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Abstract

The concept of quasiperiodicity is a generalization of the notion of period-
icity where in contrast to periodicity the quasiperiods of a quasiperiodic
string may overlap. A lot of research has been concentrated around al-
gorithms for the computation of quasiperiodicities in strings while not
much is known about bounds on their maximum number of occurrences
in words. We study the overlapping factors of a word as a means to pro-
vide more insight into quasiperiodic structures of words. We propose a
linear time algorithm for the identification of all overlapping factors of a
word, we investigate the appearance of overlapping factors in Fibonacci
words and we provide some bounds on the maximum number of distinct
overlapping factors in a word.
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1 Introduction

The notion of periodicity in strings is well studied in many fields like combinatorics
on words, pattern matching, data compression and automata theory (see [23, 24]),
because it is of paramount importance in several applications, not to talk about its
theoretical aspects.

The concept of quasiperiodicity is a generalization of the notion of periodicity,
and was defined by Apostolico and Ehrenfeucht in [3]. In a periodic repetition
the occurrences of the single periods do not overlap. In contrast, the quasiperiods
of a quasiperiodic string may overlap. It was shown that maximal quasiperiodic
substrings in a string can be reported in O(nlog®n) [3], an algorithm later improved
to O(nlogn) time ([6, 18]), shown to be optimal by Groult et al. [13]. We call a border
u of a non-empty string y a cover of y, if every letter of y is within some occurrence
of u in y. Finding all the covers of a string y of length n can be done in linear
time [22, 25]. An O(log(logn))-time work-optimal parallel algorithm was given later
by Hliopoulos and Park in [19]. Apostolico and Breslauer gave an online linear-time
algorithm for computing the minimal cover array of a string in [2, 5]. Additionally, Li
and Smyth [22] provided a linear time algorithm for the computation of the maximal
cover array of a given string; this algorithm gives also all the covers for every prefix
of the string.

Seeds are regularities of strings strongly related to the notion of cover, as a seed is
a cover of a superstring of the word. An O(nlogn) algorithm for the corresponding
problem on seeds was given in [17] and later a linear time algorithm has been proposed
by Kociumaka et al. [20]. Recently Christou et al. gave a linear-time algorithm
for computing the minimal/maximal left-seed array of y [10], an O(nlogn)-time
algorithm for computing the minimal right-seed array of ¢, and a linear-time solution
for computing the maximal right-seed array of y [8]. A quadratic time algorithm for
the computation of the seed array has been proposed in [10] while Christodoulakis
et al. gave some polynomial time algorithms for the approximate seed problem [7].

A lot of research has been concentrated around algorithms for the computation of
quasiperiodicities in strings while not much is known about bounds on their number
of occurrences in words. The infinite Thue-Morse word was the first example of an
infinite overlap-free word [1, 28, 29], proven to be the only infinite binary word having
that property [26]. Additionally, it was shown that there is an infinite number of
overlap-free infinite partial words with one hole, but none in infinite words with more
than one hole [14]. Fibonacci strings are important in many concepts [4] and are
often cited as a worst case example for many string algorithms or as a lower bound
for the number of periodicities/quasiperiodicities in a string. Over the years much
relevant scientific work has been done on them, e.g. identifying all covers of a circular
Fibonacci string [16], identifying all maximal quasiperiodicities in Fibonacci words
[13], identifying all covers and seeds of a Fibonacci word and covers of a circular
Fibonacci string [9], etc.

In this paper we study the overlapping factors of a word as a means to provide
more insight into quasiperiodic structures of words. We propose a linear time algo-
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rithm for the identification of all overlapping factors of a word, we investigate the
appearance of overlapping factors in Fibonacci words and we provide some bounds
on the maximum number of distinct overlapping factors in a word.

The rest of the paper is structured as follows. In Section 2, we present the basic
definitions used throughout the paper. In Section 3, we prove and also quote some
properties for periodicities in words, periodicities and factor structure of Fibonacci
words as well as some facts regarding the Fibonacci sequence that will prove useful
later on the solution of the problems that we are considering. In the next sections we
propose a linear time algorithm for the identification of all overlapping factors of a
word (Section 4), we investigate the appearance of overlapping factors in Fibonacci
words (Section 5) and we provide some bounds on the maximum number of distinct
overlapping factors in a word (Section 6). Finally, we give some future proposals and
a brief conclusion in Section 7.

2 Definitions

Throughout this paper we consider a string y of length |y| = n, where n € Z*, on a
fixed alphabet. It is represented as y[1..n] when n > 0. A string w is

a factor of y if y = www for two strings u and v;

a prefir of y if y = wo for some string v;

a suffiz of y if y = ww for some string u;

a border of y if it is both a prefix and a suffix of y.

A proper factor of y is a factor which is not equal to y itself; proper prefixes, suffixes
and borders are defined similarly. We denote the longest common prefix of two strings
x and y as LC'P(z,y) and the length of the longest proper border of y as Border(y).
A non empty string u is a period of y if y is a prefix of u* for some positive integer k,
or equivalently if y is a prefix of uy. Period(y), is the length of the shortest period
of y. A run is a maximal (non-extendable) occurrence of a repetition of exponent at
least two. This means that the factor y[i.. j] is a run if:

e y[i..j] has period p

e j—i+1>2

yli = 1] #yli + p— 1] (if y[i — 1] is defined), y[j + 1] # y[j —p+ 1] (if y[j + 1]
is defined)

yli .. 1+ p—1] is primitive, that is, it is not a proper integer power (2 or larger)
of another string
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aba ababdba
—_—————

quasiperiodic square

Figure 1: Quasiperiodic squares and overlapping factors in Fj

For any non-negative integer ¢, a string w is called a superposition of v and v
with an overlap of length £ if there exist strings z, ¥, z such that

w=ayz,u=xy,v=yzand [y| = L.

Note that a concatenation is a superposition with overlap of length 0. The concate-
nation of two copies of some word z is called a square (e.g. w = zx), while the
concatenation of three copies of z is called a cube (e.g. w = xzx).

A string w is a quasiperiodic square of y if it is a factor of y and w = zv = uz,
where 2z and v are non empty words and |x| > |v]. A factor z of y is an overlapping
factor of y if there exists a quasiperiodic square w = xv = uz, where x and v are
non empty words and |z| > |v|, in y.

A string x is a cover of y if y is a superposition of one or more copies of z.
Similarly a string = is a seed of y if y is a factor of a superposition of one or more
copies of . A left seed of y is a seed of y that is also a prefix of y, and a right seed
is a seed of y that is also a suffix of y.

The nt" Fibonacci number denoted by f,, is defined by the recurrence and initial
conditions:

f0:17 f1:17 fn:fnfl"'_fan n6{273747}

The first few terms are: 1,1,2,3,5,8,13,21, 34,55, ... We define a (finite) Fibonacci
string Fy, k € {0,1,2,...}, as follows:

F‘():b7 F1 = a, Fn:F7L,1F7L,2 n e {2,3,4,}

Notice that |F},| = f,, the n*® Fibonacci number.

3 Properties

In this section we prove and also quote some properties for periodicities in words,
periodicities and factor structure of Fibonacci words, as well as some facts regarding
the Fibonacci sequence that will prove useful later on the solution of the problems
that we are considering.

The following property of borders, which we give without proof, is quoted in
almost every publication regarding periodicity.

Lemma 1 [27] Let u be a border of x and let z be a string such that |z| < |u|. Then
z is a border of x if and only if z is a border of w.
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The following lemma gives the relation between covers of a string and a way of
finding them.

Lemma 2 [25] Let u be a cover of x and let z # u be a factor of x such that |z| < |u].
Then z is a cover of x if and only if z is a cover of u.

Proof. Clearly if z is a cover of u and w is a cover of x then z is a cover of x. Suppose
now that both z and w are covers of x. Then z is a border of x and hence of u
(Iz| < |u]); thus z must also be a cover of w. O

The following lemmas provide some insight in the periodicities and factor struc-
ture of Fibonacci words, developing the background for further investigation of those
words.

Lemma 3 [11] Forn > 1, the set of nonempty borders of F, is
{F’m Fn727 an47 anﬁ, . Fk}

where k =1 if n is odd and k = 2 if n is even.

Lemma 4 [15] F}, = Py0y, where P, = Fy_oFy_3..F1, k > 2 and oy = ab if k is
even or 0, = ba otherwise.

Proof. Easily proved by induction. O

It is sometimes useful to consider the expansion of a Fibonacci string as a con-
catenation of two Fibonacci substrings. We define the F,, F,,_1 expansion of F,,,
where n € {2,3,...} and m € {1,2,...,n — 1}, as follows:

e Expand F, using the recurrence formula as F, 1 F}, .
e Expand F,_; using the recurrence formula as F,, o F,,_3.

e Keep expanding as above until F},;; is expanded.

Lemma 5 [9] The F,,, F,,_1 expansion of F,, where n € {2,3,...} and m € {1,2,
...,n — 1} is unique.

Proof. Easily proved by induction. O

Lemma 6 There is no F,,_1F,_1 in the F,,, F,,,_1 expansion of F,, where n €
{2,3,...} andm € {1,2,...,n—1}.

Proof. Any F,,_1 in the expansion comes from an expanded F,, 1 = F,,F;,,_1. There-
fore, any F,,,_1 in the F,,, F,,_1 expansion of F, must be preceded by an F,,. O
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Lemma 7 There is no F,,F,,F,, in the F,,, F,,_1 expansion of F,, where n €
{2,3,...} andm € {1,2,...,n—1}.

Proof. The above statement holds for m = n—1, since |F,,| < 3|F,_;|. Form <n—1,
Lemma 6 shows that any F), in the F, 1, F}, expansion of F,,, where n € {2,3,...}
and m € {1,2,...,n — 2}, is preceded by an F,,,; and followed by an F,, 1 or
nothing, giving the following cases:

e Expanding F,, 1 F,Fi1 to oy 1 Fn B Fro1 gives no F,F, F,, in the ex-
pansion as F,, F,,_1F,, F,,, F,,,—1 contains no F,,, F,,, F},, and it can be preceded by
at most one F,,, (Lemma 6).

e Expanding F,,1F, to F,,F, 1F, gives no F,, F,F,, in the expansion as
F.F,,_1F,, contains no F,, F,,F,, and it can be preceded by at most one F,
(Lemma 6).

O

Lemma 8 [9] The string F,, occurs in F, precisely at the positions where either
F,, or F,,_1 occurs in the F,,, F,,_1 expansion of F,, withn € {5,6,...} and m €
{3,4,...,n— 2}, except for the last F,,_1 if it is a suffiz of F,,.

Proof. Using the recurrence relation we can get the F,, F,,_; expansion of F,, as
shown earlier:

Fn:FmFm—lFmFmFm—lFmFm—lFm~-~

In this expansion, apart from the obvious occurrences of F,, (e.g. the 1st, 3rd, 4th,
etc. factors are F,), there are also occurrences starting where each F,,_; starts,
if that F,,_; is not a suffix of F,,. Note that, by Lemma 6 all F,, ; factors are
either followed by F,, or they are not followed by any string (F,,_; is a suffix of
F,). In the former case, by further expanding the F,, that follows the F,,_; as
Fr_oF,, _3F,,_2, an occurrence of F}, is revealed starting at the position where F},,_;
occurs: F, 1F_oF,, 3F,,_» (see also Figure 2).

Next, we prove that no other occurrences of F, exist in F,. Notice that, any re-
maining occurrence should have one of the following forms:

e 1y, where x is a non empty suffix of F},, and y a non empty prefix of F;,,_;. Then
both z and y are borders of F,,,. It holds that ||+ |y| = |Fin| = |Fm_1|+ | Fm_2/,
but |z| < |Fu_al, ly| < |Fi—2| and so there exists no such occurrence of F,, in
F,.

e zy, where x is a non empty suffix of F},_; and y a non empty prefix of F,,. Then
y is also a border of F,,, and so belongs to { Fy,,_2, Fi_4, . . ., F3}, if nis odd, or to
{Fin—2, Fru—a ... Fy}, otherwise. But |z| + |y| = |Fn| and 0 < |z] < |Fp-q| so in
either case the only solution is x = F},,_1 and y = F,,,_5 giving the occurrences of
F,, at the starting positions of F,_; in the above expansion. (See also Figure 2.)
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Fin—2
Fnra—l
@[ m [ R IR Fo |

m

1

Starting positions of Fy, in F,

| r | A B | Fua
Starting positions of F, in F,, No occurrence of Fj, here

Figure 2: The string F,, occurs as a factor in F},, starting at the positions where
either F, or F,,_1 occurs in the F,, F,,,_; expansion of F), (as shown in (a)), except
for the case where the F,, F,,_1 expansion ends in F,,_; (when n = m mod 2), in
which case the last F},,_; is not a starting position for F}, (as shown in (b)).

e zF,, 1y, where x is a non empty suffix of F},, and y a non empty prefix of F},.
Then both z and y are borders of F,,. It holds that |z| + |y| = |Fu_2|, but as
both = and y are non empty |z| < |F_4l, |y| < |Fn—4| and so there exists no
such occurrence of F,,, in F),.

e zy, where x is a non empty suffix of F}, and y a non empty prefix of F,,. Then
both z and y are borders of F,,. It holds that |z| + |y| = |F,,|, but as both
and y are non empty |z| < |F,,_2| and |y| < |Fi,—2|.- The only case that allows
for that is when m = 2, i.e. F,, = 01. However F, # FyFy = 11 and so there
exists no such occurrence of I, in F,.

O

The following lemmas show some facts regarding the Fibonacci sequence that will
prove useful later on the solution of the problems that we are considering.

Lemma 9 [12] The sum of the first n Fibonacci numbers is the (n + 2)™ Fibonacci
number minus 1, i.e. > oy fi = faye — 1.

Lemma 10 [12] The sum of the squares of the first n Fibonacci numbers is the
product of the n™ and the (n + 1) Fibonacci numbers, i.e. Y 1, [2 = fafut1-

Lemma 11 [12] The ratio of successive Fibonacci numbers ff—il approaches ¢ =

, the golden ratio, as n approaches infinity, i.e. lim - = ¢.

1+v5
2 n—-+00 fn—l

Lemma 12 [12] 21221 fificr = fn-

Lemma 13 [12] S fifi = 2., — 1.
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4 An algorithm for the computation of all overlapping
factors of a word

In this section we show the relation between runs and overlapping factors of a word,
thus giving a linear time algorithm for their computation.

The following lemma sheds some light on the periodic structure of quasiperiodic
squares.

Lemma 14 A factor w of a string y is a quasiperiodic square if and only if
Period(w) < %

Proof. (=) Let w = y[i..j] = (2)*, where k > 2. Then w = 2*"'v = uz*~! where
2#=1 and v are non empty words and [2*71| > |v| = |z| and hence w is a quasiperiodic
square.

(<) Let w = y[i..j] = xu = vz, where x and v are non empty words and |z| > |v|.
As both z and v are prefixes of w and |z| > |v| then v is also a prefix of z. Therefore

. . . vl
w = xu = vx = vvp, where p is a non empty word. Using similar arguments w = v,
Jw

where 14 ~ 9. O

[l

Runs are maximal periodicities, therefore by knowing all the runs of a word we
can identify all its periodic factors, its quasiperiodic squares and overlapping factors.
Therefore, the following lemma will prove quite useful in the identification of all
overlapping factors in a word.

Lemma 15 [21] There exists a linear time algorithm that identifies all Tuns in a
string y.

Using the above lemma we are now in a position to describe a linear time algo-
rithm for the identification of all overlapping factors in a word.

Theorem 16 There exists a linear time algorithm that identifies all overlapping
factors in a string y.

Proof. Immediate consequence of Lemma 14 and Lemma 15.

Any quasiperiodic square of period |z| that appears in y implies the appearance
of a run of period |z| in y which must include it and vice versa. Hence, suppose
yli..j] = 2¥ is arun, then every factor of y[i . . j] of length ¢, where 2|z| < £ < j—i+1,
is a quasiperiodic square with period at most |z|. If y[k..k + ¢ — 1] is such a
quasiperiodic square then y[k..k + ¢ — |z| — 1] and y[k + |z| ..k + £ — 1] are some
of its overlapping factors. Any longer ones imply the appearance of a run with a
shorter period (and will be identified with its help). Suppose y[k ..k + m — 1] and
ylk+¢—m..k+¢—1], with 0 < m < £ — |z|, are shorter overlapping factors of this
quasiperiodic square. Then ylk..k+m — 1] and y[k +¢ —m..k + £ — 1] reappear
as a prefix of y[k + |z| ..k + £ — 1] and a suffix of y[k..k + ¢ — |z| — 1] respectively.
Hence, they are overlapping factors of the quasiperiodic squares ylk..k+m+|z| —1]
and y[k + ¢ —m — |z| ..k + £ — 1] respectively which are indicated by this run. O
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5 Overlapping factors in Fibonacci words

In this section we investigate the appearance of overlapping factors in Fibonacci
words. By considering the expansion of a Fibonacci string as a concatenation of
two consecutive Fibonacci substrings we are able to identify Fibonacci subwords in
a Fibonacci word and the positions of their occurrences, thus being able to derive
information for the overlapping factors of Fibonacci words.

The following lemmas identify some overlapping factors in Fibonacci words by
looking in the expansion of Fibonacci strings as a concatenation of two consecutive
Fibonacci substrings.

Lemma 17 Factors of F,, of form xF,,y, where x is a non empty suffix of Fy,, y
is a non empty prefiv of Fio1, 1 < |z| < [F| =1, 1 < [y| < [Fra| — 2 and
3 <m <n—4, are overlapping factors of F,, forn > 6.

Proof. We consider the F,,, F,,_1 expansion of F,,. Suppose that there are two
occurrences of the required factor (see also Figure 3) that overlap. There are three
cases:

e The F), that appears in the second factor starts k positions (1 < k < |F,,| — 1)
after the F,, that appears in the first factor. As of Lemma 8 %k can only be
|Fn—1]- Then the factors x;F,,y; and xoF,,y2 form a qusiperiodic square of
form x1 F,_1 F'my., which is a contradiction as x5 is a suffix of F,, 1.

e The F,, that appears in the first factor and the F;, that appears in the second
factor are consecutive. Hence overlapping factors of this form must lie in a
quasiperiodic square of form F,,F,,F,,_1F,,. Then y can be up to:

LCP(meh Fm73Fm72) = LCP(mel(Smfh Fm73Pm726m72)
= LCP(Pm—l(;m—h Pm—l(sm—Z)

m—1

Clearly, 1 < |z| < |F,| —1and 1 < |y| < |F—1] — 2.

e The F,, that appears in the first factor and the F;, that appears in the second
factor are separated by a non-empty factor z. Hence overlapping factors of this
form must lie in a factor u of form xF),zF,,y, where z is a non empty word.
Then z = vF,, which forces y to be of form F,,w or F,,_1s which contradicts
the length of y (v, w, s are non empty words).

O

Lemma 18 Fuctors of F,, of form xF,,y, where x is a non empty suffic of F,,_1 and
y is a non empty prefiv of Fr,y, with 1 < |z < |Fq| =1, 1 < [y| < [Fpa| =1,
|z| + ly| > |Fm-1]| and 3 < m < n — 75, are overlapping factors of F,, for n > 8.
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The F,, of ¢’ starts here

/

q

e — ey~

—a — [P
. q )

The F,, of ¢ starts here

Figure 3: Factors of F,,, ¢ and ¢’ (with ¢ = ¢'), of the form zF},y, where x is a non
empty suffix of F},, and y is a non empty prefix of F,,,_;. Notice that the occurrences
of F,, in ¢ and ¢’ are consecutive.

Proof. Lemmas 8, 6 and 7 suggest that quasiperiodic squares containing overlapping
factors of the required form must lie in a factor of form F,,_1F,, Fy,_1F Fi_1 in the
F,,F,,—1 expansion of F,. Clearly, 1 < |z| < |F,,| — 1 and 1 < |y| < |Fp,—1| — 1 with
the restriction that |z| + |y| > |F,,—1], so that the factors overlap. O

Lemma 19 Factors of F,, of form xF,,y, where x is a non empty suffix of F_1, y
is a mon empty prefiz of F,, and 2 < m < mn — 4, are not overlapping factors of F,
formn > 6.

Proof. Lemmas 8, 6 and 7 suggest that quasiperiodic squares containing overlapping
factors of the required form must lie in a factor of form F,,_1 F,,, Fy, Fr_1Fp Fy in the
F,, F,,_1 expansion of F,, but this causes no overlap of the squares. O

Lemma 20 Fuactors of F,, of form xF,,_1y, where x is a non empty suffix of F,,, and
y is a non empty prefix of Fry, with 1 < |z| < |Fp|—1, [Fn_a|4+1 < |y| < |Fni1|—1,
|z| + Jy| > |Fm-1]| and 3 < m < n — 75, are overlapping factors of F,, for n > 8.
Factors of F,, of form xF,_sy, where x is a non empty suffiv of F,_4 and y is a
non empty prefix of F,_3, such that either (1 <|z| < |F_4| =1, |Frss| +1 < |y| <
|Fna| =2 and [z]+]y| > |Fos|) or (1 < [z < [Fa] =1, [Fooe|+1 < [y| < |[Foos -1,
|z| + |y| > |Fa-3|), are overlapping factors of F,, for n > 6.

Proof. Lemmas 8, 6 and 7 suggest that quasiperiodic squares containing overlapping
factors of the required form must lie in a factor of the F},F,, 1 expansion of F),
having one of the following forms:

o [ F, 1F.F,_1F,F,, where3<m <n—25.
Clearly, 1 < |z| < |F,|—1and |F,,—o|+1 < |y| < |F,11]|—1 with the restriction
that |z + |y| > |Fr-1].

o [ F, 1F,.F,F,_1, where 3 <m <n—4.
Clearly, 1 < |z| < |F,,| —1 and |F,,—o|+1 < |y| < |F,,| — 2 with the restriction
that |z + |y| > |Fr-1].
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o [ F, 1F.F,.Fn_1F,F,_1, where 3 <m <n—4.
Clearly, 1 < |z| < |F,|—1and |F,,—o|+1 < |y| < |F,11]|—1 with the restriction
that |z| + |y| > |Fmial- O

The following lemma gives all the overlapping factors in a Fibonacci word by
identifying factors in the F,,, F,,,_1 expansion of F,, where n € {2,3,...} and m €
{1,2,...,n— 1}, and by using the results of Lemmas 17, 18 and 20.

Lemma 21 The overlapping factors of F,, are:
L4 wz an = {07 17273};

e factors of form Fny, where y is a possibly empty prefiv of Fp_1, 0 < |y| <
|Fre1] — 1 and 3 < m < n —4, factors of F,, of form xF,,, where x is a
possibly empty prefix of Fr,, 0 < |x| < |F| —1 and 3 < m < n—4 and factors
mentioned in Lemmas 17, 18 and 20, if n > 6.

Proof. Tt is easy to see that the lemma is valid for 0 < n < 5.

For greater n, we observe that any overlapping factors are of form xF,,y, such that
F,, is the leftmost occurrence of the longest Fibonacci word present in the factor,
with m € {3,4,...,n — 1}, |z| > 0 and |y| > 0. Clearly, for m = n — 1 there are
no factors of the above form that compose a quasiperiodic square. (Lemma 8 shows
that Fj,_; occurs in F,, only as a prefix of it.)

For m = n — 2, consider the F,_», F,,_3 expansion of F,,: F,, = F, oF, 3F, o =
Fy oF, oF, 5F, 4. Then x =0 and y can be up to

LCP(Fn—Zu Fn—SFn—4) = LCP(Pn—S(;n—& Fn—5Pm—45n—4)
= LCP(Pn—S(;n—& Pn—36n—4)

= I'n-3

For m = n — 3, consider the F,,_3, F,,_4 expansion of F,:
Fn = Fn—SFn—4Fn—3Fn—3Fn—4 = Fn—SFn—SFn—GFn—SFn—SFn—4-

As before, x = 0 and y can be up to LCP(F,,_4, F,_¢F,_5) = P,_4. Considering the
second occurrence of F,_3 we get quasiperiodic squares composed by factors of form
xF,_3y, where x is a possibly empty suffix of F,_3 and y is a possibly empty prefix
of F_g, with 0 < |z| < |F—3] = 1,0 < |y| < |Fh-4a| — 1 and |z| + |y| > |F_4-

For m < n — 4, we get the following cases:

IN

e Factors of F), of form F),y, where y is a possibly empty prefix of F,,_1, 0
lyl < |Fm-1] — 1 and 3 < m < n — 4 form quasiperiodic squares of F,,.

IN

e Factors of F), of form xF,,, where z is a possibly empty prefix of F,,,, 0 < |z|
|Fn| — 1 and 3 < m < n — 4, form quasiperiodic squares of F,.
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e Factors of form zF),y, where |z| > 0 and |y| > 0 are given by Lemmas 17, 18,
19 and 20.
d
The following theorem counts the number of distinct overlapping factors in a

Fibonacci word F;,, denoted by OF(F,,), and shows that its limit over the square of
its length tends to a constant number.

Theorem 22 lim,, ;o 74 = 0.0597933994 ...

Proof. By summing the number of overlapping factors given by Lemma 21 and
considering only the quadratic terms (as Lemma 9 shows that the sum of linear
terms gives a linear term) we get:

(F ) 1 1 n—>5
. n) 3. 2 oy
nl_{lfoo W = nl_l}foo W(fn—4fn75 + §fn—4 + 22'2:0: fifia

n—6
1 2 1 2
+ fnf4f7175 + 2fn75 + 2 ;fl )

where the first two terms come from the case of m = n — 3 in Lemma 21, the next
three terms come from Lemmas 17 and 20 and the final term comes from Lemma 18.
Therefore:

. OF(Fn) . 1 n—4 1 n—4 )
Jm TRE S mC ey 2

i 1
= lm —
n—-+00 fr%

1
(2f1374 + §fnf4fnf3)
(by applying Lemmas 10, 12 and 13)
2 1 .
= 5 27)7 (by applying Lemma 11)
= 0.0597933994 . ..

O

6 Bounds on the maximum number of distinct overlapping
factors in a word

In this section we investigate the maximum number of overlapping factors in a word.
We show a simple upper bound by considering basic combinatorial properties. Fi-
bonacci words give a first lower bound via the analysis given in the previous section.
Then we provide a more complex example, giving a better lower bound.
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Y = Qo
1 = _ay Qo Gop Qo a1
Y A P N e

Yo Yo Yo Yo

Y2 = Qapapapapal apaptptptl Apaoototl Apotototl Aploaody a2
~ 7 N —
Yy Yy Yy Y1 il |y| = 1]

Figure 4: The family of words described in Theorem 24

Theorem 23 The number of distinct overlapping factors in a word y, denoted by

OF(y) is bounded above by "24’", where |y| = n.

Proof. The number of factors of y of length at least 2 is (g) When a factor overlaps

with another means it appears at least twice in y. Therefore, OF (y) < %(Z) = "24_"

Fibonacci words give a first lower bound via the analysis given in the previ-
ous section. It is easy to observe that periodicity causes the appearance of many
overlapping factors. The following example makes use of that observation to give a
better lower bound on OF(y). Using simple calculus one can verify that a period
of %l gives maximum number of overlapping factors. We then allow periods to have
similar structure to get a higher lower bound as shown in the following theorem.

Theorem 24 The mazimum number of distinct overlapping factors in a word y over
the square of its length |y| = n, i.e. Of:éy), is at least % = 0.1041666667 . . . .

Proof. Consider the following family of words (see also Figure 4):

Yi = yiyic (L. |yica| — 1a;  with yo = ag

Then:

1 d
= lim — number of overlapping factors with
A T pping

length ¢, where |y;_1] < € < |y;|)

In order to search for overlapping factors with length ¢, where |y;_1| < ¢ < |y |, it
is enough to restrict to the word y; (as we can’t include y;[|y;|] in such a factor).
Then counting such factor from the second occurrence of y;_ in y; we get 3|y;_1|—1
factors starting from position y;[|y;—1] + 1], 3|y;—1| — 2 factors starting from position
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yillyj—1| + 2], ... and 2|y;_1| factors starting from position y;[2|y;_1| — 1]. Overall:
i 3Blyj—1l-1
. OF(y)
i O LSS
=1 k=2ly;_1|

i 3\% 1l-1 2lyj—1|-1

1

Il
1=
+
8
[N~}
<)

n

M
at
N

S

43

+

+
L
()

S

dl s

+

+

. 2 . hd
Jm o ~ (Gm)" =2 3 ; 25i—+1

5~ 1 51/25 5
lim 25— = 22722 _ 2 11041666667 ...
s 2 Z 951  224/25 48

7 Conclusion and Future Work

The concept of quasiperiodicity is a generalization of the notion of periodicity, and
was defined by Apostolico and Ehrenfeucht in [3]. In a periodic repetition the occur-
rences of the single periods do not overlap, while the quasiperiods of a quasiperiodic
string may overlap. In this paper we investigated the overlapping factors of a word
as a means to provide more insight in quasiperiodic structures of words. First, we
proposed a linear time algorithm for the identification of all overlapping factors of
a word. We then investigated the appearance of overlapping factors in Fibonacci
words and bounded the maximum number of distinct overlapping factors in a word
between %n and 1 n?. Future research might concentrate on deriving better such
bounds.
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