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Luminosity at very low betas -

When the bunch lengths are not short compared to the beta
values, then the approximation of cylindrical beams over the
whole interaction region which is assumed in Ref. 1) is no more
valid and the integrals must extend over the lomgitudinal coor-

dinate as well :

Z = wrw W% o (L
where
1 [ vatf[[f i1(x,y, s+vt) i,(x,y, s-vt) dx"dy ds
== 2 o Cama - g e (2)
v [[[ ifx.¥,s) dx dy ds:[f[ ia(x,y,s) dx dy ds

V is the interaction volume in 3-dimensional space, defined by the
vertex distribution obtained through integration over the time

variable t .

Assuming no coupling between the motioms in x,y and s and
using the effective width and height defined in Ref. 1) ome can

write the luminosity as :

T ¢ N4N V8 Y8
. zf %0 YO g(s) ds , (3)
2TR w Bx(s) h Vﬁy(s)

where the /g take care of the beam size variations around the

focus, and g(s) ds is the longftudinal crossings distribution

shown in Fig. 1,a and worked out in Appendix 4,
g(s) ds = S £,(s=t) fy(s+t) dt ds , (4)

where fi; and f2 are the longitudinal bunch profiles.
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The variance of g 1is related to the variances of £; and

£, in a simple way

+V.) o, (3)
g A

(see Appendix A), which can be demonstrated in an example.

Let us assume that in the p-E collider, protons and anti-
protons have bunches of 2 ns full length, with a parabolic

distribution. Then

2 ns
g L= \/V = = 0.134 m
bunch fI 5 2 /5

/Y2 = 0.095m .

and

of . =g
crossings bunch

When the bunch length is not small compared to the beta value at the

crossinmg point, then ome should distinguish the interaction rate from

the crossings-raté and express the vertex distributiom by :

[~ B__ 8
h(s) ds ,\j___EE__ZE__ g(s) ds . (6)
BL(s) By(s)

.

This new distribution shows, away from the centre, a reduction

of the number of interactioms.

The reduction of luminosity due to the divergences of the

beams (shown by the beta functions) may be expressed as follows :

R(k) :f g(s) ds /f_z_(_ﬂ , (7)
4 B, (s) BY(S) v B__ B .
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where k 1is a parameter proportional to the length of the inter-

action region and inversely proportional to the beam divergeance.



Numerical application

In order to get a numerical estimate for R(k) we are

choosing a parabolic distribution for the bunches,

1 <5) ® 4 |s| < 2

- (= s > |s| <

gs) =< \} (8)
0 , Is| > 2,

with v = %5

The crossings distribution is obtained by introducing the
above distribution into Equ. 4. Since the bunches are symmetric
the crossings distribution will also be symmetric and it is enough

to solve Equ. 4 for s > O only; hence,
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1

which can be integrated to give

1 -5 (%) 2+ 5 <§> ?- (%) ° , 0<s <2
g(s) = (10)

with Vg = 22/10 .

The functions f(s) and g(s) are shown on Fig. 1, b.

In order for Equ. 7 to be easely integrated, we further
assume that Bx(s) ¥ By(s) so that we can call B8(s) ~ VBx(s) BY(S)
and describe the s-dependence in the interaction region by

= 2
B(s) So + s /Bo .

The luminosity reduction then reads

2 2
R(K) =f g(s) ds /f g(s) ds . (11)
n 1+ 52/86 0)



R(k)

This last integral gives

2 2 3 5 S |
S S S 3

S0 @) -0 l=-%

0
and Equ. 1l can be rewritten

. k
5
0 k2 k3 kS 1 + x2

where x = s/2 and k = 2/80 .

Equ. 13 can be integrated by the use of standard integrals and

yields :
,,?]5-}_ 1+ atink.- L (5+1—- gn (1 + k%) -k -—-21}.
k2 2Kk* k2 4k2 )~

(14)

Fig, 2 shows the importance of the effect in terms of the para-

2 2 . .
meter k = &/8 . Note that & = //21/2 + %,/2 is the quadratic mean of

the half bunch length and putting By A v/ Bo Byo is an approximation

which is, of course, the better the closser on and Byo are.
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APPENDIX A : Crossings distribution g(s) ds

Let us assume that the longitudinal distribution of the two

bunches, shown on Fig. l,a are given by :
£,(s) ds and f,(s) ds,

with the following moments :

+c0 +co
[ £1(s) ds = [ £,(s) ds =1
- oo - +c0
s; = [ £1(s) sds, sp = [ £2(s) s ds (Al)
-—;Z +c ——2- +
s; = [E,(s) s2ds, sz = [ f,(s) s2ds,

and the variances :

2 =2 2 =2
Vfl = 8§51 = 8] , sz = Sy = S,
Then the longitudinal distribution of the points where particles

will cross each other is given by
~ oo
g(s) ds = [V }' fl(s -vt) fz(S + vt) dt] ds , (AZ)

which is a convolution product but with unusual variables and

normalization. Let us first compute the nmorm n , adopting a time
like variable t instead of vt for the following integration :
+o +oo

n = [ ds [ £)(s-t) £,(s+ t)dt . (A3)
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With a first substitution : u=s + t , du = dt, one has
+o0 foo

n = f fo(u) du f £,(2s = u) ds , (A4)

-0 -0

and by further use of w=2s - u, dw = 2 ds , one gets

n,% (a5)

For the first moment of g(s) ds we have

- 1 ARt

s = = wa g(s) s ds , or

- +x ©

s = 2 [sds [f(s-t) fu(s + t) dt , (46)

which by substituting : u=3s + t , du = dt , becomes

+o +oo
2 [ £(u) du [ £,(2s = u) sds ; (A7)

- -co

S

and by : w = 28 - u , dw = 2 ds s we get

L =
7 j‘ fz(u) du f f]_(w) (u + w) dw , (A8)
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and finally, using Equ. Al, we have

[/} ]
[}
|-

T+ 5 |. (49)

For the second moment,
—_— +0

s = %- / g(s) s2ds ,

-c0

a similar algebraic sequence leads to

‘ 2 —
. (s1 +.s-§ + 2575 . (A10)

And from Equ. A9 and Equ. AlQO the variance of g can be computed

1
Vg = Z(Vfl + sz)

(Al1l)
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