANSPORT3). All other computer programs known to ﬁs
gave significantly different results for our small rings where D/p
is not negligible. Details about the selected machines may be seen

from Table 1 and from the computer outputs attached.
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APPENDIX Outputs of the Twiss functions

for machines used as test cases

- LEAR, TARN
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