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Abstract

For a graph G, we let 7(G) denote the domination number of G. A graph
G is said to be k-bicritical if v(G) = k and v(G — {z,y}) < k for any
two vertices z,y € V(G). Brigham et al. [Discrete Math. 305 (2005),
18-32] conjectured that the diameter of a connected k-bicritical graph is
at most k — 1. However, in [Australas. J. Combin. 53 (2012), 53-65],
counterexamples of the conjecture for k # 4 were constructed by this
author. In this paper, we construct counterexamples of the conjecture
for k = 4.

Our main aim is to give upper bounds of the diameter of a bicrit-
ical graph. In particular, we show that the diameter of a connected
k-bicritical graph is at most 2k — 3.

1 Introduction

All graphs considered in this paper are finite, simple, and undirected. Let G be
a graph. We let V(G) and E(G) denote the vertex set and the edge set of G,
respectively. For u € V(G), we let Ng(u) and Ng[u] denote the open neighborhood
and the closed neighborhood of u, respectively; thus Ng[u] = Ng(u) U{u}. For u,v €
V(G), we let dg(u, v) denote the distance between u and v in G. For u € V(G) and a
non-negative integer i, let N(Gi) (u) ={v € V(GQ) | dg(u,v) = i}; thus N((;O)(u) = {u}
and N(Gl)(u) = Ng(u). For u € V(G), we define the eccentricity ecce(u) of u in
G by eccg(u) = max{dg(u,v) | v € V(G)}. The diameter of G is defined to be
the maximum of ecce(u) as u ranges over V(G), and is denoted by diam(G). For
X CV(G), we let G[X] denote the subgraph of G induced by X. We let G denote
the complement of G. For two graphs Hy and Hs, we let H; U Hy denote the union of
H, and H,. For a graph H and an integer s > 2, sH denote the disjoint union of s
copies of H. We let K, denote the complete graph of order n, and let P, denote the
path of order n. For terms and symbols not defined here, we refer the reader to [5].

Let G be a graph. For two subsets X,Y of V(G), we say that X dominates Y if
Y € U,ex Nelul. A subset of V(G) which dominates V/(G) is called a dominating
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set of G. The minimum cardinality of a dominating set of GG is called the domination
number of G, and is denoted by v(G). A dominating set of G having cardinality v(G)
is called a y-set of G. Let VO(G) = {x € V(G) | 7(G —z) =v(G)}, VI(G) = {x €
V(G) | v(G—2z) >~(G)} and V7 (G) = {z € V(G) | v(G —z) < y(G)}. A vertex x
belonging to V'~ (G) is said to be critical. A graph G is critical if every vertex of G
is critical (i.e., V(G) =V~ (G)), and G is k-critical if G is critical and v(G) = k.

In this paper, we mainly study the relationship between the domination number
and the diameter. For £ > 1, it has been known that the diameter of a connected
graph G with v(G) = k is at most 3k — 1 (see Theorem 2.24 of [8]), and the bound
is best possible. On the other hand, domination criticality often decreases the up-
per bound on the diameter of a connected graph with domination number k. For
example, Fulman, Hanson and MacGillivray [6] showed the following theorem which
was conjectured in [2] (and for each k > 2, since there exist infinitely many k-critical
graphs with diameter exactly 2k — 2, the bound in Theorem A is best possible).

Theorem A ([6]) Let k > 2 be an integer, and let G be a connected k-critical
graph. Then diam(G) < 2k — 2.

Now we introduce another domination critical concept, which was first introduced
n [3]. A graph G is bicritical if v(G—{x,y}) < 7(G) for any two vertices x,y € V(G),
and G is k-bicritical if G is bicritical and v(G) = k. Note that every bicritical graph
G satisfies V1(G) = (). Brigham, Haynes, Henning and Rall [3] gave a conjecture
concerning the upper bound on the diameter of bicritical graphs.

Conjecture 1 ([3]) Let k > 3 be an integer, and let G be a connected k-bicritical
graph. Then diam(G) < k — 1.

However, the author [7] constructed counterexamples for Conjecture 1 in the case
where k # 4 as follows.

Theorem B ([7]) Let k > 3 be an integer. Then there exist infinitely many con-
nected k-critical and bicritical graphs G with

3k=3 i
diam(G) = { 7 (k is odd)
=0 (k is even).

In this paper, we refine Theorem B by considering only bicritical graphs (and by
Theorem 1.1, Conjecture 1 is completely disproved).

Theorem 1.1 Let k > 3 be an integer. Then there exist infinitely many connected
k-bicritical graphs G with

3)

5)
is odd and k > 7)

k is even).

(k
diam(G) = ko1 EZ
(
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Since Conjecture 1 is false, we are interested in a non-trivial upper bound of the
diameter of bicritical graphs. One may consider that Theorem A gives a valuable in-
formation for the diameter of bicritical graphs. However, there exist bicritical graphs
which are not critical; for example, the vertex-expansion of a critical and bicritical
graph is bicritical and not critical (see [3]), and so we cannot apply Theorem A to
all bicritical graphs. Furthermore, there exist infinitely many critical graphs which
are not bicritical; for example, the coalescence of 2-critical graphs is critical and not
bicritical. Thus it seems difficult to deal with criticality and bicriticality together.
So we consider a non-trivial class of graphs which contains all critical graphs and all
bicritical graphs.

A graph G is weak bicritical if G — x is v(G)-critical for every vertex x €
V(G) — V7 (G), and G is weak k-bicritical if G is weak bicritical and v(G) = k.
By the definition, if a graph G is weak bicritical, then V*(G) = (). Since all critical
graphs and all bicritical graphs are weak bicritical, weak bicriticality seems a natural
unification of criticality and bicriticality. Indeed, weak bicritical graphs have the
same diameter-property as critical graphs. We show the following theorem which is
an extension of Theorem A.

Theorem 1.2 Let k > 2 be an integer, and let G be a connected weak k-bicritical
graph. Then diam(G) < 2k — 2.

Recall that for each integer k& > 2, there exist infinitely many connected k-critical
graphs with diameter 2k — 2. Hence the bound in Theorem 1.2 is best possible.

By Theorem 1.2, the diameter of a connected k-bicritical graph is at most 2k — 2.
We further refine such upper bound as follows.

Theorem 1.3 Let k > 3 be an integer, and let G be a connected k-bicritical graph.
Then diam(G) < 2k — 3.

In Section 3, we construct some bicritical graphs and prove Theorem 1.1. We
prove Theorem 1.2 in Section 4, and prove Theorem 1.3 in Section 5.

By considering Theorem 1.1, Theorem 1.3 for the case where k € {3,4} is sharp.
We conclude this section with the following conjecture.

Conjecture 2 Let k > 5 be an integer. Then there exist infinitely many connected
k-bicritical graphs G with diam(G) = 2k — 3.

2 Basic properties
In this section, we prepare some fundamental properties for our proof.

2.1 Weak bicritical graphs

In this subsection, we give some properties of weak bicritical graphs.



MICHITAKA FURUYA / AUSTRALAS. J. COMBIN. 62 (2) (2015), 184-196 187

We first give a degree condition of weak bicritical graphs.

Proposition 2.1 Let G be a connected weak bicritical graph of order at least three.
Then the minimum degree of GG is at least two.

Proof. Suppose that there exists a vertex x of G of degree exactly one, and write
Neg(z) = {y}. Note that y is not a critical vertex of G. Since |V(G)| > 3, y is
adjacent to a vertex z (# z). Let S be a ~v-set of G — {y,z}. Since G is weak
bicritical and y is not critical, |[S| < 7(G) — 1. Furthermore, z € S because S
dominates z. This implies that S" = (S — {x}) U {y} is a dominating set of G with
|S’| < 4(G) — 1, which is a contradiction. O

We next consider weak 2-bicritical graphs. A characterization of 2-critical graphs
and 2-bicritical graphs was given in the following two theorems.

Theorem C ([1]) A graph G is 2-critical if and only if G = nK, for some n > 1
(i.e., G is the graph obtained from a complete graph of even order by deleting a
perfect matching).

Theorem D ([3]) There is no 2-bicritical graph of order at least four.
Now we characterize weak 2-bicritical graphs by using Theorem C.

Theorem 2.2 A graph G is weak 2-bicritical if and only if G € {nKy, nK;UK3, (n—

Proof. TG € {nKy,nK,;UK3, (n—1)KyUP3 | n > 1}, then we can easily check that
G is a weak 2-bicritical graph. Thus it suffices to show that if G is weak 2-bicritical,
then G € {nKy, nKyUK3, (n—1)K,UPs | n > 1}. If G is critical, then by Theorem C,
G = nkK, for some n > 1, as desired. Thus we may assume that G has a non-critical
vertex u. Since v(G) = 2, V(G)— Ng[u] # 0. Let x € V(G)— Ng[u]. Since G is weak
2-bicritical, G — wu is 2-critical, and hence the complement of G — u is isomorphic to
nk, for some n > 1 by Theorem C. In particular, x is not adjacent to exactly one
vertex y in G — u. Since there is no vertex of G —y dominating V(G) — {y}, y is not
a critical vertex of G. Since G is weak 2-bicritical, it follows that v(G — {z,y}) = 1.
This implies that u is adjacent to any vertices in V/(G) —{u, z,y} in G. If uy € E(G),
then G = (n — 1)Ky U Ps, as desired. Thus we may assume that uy ¢ E(G). Then
G = (n—1)KyUKs. If n =1, then G consists of three isolated vertices, and so
v(G) = 3, which is a contradiction. Thus n > 2, and hence G = mK, U K3 for some
m > 1. U

2.2 Coalescence of two graphs

In this subsection, we introduce a way of constructing of a graph from two small
graphs, which was defined in [2].
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Let H; and H, be graphs, and for each i € {1,2}, let x; be a vertex of H;. Under
this notation, we let (H; ® Hy)(z1,x2 : x) denote the graph obtained from H; and
Hj by identifying z; and z5 into a vertex labeled x. We call (H; ® Hy)(x1, 29 : x) a
coalescence of Hy and Hy (via z7 and ).

Some properties for criticality or bicriticality in a coalescence of two graphs have
been known. (Note that Lemma 2.3(iii) is a special case of Theorem 3.3 in [7].)

Lemma 2.3 ([2, 4, 7]) Let Hy and Hy be two graphs, and for each i € {1,2}, let
x; be a non-isolated vertex of H;. Let G = (Hy  Hy) (1,29 : ).

(i) If x; is a critical vertex of H; for each i € {1,2}, then V—(G) = (V~(H;) U
V7 (Hy)) — {21, 22}) U{a} and v(G) = y(Hy) +7(Hs) — L.

(ii) The graph G is critical if and only if both H, and H, are critical.
(i) The graph G is bicritical if and only if for some i € {1, 2},

(a) H; is critical and bicritical,
(b) Hjs_; is bicritical, and

(c) xs_; is a critical vertex of Hs_;.
In particular, G is critical or bicritical, then v(G) = v(Hy) + v(Hz2) — 1.
By combining Lemma 2.3(i) and (iii), we get the following result.

Lemma 2.4 Let Hy and Hy be two graphs, and for each i € {1,2}, let x; be a
non-isolated vertex of H;. If G = (H; ® Hy)(x1, 29 : x) is bicritical, then V~(G) =
(V7 (H) UV (Hz)) = {z1, 22}) U{a}.

2.3 2-coalescence of two graphs

Lemma 2.5 Let G be a graph, and let 1 and xo be two distinct vertices of GG
with Nglx1] € Nglzo|. Then xy is not a critical vertex of G. Furthermore, if G is

bicritical, then V(G) — {x1, 22} C V~(G).

Proof. Let S be a v-set of G — x5. Since S dominates x1, S N Ng[x1] # 0, and so
SN Nglzz] # 0. This implies that S is a dominating set of G, and hence (G —z3) >
~v(G). Consequently x5 is not a critical vertex of G.

Assume that G is bicritical. Let u € V(G) — {z1, 25}, and let S’ be a v-set of
G — {x9,u}. Then |S"| < v(G) — 1. Since S” dominates x;, S” also dominates z.
Hence S’ is a dominating set of G — u, and so (G —u) < |S’| < v(G) — 1. Since
u € V(G) — {x1, xo} is arbitrary, we have V(G) — {z1, 22} C V~(G). O

Let Hy and Hy be graphs, and for each i € {1,2}, let xgl) and xz( ) e two adjacent

2
vertices of H;. Under this notation, we let (H; o HQ)(:E(ll), x(zl) : x(l))(:p(12), x(;) : 2®)
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denote the graph obtained from H; and Hj by identifying xli) and xéi) into a vertex
labeled (¥ for each i € {1,2}. We call (H; o Hy)(x! ), (- x(l))(:p(f),xg) c2@) a
2-coalescence of Hy and H,.

Proposition 2.6 Let H;, and H, be two bicritical graphs, and for each i € {1,2},
let xﬁl) and x?) be two distinct vertices of H; with Ny [z\"] = Ny, [:L‘?)]. Then

the graph G = (H, ® Hy)(z{", 2 + 2W) (@ 28 : 2®) is bicritical and 4(G) =
v(Hi) +7(Hz) — 1.

Proof. Recall that deleting a vertex of bicritical graphs cannot increase the dom-
ination number. By Lemma 2.5, for each i € {1,2}, VO(H;) = {z!", 2P} and
V-(H;) = V(H;) — {z 2(1),335 )}. Since H; — xgl) is critical for each ¢ € {1,2},
(Hy — xgl) o Hy — xgl))(x?), (22) s @) (= G — 2W) is critical by Lemma 2.3(ii).
By Lemma 2.3,

VG = 2W) = y(Hy — 2iV) + 7 (Hy — ) — 1 = y(H)) +7(H) — 1.

Since Ng[z(V] = Ng[2?)], we see that 2 € VO(G). Hence v(G) = v(Hy)+v(Hy)—1.

We show that G is bicritical. Let u and v be two distinct vertices of G. It suflices
to show that there exists a dominating set S of G—{u, v} with |S| < v(H;)+~v(Hs)—2.

Case 1: {u,v} = {zV 231
For each i € {1,2}, let S; be a ~y-set of H; —{xl : Z } Then S; U S is a

dominating set of G — {u,v}. Since both H; and Hj are bicritical, [S; U Sy| =
|S1| 4182 < (v(Hy) — 1) + (y(Ha) — 1).

Case 2: |{u,v} N {zM 2@} = 1.
We may assume that u = 2 and v € V(H,;) — {z!! ,x12)} Let S; be a 7-set of
—{:p(ll), v}, and let Sy be a vy-set of Hg—{xgl),x;)}. If 21 & 9y, let S = S, US,; if
x(12) € S, let S = (5 —{x(12)})U{:E(2)}USQ. Then S is a dominating set of G —{u,v}.
Since both Hy and H, are bicritical, |S| = [S1] + [Sa] < (v(Hy) — 1) + (v(Hz) — 1).

Case 3: {u,v} N{zW 2?} =0 and u,v € V(H) for some i € {1,2}.

We may assume that u,v € V( ) {xl ,xl } Let S be a y-set of H; — {u, v},
and let S, be a 'y set of Hy {x2 ,x2 } Since NH1 {u v} [xg )] NHl_{u,v} [xg )], we see
that |S ﬂ{:pl L2l }| < 1. We may assume that z\' ) ¢ 3. Itz ¢ Sy, let S = S1USs;

if IL‘1 € 91, let S = (S;—{zP})U{z®@}US,. Then S is a dominating set of G—{u, v}.
Since both Hy and H, are bicritical, |S| = [S1] + [Sa] < (v(Hy) — 1) + (v(H2) — 1).

Case 4: {u,v}N{zW 23} =0 and |V (H;) N {u,v}| = 1 for each i € {1,2}.

We may assume that u € V( D = {2V, 2PY and v € V(H,) — {x2 ,x2 }
Let S; be a 7-set of Hy — {u,x1 }, and let Sy be a ~-set of Hy — {u,x2 boI
xz@ ¢ S; for each i € {1 2}, let S = S; U Sy, if xgz) € S; for some i € {1,2}, let
S = ((5,USy) — {22 2 }) U{x@}. Then S is a dominating set of G — {u, v, z(V}.



MICHITAKA FURUYA / AUSTRALAS. J. COMBIN. 62 (2) (2015), 184-196 190

X Y
Figure 1: Graph A

Since S dominates z® and Ng[z(V] = Ng[z®], S also dominates (!, and hence

S is a dominating set of G — {u,v}. Since both H; and H, are bicritical, |S| <
[S1] + 2] < (v(H1) = 1) + (v(H2) — 1)

This completes the proof of Proposition 2.6. 0

3 Examples

In this section, we show Theorem 1.1. We first construct some bicritical graphs with
small domination number.

Let A be the graph on XUY depicted in Figure 1. Let s be a positive integer, and
let AY) (i € {1,2},1 < j < s) be disjoint copies of A. Fori € {1,2} and 1 < j < s,
let ij ) (resp. Yi(j )) be the subset of V(Agj )) which corresponds to the set X (resp.
the set V). Let 2V, 2®) 4 be new vertices. We define some sets of edges as follows:
Let

F = {z(l)u, 2y

u € U X{j)} U {yu

1<j<s

u € U Xéj)} U {201,

1<j<s

F, = {uv | u € Yi(j),'u € V(Aﬁj')),i c{1,2},j # j/}7

F; = {uv

Let Lg be the graph defined by

V(L) = {22 yyu | | <U v<A§”>>

i€{1,2} \1<j<s

and

= U Y'l(j)’ve U Y'Q(J')}_

1<j<s 1<j<s

and
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Then we can verify that Lg is 4-bicritical graph with diam(Lg) = 5 by tedious
argument (and we omit the details). By Lemma 2.5, VO(L,) = {z 2®} and
V=(L,) = V(Ly) — {zM, 2@}, In particular, y is a critical vertex of Li.

Let s be a positive integer, and let H; and Hs be disjoint copies of Ly. For each
i €{1,2}, let xz(l) and xz@ be the distinct vertices of H; with Ny, [xz(l)] = Ny, [xz@].
Then by Proposition 2.6, LY = (H; e Hg)(x(ll),x(zl) ; x(l))(x?),x(;) 2 is a 7-
bicritical graph with diam(L*) = 10. By Lemma 2.5, V(L) = {zM +®} and
V(L) = V(L) — {2V, 2P},

Proof of Theorem 1.1. Let k be as in Theorem 1.1. If k € {3,5}, then Theorem B
yields the desired result. Thus we may assume that k& ¢ {3,5}. Fix a positive integer
s. If kis even, let Gy = Ly and m = (k — 2)/2; if k is odd, let G; = L} and
m = (k —5)/2. In either case, there exists a vertex w} € V~(G;) with eccg, (w)) =
diam(G7). By Theorem B, there exists a connected 3-critical and bicritical graph
with diameter 3. For each 2 <7 < m, let GG; be a connected 3-critical and bicritical
graph with diameter 3, and let w; and w] be vertices of GG; which are at distance
three apart. Let G be the graph obtained by concatenating Gy, ..., G,, by letting
Gi-1 and G; coalesce via w,_; and w; for each 2 <i <m. Then

8k—1 is o
diam(G) = Z diam(G;) = { — (K dd)

(k is even).

Further by Lemma 2.3(iii), G is bicritical and y(G) = v(G1)+) ocic, (7(Gi)—1) = k.
Since there exist infinitely many candidates for GG, this yields the desired conclusion.

O

4 Proof of Theorem 1.2

Let | > 3 be an integer, and let G be a connected graph. A pair (z,7) of a vertex
x € V(G) and an integer j > 2 is [-sufficient if eccg(x) = diam(G) and there exists
a y-set S of G with |S N (Uyeye; N& (@) > (G +1)/2.

Lemma 4.1 Let k > 3 and | > 3 be integers, and let G be a connected weak
k-bicritical graph having an [-sufficient pair. Then diam(G) < 2k — [ + 1.

Proof. Let (x,m) be an l-sufficient pair of G so that m is as large as possible. For
each i > 0, let X; = Ng)(x) and U; = XoU---U X;. Then there exists a 7-set
Sy of G with |[S; N U,| > (m +1)/2. Suppose that diam(G) > 2k — [ + 2. Since
k> 1S1NU,,| > (m+1)/2, it follows that diam(G) > m+2. Since |S1NU,,| > (m+1)/2
and |S1 N Upia| < ((m+2) +1)/2 by the maximality of m, |S1 N (X1 U Xpnpo)| =
ST N Upia| = [S1 0 U] < (m+1+4+2)/2 = (m+1)/2 = 1. This implies that
S1N (X1 UXpy2) = 0, and hence S; N X403 # 0. Since diam(G) > 2k — [+ 2 and
k> |S1NUpss| > (m+1)/2+ 1, we have diam(G) > m + 4.
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Claim 4.1 For every ~y-set Sy of G, |So N Upya| = (m+1)/2 and [Sp N (Xypis U
Xm+4)| <1l

Proof.  We first show that S = (S N Uppi2) U (S1 — Upt2) is a dominating set of
G. Since Sy dominates V(G), So N U,,42 dominates Uy, 1. Since S; dominates V (G)
and S1 N X1 = S1 N Xppo =0, S1 — Uy dominates V(G) — Uyyyq. Hence S is
a dominating set of G.

Since S is a y-set of G, |S1| < [S)]. In particular, [Sy N Upia| = |5 — |51 —
Unial = 1S1] = |51 — Unsa| = |51 N Upsz| = (m+1)/2. Since Sy is not (m + 4)-
sufficient by the maximality of m, [Sy N Upya| < ((m +4) +1)/2. Therefore |Sy N
(Xm+3 U Xm+4)| = |SO N Um+4| - |S() N Um+2| < (m + l + 4)/2 - (m + l)/2 = 2. [

Since S1N X, 13 # 0, [S1NX,43] =1 and S;NX,, 14 = 0 by Claim 4.1. Hence the
unique vertex w in S; N X,,,3 dominates X, 1o U X,,.3. Let w’ € X,, 2. Note that
ww' € E(G). If wis critical, let Sy be a y-set of G—w; if w is not critical, let Sy be a -
set of G—{w, w'}. Since G is weak bicritical, |Ss| < ~v(G)—1, and hence both SoU{w}
and Sy U {w'} are y-sets of G. By Claim 4.1, |Sy N Uppgz| = |(Se U {w}) N Upppa| >
(m+1)/2. Then |(SoU{w'}) NUpya| = [SaNUpgz| +1 > ((m+2) +1)/2, and hence
(x,m + 2) is an [-sufficient pair of G, which contradicts the maximality of m.

This completes the proof of Lemma 4.1. O

Now we prove Theorem 1.2.

Proof of Theorem 1.2. Let k and G be as in Theorem 1.2. If £ = 2, then diam(G) =
2 = 2k — 2 by Theorem 2.2, as desired. Thus we may assume that k£ > 3. Suppose
that diam(G) > 2k — 1. Then by Lemma 4.1, there exists no 3-sufficient pair of G.
Let x be a vertex of G with eccg(x) = diam(G). Since diam(G) > 2k — 1 > 5,
Ng) (x) #0. Let w € Ng’) (z) and w' € Ngl) (x) be vertices so that ww' € E(G). If
w is a critical vertex of G, let S be a y-set of G — w; if w is not a critical vertex
of G, let S be a y-set of G — {w,w'}. In either case, since G is weak k-bicritical,
|S| < k—1and SU{w} is a y-set of G. Since (z,3) is not a 3-sufficient pair of G,
(S UA{w}) N (Up<ics N((;)(x))| < (3+3)/2 = 3. Furthermore, SN (Up<;<3 N((;Z)(x))
dominates | Jy; Ng) () in G —w or G — {w,w'} according as w is critical or not.
This implies that S N (Upe;<3 N(Gi) (x)) consists of exactly one vertex a € Ng(z)
dominating (Jy, o N(Gi)(:p). Since Ng[z] € Nglal, a is not a critical vertex of G' by
Lemma 2.5. By Proposition 2.1, Ng(z) — {a} # 0. Let b € Ng(x) — {a}, and let
S" be a y-set of G — {a,b}. Since G is weak bicritical, |S'] < ~(G) — 1. Since 5’
dominates z in G — {a,b}, S' N Ne_ap[z] # 0. Let ¢ € S" N Ng_qapy[2]. Since a
dominates | Jy;y N((;i) () in G, Ng[c] C Ngla], and hence S” = (S" — {c}) U {a} is a
dominating set of G with |S”| = 5’| < 4(G) — 1, which is a contradiction. Therefore
diam(G) < 2k — 2. O
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5 Proof of Theorem 1.3

In this section, we prove Theorem 1.3. We start with a lemma.

Lemma 5.1 Let G be a bicritical graph, and let x be a non-isolated vertex of G.
Then there exists a vertex y € Ng(x) such that no vertex in Ng(z) — {y} dominates

Nelo] = {y}-

Proof. Suppose that for every y € Ng(z), there exists a vertex in Ng(x)—{y} which
dominates Ng[z] — {y}. Let y; € Ng(x), and for each i > 2, let y; € Ng(z) — {yi—1}
be a vertex which dominates Ng[z] — {y;_1}. Suppose that y; = y3. Let S; be a
v-set of G — {y1,y2}. Since S; dominates z, S; N (Nglx] — {y1,y2}) # 0. Since every
vertex in Ng[z| — {y1,y2} is adjacent to both y; and y, by the choice of y; (= ys3)
and yo, this implies that S is a dominating set of G with || < v(G) — 1, which is
a contradiction. Thus y; # y3. Since y, dominates Nglz] — {y1}, y2y3 € E(G), and
hence y3 dominates Ng[z|. Let Sy be a 7-set of G — {ys,y4}. Since Sy dominates

x, Sy N (Ng[z] — {ys,ya}) # 0. Since every vertex in Ng[z] — {ys,ya} is adjacent to
both y3 and y,, this implies that S, is a dominating set of G with |Ss| < ~(G) — 1,
which is a contradiction. U

Proof of Theorem 1.3. Let k and G be as in Theorem 1.3. Suppose that diam(G) >
2k — 2. Then by Theorem 1.2, diam(G) = 2k — 2. By Lemma 4.1, there exists no
4-sufficient pair. Let A = {z € V(G) | eccg(z) = diam(G)}. By Lemma 5.1, for
each x € A, there exists a vertex y, € Ng(z) such that no vertex in Ng(z) — {y.}
dominates Ng|x] — {y.}.

Claim 5.1 Let z € A be a vertex. Then the following hold:

(i) There exists a vertex in N ®)(2) which dominates Ng () — {y.}-

)
(ii) The vertex y, is not a critical vertex of G.
(iii) |NG ()] > 2.

)

(iv) There exists no vertex in Ng(x) which dominates Ng|x].

Proof.  We first show (i) and (ii). If y, is a critical vertex of G, let S be a y-set of
G — y,; if y is not a critical vertex of G, let S be a y-set of G — {z,y,}. In either
case, |S| < k—1and SU {x} is a y-set of G. Since (z,2) is not a 4-sufficient pair of

G, (S U{e}) N Uyeir N (2))] < (2+4)/2 =3, and hence |81 (Upeicy N6 (2))] <
1. Since S dominates Ng( ) — {y.} and no vertex in Ng(z) — {y,} dominates

Na(z) — {y.}, this implies that [S N (Uyc;<o No N (x))] = |SﬁN(2 (z)] = 1 and the
unique vertex w € SN Né () dominates Ng(x ) {y.}. In particular, (i) holds. If
Y. is a critical vertex of G, then S dominates x, which is a contradiction. Thus (ii)

holds.
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We next show (iii). Suppose that |Né2) ()| =1, and let Hy = G[Uy;<o Ng) ()]
and Hy = G — Ng[z]. Then we can regard G as a coalescence of H; and Hs, and
hence H; is bicritical by Lemma 2.3(iii). On the other hand, since |V (H;)| > 4 and
~v(Hy) <2, Hy is not bicritical by Theorem D, which is a contradiction.

We finally show (iv). Suppose that there exists a vertex in N¢(z) which dominates
N¢[z] in G. By the definition of y,, no vertex in Ng(z) — {y,} dominates Ng[z] in
G. Thus y, dominates Ng[z| in G. Let 2/ € V(G) with dg(z,2") = eccg(x). Since
' € A, the vertex y,s is not a critical vertex of G by (ii). Let S be a 7-set of
G — {Ys, Yy }. Since S dominates z, S N (Ng[z] — {y.}) # 0. Since y, dominates
Ng[z] in G, S dominates y,. In particular, S is a dominating set of G — y,s, and
hence y,. is a critical vertex of G, which is a contradiction. 0

Let z € A. For each ¢ > 0, let X; = Ng)(x) and U; = XoU---UX,. By
Claim 5.1(i), there exists a vertex we € X, which dominates Ng(z) — {y,}. Let
S1 be a y-set of G — {y,, wo}. If S; N Ng(x) # 0, then S; is a dominating set of
G — y., and hence y, is a critical vertex of GG, which contradicts Claim 5.1(ii). Thus
S1 N Ng(z) = (0. Since S; dominates z, we have x € S;. Note that S; U {w-} is a
v-set of G. Since both (z,2) and (z,3) are not a 4-sufficient pair, |(S;U{ws})NUs| <
(2+4)/2 =3 and |(S; U{ws})NUs| < (3+4)/2="7/2. This forces S; N Uy = {z}
and |S; N X3| < 1. By Claim 5.1(iii), X5 — {ws} # 0, and hence |S; N X3| = 1 and
the unique vertex wsz in S; N X3 dominates Xy — {ws}.

Let m be the maximum integer satisfying that S; N Xa;41 # 0 for all j with 1 <
Jj < m. Choose a y-set Sy of G—{y,, ws} so that m is as large as possible. Recall that
x € S1. This together with the definition of m leads to |S; N Uspyi| > m + 1. Since
(x,2m+2) is not a 4-sufficient pair, |(S;U{ws}) NUspmo| < ((2m+2)+4)/2 =m+3
(i.e., |51 N Usgpya| < m+1). This forces

o |SiNUppy1| =m+1,
e S1NXy =0 forall jwith1<j<m+1,and
o [S1N Xy =1forall j withl<j<m,

By the maximality of m, we have S; N X143 = 0. Write S; N Xo,,,.1 = {z}. Since
SN Xopy = 51N Xopgo = 51N Xopys = 0, 2 dominates Xop,11 U Xopyo. Since
m+2=|(S1 U{ws}) NUsppi1| <k, 1 <m<k—2.

Suppose that m = k — 2 (i.e., diam(G) = 2k — 2 = 2m + 2). Let 2/ € Xgp_o.
Then 2/ € A. Since Ng[2'] € Xog—3 U Xok_o, z dominates Ng[z'], which contradicts
Claim 5.1(iv). Thus m < k—3, and so diam(G) = 2k—2 > 2m+4. Let Sy be a y-set
of G — {ys, z}. If Sy dominates z in G, then Sy is a dominating set of G — y,, and
hence y, is a critical vertex of G, which contradicts Claim 5.1(ii). Thus Sy does not
dominate z. This implies that Sy N (Xomi1 U Xopi2) = 0. Since diam(G) > 2m + 4,
we have

Sy N Xomis # 0. (5.1)

Claim 5.2 |SQ — U2m+1| S k—m — 2.
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Proof.  We first show that Sy = (SoNUsy, ) U(S1 —Usy,) is a dominating set of G —y,.
Since Sy dominates V (G)—{y,, 2z} and SoNXay,i1 = 0, SoNUs, dominates Us,, —{y. }.
Recall that z dominates Xo,, 11 U Xo,,40. Since S; dominates V(G) — {y., w2} and
z € S1 — Uy, S1 — Uy, dominates V(G) — Uy, Hence Sy is a dominating set of
G — Yq.

Since ¥, is not a critical vertex of G by Claim 5.1(ii), |S2 N Uap| + |S1 — Usm| =
|So| > k. On the other hand, |S; — Usy,| = [S1] — [S1 N U] = (B — 1) — m.
Consequently, we have [So N Uzpia| = |[S2 N Usp| > k—(k—m—1) = m + 1.
This together with |Sy| < k — 1 leads to |Sy — Uspy1| = [So| — [S2 N Usgpya| <
(k—1)—(m+1)=k—m—2. O

Set S* = (S1NUspy1)U(Se —Uspi1). Since Sy is a dominating set of G — {y,., wq }
and z € S;NUypi1, S1NUspmy1 dominates Usyyio — {ye, wo } and y,, wo & ST N Uzt
Since Sy dominates V(G) — {yz, 2}, S2 — Ugpmy1 dominates V(G) — Ugyio. Hence
S* is a dominating set of G — {y,, wy}. Since |S*| = |[S1 N Uspms1| + |52 — Uzimsa| <
(m+1)+(k—m—2)=k—1by Claim 5.2, S* is a y-set of G — {y,, w2}. Then by
the definition of m and (5.1), S* N Xy;11 # 0 for all j with 1 < j < m + 1, which
contradicts the maximality of m. Therefore diam(G) < 2k — 3.

This completes the proof of Theorem 1.3. U
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