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Abstract

In this paper, we provide necessary and sufficient conditions for the ex-
istence of a cyclic m-cycle system of K,, — I when m and n are even and
m | n.

1 Introduction

Throughout this paper, K, will denote the complete graph on n vertices, K,, — I will
denote the complete graph on n vertices with a 1-factor I removed (a 1-factor is a
l-regular spanning subgraph), and C,, will denote the m-cycle (vy,vq,...,v,). An
m-cycle system of a graph G is a set C of m-cycles in G whose edges partition the
edge set of G. An m-cycle system is called hamiltonian if m = |V(G)].

Several obvious necessary conditions for an m-cycle system C of a graph G to
exist are immediate: m < |V(G)|, the degrees of the vertices of G' must be even, and
m must divide the number of edges in G. A survey on cycle systems is given in [4]
and necessary and sufficient conditions for the existence of an m-cycle system of K,
and K, — I were given in [1, 16] where it was shown that an m-cycle system of K,
or K, — I exists if and only if n > m, every vertex of K, or K,, — I has even degree,
and m divides the number of edges in K,, or K, — I, respectively.
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Throughout this paper, p will denote the permutation (01 ... n—1), so (p) = Z,.
An m-cycle system C of a graph G with vertex set V(G) = Z, is cyclic if, for every
m-cycle C' = (vy,vg, ..., vy) in C, the m-cycle p(C) = (p(v1), p(va), ..., p(vm)) is also
in C. A cyclic n-cycle system C of a graph G with vertex set Z, is called a cyclic
hamiltonian cycle system. Finding necessary and sufficient conditions for cyclic m-
cycle systems of K, is an interesting problem and has attracted much attention (see,
for example, [2, 3, 6, 7, 10, 11, 13, 15]). The obvious necessary conditions for a
cyclic m-cycle system of K, are the same as for an m-cycle system of K,,; that is,
n > m > 3, nis odd (so that the degree of every vertex is even), and m must divide
the number of edges in K,. However, these conditions are no longer necessarily
sufficient. For example, it is not difficult to see that there is no cyclic decomposition
of Ki5 into 15-cycles. Also, if p is an odd prime and a > 2, then K,» cannot be
decomposed cyclically into p*-cycles [7].

The existence question for cyclic m-cycle systems of K, has been completely
settled in a few small cases, namely m = 3 [14], 5 and 7 [15]. For even m and n =1
(mod 2m), cyclic m-cycle systems of K, are constructed for m = 0 (mod 4) in [13]
and for m = 2 (mod 4) in [15]. Both of these cases are handled simultaneously in
[10]. For odd m and n =1 (mod 2m), cyclic m-cycle systems of K, are found using
different methods in [2, 6, 11]. In [3], as a consequence of a more general result, cyclic
m-cycle systems of K, for all positive integers m andn =1 (mod 2m) withn > m >
3 are given using similar methods. In [7], it is shown that a cyclic hamiltonian cycle
system of K, exists if and only if n # 15 and n &€ {p® | p is an odd prime and o > 2}.
Thus, as a consequence of a result in [6], cyclic m-cycle systems of Koppipm exist
for all m # 15 and m ¢ {p® | pis an odd prime and @ > 2}. In [17], the last
remaining cases for cyclic m-cycle systems of Ko,11., are settled, i.e., it is shown
that, for k& > 1, cyclic m-cycle systems of Koppip exist if m = 15 or m € {p® |
p is an odd prime and o > 2}. In [19], necessary and sufficient conditions for the
existence of cyclic 2¢-cycle and m-cycle systems of the complete graph are given
when ¢ is an odd prime power and 3 < m < 32. In [5], cycle systems with a sharply
vertex-transitive automorphism group that is not necessarily cyclic are investigated.
As aresult, it is shown in [5] that no cyclic m-cycle system of K, exists if m < n < 2m
with n odd and ged(m,n) a prime power. In [18], it is shown that if m is even and
n > 2m, then there exists a cyclic m-cycle system of K, if and only if the obvious
necessary conditions that n is odd and that n(n — 1) =0 (mod 2m) hold.

These questions can be extended to the case when n is even by considering the
graph K,, — I. In [3], it is shown that for all integers m > 3 and k > 1, there exists
a cyclic m-cycle system of Ky,,x12 — I if and only if mk = 0,3 (mod 4). In [12], it is
shown that for an even integer n > 4, there exists a cyclic hamiltonian cycle system
of K, — I if and only if n = 2,4 (mod 8) and n # 2p* where p is an odd prime and
a > 1. In [8], it was shown that in every cyclic cycle decomposition of K, — I, the
number of cycle orbits of odd length must have the same parity as n(n —1)/2. As a
consequence of this result, in [8], it is shown that a cyclic m-cycle system of Ky, — I
can not exist if n = 2,3 (mod 4) and m # 0 (mod 4) or n = 0,1 (mod 4) and m
does not divide n(n — 1). In this paper we are interested in cyclic m-cycle systems
of K,, — I when m and n are even and m | n. The main result of this paper is the
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following.

Theorem 1.1 For an even integer m and integer t, there exists a cyclic m-cycle
system of K,y — I if and only if

(1) t=0,2 (mod4) when m =0 (mod8),

(2) t =0,1 (mod4) when m = 2 (mod 8) with t > 1 if m = 2p™ for some prime p
and integer a > 1,

(3) t > 1 when m =4 (mod8), and
(4) t=0,3 (mod4) when m =6 (mod8).

Our methods involve circulant graphs and difference constructions. In Section 2,
we give some basic definitions and lemmas while the proof of Theorem 1.1 is given
in Sections 3, 4 and 5. In Section 3, we handle the case when m = 0 (mod 8) and
show that there is a cyclic m-cycle system of K,,; — I if and only if £t > 2 is even. In
Section 4, we handle the case when m = 4 (mod 8) and show that there is a cyclic
m-cycle system of K,,; — I if and only if ¢ > 1. In Section 5, we handle the case
when m = 2 (mod 4). When m =2 (mod 8), we show that there is a cyclic m-cycle
system of K,,;, — I if and only if £ = 0,1 (mod 4). When m = 6 (mod 8), we show
that there is a cyclic m-cycle system of K,,; — I if and only if t = 0,3 (mod 4). Our
main theorem then follows.

2 Preliminaries

The notation [1,n] denotes the set {1,2,...,n}. The proof of Theorem 1.1 uses
circulant graphs, which we now define. For x # 0 (modn), the modulo n length of
an integer x, denoted |z|,, is defined to be the smallest positive integer y such that
x =y (modn) orz = —y (modn). Note that for any integer = # 0 (mod n), it follows
that |z|, € [1,[5]]. If L is a set of modulo n lengths, we define the circulant graph
(L),, to be the graph with vertex set Z, and edge set {{4,j} | |i — j|» € L}. Notice
that in order for a graph G to admit a cyclic m-cycle decomposition, G must be a
circulant graph, so circulant graphs provide a natural setting in which to construct
cyclic m-cycle decompositions.

The graph K, is a circulant graph, since K,, = ({1,2,...,[n/2]}),. For n even,
K, —1I is also a circulant graph, since K,, — I = ({1,2,...,(n—2)/2}), (so the edges
of the 1-factor I are of the form {i,i +n/2} fori =0,1,...,(n —2)/2).

Let H be a subgraph of a circulant graph (L),. The notation ¢(H) will denote
the set of modulo n edge lengths belonging to H, that is,

(H)={teL|{g,9+(} € E(H) for some g € Z,}.

Many properties of /(H) are independent of the choice of L; in particular, the next
lemma in this section does not depend on the choice of L.
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Let C' be an m-cycle in circulant graph (L), and recall that the permutation
p=(01... n—1), which generates Z,,, has the property that p(C') € C whenever C' €
C. We can therefore consider the action of Z,, as a permutation group acting on the
elements of C. Viewing matters this way, the length of the orbit of C' (under the action
of Z,) can be defined as the least positive integer k such that p*(C) = C. Observe
that such a k exists since p has finite order; furthermore, the well-known orbit-
stabilizer theorem (see, for example [9, Theorem 1.4A(iii)]) tells us that &k divides n.
Thus, if G is a graph with a cyclic m-cycle system C with C' € C in an orbit of length
k, then it must be that k divides n = |[V(G)| and that p(C), p*(C),. .., p" H(C) are
distinct m-cycles in C.

The next lemma gives many useful properties of an m-cycle C' in a cyclic m-cycle
system C of a graph G with V(G) = Z,, where C' is in an orbit of length k. Many
of these properties are also given in [7] in the case that m = n. The proofs of the
following statements follow directly from the previous definitions and are therefore
omitted.

Lemma 2.1 Let C be a cyclic m-cycle system of a graph G of order n and let C' € C
be in an orbit of length k. Then

(1) [6(C)| = mk/n;
(2) C has n/k edges of length £ for each ¢ € ¢(C);
(3) (n/k) | ged(m, n);
Let k> 1 and let P : vy = 0,01, ... Uk be a subpath of C' of length mk/n. Then
(4) if there exists £ € ((C) with k | £, then m = n/ ged(¢, n),
(5) Vmkjm = kx for some integer v with ged(x,n/k) =1,
(6) V1,2, ..., Ui are distinct modulo k,
(7) L(P) =14(C), and
(8) P,pt(P), p**(P),...,p" *(P) are pairwise edge-disjoint subpaths of C.

Let X be a set of m-cycles in a graph G with vertex set Z, such that C = {p*(C) |
CeX,i=0,1,...,n—1} is an m-cycle system of G. Then X is called a generating
set for C. Clearly, every cyclic m-cycle system C of a graph G has a generating set
X as we may always let X = C. A generating set X is called a minimum generating
set if C' € X implies p'(C') € X for 1 < ¢ < n unless p'(C) = C.

Let C be a cyclic m-cycle system of a graph G with V(G) = Z,. To find a
minimum generating set X for C, we start by adding C; to X if the length of the
orbit of (] is maximum among the cycles in C. Next, we add C5 to X if the length
of the orbit of Cy is maximum among the cycles in C \ {p"(C;) | 0 < i < n —1}.

Continuing in this manner, we add C'3 to X if the length of the orbit of ('3 is maximum
among the cycles in C\ {p"(C4), p'(C2) | 0 < i < n—1}. We continue in this manner



H. JORDAN AND J. MORRIS / AUSTRALAS. J. COMBIN. 67 (2) (2017), 304-326 308

until {p*(C) | C € X,0 <i <n— 1} = C. Therefore, every cyclic m-cycle system
has a minimum starter set. Observe that if X is a minimum generating set for a
cyclic m-cycle system C of the graph (L), then it must be that the collection of sets
{{(C) | C € X} forms a partition of L.

In this paper, we are interested in the cyclic m-cycle systems of K,, — I where
n = mt for some positive integer t. Suppose K, has a cyclic m-cycle system C for
some n = mt. Let X be a minimum generating set for C and let C' € X be a cycle in
an orbit of length k. Then, ¢(C) has mk/n = k/t lengths which implies that k = ¢t
for some integer ¢. Also, since [((C)| = ¢, it follows that ¢ | m. The following lemma
will be useful in determining the congruence classes of ¢ based on the congruence
class of m modulo 8.

Lemma 2.2 Let m be an even integer and let K,,; — I have a cyclic m-cycle system
for some positive integer t.

(1) If {1,2,...,(mt — 2)/2} has an odd number of even integers, then t is even.

(2) If {1,2,...,(mt — 2)/2} has an odd number of odd integers, then t is odd.

Proof: Let m be even and suppose K,,; — I has a cyclic m-cycle system C for some
positive integer t. Let V(K ,t) = Zyy, and let X be a minimum generating set for C.

Suppose first that {1,2,...,(mt — 2)/2} has an odd number of even integers. Since
the set {£(C) | C' € X} is a partition of {1,2,..., (mt —2)/2}, there must be an odd
number of cycles C' in X with ¢(C') containing an odd number of evens. Let C € X
be a cycle in an orbit of length &£ with an odd number of even edge lengths. Let
|¢(C)| = ¢ and note that k = ¢t. From Lemma 2.1, we know that the subpath of C
starting at vertex 0 of length ¢ ends at vertex jk with ged(j, m/¢) = 1.

Suppose first & is odd. Then ¢ and ¢ must both be odd. Thus m/¢ is even so that
jk is odd. Hence, ¢(C) contains an odd number of odd integers and, since [((C')] is
odd, an even number of even integers, contradicting the choice of C. Thus, k is even.
Since k is even, jk is even. Thus, ¢(C') contains an even number of odd integers. If ¢
is even, then ¢(C') also contains an even number of even integers, contradicting the
choice of C'. Thus, ¢ is odd. Since k is even and k = /¢, it must be that ¢ is even.

Now suppose {1,2, ..., (mt—2)/2} has an odd number of odd integers. Hence there
are an odd number of cycles C' in X with ¢(C') containing an odd number of odd
integers. Again, let C' € X be such a cycle with [¢((C)| = ¢, in an orbit of length
k = (t. Let the subpath of C starting at vertex 0 of length ¢ end at vertex jk with
ged(7,m/l) = 1. Now, if k is even, then jk is even so that ¢(C') contains an even
number of odd integers, contradicting the choice of C. Thus k is odd. Since k = /i,
we have that ¢ is odd. 0J

The following corollary is an immediate consequence of Lemma 2.2 and [12].

Corollary 2.3 For an even integer m and a positive integert, if there exists a cyclic
m-cycle system of K, — I, then
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(1) t=0,2 (mod4) when m =0 (mod8),

(2) t=0,1 (mod4) when m = 2 (mod 8) with t > 1 if m = 2p™ for some prime p
and integer a > 1,

(3) t=0,3 (mod4) when m =6 (mod8), and
(4) t > 1 when m =4 (mod8).

Let n > 0 be an integer and suppose there exists an ordered m-tuple (dy, ds, . . .,
d,,) satisfying each of the following:

(i) d; is an integer for 1 = 1,2, ..., m;
(i) |di| # |d;| for 1 <@ < j <m;
(ili) dy +dy + -+ -+ dy, = 0(modn); and
(iv) di+do+---+d, Zdy+dy+ -+ ds(modn) for 1 <r <s<m.

Then an m-cycle C' can be constructed from this m-tuple, that is, let C' = (0, dy, dy +
dy,...,di+do+--+d,_1), and {C} is a minimum generating set for a cyclic m-cycle
system of ({dy,ds, ..., dy})n. Thus, in what follows, to find cyclic m-cycle systems of
(L), it suffices to partition L into m-tuples satisfying the above conditions. Hence,
an m-tuple satisfying (i)-(iv) above is called a difference m-tuple and it corresponds
to the m-cycle C'= (0,dy,dy +ds,...,dy +do+ -+ -dy1) in (L),.

3 The Case when m =0 (mod 8)

In this section, we consider the case when m = 0 (mod 8) and show that there exists
a cyclic m-cycle system of K,,; — I for each even positive integer t. We begin with
the case t = 2.

Lemma 3.1 For each positive integer m = 0 (mod 8), there exists a cyclic m-cycle
system of Ko, — 1.

Proof: Let m be a positive integer such that m = 0 (mod8), say m = 8r for
some positive integer r. Then Ky, — I = (5")a,, where §" = {1,2,...,m — 1} =
{1,2,...,8r — 1}. The proof proceeds as follows. We begin by finding a path P of
length m/2 = 4r, ending at vertex m, so that C' = P U p™(P) is an m-cycle. Note
that ({2})a,, consists of two vertex disjoint m-cycles. For the remaining 4r — 2 edge
lengths in S”\ (¢(P) U {2}), we find 2r — 1 paths P; of length 2, ending at vertex
4 or —4, so that C; = P, U p*(P) U p®(P;) U - - p*™~4(P;) is an m-cycle. Then this
collection of cycles will give a minimum generating set for a cyclic m-cycle system of
Ko — 1.

Suppose first that r is odd. For r =1, let P : 0,—3,3,7,8 and note that the edge
lengths of P in the order encountered are 3,6,4,1. For r = 3, let

P:0,-3,3,—7,7 —11,11,23,19, 20, —20, —4, 24
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and note that edge lengths of P in the order encountered are 3,6, 10, 14, 18,22,12,4,
1,8,16,20. For r > 5, let

P : 0,-33-77....,—(4r—1),4r —1,8r — 1,8 — 5,8r — 4,8r + 4,8r — 8,
8r+8,...,6r+2,10r —2,6r — 10,10r + 2,60 — 14,...,12r — 8,4r — 4,8r

be a path of length m/2 whose edge lengths in the order encountered are 3,6, 10,
14,...,8r—6,8r—2,4r,4,1,8,12,16, ..., 4r—4,4r+8,4r+12, ..., 8r—8,8r—4, 4r+4.

Now suppose that r is even. For r = 2, let P : 0,—-3,3,—7,7,—1,—5,—4,16 and
note that the edge lengths of P in the order encountered are 3,6,10,14,8,4,1,12.
For r > 4, let

P i 0,-3,3,~7,7,...,—(4r —1),4r — 1,—1,-5,—4,4,-8,8,...,—(2r — 4),
2r — 4, =2r 2r + 8, —(2r +4),2r +12,..., —(4r — 8),4r, —(4r — 4), 8r

be a path of length m/2 whose edge lengths in the order encountered are 3,6, 10,
14,...,8r—6,8r—2,4r,4,1,8,12,16,...,4r—8,4r—4,4r+8,4r+12, ..., 8r—8,8r—
4,4r + 4.

In each case, let C'= P U p™(P) and observe that C' is an m-cycle C' with ¢(C) =
{1,3,4,6,8,...,8" — 2}. Let ¢’ = (0,2,4,6,...,2m — 2) and note that C’ is an
m-cycle with ¢(C") = {2}.

For 0 < <r—2, let P,: 0,94 8,4 be the path of length 2 with edge lengths
94 8i,5+ & and let P/ : 0,11 + 8,4 be the path of length 2 with edge lengths
11480, 7+8i. Let C; = PBUp*(P)UpS(P)U---Up*™4(P;) and C! = P/ Up*(P/)U
P(P)U---Up*™4(P!) and note that each is an m-cycle with £(C;) = {5+ 8i,9+8i}
and ((C}) = {7+ 8i, 11 + &i}.

Finally, let P” : 0,87 — 3, —4 be the path of length 2 with edge lengths 8 — 3 and
8r — 1. Let C” = P"Up*(P")U p®(P")U---U p*4(P”) and note that C” is an
m-cycle with ¢(C") = {8r — 3,8r — 1}.

Then {C,C", Cy,...,Cr—2,C{,...,Cl_,,C"} is a minimum generating set for a cyclic
m-cycle system of Ks,, — I. O

We now consider the case when ¢ is even and ¢t > 2.

Lemma 3.2 For each positive integer k and each positive integer m = 0 (mod 8),
there exists a cyclic m-cycle system of Koy — 1.

Proof: Let m and k be positive integers such that m = 0 (mod 8). Lemma 3.1 handles
the case when k& = 1 and thus we may assume that k£ > 2. Then Kogp, — I = (S )orm
where S" = {1,2,...,km —1}. Since Ky, — I has a cyclic m-cycle system by Lemma
3.1 and ({k,2k,...,mk})opn consists of k vertex-disjoint copies of Ky, — I, we
need only show that (S)ax, has a cyclic m-cycle system where S = {1,2,...,mk} \
{k,2k,... ,mk}.
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Let A = [a; ;] be the (k — 1) x m array

k—1 2k—1 3k—1 4k—1 (m—1k—1 mk—1
2 k+2 2k+2 3k+2 (m—2)k+2 (m—1)k+2
1 k+1 2k4+1 3k+1 (m—2)k+1 (m—1k+1

It is straightforward to verify that A satisfies

> ay= Y aiy,

§=0,1 (mod 4) j=2,3 (mod 4)

and
Qi < Qo < ... < Qjm

for each i with 1 < <k —1.
Foreach i =1,2,...,k — 1, the m-tuple

(ai,la —Q;3, A5, —Qi7y ooy Aim—3, —Qim—1, —Aim—2, Aim—4, —Qim—6,- - -,

—Ai6, Aj4, — A2, ai,m)

is a difference m-tuple and corresponds to an m-cycle C; with ((C;) = {a;1, a2, ..,
a;m}. Hence, X = {C1,Cy,...,Cx_1} is a minimum generating set for a cyclic
m-cycle system of (.S)ogm. O

4 The Case when m =4 (mod8)

In this section, we consider the case when m = 4 (mod 8) and show that there exists
a cyclic m-cycle system of K,,;, — I for each t > 1. We begin with the case when ¢ is
odd, say t = 2k + 1 for some nonnegative integer k.

Lemma 4.1 For each nonnegative integer k and each m = 4 (mod8), there ezists a
cyclic m-cycle system of Ky, or41) — 1.

Proof: Let m and k be nonnegative integers such that m = 4 (mod8). Since K,, —
I has a cyclic hamiltonian cycle system [12], we may assume that & > 1. Let
m = 4r for some positive integer r. Then K,,ori1) — I = (S”)(2k+1)m Where S" =
{1,2,...,4rk + 2r — 1}. Again, since K,, — I has a cyclic hamiltonian cycle system
[12] and ({2k+1,4k+2,...,(2r—1)(2k+1)})(2k+1)m consists of 2k +1 vertex-disjoint
copies of K, — I, we need only show that (S)(k41)m has a cyclic m-cycle system
where

S={1,2,... 4rk+2r — 1}\ {2k + 1,4k +2,...,(2r — 1)(2k + 1)}.
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Let r and k be positive integers. Let A = [a; ;] be the k x m array

ko 2k 3k+1 4k+1 5k+2 (Ar—2)k+2r—2 (Ar—Dk+2r—1 drk+2r—1
2 k42 2k+3 Bk+3 4dkt4 (4r — 3)k + 2r (r—2)k+2r+1 (4r— Dk +2r+1
1 k41 2642 3k+2 4k+3 (4r —3)k+2r —1 (47 — 2)k + 2r (4r — 1)k + 2r

It is straightforward to verify that A satisfies

dooay= Y aiy,

j=0,1 (mod 4) j=2,3 (mod 4)
and
Qi < Qo < ... < Qjm
for each 7 with 1 < i < k.

For each 7 = 1,2, ..., k, the m-tuple
(ai,la —Q; 3,05, Qi 7y ooy Aim—3, —Qim—1, —Aim—2, Aim—4, —Aim—6,- - -

—Ai6, Aj 4, —Aj2, ai,m)
is a difference m-tuple and corresponds to an m-cycle C; with ¢(C;) = {a; 1, aio, . ..,
a;m}. Hence, X = {C},Cy, ..., Cy} is a minimum generating set for a cyclic m-cycle
system of K41y — 1. O

We now handle the case when t is even, say t = 2k for some positive integer k.

Lemma 4.2 For each positive integer k and each m = 4 (mod8), there exists a
cyclic m-cycle system of Koy — 1.

Proof: As before, let m and k be positive integers such that m = 4 (mod8).
Thus m = 4r for some positive integer r. Then Ko — I = (S")opm where S’ =
{1,2,...,4rk — 1}. Since K,, — I has a cyclic hamiltonian cycle system [12] and
({2k, 4k, ..., (2r — 1)(2k)})orm consists of 2k vertex-disjoint copies of K,, — I, we
need only show that (S)ar,, has a cyclic m-cycle system where

S={1,2,...,4rk — 1} \ {2k, 4k, ..., (2r — 1)(2k)}.
Since |S| = m(k — 1) + m/2, we will start by partitioning a subset 7" C S with
|T| = m(k —1) into k — 1 difference m-tuples.

Lot T = {1,2, ... drk — 1)\ {1, 2k, 4k — 1,4k, 4k + 1,6k, 8k — 1,8k, 8k +1,..., (47 —
Nk -1, (4r— Dk, (4r —4)k+1, (4r — 2)k, 4rk — 1}, and observe that |T'| = (k—1)m.
Let A = [a;;], with entries from the set T, be the (k — 1) x m array

k 2k—1 3k—1 4k—2 5k 6k—1 7k—1 8k—2 9k

3 k+2 242 3k+1 4k+3 5k+2 6k+2 Tk+1 8k+3
2 k+1 2k+1 3k 4k+2 Bk+1 6k+1 Tk 8k +2
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(4r — 3)k Ar—2)k—1 (4r—1)k—-1 4rk—2
.(47"74)k+3 '(4r73)k+2 .(47"72)k+2 .(47"71)k+1
Ar—Dk+2 (Ar—-3k+1 (Ar—-2)k+1 (4r—1)k

It is straightforward to verify that the array A satisfies

E Gij = E @i,j,

§=0,1 (mod 4) j=2,3 (mod 4)

and
Qi < Qo < ... < Qjm

for each ¢ with 1 <17 <k —1.
For each i =1,2,...,k — 1, the m-tuple

(ai,la —Ai3,Ai5, —Aj 7y 5 Aim—3;, —Wim—1, —Qim—2, Aim—4, —Aim—6, - - -5

—Q;6,Aj4, —Q42, ai,m)

is a difference m-tuple and corresponds to an m-cycle C; with ((C;) = {a;1, a2, - ..,
a;im}. Hence, X = {C1,Cy,...,Cx_1} is a minimum generating set for a cyclic
m-cycle system of (T")ogm,.

It now remains to find a minimum generating set for a cyclic m-cycle system of (B)ogm
where B = {1,4k —1,4k+ 1,8k —1,8k+1,...,(4r—4)k—1,(4r —4)k+1,4rk —1}.
For i = 1,2,...,r, define dy;_1 = 4(i — 1)k + 1 and dy; = 4ik — 1. Observe that
B ={dy,dy,...,dy}and djio—d; = 4k for j =1,2,...,2r—2. Since m = 4 (mod8),
it follows that r is odd. Let P; : 0,1,4k, and let P; : 0,dy; 11,4k if i is even and let
P; 1 0,dy;, 4k if i is odd. Let C! = P, U p*(P) U p* () U--- U p®m=Dk(P)) and note
that Cf is an m-cycle with ¢(C7) = {1,4k — 1}, £(C}) = {dai—1,d;i41} if 7 is even,
and ((C]) = {da;_2,ds;} if i is odd. Then ¢(C]) U L(CH) U---UL(CL) = B so that
{C},CY, ..., Cl} is a minimum generating set for (B)ogm- O

5 The Case when m =2 (mod4)

In this section, we consider the case when m = 2 (mod4) and prove parts (2) and
(4) of Theorem 1.1. We divide this proof into three parts, each dealt with in its own
subsection. First we consider the case t = 0 (mod4). Then we consider the case
m =2 (mod8) and t =1 (mod4). Finally we consider the case m = 6 (mod8) and
t =3 (mod4).

5.1 The case when ¢t =0 (mod4).

We consider the case ¢t = 0 (mod4), starting with the special case t = 4.

Lemma 5.1 For each positive integer m > 6 with m = 2 (mod 4), there exists a
cyclic m-cycle system of Ky, — 1.



H. JORDAN AND J. MORRIS / AUSTRALAS. J. COMBIN. 67 (2) (2017), 304-326 314

Proof: Let m > 6 be a positive integer with m = 2 (mod4). Then Ky, — I = (S )4
where S = {1,2,...,2m — 1}. The proof proceeds as follows. We begin by finding
one difference m-tuple which corresponds to an m-cycle C' with [¢/(C')| = m. Note
that ({4})4n consists of four vertex disjoint m-cycles. For the remaining m — 2 edge
lengths in S”\ (/(C)U{4}), we find (m — 2)/2 paths P; of length 2, ending at vertex
8 or —8, so that C; = P;Up*(P)Up'S(P)U---Up'™ 8(P;) is an m-cycle. Then this
collection of cycles will give a minimum generating set for a cyclic m-cycle system of
Ky — 1.

Consider the difference m-tuple
(1,-2,6,-10,...,2m — 6, —(2m — 2),-3,8,—12,...,2m — 12, —(2m — 8),2m — 4)

and the corresponding m-cycle C with ¢(C') = {1,2,3,6,8,...,2m—2}. It is straight-
forward to verify that the odd vertices visited all lie between —m + 1 and m — 1 with
no duplication. Similarly, the even vertices visited all lie between —2m + 4 and —4,
and have no duplication.

Let C" = (0,4,8,...,4m — 4) and note that C” is an m-cycle with ¢(C") = {4}.

Let m = 8k+m’, so m' is either 2 or 6. If Kk = 0, then m’ = 6 and let P : 0,13, 8 be the
path of length 2 with edge lengths 11,5. Then, C” = P U p8(P) U p'S(P) is a 6-cycle
with £(C”) = {11,5}. Then {C,C’,C"} is a minimum generating set for cyclic 6-cycle
system of Koy — I. Now suppose that £ > 1. For 0 <<k —1,let P;:0,13+ 16¢,8
be the path of length 2 with edge lengths 13 + 16¢,5 + 16¢; let P/ : 0,15 + 167, 8 be
the path of length 2 with edge lengths 15 + 16¢,7 + 164; let P : 0,17 + 16i,8 be
the path of length 2 with edge lengths 17 + 16¢,9 + 16¢; and let P/ : 0,19 + 164, 8
with edge lengths 19+ 167,11+ 16:. Let C; = P,Up®(B;) U p(P)U---Up™=3(P),
Gt = PO (P U (P1)U: - U™ (PY), G = PIUgS(PY)Up'S (P - -Upm=S(PY),
and C = P" Up®(P/")Up'S(P")U---Up'™~8(P!") and note that each is an m-cycle
with £(C;) = {5+16i, 13+16i}, (C!) = {7+16i, 15-+16i}, £(C") = {9+16i, 17+16i},
and £(C") = {11 + 164,19 + 16i}.

If m’ =2, then {C,C", Cy, C|, CY,CY', ..., Cr—1,Cp_1, CY 1, CY" |} is a minimum gen-
erating set for a cyclic m-cycle system of Ky,,—1 . If m" = 6, then let Py : 0,2m—1, —8
and P} : 0,2m — 3,—8 be paths of length 2 with ¢(FP;) = {2m — 1,2m — 7} and
(P} = {2m — 3,2m — 5}. Let C, = P, U p*(P) U p'S(P) U --- U p™=8(P)
and C), = P, U p8(P]) U p'(P)) U --- U p*3(P]) and observe that each is an
m-cycle with ((Cy) = {2m — 1,2m — 7} and ¢(C}) = {2m — 3,2m — 5}. Thus,
{C,C",Cy,C, ClL.CYy oo, Crr, Cr_y, CL_1, CF,, Cr, CrL} is a minimum generating
set for a cyclic m-cycle system of Ky, — I. O

We now consider the case when ¢t =0 (mod4) with ¢ > 4.

Lemma 5.2 For each positive integer k and each positive integer m = 2 (mod4)
with m > 6, there exists a cyclic m-cycle system of Ky — 1.

Proof: Let m > 6 and k be positive integers such that m = 2 (mod4). Lemma
5.1 handles the case when k£ = 1 and thus we may assume that £ > 2. Then
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K — I = (") agm where S = {1,2,...,2km — 1}. Since Ky, — I has a cyclic m-
cycle system by Lemma 5.1 and ({k, 2k, ..., 2km})sx, consists of k vertex-disjoint
copies of Ky, — I, we need only show that (S)s,, has a cyclic m-cycle system where

S=A{1,2,...,2km} \ {k, 2k,...,2km}.
Let A = [a; ;] be the 2k x m array

2k Ak 6k 8k (m — 1)2k 2km

2% —1 2k+1 6k—1 8k—1 (m—1)2k—1 2km—1

2 Ak —2 4k +2 6k +2 (m—2)2k+2 (m—1)2k+2
1 Ak —1 4k+1 6k+1 (m—2)2k+1 (m—1)2k+1

(Observe that the second column does not follow the same pattern as the others.)

Let A’ be the (2k —2) x m array obtained from A by deleting rows 1 and k+ 1. Then
the entries in A’ are precisely the elements of S. Also, it is straightforward to verify
that A’ satisfies

Ajj + Qi3 = Qg1+ Qi ji2

for each positive integer j = 3 (mod4) with j < m — 3,
i1+ Q2 + Aim—3 + Aim—1 = Aim—2 T Aj,m,

and

;1 < ;2 <. .. < Qi m
for each ¢ with 1 <17 <2k — 2.
For each 7 =1,2,...,2k — 2, the m-tuple

(Clz‘,l, 52, —Q4 4, A6, —A4,8, Aj 105« + + 5 —Aim—25 —Aim, Ajm—3, —Aim—5, Gim—75- -+,

;3 ai,m—l)

is a difference m-tuple and corresponds to an m-cycle C; with ((C;) = {a;1, a2, - ..,
a;m}. Hence, X = {C},Cy,...,Cy_o} is a minimum generating set for a cyclic
m-cycle system of (.S) . O

What remains is to find cyclic m-cycle systems of K,,; — [ for the appropriate
odd values of ¢, which we do in the following subsections.

5.2 The case when m =2 (mod8) and ¢t =1 (mod4).

In this subsection, we find a cyclic m-cycle system of K,,; — I when m = 2 (mod 8)
and t = 1 (mod4). We begin with two special cases, namely when m = 10 or t = 5.

Lemma 5.3 For each positive integer t = 1 (mod4) with t > 1, there exists a cyclic
10-cycle system of Kyos — I.



H. JORDAN AND J. MORRIS / AUSTRALAS. J. COMBIN. 67 (2) (2017), 304-326 316

Proof: Let t =1 (mod4) with ¢t > 1, say t = 4s + 1 where s > 1. Then Ko — [ =
(S") 10 where S = {1,2,...,20s + 4}. Consider the paths P, : 0,5t — 1,2t and P, :
0,5t —2,2t. Then, ((P;) = {3t—1,5t—1} and ¢(P,) = {3t—2,5t—2}. Fori € {1, 2},
let C; = PUp*(P)Up*(P)U---Up¥(P;). Then clearly each C; is an 10-cycle and
X = {C1,Cy} is a minimum generating set for ({3t — 2,3t — 1,5t — 2,5t — 1})1q.
Since 3t — 3 = 12s and 5t — 2 = 20s + 3, it remains to find a cyclic 10-cycle system
of (S)i0+ where S = {1,2,...,12s,125 + 3,125+ 4,...,20s + 2}. Let A = [a; ;] be
the 2s x 10 array

1 2 3 4 8s+1 8s+3 12s4+3 12s+4 12s+5 125+6
5 6 7 8 8s+2 8s+4 12s+7 12s+8 12s+9 125+ 10
8 —3 8s—2 8s—1 8s 12s—2 12s 20s —1 20s 20s+1 20s+2

Clearly, for each ¢ with 1 <17 < 2s,

Qi+ Z Ajj = Qi1+ Z a;; (where 3 < j <10)

§=0,1 (mod 4) j=2,3 (mod 4)

and
i1 < Q2 < ...<Q10-

Thus the 10-tuple
(%1, —a;2,0;3, —Aj5, Qi 7, —Ai9, —A;j8, Aj 6, —; 4, ai,lO)

is a difference 10-tuple and corresponds to a 10-cycle C! with ¢(C!) = {a;1, a2, - ..,
a;10}. Hence, X' = {C1,C4, ..., C} is a minimum generating set for a cyclic 10-
cycle system of (). O

We now consider the case when ¢t = 5.

Lemma 5.4 For each positive integer m = 2 (mod38), there exists a cyclic m-cycle
system of Ks,, — 1.

Proof: Let m be a positive integer such that m = 2 (mod 8), say m = 8r+ 2 for some
positive integer r. By Lemma 5.3, we may assume r > 2. Then Ky, — I = ()5,
where S" = {1,2,...,20r + 4}.

Let 2r = 6¢ + 4 + b for integers ¢ > 0 and b € {0,2,4}. Let a be a positive integer
such that 1+1log,(¢+2) < a < 141logy(5g+2), and note that a exists since if ¢ = 0
then log, (¢ +2) is an integer, while if ¢ > 1 then 2(¢+2) = 2¢+4 < 4q+2 < 5q+2.
For nonnegative integers ¢ and j, define d; ; = 10(2r — i) + j. Consider the path
P, ;:0,d;;,5-2% and observe that ((P; ;) = {10(2r — i) + 7,10(2r —4) +j — 5 - 2%}.
If 0 < j < 10, then C;; = Pi; U p'%P,) Up®™(Piy)U---Up™ %P, is an
m-cycle since m = 2 (mod8) gives ged(5 - 2%, 5m) = 10. Thus, if 0 < j < 10,
0(C;;) = {10(2r — i) + 5,10(2r — i) + j — 5 - 2°}. Let
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and let

B = {20r+j,20r+j—5-2°|1<j <4}
U{10(2r —i) +4,10(2r —4) +j—5-2° |1 <i<gand 1 <j <6}
U{1O<2T_q_1)_'_]710(2T_q_1)+.7_52a|6—b+1§j§6}7

where if ¢ = 0 or b = 0, we take the corresponding sets to be empty as necessary. Now
B will consist of 4r distinct lengths and X will be a minimum generating set for (B)s,,
if 20r+4—5-2* < 10(2r—g—1)+6—>b. Note that 1+log,(¢+2) < a < 1+log,(5g+2)
gives ¢ +2 < 2971 < 5¢ + 2. So,

20r +4—[10(2r —q—1)+6 — b] = 10g+ 8+ b < 10¢ + 12

and
(10g +12)/10 < g +2 < 2*71.
Thus 20r+4—5-2% < 10(2r —¢—1) + 6 — b so that B consists of 4r distinct lengths,

and X is a minimum generating set for (B)s,,.

It remains to find a cyclic m-cycle system of (S”\ B)s,,. The smallest length in B is
10(2r—q—1)+6—b+1—5-2% and we wish to show 10(2r—¢—1)+6—-b—5-2* > 12.
So,

102r —q—1)+6—b—12=20r — 10¢g — 16 — b > 20r — 10g — 20

and (20r — 10g — 20)/10 > 2r — ¢ — 2. Now
2r —q—2=50+2+b>5q+2>2""

Hence, 10(2r —q¢—1) +6 —b—5-2% > 12. Since |B| = 4r, we have |S"\ B| =
20r +4 —4r = 2(8r + 2). Now

S'\B = {1,2,...,102r—q—1)+6—b—5-2}
U {10(2r — i) —5-2% = 3,10(2r — i) —5-2* — 2,10(2r —d) —5-2* — 1,
10(2r —i) —5-2° [0 <i<q}
U {10(2r) +5—5-2% ...,10(2r —q—1) +6 — b}
U {10(2r — i) — 3,10(2r — i) — 2,10(2r — i) — 1,10(2r —4) | 0 < i < g}

Note that each the sets {1,2,...,10(2r —¢—1)+6 —b—5-2°} {10(2r — i) — 5 -
20— 3.10(2r — i) — 520 —2,10(2r — i) —5-29 — 1,10(2r —i) —5-2° | 0 < i <
q},{10(2r) +5—=5-2%...,10(2r — ¢ — 1) + 6 — b}, and {10(2r — i) — 3,10(2r —
i) —2,10(2r — i) — 1,10(2r —4) | 0 < i < ¢} has even cardinality and consists of
consecutive integers. Therefore, we may partition S”\ B into sets T', 51, Sa, ..., Sgr—4
where T = {1,2,...,12} and for i = 1,2,...,8r — 4, let S; = {b;,b; + 1} with
bl <b2 < "'<b8,~_4.

Let A = [a; ;] be the 2 x m array

9 11 b b1 +1 b ba+1 o bgr_o bar_2+1
1

1 2 3 4
5 6 7 8 0 12 b4r71 b4r71 +1 b4r b4r +1 - b8r74 b8rf4 +1
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It is straightforward to verify that, for 1 <i <2,

Qi+ Z Qi = Q1+ Z a;; (where 3 < j <m)
j=0,1 (mod 4) j=2,3 (mod 4)

and
Qi1 < Qjo < ... < Qjgm-

Hence, for 1 < i < 2, the m-tuple
(ai,la A2, A3, =55, A7y - ooy Aim—3, —Aim—15 —Aim—2, Gim—4, —Aim—6, - - -,

Q565 —Aj 4, a’i,m)

is a difference m-tuple and corresponds to an m-cycle C; with ((C;) = {a;1, a2, - ..,
a;m}. Hence, X' = {C4, Cs} is a minimum generating set for a cyclic m-cycle system
of (S"\ B)sm. O

We are now ready to prove the main result of this subsection, namely, that K,,,—I
has a cyclic m-cycle system for every t = 1 (mod4) and m = 2 (mod 8) with ¢ > 1
if m = 2p® for some prime p and integer o > 1.

Lemma 5.5 For each positive integer t = 1 (mod4) and each m = 2 (mod8) with
t > 1 if m = 2p* for some prime p and integer o > 1, there exists a cyclic m-cycle
system of Ky — 1.

Proof: Let m and t be positive integers such that m =2 (mod8) and ¢t = 1 (mod 4).
Thus m = 8r + 2 for some positive integer r. Then K,,; — [ = (S'),,; where S’ =
{1,2,...,(mt —2)/2}. Since K,, — I has a cyclic hamiltonian cycle system [12] if
and only if m # 2p® for some prime p and integer o > 1, we may assume that ¢t > 1.
Thus, let t = 4s 4+ 1 for some positive integer s. By Lemmas 5.3 and 5.4, we may
assume that s > 2 and r > 2.

The proof proceeds as follows. We begin by finding a set B C S’ such that |B| = 4r
and (B); has a cyclic m-cycle system with a minimum generating set X consisting
of cycles each with two distinct lengths and orbit 2¢. We then construct an (]S \
B|/m) xm array A = [a; ;] with the property that for each ¢ with 1 <7 < |S"\ B|/m,

Qi+ Z Qi = Q1+ Z a;; (where 3 < j <m)

j=0,1 (mod4) j=2,3 (mod4)

and
Qi1 < Q2 < ... < Qjm-

Thus for each i = 1,2,...,]|S"\ B|/m, the m-tuple
(%17 2,043, =i 5, Qi 7y vy Ajm—3, —Aim—1, —Aim—2, Aim—4, —Aim—6; - -+

@6, —Q; 4, ai,m)



H. JORDAN AND J. MORRIS / AUSTRALAS. J. COMBIN. 67 (2) (2017), 304-326 319

is a difference m-tuple and corresponds to an m-cycle C; with ¢(C;) = {a;1, aio,. ..,
aim}. Hence, X' = {Cy,Cs, ..., Cignp|/m} Will be a minimum generating set for a
cyclic m-cycle system of (S”\ B) .

Let w = |r/2], and let §, = 2(r/2—w), so that §, = 1 if r is odd and 6, = 0if r is even.
Write w = gs+ b where ¢ and b are non-negative integers with 0 < b < s (note that it
may be the case that ¢ = 0). For integers ¢ and j, define d; ; = 4(r—2i)t+j. Consider
the path P, ; : 0,d; ;, 4t and observe that ((P, ;) = {4(r —2i)t +j,4(r —2i — 1)t + j}.
If0 < j <t then C;; = P Up*(Piy)Up(Py)U--Upm=2YP, ;) is an m-
cycle since m = 2 (mod8) gives ged(4t, mt) = 2t. Thus, if 0 < j < ¢, ((C;;) =
{4(r = 20)t + j,4(r — 2i — 1)t + j}. Let

X={C,;|0<i<q—1land1<j<t—1}U{C,;|t—4b—25, <j<t—1}
and let
B = {4(r—20t+j40r—-2i—-1)t+j|0<i<g—land1<j<t-1}
U{d(r —2¢)t +j,4(r —2¢g— 1)t +j |t —4b—26, < j <t —1},
where we take the appropriate sets to be empty if ¢ = 0 or b = 0. Observe that X is
a minimum generating set for (B),,, and consider the set S’\ B. Now |X| = 4¢gs+4b
so that |B| = 2(4¢gs + 4b) = 4r. Hence S\ B| = (4r+ 1)t — 1 — 4r = 2s(8r + 2) and
S\NB = {1,2,...,4(r —2¢— 1)t +¢—1— 2, — 4b}
U{d(r—2¢—Dt+t,4(r—2¢—1)t+t+1,...,
A(r — 2q)t +t — 1 — 25, — 4b}
U {4kt +t,dkt+t+1,... 4k+ 1Dt |r—2¢ <k <r—1}

Note that S”\ B has been written as the disjoint union of sets, each of which has
even cardinality and consists of consecutive integers.

The smallest length in B is 4(r — 2¢ — 1)t +t — 4b — 26,, and we wish to show this
length is at least 12s + 1. Now r > 2w = 2(¢s + b) > 2¢ + 1 since s > 2. Next
since 0 < b< sandt =4s+ 1, we have t — 1 — 4b = 4s — 4b > 4. Therefore,
A(r —2q — 1)t > 4t > 16s, and thus 4(r —2¢ — 1)t +t —3 —4b > 16s + 2 > 12s.
Since the smallest length is S’ \ B is at least 12s + 1 and since S’ \ B consists of
sets of consecutive integers of even cardinality, we may partition S’ \ B into sets
T,S1,..., 545 where T = {1,2,...,12s}, and for i = 1,2,...,8rs — 4s, S; =
{bi, b; + 1} with by < by < -+ < bgys_4s. Let A = [a; ;] be the 25 x m array

1 2 3 4 8s+1 8s+3 by by +1
5 6 7 8 8s+2 8s+4 byr_1 byr_1+1

8s—3 8 —2 8s—1 8 12s—2 12s bS7‘s—4s—4r+3 bS7‘s—4s—4r+3 +1

bo by +1 oo bgro bgro+1
bar byr + 1 o bgr—g bgr—g+1

b8rsf4sf4r+4 b8rsf4sf4r+4 + 1 et b8rsf4s b8’l“5745 + 1
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Clearly, for each ¢ with 1 <17 < 2s,

Qi2 + Z Ajj = Qi1 + Z a;; (where 3 < j <m)
j=0,1 (mod4) j=2,3 (mod 4)

and
Qi1 < Qjo < ... < Qjgme-

Thus the m-tuple
(ai,la 2,03, =i 5, Qi 7y oy Aim—35 —Qim—1, —Aim—2, Gim—a4, —Aim—6, - -+

g6, — 4 4, a’i,m)

is a difference m-tuple and corresponds to an m-cycle C; with ((C;) = {a;1, a2, - ..,
a;m}. Hence, X' = {C},Cy, ..., Cs} is a minimum generating set for a cyclic m-cycle
system of (S”\ B) . O

5.3 The Case when m =6 (mod8) and ¢ =3 (mod4)

In this subsection, we find a cyclic m-cycle system of K,,; — I when m = 6 (mod 8)
and ¢t = 3 (mod 4). We begin with three special cases, namely when m = 6, m = 14,
or t = 3. We first consider the case m = 6.

Lemma 5.6 For all positive integers t = 3 (mod4), there exists a cyclic 6-cycle
system of Kgy — I.

Proof: Let t be a positive integer such that ¢ = 3 (mod4), say t = 4s + 3 for some
non-negative integer s. Then K¢ — I = (S")g; where S" = {1,2,...,12s + 8}.

Consider the paths P, : 0,3t —,2t, for 1 <i < 4; then ¢(P;) = {3t —i,t —1}. Next,
let C; = P; U p*(P;) U p'(P;). Then each C; is a 6-cycle and X = {C}, Cy, C3,Cy}
is a minimum generating set for (B)g where B = {3t —i,t —i | 1 < i < 4}. Now,
t—5=4s—2and thus '\ B={1,2,...,4s —2,4s+3,4s+4,...,12s+ 4}, and so
we must find a cyclic 6-cycle system of (S \ B)e. Let A = [a; ;] be the 2s x 6 array

1 2 3 4 8+5 8s+7
5 6 7 8 8s+6 8s+38
4s—3 4s—2 4s+3 4s+4 « a+2

| 8s+1 8s+2 8s+3 8s+4 125+ 2 125+4_

where
B {103 + 2 if s is even,

) 10s+3 ifs is odd.
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Clearly, for each ¢ with 1 <17 < 2s,

Qi + Z Qi = Qi1+ Z a;; (where 3 <j <6)

§=0,1 (mod 4) j=2,3 (mod 4)

and
Qi < Qo < ...< 0Ujg.

Thus the 6-tuple

(%17 —Q;,2,043, —Aj 4, =045, ai,G)
is a difference 6-tuple and corresponds to a 6-cycle C! with ¢(C!) = {a;1,ai2, ..., a;6}
Hence, X' = {C1,CY, ..., Cl } is a minimum generating set for a cyclic 6-cycle system

of (S"\ B)e:- OJ
Next we consider the case when m = 14.

Lemma 5.7 For all positive integers t = 3 (mod4), there exists a cyclic 14-cycle
system of Kiq — 1.

Proof: Let t be a positive integer such that ¢ = 3 (mod4), say t = 4s + 3 for some
non-negative integer s. Then Ky — I = (S")14 where 8" = {1,2,...,28s + 20}.

Consider the paths P; : 0,7t — i,2t, for 1 < i < 10; then ¢(P;) = {7t — 4,5t — i}.
Next, let C; = P;U p?(B;) U p(B;) U -+ - U p'*(P;). Then each C; is a 14-cycle and
X ={C1,Cy,...,Ch} is a minimum generating set for (B)14; where B = {7t —1i, 5t —
i|1<i<10}. Now, 5t — 10 = 20s + 5 and thus '\ B = {1,2,...,20s + 4,20s +
15,20s+16,...,28s+ 10}, and so we must find a cyclic 14-cycle system of (S"\ B)14;.
Let A = [a; ;] be the 2s x 14 array

1 2 3 4 8s+1 8s+3 12s+1 12s+2 12s+3 12s+4
5 6 7 8 8s+2 8s+4 12s+5 12s+6 12s+7 125+ 8

9 10 11 12 8s+5 8s+7 125s+9 12s+10 12s+11 12s+4+ 12
8s—3 8 —2 8s—1 8s 12s—2 12s 20s —3 20s—2 20s—1 20s

20s+1 20s+2 20s+3 20s+4
20s+15 20s+16 20s+ 17 20s-+18
20s +19 20s+20 20s+21 20s+ 22

28s+7 285s+8 285+9 285+ 10
Clearly, for each ¢ with 1 <17 < 2s,

Qi+ Z Qi = Qi1+ Z a;; (where 3 <j <14)

j=0,1 (mod 4) j=2,3 (mod4)

and
Qi1 < Q2 < ...<Qj14-
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Thus the 14-tuple

(Clz‘,l, —Qj 2,073, —Q;5, Q; 7, —Ai 9, Aj 11, —A;13, —Ai 12, A310, — A48, Aj 6, —Aj 4, ai,14)

is a difference 14-tuple and corresponds to a 14-cycle C! with ¢(C!) = {a;1, a2, - ..,
a;14}. Hence, X' = {C1,C4, ..., C} is a minimum generating set for a cyclic 14-
cycle system of (S"\ B)14:. O

We now consider the case when ¢t = 3.

Lemma 5.8 For all positive integers m = 6 (mod8), there exists a cyclic m-cycle
system of Ks,, — I.

Proof: Let m be a positive integer such that m = 6 (mod8), say m = 8r + 6 for
some non-negative integer r. By Lemmas 5.6 and 5.7, we may assume r > 2. Then
Ks3p—1 = (") where S" = {1,2,...,12r+8}. Write 2r = 4¢+0b+2 for integers ¢ >
0 and b € {0,2}, and let a be a positive integer such that 1 + logy(¢ + 1) < a <
1 + log,(3g +4/3 + 5b/6). For integers i and j, define d; ; = 6(2r — i) + j. Then
consider the path P;; : 0,d;;,3-2% so (P, ;) = {6(2r —i) +7,6(2r —i)+j —3-2°}.
Now, let Cy; = Pij U pS(P;) U« U p3m=2 (P ;). Then C;; is an m-cycle since
m = 6 (mod 8) implies ged(3 - 2%,3m) = 6. Thus, £(C; ;) = (P, ;).

Now, let

X = {Co;|j=78}
U{C;;|0<i<g—land1<j<4}
U{Cy; |5 -b<j <4}

and let

B = {120 +7,12r +7—3-2%12r + 8,127 + 8 — 3- 2%}
U{6(2r—i)+7,6(2r—i)—3-2°+;j][0<i<g—1land1l<j <4}
U{6(2r —q)+5,6(2r—q) —=3-2"+j|5-b<j<4}

where, if ¢ = 0 or b = 0, we take the corresponding sets to be empty as necessary.
Now B will consists of 4r distinct lengths and X will be a minimum generating set
for (B)s,, if 12r+8 —3-2% < 6(2r —q) +5—b— 1. Note that 1 +log,(¢+ 1) < a so
that ¢ + 1 < 2%71, Next,

12r +8—[6(2r —q) +5—b—1]=6¢g+4+b<6g+6="6(q+1)<6-2°""' =3.2°

and hence 12r +8 —3-2* < 6(2r — q) + 5 — b — 1. Thus, B consists of 4r distinct
lengths, and X is a minimum generating set for (B)s,,. Now, the smallest length in
Bis 6(2r —q) +5—b—3-2% and we want this length to be greater than 8. Recall
that a < 1+ log,(3q+ 3/2+ 50/6) and thus 2°7! < 3¢+ 3/2 + 5b/6. Hence, 3 -2 <
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18¢+9+5b = 12r—6g—3—b since 2r = 4q+b+2. Therefore, 6(2r—q)+5—0—3-2% > 8.
Since |B| = 4r, we have |S"\ B| = 8r + 8. Note that
S'\B = {1,2,...,6(2r—¢)+5—-b—3-2°—1}
U{6(2r—i)—3-2°+56(2r—i)—3-2°4+6|0<i<gq}
U{l2r—3-2°+4+9,...,6(2r—q)+5—-0b—1}
U{6(2r —i) +5,6(2r—i)+6]0 <i<gq}.
Note that S’ \ B has been written as the disjoint union of sets, each of which has
even cardinality and consists of consecutive integers. Therefore, we may partition
S"\ B into sets T, S1,Ss,...,Ss where T'={1,2,...,8} and for i = 1,2,...,4r, let
S; ={b;,b; + 1} with by < by < -+ < by,.

Consider the m-tuple

(]-7 _37 6a _7a bla _an b37 _b47 ey b47“—1a _b4ra _(b47’—1 + ]-)7 b4r—2 + ]-7
_(b4r73 + 1)7 b4r74 + 17 SRR b2 + 17 _(bl + 1)7 87 _57 b4r + 1)
which is a difference m-tuple and corresponds to an m-cycle C with
E(Cl) = {1a 37 5a 67 75 87 bla bl + 15 b2a b2 + 15 R b47’7 b47’ + ]-}
Then consider the path P : 0,2,6; so £(P) = {2,4}. Now, let Cy, = P U p(P) U
U p3m=2)(P). Then C; is an m-cycle since m = 6 (mod 8) implies ged(6, 3m) = 6.
Thus, ¢(Cy) = £(P) = {2,4}. Hence, X’ = {C4, (5} is a minimum generating set for
a cyclic m-cycle system of (S \ B)s,,. O

We now prove the main result of this subsection, namely that K,,; — I has a cyclic
m-cycle system for every t = 3 (mod4) and m = 6 (mod 8).

Lemma 5.9 For all positive integers t = 3 (mod 4) and m = 6 (mod 8), there exists
a cyclic m-cycle system of K,y — 1.

Proof: Let m and t be positive integers such that m = 6 (mod8) and ¢t = 3 (mod 4).
Then m = 8r + 6 and t = 4s + 3 for some non-negative integers r» and s. Then
Ky — I = (S") e where 8" = {1,2,..., (4r + 3)t — 1}.

By Lemmas 5.6, 5.7, and 5.8, we may assume s > 1 and r > 2. First, write 6r 4+ 4 =
(2t —2)q + (t — 1) + b for integers ¢, ¢ and b with ¢ > 0,0 < b < 2t—2, and ¢ =0 if
6r+4 <t—1, or { =1 otherwise. For integers ¢ and j, define d, ; = 2t(2r —2i—1)+j.
Consider the path P, ; : 0,d, ;, 2t and note that ¢(P, ;) = {2t(2r —2i — 1) + j,2t(2r —
2i—2)+j}. If0<j <2t then C;; = P, jUp*(P)Up*(Py)U---Up™m=2H(P, ;) is
an m-cycle since m = 6 (mod 8) implies ged(2t, mt) = 2¢t. Thus, if 0 < j < 2, then
U(Ci ) = U(P ;).

Now, let

X = {Ca,;|1<j<t~-1}
U{Ci;|0<i<g—Tland1<j<2t—2}
U{Cy |2t —1-b<j<2t—2)
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and let

B = {2t@2r+1)+j2t(2r)+j|1<j<t—1}
U{2t(2r—2i—1)+4,2t(2r—2i—2)+j |1 < j<2t—2and 0 < i < g—1}
U{2t(2r—(2¢+1)+2t—1—-b+j,2t(2r—2¢—2)+2t—1—-b+j

|0<j<b-—1}.

where we take the first set to be empty if ¢ = 0, the second to be empty if ¢ = 0,
and the third to be empty if b = 0. Then X is a minimum generating set for (B),,;.

Now we must find a cyclic m-cycle system of (S"\ B);. First, |B| = 2[(2t — 2)q +
(t —1)0+ b = 12r + 8 so that |[S'\ B| = (4r +3)t — 1 — 12r — 8 = (87 + 6)(2s).
Moreover,

S\B = {1,2,...,2t2r —2q—1)—b—2}
U{2t(2r —2¢—1) — 1,2t(2r —2¢ —1),...,2t(2r — 2q) — b — 2}
U{2t(2r —i) —1,2t(2r —i) | 0 <i < 2q}
U {drt +t,drt +t+1,..., 4rt + 2t}.

The smallest length in B is 4t(r — ¢ — 1) 4+ (2t — 1) — b, and we must verify that this
length is at least 12s + 1. Note that we have 2t — 1 — b > 1. Thus, it is sufficient
to prove that 4t(r —q — 1) > 12s, or t(r — g — 1) > 3s. This inequality follows if
r > q+ 1. Clearly, this is true if ¢ = 0 since r > 2, so assume ¢ > 1. Then ¢ = 1,
and so 6r +4 = 2q(4s +2) + (4s +2) + b, or

r+2 = g(ds+2)+2s+1+1b/2
= 4gs+2q+2s+1+0b/2
> 6¢+3 (since s >1).

So, r > 2q+1/3 > g+ 1 since ¢ > 1. Since the smallest length in B is at least
12s + 1 and S\ B consists of sets of consecutive integers of even cardinality, we
may partition S’ \ B into sets T,Si,...,Sgs where T = {1,2,...,12s}, and for
i=1,2,...,8rs,8; = {b;,b; + 1} with by < by < .-+ < bg,s. Let A = [a;,] be the
2s X m array

1 2 3 4 8s+1 8s+3 by by +1
5 6 7 8 8s+2 8s+ 4 b47«+1 bary1 +1

8s—3 8s—2 8s—1 8s 12s—2 12s bsrs—ar+1  bgrs—ars+1 +1

bo by +1 oo by by 1
bario baryo +1 by b1

b8T574r+2 b8rsf4r+2 + 1 et b8rs b8rs + 1



H. JORDAN AND J. MORRIS / AUSTRALAS. J. COMBIN. 67 (2) (2017), 304-326 325

Clearly, for each ¢ with 1 <17 < 2s,
Qi2 + Z a;; = a1 + Z a;; (where 3 < j <m)
j=0,1 (mod 4) j=2,3 (mod 4)

and
Qi1 < Qjo < ... < Qjgme-

Thus the m-tuple
(ai,la 2,03, =i 5, Qi 7y oy Aim—35 —Qim—1, —Aim—2, Gim—a4, —Aim—6, - -+

g6, —Aj 4, a’i,m)

is a difference m-tuple and corresponds to an m-cycle C; with ((C;) = {a;1, a2, - ..,

a;m}. Hence, X' = {C},Cy, ..., Cs} is a minimum generating set for a cyclic m-cycle
system of (S”\ B) . O
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