Constant Step Size Stochastic Gradient Descent
for Probabilistic Modeling
Supplementary material
In this supplementary material we provide explicit expressions for the asymptotic expansions from the

main paper. All assumptions from [2] are reused, namely, beyond the usual sampling assumptions, smooth-
ness of the cost functions.

1 Explicit form of B, B, B* and B™
We have, even for mis-specified models:
F() = F ) = G(w) — G(ps) =
=E[ — Epyfon)¥n(@n) + a((@n)) + Ep(y, o) Ynt (@n) — ali(a))] =

= E[a(n(n)) = (1. (20)) = @' (0 (@0)) (1@0) = 1o (@) | + B[ (@' (00 (@0)) = By o 9n) - ((@0) = 1. (2)) | =
E[Da ()| (@) + B[ (@) = 10 (@) - (1) = n-(wa))] =

E[Da- () 112 (@) | + | (10(2) = p10s (@) - ()| (1)

for D, the Bregman divergence associated to a, and D,~ the one associated to a*. We also use the optimality
condition for the predictor 7, (z): En.(z)[a’(n«(2)) — Ep(g)y)y] = 0 in the last step.

When the model is well-specified, we have a'(1.(zy,)) = E(y,|z,) and thus F(n)—F(n.) = E[Dax (p (2 || n(z0))].
If n is linear in @ (), and even if the model is mis-specified, then we also have F/()—F(1.) = E[Dq- (p () || (z0))].

Using asymptotic expansions of moments of the averaged SGD iterate with zero-mean statistically inde-
pendent noise f,,(0) = F(0) 4+ £,(0) from [1], Theorem 2 one obtains:

0y =Er, (0) =0, +7A+ O(7?), (2)

Er (0 —0.)(0 —0.)7 =7C +0(y*), (3)

where .
C=I[F'(6.)@I+IxF"6,)] X
and ¥ = [ £(0)%?n,(df) € R,
Rd

The 7 drift” ?W — 0, is linear in v and can be interpreted as an additional error due to the function is not
being quadratic and step sizes are not decaying to zero.

Connection between A and C' can be easily obtained using 6,, = 0,1 — W[F’(anl) + 5n]. Taking
expectation of both parts and using Tailor expansion up to the second order:

F"(0.)0, — 0.) = %F’“(&)EM 0—06,)% =

F'(0)A = %F”’(a*)a (4)



1.1 Estimation without averaging

We start with the simplest estimator of the prediction function: ug(x) = a’(®78,,), where we do not use any
averaging:

(1) — S(1e) = F(80)  F(B) = F/(B) (0 = 02) + 3 (6.)(6n — 6.0 + £ £ (0.)(6, — 6.)° + O(*?)

Taking expectation of both sides, when n — co and using Eq. (3) one obtains:

A() = Ex, f(8) — F(8.) = 3xf"(0.09C + 07,

So, we have linear dependence of v and B = %trf”(e*)C.

1.2 Estimation with averaging parameters

Now, let us estimate A(v):

9(ﬂn) - 9(”*) = f(én) - f(e*) = f/(Q*)(Qn - 9*) + %(én - 9*)fll(9*)(én - 9*) + 0(73)~

Taking expectation of both sides, when n — oo:

(1) = §(1) = f(B) = J(0.) = 01" (0)(B — 007 + O(1%) = 51" (0.)7*A% + O().

Finally we have a quadratic dependence of ~:

1
A(y) = 5tr (0072 A%2 + O ().
And the coefficient B = trf”(6,) A2,

1.3 Estimation with averaging predictions

Recall, that by definition, A(y) = S(fty) — S(ps), where fiy(z) = Er a/(07®(x)). We again use Tailor
expansion for o’ (67 ®(z)) at 6*:

d (07 ®(z)) =d (0] ®(z)) +a” (0, ®(x)) (0 — 0.)" ®(z) + %a”’(@;r@(x)) : ((9 - 9*)T<I)(x))2 +0(*?).
Taking expectation of both parts:

fin (1) = e (@) + " (67 0(2) (B — 0.)TB(a) + a” (6] @) [ () D(a) TE(D — 6,)°] + O(2*1%) =

=y (2) +a" (0] ®(z))7AT @(x) + %a”’(@j@(m))tr[@(m)@(m)T’yC] +0(*?).

Finally, we showed, that:

fin(2) — ) = O12) 4 [0 (1. (@) AT () + " (. () r[2()2C]

Now we use Bregram divergence notation Eq. (1):
A(y) = S(fty) = S(p1+) = S1 + S,

As mentioned above, the term G2 vanishes if model is well-specified or 7 is linear in ®(x). Note, that for
the case A(y) indeed linear in ®(x).



1.3.1 Estimation of G;.

By definition Do~ (p.(z)||p(2)) = %(M*( ) — () (@) (pre () (s () — () and
1 (pa(@) = iy (2)° A2 p(a” (7(2)) AT () + S0 (. () tr[@(x)22C])?
91 = §]E a"(0T®(x)) ?E[ a”(;*TCI)(:r)) }
Since
E, (o (6] ®(2)) (AT®(2))?| = AT " (6.)A
and

E, [AM"’(@I@@))@(@WC} = AT 70,0 = —2A7 f7(6,)A,

1 " 1 ra"” (n(x ))2 2
— AT (008 + 8E[W - (ir[@(@)*2C])’]

And the coefficient B = —3ATf(0,)A + 3E [% . (tr[tb(a:)@CDQ]

G =72 +0(7%)

1.3.2 Estimation of Gs.
G2 = B[ (1e(@) = s (@) - (@) = . ()|

using properties of conjugated functions,
G2 = E[((a") (@) — (a") (1a(@)) - (112 (&) = pron(@)) | =
E[(a")" (e () (@) = 1a(2)) - (1 (2) = pron(2)) + O(2) =

:EW (s (@) = pas(2)) + O(7?) =

)
a” (. (x)) |
2a"(n«(2))

And the coefficient B™ = E(ATCI)(x) %tr[ (I)®2C]> : (u*(x) - u**(x)>

— B[ (A7) + tr[0(0)%2C]) - (o)~ e (a)) | + 012
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