A MISSING PROOFS

Lemma 1. Let f be a L-smooth function over a convex compact domain D, and define diam(D) := supy yep [[x—¥||.
Then C; < diam*(D)L.

Proof. Let Vx,s € D,y € (0,1], and y = x + (s — x). The smoothness of f implies that f is continuously
differentiable, hence we have:

[F) = £() = V1) (v = x)|

1
= ‘/ (Vix+tly —x) - Vi) (y —x) dt‘ (Mean-value theorem)
0
1
< / ’(Vf(x +iy —x) = V) (y - x)‘ dt (Triangle inequality)
0
1
< / IVf(x+tly —x))— Vi) |ly —x]|| dt (Cauchy-Schwarz inequality)
0
! 2 2 L’YQ .2 .
< | tLys —x||7 dt < leam (D) (Smoothness assumption of f)
0

It immediately follows that
A 2 Ly 2 2 )
Cr < ?leam (D) = diam“(D)L
|
Theorem 2. Consider the problem (2) where f is a continuously differentiable function that is potentially nonconvex,

but has a finite curvature constant C'f as defined by @) over the compact convex domain D. Consider running
Frank-Wolfe (Algo. [T), then the minimal FW gap g7 := ming<;<7 g; encountered by the iterates during the algorithm

after 1" iterations satisfies: ~ _
gT § max{Qhon, vV Qhocf}’ VT > 0
VT +1

where hg = f(x(9)) — minyep f(x) is the initial global suboptimality. It thus takes at most O(1/¢?) iterations to find
an approximate KKT point with gap smaller than .

(1)

Proof. Lety := x + ~vd, where d := s — x is the update direction found by the LMO in Alg. 1} Using the definition of
C, we have:

1) = F(¥) = F() =7V F()Td + f(x) + 9V f(x)7d
< (9 +VF)Td+ |f(y) = f(x) =1V F ()]
< () +9VF(x)Td+ 50y

Now using the definition of the FW gap g(x) and for YC > C/, we get:

2
) < £ =19+ 5-Cp. ¥y € (0,1] (1s)

Depending on whether C' > 0 or C' = 0, the R.H.S. of (I3) is a either a quadratic function with positive second order
coefficient or an affine function. In the first case, the optimal v* that minimizes the R.H.S. is v* = ¢g(x)/C. In the
second case, v* = 1. Combining the constraint that v* < 1, we have v* = min{1, g(x)/C}. Thus we obtain:

)= 169 —min { 2, (560 - § ) Bymyoc ) 16



holds for each iteration in Alg.[T} A cascading sum of (I6) through iteration step 1 to 7' + 1 shows that:

(T+1) oy N~ [ 92 x0) wy_ C
f(x ) < f(x )—me 0 g(x") — 35 Iyxysc (17)
t=0
Define 7 := ming<;<7 g(x*)) be the minimal FW gap in T + 1 iterations. Then we can further bound inequality (17)
- T+1 0 9% c
FETED) < F() = (T +1) min { ek (gT - 2) HgT>c} (18)

We discuss two subcases depending on whether gr > C or not. The main idea is to get an upper bound on gr by
showing that g7 cannot be too large, otherwise the R.H.S. of (18) can be smaller than the global minimum of f, which
is a contradiction. For the ease of notation, define o := f(x(°)) — minyep f(x), i.e., the initial gap to the global
minimum of f.

Case.Ifgr > Cand gr — & § gg from 1) then:

0.< FTH) —min () < F) ~ min 7() — (T + 1)gr — 0) = ho — (T + )(ar ~ 5)

which implies

- ho c 2hoC
< —— 4+ — < 1/T
C<9T_T+1+2:>9T_T+1 o(1/T)
On the other hand, solving the following inequality:
~2 212
C—ngT—g<gT< 4hgC* 1

2 2 =20 = (T+1)220

we get
T+ 1 < 2hy

This means that g decreases in rate O(1/T") only for at most the first 2k iterations.

Casell.If gr < Corgr — % ¢ > qT . Similarly, from (1 , we have:

< (T+1) (0) gl_ _ 9%
0 < F(xTHV) — min £(x) < f(x©) = min f(0) = (T + 1) 2L = ho — (T + 1)
which yields
2hoC
T+1

gr <

Combining the two cases together, we get gr < QT}LJ": if T+ 1 < 2hg; otherwise gr < QT}‘JOS Note that for 7" > 0,

vT +1 < T+ 1, thus we can further simplify the upper bound of gr as:

< max{2hoC, /2hoC}

re VT +1
]
Lemma 3. Let f(W) = 1||P — WWT||% and define V2f(W) := dvec V f(W)/0vec W. Then:
VW) =WIW I, + I, @ (WWT - P)
+ (WT @ W)K s (12)

where K,,;, is a commutation matrix such that K ,,;, vec W = vec W 7.



Proof. Using the theory of matrix differential calculus, the Hessian of a matrix-valued matrix function is defined as:

__OvecVf(W)
VA (W) = dvecW

Using the differential notation, we can compute the differential of V f (W) as:
AVF(W) =dWWT — PYW = (dW)YWIW + W @w)?w + wWwT dw — Paw
Vectorize both sides of the above equation and make use of the identity that vec(ABC) = (CT @ A) vec B for A, B,C
with appropriate shapes, we get:
vecd V(W) = (WIW @ I,,) vecdW + (W' @ W)vecdWT + (I  (WWT — P))vecdW

Let K, be a commutation matrix such that K,;, vec W = vec W7 . We can further simplify the above equation as:

vecdVf(W) = (W W I, + W@ W)Ki + I @ (WWT — P)) vecdW (19)
It then follows from the first identification theorem [Magnus and Neudecker, 1985, Thm. 6] that the Hessian is given by

VIEW) = (WIW & I, + Iy @ WWT — P) + (WT @ W)K,j,) € RMF>nF
As a sanity check, the first two terms in V2 f (W) are clearly symmetric. The third term can be verified as symmetric as
well by realizing that K, = K%, and

WeoWT = Ky (WT @ WK,

Lemmad. sup w>o, |[|[WIW]|2 =n.
Wlk_:].n,

Proof. YW > 0, if W1 = 1,,, then by the Courant-Fischer theorem:

[WIW ||y = max IWIW v, (Courant-Fischer theorem)
veR

)
[[vlla=1

= max [[WIWv]|;
VGRi,
[Iv]l2=1

< max [[WIWv||,
veR®

)

[[V][o<1
= HWT1nH2
< WLl =n

(Perron-Frobenius theorem)
(W >0,W1, =1,)

To achieve this upper bound, consider W = 1,el, where e, is the first column vector of the identity matrix Ij.

In this case WTW = e;171,el = nejel, which is a rank one matrix with a positive eigenvalue n. Hence
sup |[WITW ||y = n. |

Lemma 5. Letc := ||P|o. f = 1||[P = WWT||% is (3n + ¢)-smoothon D = {W € R** | W1; = 1,}.

Proof. Recall that the spectral norm || - ||2 is sub-multiplicative and the spectrum of A ® B is the product of the
spectrums of A and B. Using (12)), we have:

IV2f W)l = [[WIW @ I, + I @ WWT = P)+ (WT @ W) Ky |2

<|WIW @ Lillz + ||k @ (WWT = P)lla + (W5 @ W) Kl
= WIW [ Lullz + [Tkl [WWT — Pll2 + [[WT @ W||a| | K|
= |[WIWIa + [[WWT = Pll2 + [[WT @ W]l

< 3[[WTW|[z + || P|l2

<3n+c

The result then follows from Lemma[2]

(Triangle inequality)
(submultiplicativity of || - ||2)
(nll2 = [Hkll2 = [ Knkll2 = 1)
(Triangle inequality)

(Lemma [4)



Lemma 6. Let D = {W € R** | W1 = 1,,}. Then diam*(D) = 2n with respect to the Frobenius norm.

Proof.
diam?(D) = sup ||W — Z||%

W,ZeD

= sup > (Wi —Zy)* = sup Y Wi+ Z7 —2W;;Z;;
W,ZeD i W,ZeD pr

S sup Z WZQJ +Zi2j < sup Z Wij + Zyj
W.2€P w zep W.Z€D 72

=2n

Note that choosing W = 1eT and Z = 1,,e] make all the equalities hold in the above inequalities. Hence diam? (D) =
2n. ]

Lemma 7. inf w>o [|[V2f(W)|]2 > n/k? —c.
Wie=1,

Proof. For amatrix A, we will use o;(A) to mean the ith largest singular value of A and A\, 42 (A), Amin(A) to mean the
largest and smallest eigenvalues of A, respectively. Recall V2 f (W) = WIWRL,+ L, WWT —P)+(WTQW)K .
For W > 0,W1, = 1, let r = rank(W). Clearly » > 1. We have the following inequalities hold:
IV2F W)l = [[WEW @ I + Iy @ (WWT = P) + (W@ W) Kokl
> Amaz (WWT @ L+ (WT @ W)Kpi) + Amin (Ie @ (WWT = P)) (Wey!’s inequality)
> Anar(WWT @ 1) + Apin (WT @ W)Koi) + Amin (It @ (WWT — P))
= Amaz(WWT) + Xpin W @ W) + A (WWT — P)
> Amaz (W) + Ain (W @ W) + Ain (W) = A (P)
=07 (W) + 207 (W) = Aaz(P)

>of (W) —c (I1P[l2 < 11P[lr)
1
> —|WilE e (r- ot (W) > [|W]|%)
1
> |WE - (rank(WW) < k)
n k
1 2
SODNCE
i=1 j=1
n k 2
1 1 Wij
> T Zk <z:j_k1;]> —c (Cauchy ineq.)
i=1
n
= ﬁ — C

where the first three inequalities all follow from Weyl’s inequality. ]
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