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Abstract

The Randié¢ index, R, also known as the connectivity or branching in-
dex, is an important topological index in chemistry. In order to attack
some conjectures concerning the Randié¢ index, Dvoidk et al. [European
J. Combin. 32 (2011), 434-442] introduced a modification of this index,
denoted by R’. In this paper we present some of the basic properties
of R'. We determine graphs with minimal and maximal values of R/, as
well as graphs with minimal and maximal values of R’ among trees and
unicyclic graphs. We also show that if G is a triangle-free graph on n
vertices with minimum degree §, then R'(G) > §. Moreover, equality
holds only for the complete bipartite graph K, _s.
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1 Introduction

Molecular descriptors are invariants that are calculated from the topological infor-
mation contained in the structure of the graph of a molecule [14]. Topological infor-
mation of a molecule comprises the position and sometimes the type of the atoms
defined in relation to the bonds that connect them. Such topological descriptors
correlate with certain compound properties and activities. In studying branching
properties of alkanes, several numbering schemes for the edges of the associated
hydrogen-suppressed graph were proposed based on the degrees of the endvertices of
an edge. In 1975 Randi¢ [13] introduced the topological connectivity index R(G) of
a graph G defined as the sum of weights (degc(u)degc(v))‘% over all edges uv of G,

RG = 3 . ,

weE(G) degG(u)degG(U)

where deg(v) is the degree of the vertex v in G. Originally this index was named
the “branching index” or “molecular connectivity index” and it has been proved to
be suitable for measuring the extent of branching of the carbon-atom skeleton of
saturated hydrocarbons. Nowadays this parameter is known as the Randi¢ index.
Later, in 1998 Bollobds and Erdds [1] generalized this index by replacing f% with
any real number « to obtain the general Randi¢ index R,. Thus,

Ro(G) = Y (degg(u)dega(v))™.

weE(G)

Randi¢ has shown that there exists a correlation of the Randi¢ index with several
physico-chemical properties of alkanes such as boiling points, chromatographic re-
tention times, enthalpies of formation, parameters in the Antoine equation for vapor
pressure, Kovats constants, calculated surface areas and others [9, 13]. According to
Caprossi and Hansen [2], the Randié¢ index together with its generalizations is cer-
tainly the molecular-graph-based structure-descriptor, that has found many applica-
tions in organic chemistry, medicinal chemistry, and pharmacology, and therefore is
an interesting topic in graph theory. For more results concerning the Randi¢ index
see [11].

Recently Dvoték et al. [5] have shown that for every connected graph G we have
R(G) > rad(G)/2, where rad(G) is the radius of G. The main idea in their work was
introducing a new index R'(G) defined as:

R@)= Y 1

weE(G) max{degg(u), degg(v)}

Although no application of the index R’ in chemistry is known so far, nevertheless
this index turns out to be very useful, especially from a mathematical point of view,
since it is much easier to follow during graph modifications than the Randié¢ index.
Using this index, Cygan et al. [4] proved that for any connected graph G of maximum
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degree at most four which is not a path with even number of vertices, R(G) >
rad(G). As a consequence, they resolve the conjecture R(G) > rad(G) — 1 given by
Fajtlowicz [6] in 1988 for the case when G is a chemical graph. They actually showed
that for all connected chemical graphs G the inequality R'(G) > rad(G) — 3 holds.

Motivated by some already known results concerning the Randi¢ index, in this
paper we present some basic properties of the newly introduced index R'. We show
that for every non-empty graph G on n vertices, R'(G) is at least 1 but no more
than 2, and these bounds are attained by stars and regular graphs, respectively.
Then we determine graphs with minimal and maximal value of R’ among all trees
and unicyclic graphs. It turns out that the same trees and unicyclic graphs attain
minimal (maximal) values of R’ and Randi¢ index. In the last part we prove that
if G is a triangle-free graph on n vertices with minimum degree 4, then R'(G) > 0.

Equality holds only for the complete bipartite graph K ,_s.

Now, we define terms and symbols used in the sequel. Let G = (V(G), E(G))
be a simple graph on n = |V(G)| vertices and m = |F(G)| edges. The degree of a
vertex v in G is denoted by degq(v), and the set of neighbors of v in G is denoted
by N¢(v). By §(G) and A(G) we denote the minimum and maximum degree in G,
respectively. The set of vertices of degree a in G is denoted by V,(G). A diameter of
connected graph G, diam(G), is the maximum distance between vertices of G, i.e.,
diam(G) = max{dg(u,v) | u,v € V(G)}.

Let v be a vertex of a graph GG. The graph G — v is obtained from G when v and
all edges incident to v are removed. By G* we denote a graph obtained from G by
adding one edge joining two vertices of degree 1. If G is a tree then G* is a unicyclic
graph. Observe that G is not determined uniquely. A subdivision of an edge is a
replacement of this edge by a path of positive length. Of course, all internal vertices
of this new path have degrees 2. A graph H is a subdivision of G if H arises by
subdivision of some edges of G.

A star with n vertices, S,, is called an n-star. Similarly, a path P, and a cycle
C,, are called an n-path and an n-cycle, respectively, if they have n vertices.

2 Basic properties of R’

Here we present some basic properties of R'. From the definition of R', it is obvious
that if G is not connected, then R'(G) is the sum of the R’ indices of its components.
Therefore, in what follows we consider only connected graphs. We start with upper
and lower bounds for R’ in general graphs.

Proposition 2.1. For every graph G on n wvertices, n > 1, the inequality R'(G) <
R(G) < 5§ holds. Moreover, R'(G) = % if and only if G is a regular graph.

Proof. From the definitions of R and R’ it is obvious that R(G) > R/'(G). It is known
that among all connected graphs of order n, regular graphs attain the maximum
Randi¢ index [3], and in that case R'(G) = R(G) = 5. Now, let R'(G) = 5. Then

R(G) = 5 as well, and using the result in [3] we obtain the statement. O
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To obtain a lower bound for R’ we need the following lemma. Recall that all our
graphs are connected.

Lemma 2.2. Let G be a graph on at least 2 vertices. Further, let S be an independent
set of vertices of G, such that for every u,v € V(G), where v € S and uwv € E(G),
we have degq(u) < dega(v). Denote by Eg those edges xy of G for which neither x
nory is in S. Then

1
max{degg(u), degs(v)}

R(G) =S|+

uweEg

Proof. Let v € S. Denote by E, the edges of G incident to v. Then {E, : v €
S} U {Esg} is a partition of E(G). Since every edge of F, contributes to R'(G)
precisely 1/degq(v) and since there are deg.(v) edges in E,,, we have

R(G) =) (

veS

1
Z max{degq(u),degs(v)}

weEg

1
Z max{degc(u%degc(v)}) "

uwveEy,
1

=181+ u’l)Ezgg max{degg(u), degg(v)}

O

Since the contribution of every edge to R’ is positive, Lemma 2.2 can be used to
bound R'.

Corollary 2.3. Let G be a graph on at least 2 vertices. Further, let S be an in-
dependent set of vertices of G, such that for every u,v € V(G), where v € S and
w € E(GQ), we have dege(u) < degq(v). Then R'(G) > |S|.

We can now obtain the following consequence of Corollary 2.3 and Lemma 2.2.

Corollary 2.4. For every graph G on at least 2 vertices we have R'(G) > 1. More-
over, R'(G) =1 if and only if G is the star S,.

Proof. Let S consist of a single vertex v of maximum degree in G. Then deg,(u) <
degq(v) for every uv € E(G), so that R'(G) > 1 for every graph G on at least 2
vertices by Corollary 2.3.

On the other hand, if R/(G) = 1 then all the edges of G must be incident to v,
by Lemma 2.2. Hence, if R'(G) =1 then G is a star. O

By using different methods, Bollobds and Erd6s [1], and Pavlovié¢ and Gutman [12]
independently showed that among all graphs of order n without isolated vertices, the
star S,, attains the minimum Randié index as well, and R(S,) = v/n — 1.

Lemma 2.2 gives an interesting bound for trees with small diameter.
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Corollary 2.5. Let T be a tree of order n, n > 3, and let v be an internal vertex
of T with minimal degree. Denote k = degy(v) and denote by | the number of leaves
adjacent to v. Then, R'(G) >k — 1+ +.

Proof. Denote Ty = T'—wv. Then Tj is a disconnected graph and k — [ components of
Tp have at least one edge. Denote these components by 71,75, ..., Tr_;. Since v is an
internal vertex with minimal degree, each T}, 1 < ¢ < k —1, contains a vertex u; such
that degp(u;) > degp(x) for every vertex x such that zu; € E(T). As wu; ¢ E(T)
for 1 <i < j<k-—1I the set S = {uy,us,...,ux_;} satisfies the assumptions of
Lemma 2.2. Since the pendant edges incident with v contain none of uy, us, ..., ur_s,
we have R'(T) > (k — 1) + 1 by Lemma 2.2. O

As we show in Table 1, the bound of Corollary 2.5 is tight. The next lemma
shows that removing a vertex of degree 1 does not increase the value of R'.

Lemma 2.6. Let Gy be a connected graph on at least 3 vertices and let v € V(G1)
such that degg, (v) = 1. Denote Gy = Gy —v. Let u be the unique neighbor of v.
Denote a = degq, (u) and denote by I the number of neighbors of u whose degree is
at least a. Then

b
ala—1)

Proof. When v is removed, the degree of u decreases by 1 while the vertices of
V(G1) \ {u, v} have the same degree in G, as in Gy. Hence, only edges incident with
u affect the difference R'(G1) — R'(G3). Let x1, s, ..., x; be neighbors of u such that
degg, (x;) > degg, (u) for i =1,2,...,1. Then

R(Gy) — RI(Gy) =

-1 1 1 1
R’(Gl)—R’(GZ):aa +< + + - +7>

degg, (z1)  degg, (22) ’ degg, (1)
(a —1-1 n ( 1 n 1 P 1 >>
a—1 degg,(z1)  degg,(z2) degg, (1)
ca—l a-l-1_ l
o a—1  ala—1)
which completes the proof. O

Using the previous result we describe a situation when a leaf is removed from its
position and it is attached to another leaf. The next lemma shows that in this case
the value of R’ is not decreasing.

Lemma 2.7. Let a connected graph Gy have at least four vertices, let v be a vertex
of degree 1 in Gy and let u be its neighbor. Denote a = degg, (u) and denote by I the
number of neighbors of u whose degree is at least a. Denote Go = G1 —v. Let w be a
vertex of degree 1 in G and let G be a graph obtained by attaching a pendant edge

to w. Then ) ;
/ /
- L )
R(GS) R(Gl) 2 a(a_ 1) —0
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Proof. By Lemma 2.6, R'(G;) — R'(G2) = ﬁ Now we calculate R'(G3) — R'(G3).
Since (G5 has at least three vertices, there is a unique neighbor of w whose degree is

at least 2 in G5. Since the degree of w is 2 in G3, by Lemma 2.6 we have R'(G3) —
R(Gy) = % Hence

R(Gy) = R(G1) = (R(Gy) = R(G)) ~ (R(G1) ~ R(G2))
L b
2 ala—1)
1 1
> Z_Z >
-2 a ~ 0
because @ > 1> 0 and a > 2. O

3 Trees and unicyclic graphs

Here we determine trees and unicyclic graphs attaining the smallest (the greatest)
values of R'. We start with their definition.

By Dy, we denote a double star on n vertices, i.e., a tree having one vertex of
degree k, one vertex of degree n — k and n — 2 leaves. By Sj, we denote a tree of
order n which is a subdivision of the star S;. Hence, S}, has one vertex of degree
k —1, and every other vertex has degree either 1 or 2. Observe that the graph of the
double star Ds g resembles the letter H. Therefore by Hj,,, we denote a subdivision of
D3¢ on n vertices in which the vertices of degree 3 are joined by a path of length k.

By B,ﬁ ,, we denote a unicyclic graph obtained from a triangle by identifying cen-
ters of two stars, Sy and S,,_j_1, with two different vertices of the triangle. Observe
that B,in has one vertex of degree k + 1, one vertex of degree n — k, one vertex of
degree 2 and n — 3 vertices of degree 1. Note that B,f,n = Bls,n forl =n—k—1. Anal-
ogously, by B (and D) we denote a unicyclic graph on n vertices obtained from
a triangle (a quadrangle) by identifying endvertices of two paths with two different
vertices of the triangle (with two nonadjacent vertices of the quadrangle). Then both
BP and DF have 2 vertices of degree 3, 2 vertices of degree 1 and n — 4 vertices of
degree 2. Finally, by Y, we denote a unicyclic graph on n vertices obtained from a
triangle by identifying endvertices of three distinct paths with three distinct vertices
of the triangle. Then Y,© has 3 vertices of degree 3, 3 vertices of degree 1 and n — 6
vertices of degree 2.

First we discuss trees on n vertices, n > 2, with smallest value of R’. By Corol-
lary 2.4, the star S, attains the minimal value of R’ and R'(S,) = 1. For the next
smallest values of R’ we use the following proposition.

Proposition 3.1. Let T be a tree on at least 2 vertices. Then, R'(T) > 2 if and
only if diam(T") > 3. Moreover, if diam(T) = 3 then R'(T) = 2 — 1, where a is the
smallest degree in T which is greater than 1.

Proof. We distinguish three cases. Suppose first that diam(7") < 2. Since T has at
least 2 vertices, T is a star S, and R'(S,,) = 1 by Corollary 2.4.
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Suppose now that diam(7") = 3. Then T has exactly 2 vertices, say u and v, whose
degree is greater than 1, and moreover, these two vertices are adjacent. All the other
vertices have degree 1. Hence, T is a double star. Assume that deg,(u) > degy(v).

Then | 1 1
R(T) = > + —2- .
wae BT degr(u) oy BTN (vu) degr(v) degp(v)

Finally, suppose that diam(7") > 4. Then there are vertices z and y such that
dg(x,y) = 4. Therefore, there is a path P : xvjvovszy of length 4 in 7. Applying
Lemma 2.6, we can remove vertices from 7', one by one, until we obtain the path
P. By Lemma 2.6, R'(T') > R'(P). Since for S = {vy,v3} we get R'(P) = 2 by
Lemma 2.2, we have R'(T) > 2. O

By Proposition 3.1, if 7" is not a star and R'(T") < 2, then diam(7") = 3. Hence,
the trees with smallest values of R’ and the corresponding values of R’ are given in
Table 1, where k = [n/2]. We remark that the next value of R'(T') is 2 but there
are more types of trees attaining this value.

G Sn Sn—l‘n D3n D4‘n DS‘n .. Dk,n
RG) | 1| 3/2 | 5/3|7/4]9/5 ... @k-1jk

Table 1. Trees with smallest values of R'.

As mentioned above, S, attains minimum Randié¢ index among all trees on n
vertices and R(S,) = v/n — L.

For unicyclic graphs we use the following proposition.

Proposition 3.2. Let C' be the unique cycle in a connected unicyclic graph G. If
the length of C' is at least 4, or if G has a vertex at distance at least 2 to C, or if the
length of C is 3 and all the vertices of C' have degrees at least 3 in G, then R'(G) > 2.
On the other hand, R'(S;7) =2 and R’(B,f,n) = 215%11, where 2 <k <n-—k—1.

Proof. Denote Gy = G. Remove a vertex of degree 1 from G, and denote the resulting
graph by (1. Repeat removing of vertices of degree 1 to obtain Ga, G3, ...until we
get a graph G, = C. By Lemma 2.6, we have R'(Gy) > R'(G1) > --- > R'(G,). By
Proposition 2.1, if C has length ¢ then R'(G,) = R'(C) = §. Hence, if ¢ > 4 then
R'(G,) > 2 and consequently R'(G) > 2. In what follows suppose that C has length
3. Then R'(G,) = R'(C) = 3.

2
If G = S then all vertices of degree 1 are adjacent to one vertex, say u, of C.
Since there is a unique edge which is not incident with u in G and both endvertices
of this edge have degrees 2, we have R'(S;7) = 2 by Lemma 2.2
If there is a vertex at distance at least 2 from C, then there is Gy, 0 < t < r,
such that to obtain G,;; we remove a vertex adjacent to a vertex of degree 2. Then

R'(G}) — R'(G¢41) = 1, by Lemma 2.6, and hence R'(G) > 2. Thus, in the following
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we may assume that all the vertices of V(G) — V(C') have degree 1 and are adjacent
to a vertex of C.

Suppose that there are exactly two vertices of C', say u and v, whose degrees
are greater than 2. Assume that degqg(u) > degqn(v). Then all the edges of G are
incident to u or v, so that

(I e SR S Ep—

W€ B(T) degy(u) vy B(T)\{ou} degr(v) degy(v)

ie, R (By,) = 215%11 with 2 < k < n—k—1. Observe that in any case R'(G) > 2— 3.

Finally, suppose that all the vertices of C have degree at least 3 in G. Then
there is a smallest ¢ such that Gy = Bin for some k. By Lemma 2.6 we have
R(G)) — R'(G41) = % As R'(Gyy1) > 2 — %, we have R'(G) > 2. O

By Proposition 3.2, in Table 2 we have unicyclic graphs with greatest values of
R' and the corresponding values of R. In the last column k£ = [(n —1)/2]. We
remark that the next value of R’ in a unicyclic graph is 2, but as it can be seen from
the proof of Proposition 3.2, there are more types of unicyclic graphs G for which
R(G)=2

Gao and Lu [8] show that among all unicyclic graphs, S;; also attains minimum
for Randi¢ index, R(S;) = %ﬁ‘lﬁ + 1.

ity
G Sy | B3, | B5, | B, | B5. |- By,
R(G)[3/2]5/3 [ 7/4]9/5 [11/6 ... | @k+1)/(k+1)

Table 2. Unicyclic graphs with smallest values of R’

Now we turn our attention to trees with greatest values of R'. Caporossi et al. [3]
prove that among all trees on n vertices, the path P, attains the maximum value of
Randi¢ index. In the same paper they prove that Sy, attains the second maximum
value of Randi¢ index, R(P,) = "5 + v2 — 1.

Next proposition shows that the same holds for R’ as well.

G P, Sin Hin Hyns Ssim
R(G)  n—0/2 n-2)/2(n—2)/2—1/3| (n—3)/2

Table 3. Trees with greatest values of R’.
Proposition 3.3. The trees listed in Table 3, where k > 2, attain the greatest values
of R'. All the remaining trees on n vertices have R’ smaller than (n — 3)/2.

Proof. Let T = Ty be any tree on n vertices different from the trees present in
Table 3, and let P° be a longest path in Tp. Take a leaf uy which is not on PP,



ON A VARIATION OF THE RANDIC INDEX 69

remove it from Ty, join it by an edge to an endvertex of P° and denote the resulting
graph by Tj. Repeating this process we get a sequence of trees Ty, T4, ..., 7,, such
that 7,, = P,. By Lemma 2.7, we have R'(Ty) < R'(T}) < --- < R/(T,). Moreover,
by Lemma 2.7 again, if u; is adjacent to a vertex of degree 2 in T;, 0 < i < r, then
R'(T;) = R'(T;4+1), otherwise R'(T;) < R/(T;4+1). Since u,_; is adjacent to a vertex
of degree 3 in T,_, the path P, = T, is the unique tree on n vertices achieving the
maximum value of R'. As A(P,) = 2 and every edge of P, is incident to a vertex of

degree 2, we have R'(P,) = "%1

From the discussion above it is obvious that the tree with the second greatest
value of R is T,_;. By Lemma 2.7 if a leaf incident to a vertex of degree 2 is removed
and joined to another leaf, then the value of the R’ index is not changing. Hence, all
trees with one vertex of degree 3, and all others of degree 2 and 1 attain the second
greatest value of R'. Let s be the greatest value, 0 < s < r—1, such that u, is adjacent
to a vertex of degree at least 3. Then T, 1, Tyyo,...,T,_1 all are subdivisions of Sj.
Since R'(Sy,) = ”7_2, we have R'(Ts11) = R (Tsy2) = -+ = R(T,1) = ”7_2 and
R(T,) < R'(Tspa).

Now, we are going backwards in the sequence of trees Ty, Ts_1, ..., . Since Sy,
a subdivision of the star Sy, attains the second greatest value of R’, it is clear that
the third greatest value will be attained for a tree with two vertices, v; and vy, of
degree 3, or one vertex of degree 4 and all others of degree 2 and 1. So, candidates
for graph attaining the third greatest value of R’ are Hi ., if v; and vy are adjacent,
Hy,,, where k > 2, if v; and v, are nonadjacent, and Ss ,,.

Let t be the greatest value, 0 < t < s, such that u; is adjacent to a vertex of

degree at least 3. Denote by v; the unique neighbor of u; in 7;. As R'(H,,,) = "T_Z —%
and R'(Hy,,) = R'(Ss,) = %52 if k > 2, to finish the proof it suffices to show that
R/(T;) < %52, Since R'(T;) < R'(T), we can assume that T, = Hy,. If the degree of
v is 4, then R'(T,)— R'(T;) = R'(T141) — R'(T;) = 1, by Lemma 2.7, as no neighbor of
v; has degree at least 4 in T;. Thus, R'(T;) = (%2 — 1) — 1 < 52, On the other hand
if the degree of v, is 3, then R'(T,) — R/(T}) > 5 — ¢, by Lemma 2.7, as at most one

neighbor of v; has degree at least 3 in T;. Thus, R/(T3) < (32 —3)—3++ < %52 O

Finally, we consider unicyclic graphs with the greatest values of R’. Caparossi et
al. [3] also considered the maximum values of Randié¢ index in the class of unicyclic
graphs. They show that among all unicyclic graphs of order n the cycle C,, attains
the maximum value, §. We show that the same holds for '.

G Cn Séf,n Hf,'nﬂ BP Hl;n7 S57,n7 DP

n n’

RG) [n/2| n—02|(n-1)/2-1/3 n—2)/2

YP

Table 4. Unicyclic graphs with greatest values of R’.

Proposition 3.4. The unicyclic graphs listed in Table 4, where k > 2, attain the
greatest values of R'. All the remaining connected unicyclic graphs on n vertices have
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R’ smaller than (n — 2)/2.

|

Proof. First observe that if R'(G) = ¢ then R'(G*) = { + 1. Therefore R'(C,,)
R(P;) =% R(S;,) = %, R'(Hy,) = Tl — l and R’(H W) = R(S5,) =15
if k > 2. Since BY has 5 edges incident to Vertlces of degree 3 while every other
vertex is incident to a vertex of degree 2, we have R'(BF) = g—i— 225 Finally, as both
DP and Y,F have 6 edges incident to vertices of degree 3 while every other vertex is
incident to a vertex of degree 2, we have R'(DF) = R/(YV,/) = § + 258,

Let G be a unicyclic graph with the unique cycle C. If the length of C' is n then
G = C,. Hence, suppose that the length of C' is smaller than n. Denote Gy = G
and denote by P° a longest path in Gjy. Then at least one vertex of P° has degree
1. Let uy be a vertex of degree 1 which is not on P°. Remove uy from Gy, join it
by an edge to an endvertex of P° which degree is 1 and denote the resulting graph
by G1. Repeating this process we get a sequence of unicyclic graphs Gg, Gy, ..., G,
with R'(Go) < R'(Gy) < --- < R'(G,), by Lemma 2.7. Observe that G, consists of
the cycle C' with a path, attached to C' by an endvertex. Analogously as in the proof
of Proposition 3.3 we get R'(G,_1) < R'(G,). As G, = Sj,,, among unicyclic graphs
with cycles of length strictly smaller than n, SZ ,, has the greatest value of R'.

Now consider GG,._; and denote by v,._; the unique vertex adjacent to u,_;. If
degg, ,(vy—1) is 4, then G,_y = Sy,,. Now, suppose that degg,  (v,—1) = 3. Denote
by w the other vertex of degree 3 in G,_;. We distinguish six cases:

® U1 € 14 C)? dGr—1(w7Ur—1) =1land C = Cg: Then Gr—l = BT}:
e 0,1 €V(O), dg,_,(w,v,_1) = 1 and C # C3: Then G,_; = Hy,,.

T

T

(
(

o v, €V(C), dg,_,(w,v,_1) =2 and C = Cy: Then G,_; = D.
(

e v,y € V(C) and either dg, ,(w,v,_1) > 2 ordg, ,(w,v,_1) =2 and C # Cy:
Then G,y = H, for k > 2.
o v, ¢ V(C) and dg,_,(w,v,_1) = 1: Then G,_; = Hy,

1n:

e v, ¢ V(C) and dg, ,(w,v._1) > 1: Then G,_1 = H,Zn for k > 2.

Observe that in any case, G,_; is a graph presented in Table 4.

Let t be the greatest value, 0 < t < r—1, such that u; is adjacent to a vertex, say
vy, of degree at least 3. Then R'(Giy1) = R'(Giy2) = -+ = R/(G,—1) and R'(G;) <
R'(Gy41) by Lemma 2.7. To ﬁnish the proof we have to find all G; with R'(G,) > 232
in the case when G,_; = H, or G,_1 = B}, see Table 4. If degg, (v;) = 4 then

R(G,_1) — R(Gy) = R/(Gt+1) R/(G,) = 1 because there is no vertex in Gy — v, of
degree at least 4. Hence, assume that degg, (v;) = 3 Observe that R'(G11) = %—%

and so 2 —R'(Gy11) = ¢. Hence, if R'(G,) > 52, then 5 — P 21) < ¢ by Lemma 2.7,
where a = degg, (v;) and [ is the number of ne1ghbors of vy whose degree is at least
3. This gives | = 2 and R'(Gyy1) — ’(Gt) = L. Therefore G;y; = B and v, is a

6
vertex of C' = (3. Consequently, G; =

Y,P| which finishes the proof. O
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4 Triangle-free graphs

Favaron et al. [7], showed that for any triangle-free graph G with m edges, we have
R(G) > y/m. Later Li and Liu [10] proved the following: For any triangle-free graph
G of order n and minimum degree 6(G) = k > 1, we have R(G) > /k(n — k).
Equality holds if and only if G = Ky .

In this section we show that if a graph G on n vertices has maximum degree at
most n — §(G), then the lower bound for R'(G) is §(G). Consequently, this gives a
lower bound for triangle-free graphs, and this bound is attained by Kj .

Theorem 4.1. Let G be a simple graph on n vertices with 6(G) =k, k > 1, A(G) <
n—k, n > 2k, and such that when satisfying all these conditions, R'(G) is as small
as possible. Then R'(G) =k and G = Ky .

In order to prove Theorem 4.1, we extend it to graphs with multiple edges. Hence,
suppose that G is a graph on n vertices, possibly with multiple edges, with §(G) = k,
kE>1, A(G) < n—k,n > 2k, not necessarily connected, and such that when satisfy-
ing all these conditions, the parameter R'(G) is as small as possible. In the following
two lemmas we prove that G is a bipartite graph with bipartition (V,,_x(G), Vi(G)).
Observe that since R'(Ky,,—x) = k, we already have R'(G) < k.

Lemma 4.2. If [V(G)| < [Vor(G)|+|Vi(G)| +1, then |V (G)] = [V x(G)[+|Vi(G)]
and G is a bipartite graph with bipartition (V,_,(G), Vi(G)).

Proof. First assume that |V(G)| = |Vok(G)| + |[Vi(G)| + 1. Let v be the vertex
such that k < deg;(v) < n — k. Then v has neighbors only in Vi(G) and V,,_(G).
Denote | = degg(v) and a = |Ng(v) N Vi(G)|. Then |Ng(v) NV,_1(G)] =1 — «a.
Further, denote a = |Vj(G)| and b = |V,,_(G)|. Finally, assume that there are s and
t edges whose both endvertices are in V,,_x(G) and Vi(G), respectively. Counting
the number of edges in two ways, namely through their endvertices of “higher”,
respectively “smaller” degree gives

|[E(G)|=bn—k)—s+a+t=ak—t+(—a)+s.
Since a + b =n — 1, after dividing by n we obtain

b:k_Q_a_A'_ﬂ_A'_%_ﬁ.
n n n o n
Now we evaluate R'(G). There are b(n — k) — s edges with an endvertex in V,,_x(G),
a edges connecting v with a vertex of Vi (G) and t edges connecting two vertices of
Vi.(G). Hence,
bn—Fk)—s « N t
n—=k K
and after substituting for b the previous expression we obtain
n—20 l—k n — 2k n — 2k

/ —
R(@) =k+a ) JrSn(n—k)+t nk

R(G) =
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Since n — 2k > 0, we have sn’(lﬁlz) + t";:k > 0, and as | > k, we have % > 0.
Consider two cases.

o n>2l: Then a™=2 > 0, so that R'(G) > k+ =2 > f.

e n < 2l: Since v < I, we have a2 > [2=2L As | < n — k, we have R'(G) >

kot Lk g onhel s g

In both cases we have a contradiction as R'(G) < k.

Now consider the case |[V(G)| = |V,—x(G)|+|Vi(G)|. Using the notation as above
we get
IE(G)|=bn—k)—s+t=ak—t+s.

Since a + b = n, after dividing by n we obtain

_pe 22
n
For R'(G) we get
v bn—k)—s
R(@) = n—k k’

and after substituting for b the previous expression we obtain

n — 2k +tn—2k
n(n — k) nk

R(G)=k+s

Obviously, R'(G) > k with equality only if s = ¢ = 0. Hence, G is a bipartite graph
with bipartition (V,,_x(G), Vi(G)), as required. O

We remark that, although G is bipartite if the assumptions of Lemma 4.2 are
satisfied, G' can possibly have multiple edges and does not need to be connected.
This assumption is important as in the proof of the next lemma we possibly create
multiple edges and we may disconnect the graph.

Lemma 4.3. We have |V(G)| = [Vi_i(G)| + [Vi(G)].

Proof. By Lemma 4.2, we cannot have |V (G)| = |V,—x(G)| + |Vk(G)| + 1. Thus, by
way of contradiction, suppose that there are u,v € V(G), such that k < degq(u) <
degi(v) < n — k. Moreover, assume that among the vertices of V(G) \ (V4(G) U
Vo—ik(G)), the vertex u has the smallest degree and v has the greatest degree. Denote
Au) = {wu € E(G); dege(w) < degg(w)} and A(v) = {vz € E(G); degu(v) <
degn(2)}. Let a = min{]A(u)|,]A(v)|}. Remove a edges wu € A(u) and replace
them by a edges wv; remove a edges vz € A(v) and replace them by a edges uz; and
denote the resulting graph by Gy. Then degg(z) = degg, () for every z € V(G).
Since deg; (u) < deg(v), we have R'(Gp) < R'(G).

Denote Ag(u) = {wu € E(Gy); degg, (w) < degg,(u)} and Ag(v) = {vz €
E(Go); degg, (v) < degg,(2)}. Then either Ag(u) = 0 or Ag(v) = 0. Consider
three cases. Notice that in all three cases the degree of the vertex u decreases.
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e Ag(u) # : Choose wu € Ag(u), remove this edge from Gy, replace it by wv
and denote the resulting graph by G;. Now degg, (u) = degg,(u) — 1 and
degg, (v) = degg, (v)+1. Since Ag(u) # 0, we have Ag(v) = 0, and as v has the
maximum degree among the vertices of V/(G)\ (Vi (G)UV,—x(G)), edges incident
with v in G contribute by 1 to R'(Gy), and analogously edges incident with v
in Gy contribute by 1 to R'(G4). Therefore, to count R'(Gg) — R'(G1) it suffices
to consider the edges incident with u. Denote | = [Ag(u)| and d = degg, (u).
As u has the minimum degree among the vertices of V(G) \ (Vk(G)UV,,_(G)),
we have R'(G1) = R'(Gy) — L+ =L Since —4 + 2L = ﬁ < 0, we have
R'(Gy) < R/(Gg) with equality only if d = I.

o Ao(u) = 0 and there is an edge uw € E(Gy) such that uw # uv: Remove the
edge vw from Gy and add the edge vw. Denote the resulting graph by Gj.
Analogously as in the previous case, degg, (u) = degg, (u) — 1 and degg, (v) =
degg, (v) + 1. Since Ag(u) = 0 and v has the minimum degree among the
vertices of V(G) \ (Vi(G) U V,_x(G)), the edges incident with u contribute to
R’ by the same value in G as in G1, with the possible exception of the edge
ww, which is now replaced by vw, and its contribution to R'(G7) is not greater
as its contribution to R/(Gyg). Denote I = [{vz € E(Gy); degg,(2) < degg, (v)}]
and d = degg, (v). Then R(G,) < R'(Go) — é + dl? < R/(Gyp) with equality
only if I = 0 (and degq, (w) > degg, (v)).

o Ag(u) = 0 and the only neighbor of u is the vertex v: Then there are at
least k + 1 > 2 parallel edges uv in Gy. Remove one of the edges uv from
Gy and denote the resulting graph by Gy. Then degg, (u) = degq, (u) — 1,
degg, (v) = degg, (v) — 1 and the degrees of the other vertices are unchanged.
Now, if degg, (u) = degg, (v) then also u is the unique neighbor of v, and
hence R'(G1) = R'(Go). On the other hand, if degg, (u) < degg,(v) then the
deletion of the edge uv influences only the contribution of the edges vz such
that degg, (z) < degg,(v). Denote | = [{vz € E(Gy); degg,(2) < degg,(v)}]
and d = degg, (v). Then R'(G1) = R'(Go) — L + =L < R'(Gy) with equality
only if d = [.

Now define A;(u) and A;(v) analogously as Ag(u) and Ag(v). Observe that if
Ag(u) # 0 then Aj(v) = @ and if Ag(u) = @ then A;(u) = 0. Hence, repeat the
process described in the previous cases to obtain G, Gj, ... until we get a graph G,
such that either degg (u) = k or degg, (v) = n — k. In this way we decreased the
number of vertices x whose degree is in the open interval (k,n — k).

Now repeat the process with other pair of vertices whose degree is in the interval
(k,n — k) and yet another and so on. At the end we have either a single vertex
with degree in (k,n — k), which contradicts Lemma 4.2, or exactly two such vertices.
Thus, we can assume that G has exactly two vertices, say v and v, with k& < deg(u) <
deg(v) < n — k. By Lemma 4.2 and the process described above, we have either
u € Vi(G,) and v € V,,_x(G,) or u,v € Vi(G,). However, in the later case we have
an edge wv in G, which contradicts Lemma 4.2. Thus, u € Vi(G,) and v € V;,_(G,).



74 V. ANDOVA, M. KNOR, P. POTOCNIK AND R. SKREKOVSKI

If R'(G,) < R'(G,-1), that finishes the proof of the lemma. So, we may assume that
R'(G,-1) = R'(G,) and G, was obtained from G,_; by the first or by the second of
the tree cases discussed above. Consider each of these two cases separately:

o A,_1(u) # 0: Then A,_1(v) = 0 and degg,_,(u) = d = I, see the analogous
case above, so that both u and v have neighbors only in V;(G,_1). This means
that also in G, the vertex u has neighbors only in Vi(G,). Hence, Vi(G,) is
not an independent set, which contradicts Lemma 4.2.

o A,_1(u) = 0 and there is an edge uvw € E(G,_1) such that uvw # uv: Then
I = 0, see the analogous case above, so that uv ¢ E(G,_1) and both u and v
have neighbors only in V,,_(G,_1). This means that in G, the vertex v has
neighbors only in V,,_(G,). Hence, V,,_1(G,) is not an independent set, which
contradicts Lemma 4.2. 0O

Observe that in the final contradiction of the previous proof we use the fact that
Lemma 4.2 is stated for graphs which may be disconnected and which may have
multiple edges.

Proof of Theorem 4.1. By Lemmas 4.2 and 4.3, GG is a bipartite graph with bipartition
(Vek (@), Vi(G)), possibly with multiple edges.

Denote a = |Vi(G)| and b = |V,_x(G)|. Then |E(G)| = ak = b(n — k), so
that (a + b)k = bn. As a+b = n, we get b = k and consequently a = n — k.

Hence, R'(G) = b(g__]f) = b = k. Since there is a unique simple graph satisfying

|Vi(G)| =n — k and |V,—x(G)| = k, namely Ky, the theorem is proved. O

Corollary 4.4. Let G be a triangle-free graph on n vertices with 6(G) =k, k > 1.
Then R'(G) > k with equality if and only if G = K, .

Proof. Suppose that there is a vertex v in G such that degn(v) > n — k. Let u
be a neighbor of v. Since G is triangle-free, Ng(u) N Ng(v) = 0, so that Ng(u) C
V(G) \ Ng(v). Hence, degg(u) < k, a contradiction. Thus, A(G) < n — k. As
d(G) < A(G), we have k < n — k, so that n > 2k. Now, consider two cases:

e n > 2k: By Theorem 4.1 we have R'(G) > k with equality if and only if
G= Kk,nfk-

en =2k Asn—k =k, G is a regular graph. Since |E(G)| = %, we have

R (G) = % = k. Choose two vertices, say u and v, such that uv € E(G).
Since both Ng(u) and Ng(v) are disjoint independent sets of k vertices each,

we have G = Kj . 0
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