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Abstract

Let k be an integer. It is known that the maximum number of three-
covers of a k-uniform intersecting family with covering number three is
k3 —3k%+6k —4 for k=3,4 or k> 9. In this paper, we prove that the
same holds for £ = 5, and show that a 5-uniform intersecting family with
covering number three which has 76 three-covers is uniquely determined.

1 Introduction

Throughout this paper, we let X denote a finite set. We let 2% denote the family of all
subsets of X and, for an integer k > 1, we let ()k{ ) denote the family of those subsets
of X which have cardinality k. A family F C 2% is said to be k-uniform if F C ()k{)
Let F C 2% be a k-uniform family. We say that J is intersecting if F NG # () for all
F.GeJF. Aset CC X iscalled a cover of F if it intersects with every member of
Foie,CNFEF#Pforall FeF. Let C(F):={C:C is acover of F}. The covering
number of F, denoted by 7(F), is defined by 7(F) := mincees) |C|. Note that if F
is intersecting, then we have 7(F) < k because F C C(F). For an integer ¢t > 1, we
define €,(F) := €(F) N (7). Note that if t < 7(F), then C(F) = 0. Also, as was
pointed out by Gydrfas, we have |Ci(F)| < k! for t = 7(F) (this fact can be verified
by induction on 7(F) by arguing as in the proof of Lemma 2.1 (i) in Section 2).

Let t,k be integers with k& > ¢ > 1, and assume that |X| is sufficiently large
compared with ¢ and k. Define

pe(k) = max {|C(F)| : F C 2¥is k-uniform and intersecting, and 7(F) = t}.

It can be noted that if |X| is sufficiently large, then the value of p;(k) does not
depend on | X| because every k-uniform family F with 7(F) = ¢ satisfies |€;(F)| < k!,
which is mentioned at the end of the preceding paragraph. For the significance of
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the function p;(k), we refer the reader to [1] and [4]. Here, we just mention that the
function p;_1(k) plays an important role in the determination of the more natural
function fi,(n) defined by

fre(n) = max {|F| : F C 2¥is k-uniform and intersecting, and 7(F) = t},

where n = | X|.

Clearly pi(k) = k for every k > 1. For t > 2, in Frankl, Ota and Tokushige [5],
it is conjectured that py(k) = k* — (})k'~' + O(k'~2) (k — 00), and the conjecture
is settled affirmatively for ¢t = 4,5. For ¢ > 6, it is proved in the same paper that
pe(k) < kP — % |15) Sk O(K'2). For t = 2, the following precise result is proved
in [2].

Theorem A (Frankl [2]) Let k > 2. Then py(k) = k* — k + 1.

The value of p3(k) is determined for k¥ > 9 in [3], for £ = 3 in [4], and for k = 4
in [1].

Theorem B (Frankl, Ota and Tokushige [3, 4], Chiba, Furuya, Matsubara
and Takatou [1]) Let k = 3 or 4, or k > 9. Then p3(k) = k3 — 3k* + 6k — 4.

We now describe examples related to Theorems A and B.

Ezample 1 Let k > 2. Fix 2k —1 elements a;, b; (1 <i<kand1 <j<k—1)of X.
Set A := {a17a27 .. .,ak}, B = {bhbg, .. .,bk,l,al} and C = {bhbg, .. .,bk,hag},
and define 3’5’“) :={A, B,C}. Then S"Ek) is k-uniform and intersecting, T(S"%k)) =2,
and |Co(F ) = k2 — k + 1.

Ezample 2 Let k > 3. Fix 3(k — 1) elements a;, b;, ¢; (1 < i < k—1) of X.
For each i = 1,2, set A; := {ay,aq,...,a5-1,¢}, B; := {b1,ba,... bp_1,a;} and
Ci = {c1,¢a,. .., 1, b;}, and define F) := {A}, Ay, By, By, Cy,Co}. Then F is
k-uniform and intersecting, 7(F5) = 3, and |C3(F)| = (k —1* +3(k — 1) =
k3 — 3k? + 6k — 4.

The following two theorems are proved in [1], [2], [3] and [4]. They are stronger
than Theorems A and B.

Theorem C (Frankl [2]) Let k > 2, and let F C () be an intersecting family

with 7(F) = 2. Then |Cao(F)| < k*—k+1, with equality if and only if F is isomorphic
to ?gk).

Theorem D (Frankl et al. [3, 4], Chiba et al. [1]) Let k = 3 or 4 or k > 9,
and let F C ()k() be an intersecting family with 7(F) = 3. Then |C3(F)| < k* — 3k* +
6k — 4, with equality if and only if F is isomorphic to Srék).

It is natural to conjecture that Theorems B and D hold for 5 < k£ < 8 as well.

In this paper, we take up the case where k = 5, and prove the following theorem,
confirming that Theorem B holds for k = 5.
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Theorem 1 We have p3(5) = 76.

We actually prove the following stronger result, which is an analogue of Theo-
rem D;

Theorem 2 Let F C (%) be an intersecting family with 7(F) = 3. Then |C3(F)| <
76, with equality if and only if F is isomorphic to Sré‘:)).

We add that in the proof of Theorem D for £ > 9 in [3], part of the verification
of an inequality was done by computer for small values of k. This suggests that it is
difficult to determine ps(k) for k = 8 (and 7). However, Proposition 2.2, which we
prove in Section 2, holds for all £ > 5. Thus it is expected that Proposition 2.2 will
shed some light on the determination of ps3(k) for 6 < k < 8.

Our notation is standard except for the following. Let A C 2% and Y, Z
X — {0} with Y N Z =0, and write Y = {y1,ya,..., 4} and Z = {21, 29,...,2m
We define Aly1ys ...y = AY] ={A e A:Y C A}, Aite...5) = AY)
{AcA:YNA=0}and A(51%.. . Zn)1ya-..u) = AZ)Y] = {A €AY
Aand ZNA=0}=A(Z)NA[Y].

S
"t
c

2  Uniform Intersecting Families

In this section, we prove a proposition concerning k-uniform intersecting families
with covering number three for k& > 5.

The following observation will be used implicitly throughout this paper.

Observation 1 Let k be an integer with k > 3, and let & C ( ) be an intersecting
family with 7(F) = 3. Then F(zy) # 0 for all z,y € X.

The following result is also useful for our proof.

Lemma 2.1 Let k be an integer with k > 3, and let F C ()k() be an intersecting
family with 7(F) = 3. Then the following hold.

(i) We have |(C3(F))[z]] <k*—k+1 forallz € X.
(ii) We have |(C3(F))

Proof. To prove (i), let # € X. We may assume (C3(F))[z] # 0. Take C €
(C3(F))[x]. Let F = F(&). Then F is a k-uniform intersecting family, and C' — {z}
is a cover of . Hence C' — {z} € Co(F’). This implies 7(F') = 2, and it follows
from Theorem C that |C2(F')| < k? — k + 1. Since C € (C3(F))[z] is arbitrary, we
get |(C3(F))[z]] = {C —{x} : C € (Cs(F))[z]}] < [€2(F)] < k* — k + 1. Similarly,
if z,y € X and z # y, then since we clearly have |C,(F(zy))| < k by Observation 1,
we get [(Cs(F))[xy]] = {C —{z,y}: C e C e (Cs(F))[ay]} < [C(F(zy))| <k O

[
[

xyl| <k for all z,y € X with x # y.

By the definition of 3’5“7 we see that 5’“%10 has the property that the intersection
of any two members of Srék) has cardinality 1 or kK — 1. We consider a k-uniform
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intersecting family with covering number three having this property, and prove the
following proposition, which is the main result of this section.

Proposition 2.2 Let k be an integer with k > 5. Let F C ()k() be an intersecting
family with 7(F) = 3, and suppose that

|[FNG|=1ork—1foral F,GeJF with F #G. (2.1)
Then |C3(F)| < k3 — 3k? + 6k — 4, with equality if and only if F is isomorphic to fr"gc).

Proof. It F = 3’5“7 then |C3(F)| = k3 — 3k? + 6k — 4 (see Example 2). Thus it
suffices to prove F = F | assuming that |Cs(F)| > k3 —3k2+6k —4. Let € = C4(F).

First we show that no three members of F satisfy the property that the intersec-
tion of any two of them, as well as that of all of them, has cardinality one.

Claim 2.3 Let F,G € F, and suppose that |F NG| =1. Then |[HN(FUG)| # 1
for every H € F.

Proof. Write F'NG = {u}. Suppose that there exists H € F such that |[H N
(FUG)|=1. Then HN(FUQG) = {u}. Let v € F — {u} and F’ € F(av). Since
|[F'NF| < k=1, |F'NF| = 1by (2.1). Write F'NF = {w;}. Sincew; ¢ GUH,u ¢ F’
and (G — {u}) N (H —{u}) = 0, it follows from (2.1) that |[F'NG| = |F' N H| = 1.
Write F' NG = {ws}. Then |C| = |Clu]| + |C(w)[w1]| + |C(uwy)[ws]| + |C(awyw,)|.
Hence by Lemma 2.1 (i), [C] < (k2 —k+ 1)+ |G — {u}| - |H — {u}]| + |F — {u,w }| -
|H —{u}| + |F = {w,wi}| |G = {u,wo}| - [HNF'| = (B =k +1) + (k= 1)* + (k —
2)(k — 1)+ (k — 2)* = 4k* — 10k + 8 < k* — 3k? + 6k — 4, which contradicts the
assumption that |€| > k% — 3k* 4+ 6k —4. O

Next we show that F contains two members whose intersection has cardinality
k—1.

Claim 2.4 There exist F,G € F such that |[FNG| =k — 1.

Proof. Suppose that |[F NG| =1for all F,G € F with FF # G. Let F,G € F, and
write FNG = {u}. Let H € F(a), and write HNF = {v;} and HNG = {w,}. Let
F' € F(vywy). If uw € F’, then |F'N (FUG)| = |{u}| = 1, which contradicts Claim
2.3. Thus u ¢ F'. Write F'NF = {vs} and F' NG = {ws}. By Lemma 2.1 (ii),
|C(1)[v1ws]| < |Clvyws]] < k and |C(ady)[vews]| < |Clugwn]| < k. Hence by Lemma
21 (i), €] = [€fu]] + (|8(@)[ories]| + (@) [n]]) + (1801 ) ]| + €@y ) o] +
|€(11171172)[wlﬂ+|€(111711721D1)[w2]|+\G(ﬂ@lﬁgwlwgﬂ S (k’2*k+1)+(kﬁ+‘G*{U7 w2}|
[F' = {wa}]) + (k + |G = {w,wi}| - [H = {or,wi}]) + |F — {u,v1, 00} - [F = {2} +
|F = {w, v, 00} - [H = {vr, wi}| + [F = {u, v, 02}] - |G = {u,wi, wa}| - [F' NV H| =
(K2 —k+1)+ (k+(k—2)(k—1))+ (k+(k—2)?) +(k—=3)(k—1)+ (k—3) (k—2)+ (k—3)? =
6k — 21k + 25 < k3 — 3k? + 6k — 4, a contradiction. O

We now prove three claims concerning two members of F whose intersection has
cardinality k£ — 1.
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Claim 2.5 Let F,G, H € J, and suppose that |[FFNG| = k—1 and |[HN(FUG)| = 1.
Then |F'N(FUGUH)| > 3 for every F' € &.

Proof. Write H N (FUG) = {u}. Suppose that there exists F’ € F such that
|F'N(FUGUH)| < 2. Ifu € F’, then it follows from (2.1) that |[F'N(FUH)| = |[{u}| =
1, which contradicts Claim 2.3. Thus v ¢ F”. This implies that |[F'N(FUGUH)| = 2
and [F"'N(FUG)| = |F'NH|=1. Write F'N(FUG) ={v}and FFNH = {w}. By
Lemma 2.1 (i), |€(a)[v]| < 32 cpy_qyy [C()[vz]| < [H—{u}|-k. Hence by Lemma 2.1,
€] = [Clul + (@[] + (| Use(rne - fuwy @0 w2l + 1 Use(rne) - fuy C(@00)[2]]) +
IC(FNG)| < (K*—k+1)+|H—{u}|-k+ ((FNG) — {u, v} -k+[(FNG) — {u,v}|
|H —{u,w}|-|F'—{v,w}|) +|F = (FNG)|-|G = (FNG)|- |[HNF'| = (k*—k+1)+ (k—
Dk+((k=3)k+(k—3)(k—2)(k—2)) +1-1-1 = k*—4k*+ 11k —10 < k3—3k>+6k —4,
a contradiction. [

Claim 2.6 Let F,G € F, and suppose that |FNG|=k—1. Then FNG ¢ H for
every H € § —{F,G}.

Proof. Suppose that there exists H € F — {F,G} such that F NG C H. Write
F—G=1{a}. Let be FNG and F' € F(ab). Then |F' N F| < k — 1, and hence
by (2.1), |[F' N (FNG)| = |F'NF| =1, which implies |[F' NG| = |[FFNH| =1
again by (2.1). Write F' N F = {u}. Note that /' N (F UG U H) = {u}. Let
c € F'—{u} and F" € F(uc). Since |[F"'NF| < k-1, |[F'NF|=1hy (2.1).
Write F”" N F' = {v}. If |[F"NF| =k —1, then I/ = (F — {u}) U {v}, and hence
|[F" NG| = |(FNG) —{u}| =k — 2, which contradicts (2.1). Thus |[F" N F|=1 by
(2.1). Similarly |[F"NG| = |[F"NH| = 1. If F"N(FNG) # 0, then |F"N(FUG)| =1,
and hence |[F"N(FUGUF")| = |F"N(FUG)|+|{v}| = 2, which contradicts Claim 2.5.
Thus F"N(FNG) = 0. Hence |U,e(png)— ) C(@0)[2]] < [(FNG)—{u}|-[F'—{u, v}
| —{v}|. Since the four sets F'— (FNG), G—(FNG), H—(FNG) and F'—(FNG)
are pairwise disjoint, we also have C(FNG) = 0. Consequently, by Lemma 2.1,
1€l = [C[u]] + (|U,erne)—quy C@ 0] + [Usepne) g C@v)[]]) + [€(FNG)| <
(= k+ 1)+ (I(FNG) = {u}| -k +|(FNG) = {u}| - [F" = {u,v}| - [F" — {v}]) + 0 =
(K2 =k+1)+ ((k—2)k+(k—2)(k—2)(k—1)) +0 = k*—3k?+5k—3 < k*—3k?+6k—4,
a contradiction. [

Claim 2.7 Let F,G € F, and suppose that |[F NG| = k—1. Then |[HNF| =
|HNG| =1 for every H e F —{F,G}.

Proof. Write F—G = {v}, G—F = {w} and FNG = {uy,...u_1}. Suppose that
there exists H € F — {F,G} such that |[H N F|# 1 or |H NG| # 1. By symmetry,
we may assume |[H N F|# 1. Then |[HNF|=k—1by (2.1), and hence |H NG| >
|HNFNG| > k—2, which implies |H NG| =k — 1 by (2.1). In view of Claim 2.6,
we may assume ux—1 ¢ H. Then H = {v,w,uy,...,up—2}. Let FV € F(vw). By
(2.1), |F'NH| = |F'0{uy,ug,...,u_o} = 1. We may assume F'NH = {u;}. Then
F'NF = F'NG = {u } by (2.1), and hence F'N(FUGUH) = {u; }. Consequently, by
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Lenmma 2.1, €] = [€fur)l +| Upe;cy o €)1+ €FAC A g1 + |(FTIC)| <
(K2—k+1)+(k=3)-|F —{w}| - k+|H—(FNGNH)|-|F' —{u }| +|F — (FNG)|-
|IG—(FNG)|-|F'—{w} =k -k+1)+(k=3)(k—Dk+2(k—1)+1-1-(k—1) =
k3 — 3k? + 5k — 2 < k* — 3k* + 6k — 4, a contradiction. [

Now by Claim 2.4, there exist F}, F5 € F such that |F} N Fy] = k — 1. Write
Fl — F2 = {bl}, F2 — F1 = {bg}, and Fl n F2 = {017027 .. .,Ckfl}. Let F3 € ?(6162)
Then by Claim 2.7, |F5 N (Fy U By)| = |[FsN{c, ¢, ..., 61} = 1. We may assume
F3ﬂ(F1UF2) = {Cl}. Let F4 € ?(6151). Then by Claim 27, |F4ﬂF1‘ = |F4ﬂF2| = 1,
which implies |FyN{ca, c3, ... cr_1}| = 1. We may assume FyN{co,cs,...ch_1} = {ca}.
Then FyN(F1UF,) = {c}. Since |[F1NFy| = k—1and |F3N(FUR)| =1, |[FyN(FU
F,UF3)| > 3 by Claim 2.5. This implies that |F,NF3| # 1, and hence |FyNF3| = k—1
by (2.1). Write F3sNFy = {ay,az,...,a;_1}. Let F5 € F(¢1¢2). Then we can argue as
above with Fy and F; replaced by Fy and Fy, and Fj replaced by Fs, to get |F5N (F5U
Fy)| = |Fsn{a1,as,...,a5,-1}| = 1. We may assume F5N(F3UFy) = {a,}. By Claim
2.7, |E5ﬂF1| = ‘F5ﬂF2‘ =1.1f Er;ﬁ{Cg,C;l, .. .,Ckfl} ?é @, then |E5ﬂ(F1 UF2)| = 1,
and hence |F5sN(FLUFUE)| = [FsN(FLUF)|+|Fsn{ai, az, . .., ag—1}| = 2, which
contradicts Claim 2.5. Thus F5 N {c3,c4,...,c_1} = FsN{c1,co,...,c6-1} = 0,
and hence Fy N (Fy U Fy) = {b1,bo}. Let Fs € F(ci1a1). Then it follows from
Claim 2.7 that |[Fs N (F3 U Fy)| = |Fs N {ag,as,...,a,-1}] = 1. We may assume
Fs N (F3U Fy) = {az}. Note that ¢y ¢ Fg, which implies Fi € F(¢1¢2). Hence we
obtain Fg N (Fy U Fy) = {b1, b2} by arguing as above with Fs replaced by Fg. Since
{bl,bg} - F5 N Fg, ‘F5 N F6| =k-1 by (21) Note that FG = (F5 - {al}) U {ag}.

Now set F' = {Fy, Fy, F3, Fy, F5, Fg}. Then F = ffgc), using (F5sNFg) — {b1,ba} =
{bs,...,br_1}, and the notation in Example 2, with C; = F}, Cy = Fy, A} =
Fg, A2 = F4, Bl = F5 and 32 = FG.

Suppose that F # F and F € F —F. By Claim 2.7,

|F'NF;| =1 for all ¢ with 1 < ¢ <6. (2.2)

If F N {by,bs} # 0, then by (2.2), we get F'N (Fy N Fy) =0 and {b1,b} C F, and
hence |F N Fs| > |{b1,b2}| = 2, which contradicts (2.2). Thus F N {b1,b} = 0,
and hence |F'N (F; U Fy)| = 1 by (2.2). Similarly |F N (F3 U Fy)| = 1. Therefore
|FN(FLUF U E)| < |[FN(FLUFR)| + |F N F3 <2, which contradicts Claim 2.5.
Consequently F = F = 3"%16).

This completes the proof of Proposition 2.2. [

3 Proof of Theorem 2

Throughout the rest of this paper, let ¥ C ()5( ) be an intersecting family with 7(F) =

3, and let € = C3(F). We first restate Lemma 2.1 for the case where k = 5.

Claim 3.1 Let z,y € X with © # y. Then the following hold.
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(i) We have |C[x]| < 21.
(ii) We have |C[zy]| < 5.

In view of Proposition 2.2, we may assume that there exist F,G € F such that
2 < |FNG| < 3. In order to prove Theorem 2, it suffices to show that |€| < 53—3-5%+
6-5—4="76. By way of contradiction, suppose that |€| > 76. We start with claims
concerning three members F, G, H of F such that 2 < |FNGNH| < |[FNG| < 3.

Claim 3.2 Let F,G,H € F, and suppose that 2 < |[F NG| < 3 and |[F NG| =
|[FNGNH|. Then HC FUG.

Proof. Set t = (FUG)NH|, t, = |[FNGNH| to = |[(F—G)N H| and
ty = |(G— F)N H|. Suppose that H € FUG. Then t = t; +ts + 13 <
4. Note that 2 < t; < 3 by the assumption and hence 2 < t < 4. Conse-
quently, by Claim 3.1, |€| = |U,cpnenn Clal| + |UIe roonu CENGNH)[z ]| +
| Useo—mng CF N H)[z]| + |€((FUG) N H)| < 21ty +ty- (|G| —t1) - 5+ t3- (|F| -

(ti+12)) - 5+ (|F| = (81 + 02))(IG] = (b1 + t3))([H] =) = 21ty + (£ = 11)(5 —t1) - 5 —
tsta5+ ((5—t1) = (5—t1)(t —t1) +tatz)(5—t) = (5—t1)t2 — 5(5 — t; )t + 512 — 29¢; +
125 —totst < (5—t4) (t, g)2+5t%f%t1+315 <(5— tl)( _ 5)2+5t2 91t1+375 _

2
5 (t1 — %)2 + % =5- i + % = 75, a contradiction. O
The following claim is stronger than Claim 3.2.

Claim 3.3 Let Fy, Gy, Hy € F, and suppose that 2 < |Fo N Go| < 3 and 2 <
|F0 N Go N HO‘ <3. Then Ho - F() U Go.

Proof. Suppose that Hy € Fy U Gy. By Claim 3.2, we have [Fy N Gg| = 3 and
|Fo N Go N Hy| = 2. Write Fy N Gy = {uy,uz,u3}. We may assume Fy N Gg N
Ho = {Ul,UQ}. Set tl = ‘(FO — Go) n H0| and tg = ‘(Go — Fo) n H0| We may
assume t; > to. Since Hy € Fy U Gy and |Fy N Go N Ho| = 2, t1 + ¢ < 2. Hence
(t1,t2) € {(0,0),(1,0),(1,1),(2,0)}. By Claim 3.1,

€] = |Clur] U Clug]| + [C(uruz)[us][ + ’ U C(uruzus) (2]
z€(Fo—Go)NHo
+| U e (GoU Ho)lal| + 1e(((Fy UGo) N Ho) U {us])
z€(Go—Fo)NHop
+ ([Fo = Gol = t1)(|Go — Fo| — t2)([Ho — (Fo N Go)| — t1 — t2)
= 57+ 10, + 10ty — Stits + (2 — 11)(2 — 2)(3 — t1 — t).

If (t1,t2) € {(0,0),(1,0),(1,1)}, then this implies |€| < 73, a contradiction. Thus
(tl,tg) = (2,0) This 1mphes (F() @] Go) N HO = FO n Ho = Fo — {Ug} Write
Ho — Fy = {y}. Let F' € F(uzy). If 2 < |Fo N F’'| < 3, then since |Fo N F' N Hy| =
|(Fo — {us}) N F'| = |Fy N F'|, applying Claim 3.2 with F = F,, G = F’ and
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H = Hy, we get Hy C Fy U F’, which contradicts the fact that y ¢ Fy U F’. Hence
|FomF/| =1or |F0ﬂF" = 4. Write Fo _GO = {1)1,?)2}. If ‘F()mF" = 4,
then Fy N Hy = Fo N F' = HyN F' = {u1,ug,v1,v2}, and hence by Claim 3.1,
|(‘3| = ‘G[Ud U G[UQH + |e(ﬁ1ﬁ2)[01] U G(ﬂlﬂg)[vgﬂ + ‘e(ﬂlﬂg’f)l?jg” < 2:214+2- ‘Go —
{Ul,UQ}‘ -5+ |F0 — {Ul,U27’l}17’l}2}‘ . ‘HO — {U17U2,U1,U2}| . |Fl — {Ul,U27’l}17’l}2}‘ =
73, a contradiction. Thus |Fy N F’'| = 1. Suppose that F' N {ui,us} # 0. We
may assume F’' N {uj,us} = {u1}. Then HyN F' = {u;}. Hence by Claim 3.1,
|C] = [Clua]| 4 [C(ur)[ue]| + [Clurtiz) [us]| + |C(urtiztis)| < 21 + [F' —{us}| -5+ |[Ho —
{ur, ug}|- |F" = {ur |+ |Fo — {wr, u2, us}| - |Go — {1, u2, us}| -5 = 73, a contradiction.
Thus F' N {uy,us} = 0. This implies that |F' N {vy,v2}| = |[F' N Fy| = 1. We may
assume F'N{vy,v2} = {v1}. Then HyNF' = {v;}. Consequently, by Claim 3.1, |C| =
|Clu|UCluo] |+ [C (@1 uz) [v1]] + € (201 [us] |+ [C(ur tzusvn )| < 2-21+|Go—{ur, uz}|-
5+ [Ho — {ur, uz, vi}| - [F" = {v1} + [Fo — {ur, ua, ug, vi}| - [Go — {ur, ug, us}| - 5 = 75,
a contradiction. [

We need to consider, slightly more generally, three members F, G, H of J such
that 2 < |[FNG| <3 and FNGN H # (. The case where |F' NG| = 3 will be dealt
with in Claim 3.10 and Claim 3.11. Here we take up the case where |FF N G| = 2.
Our aim is to show that such members satisfy ' — G C H or G — F C H (see Claim
3.7). For this purpose, we prove the following three claims.

Claim 3.4 Let F,G,H € ¥ with H # F, G, and suppose that |F N G| = 2. Then
[FNGNH| <L

Proof. Suppose that |[H N F NG| = 2. Then by Claim 3.3, H C FUG. Since
H+#F G, wehave H 2 F—Gand H 2 G—F. Since |H — (FNG)| =3, we have
|[HN(F—G)|=1or |[HN (G — F)| = 1. We may assume that |[H N (F — G)| = 1.
Then [HNF|=|HN(F—-G)|+|HNFNG|=3and |[HNFNG| = 2. Hence,
applying Claim 3.3 with Fy = H, Gy = F and Hy = G, we obtain G C H U F. This
contradicts the assertion that G — F ¢ H. O

Claim 3.5 Let F,G,H € ¥, and suppose that |[FNG| =2 and |[FNGNH| = 1.
Then |(F —G)NH|+ |(G—F)NH| > 3, that is to say, |(FUG)N H| > 4.

Proof. Sett; = |HN(F —G)| and ty = |HN (G — F)|. We may assume ¢; > ts.
Suppose that ¢; + to < 2. Then (¢1,t2) € {(0,0),(1,0),(1,1),(2,0)}. By Claim 3.1,

= U eul+| U eFnow|+| U eFnGuml

z€FNG z€HN(F-G) z€HN(G—F)
+e(FNG)UHN(FUG)))|
<2214t - |G—F|-54+ty-(|[F-G|—t)-5
+(|[F = G| = t)(|G = F| =to)(|[H — (FNG)| — (t +t2))
= T8+ 3(t; +t2)? — 6(ty +to) — trta(ty + ta) — tits.
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If (t1,t2) € {(1,0),(1,1)}, then this implies |C| < 75, a contradiction. Thus (¢1,t3) €
{(0,0),(2,0)}. Write FNG = {u1,us}t. Then |H N{uy,ux}| =|[HNFNG|=1. We
may assume that H N {uy, us} = {u1}. Let F' € F(u1ay).

First we consider the case where (¢1,t3) = (0,0). In this case, HN (FUG) =
{ui}. Set t3 = |F" N H|. Note that 1 < t3 < 3 because F'NF # 0, F'NG # ()
and F' € F(uytiz). Hence by Claim 3.1, |C = [Clui]| + (| U,epny €(t)[u2z]| +
C({us} U (F' 0 H))us]]) + |C(antia)| < 21+ (55 + (1H — {ur}| — t3)(|F"| — t3)) +
|F - {UI,UQ}‘ . |G - {U17UQ}| . ‘H - {U1}| = 77+t§ - 4t3 = <t3 - 2)2 + 73 < 74, a
contradiction.

Next we consider the case where (¢1,t2) = (2,0). Note that (G—F)NF' = GNF' #
(0 because I € F(uyuz). Since |[HN(G—F)| =ty = 0, this implies (G—F—H)NF' #
0. Write F — G = {vy1, va,v3}. Then |H N{vy,vo,v3}| = ¢; = 2. We may assume that
HN{vy,v2,v3} = {v1,v2}. Suppose that {vy,v2} € F'. We may assume v ¢ F’. Set
ty,=|GNF|(=|(G—-F)NF'|) and t5 = |(H — {uy,v1,v2}) N F’|. Then 1 <t4 <3
and 0 < t5 < 2. Hence by Claim 3.1, |C| = |Clu ] U Cvs]| + (’ Useanse 6(17,1172)[1}1]3” +
1C({ur, 02} U (G N E))[or]]) + (| Use(sr—gus o1 ooy C(@1010) [ug2] |
+ \G({ul,vl,vg} U (Hﬁ F/))[UQ]D + ‘e(’alﬁgﬁlﬂgﬂ < 221+ (t4 -5+ (‘G - {U1}| —
ta)(|F'| = t4)) + (85 - 5+ ([H = {ua, 01, v02}| = t5)([F'] — t5)) + |F' = {u, ug, v1, 02} -
|G — {ur, up}| - |H — {ug,vi,v0}] = (¢4 — 2)2 + (t5 — 1) + 73 < 75, a contradiction.
Thus {v1,v2} C F’. Consequently |F'N H| = [{u1,v1,v2}| =3 and |[FNHNF'| =
[{vi,v2}| = 2, and it therefore follows from Claim 3.3 that F C F U H, which
contradicts the earlier assertion that F' N (G — F — H) # 0. O

Claim 3.6 Let F,G, H € F, and suppose that |FNG| =2, FNGNH # 0, F-G ¢ H
and G— F ¢ H. Then |[FNGNH|=1and HC FUG.

Proof. By Claim 3.4 |[FNGNH| = 1. Write F = {uy, us, v1,v2,v3} and G =
{uy,ug, wy, we, w3}. Suppose that H € FUG. Then by Claim 3.5, |(FUG)N H| =
((F-G)NH|+|(G-F)NH)+|FNGNH|=4. Since F~GZ Hand G—-F ¢ H,
we have |(FF — G)N H| < 2 and |(G — F) N H| < 2. Thus by symmetry, we may
assume that (FUG) N H = {uy,v1,v9, w1 }. Let F' € F(vgwy).

Subclaim 3.6.1 We have {vy,v} € F'.

Proof. Suppose that {vy,ve} C F'. Then |F'NFNH| > |{vy,v2}| = 2. By Claim 3.4,
|F'N{ur, us}| = |[F'N(FNG)| < 1, and hence |F'NF| = |{vy, va}|+|F'N{us, us}| < 3.
Consequently, applying Claim 3.3 with Fy = F', Gy = F and Hy = H, we get
H C F'U F, which contradicts the fact that wy ¢ FFUF. O

Subclaim 3.6.2 We have FNG N F' # (.

Proof.  Suppose that FNG N F' = (. Then we have F' N {v;, v} = F'NF # )
and F' N {wq, w3} = F' NG # (). We may assume that v, ws € F’. By Subclaim
3.6.1, vo ¢ F'. Hence F'NF = {v;}. Write H — (FUG) = {a}. If a € F’, then
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HNF ={v,a} and HNF' NF = {v}, and hence |(H U F')N F| > 4 by Claim
3.5, which contradicts the fact that (H U F') N F = {uy,v1,ve}. Thus a ¢ F’, which
implies F'NH = {v1}. Hence by Claim 3.1, |C] = |C[uq]||+|C(a1)[v1]|+|C(a101)uz)|+

{u, vi - [ = {oi}] + [F = {un, ug, o1} - [F = {on }| + [G = {un, ug, wi}] -5+ |F -
{Ul,U27’U17’U2}| : ‘G - {ul,u27w1}\ : ‘H - {u17v17v27w1}| = 737 a contradiction. O

By Claim 3.4 and Subclaim 3.6.2, [{uy,us} NF'| = |[FNGNF'| =1, and hence it
follows from Claim 3.5 and Subclaim 3.6.1 that [{v, v2}NF’| = 1 and {wq, ws} C F".
We may assume {vy,vo} N F' = {v1}. If {ug,up} NF" = {wy}, then |[F N F'| =
[{ur,v1}| =2 and |[FNF'NH| = |{u,v1}| = 2, and hence H C FUF’ by Claim 3.3,
which contradicts the fact that wy ¢ FUF’. Thus {uy, us }NF’ # {u;}, which implies
that {uj,us} N F' = {us}, and hence FF N F' = {ug,v;}. Consequently, by Claim
3.1, €] = |Clua]| + |C(un)[ue]] + [C(arti)[v1][ + [C(@rtz01) [wr][ 4 [C(urtia0101) [vo]| +

|G—{U17U27w1}\'5+\F—{U17U27U17U2}|'|G—{U17U27w1}|'|H—{U17017027w1}| =74,
a contradiction.

This completes the proof of Claim 3.6. O

Claim 3.7 Let F,G,H € F, and suppose that |[FNG| =2 and FNGN H # .
Then F—GCHorG—-FCH.

Proof. Suppose that F — G € H and G— F € H. By Claim 3.6, |[FNGNH| =1
and H C FUG. Write F' = {uy, ug, v1,v2,v3} and G = {uy, ug, wy, wa, w3 }. We may
assume that H = {uy, vy, v, wy, wa}. Let F' € F(v3w;). Arguing as in the proof of
Subclaim 3.6.1, we see that {vy,vo} € F’. Since we also have |{u1, us}NF'| = |[FNGN
F'| <1by Claim 34, [(FUG)NF'| < [{vy, v} NF'|4+ {ur, u2 } N F'|+ [{we, w3 }| < 4,
which means that F/ ¢ FUG. Since vz € (F —G) — F' and wy € (G- F) — F',
this together with Claim 3.6 implies that {uj,uz} N F' = FNG N F' = . Hence
{vi,} N F' = FNF # (. We may assume that F' N {vy,v2} = {v1}. Then
FNF = {wn}. Suppose that wy € F'. Then |H N F'| = |[{v1,ws}| = 2 and
|[HNF'NG|=|{w:}|=1. Since |[F'— H|=3and |G—H| =2, (F'—H)—G #0.
We also have vy ¢ (H — F') — G. Consequently G C H U F’ by Claim 3.6, which
contradicts the fact that us ¢ H U F'. Thus wy ¢ F’, which implies H N F’ = {v;}.
Therefore by Claim 3.1, |C] = |Clus]| + |C(a1)[v1]] + |C(a101) [uz]| + |C (a1 tiay ) [wr]| +

|F'—{ur, ug, v }| - [ = {on} [ 4 [F = {ug, ug, 01} [F = {01} +]G — {ur, ug, wy, wa -
|H — {uy,v1,wy,wz}| -5 =74, which is a contradiction. O

Now fix Fi,Fy € F with 2 < |Fy N Fy| < 3, and set ig = |F1 N Fy|. Write
Fy ={a1,a9,a3,a4,as5} and Fy = {by, by, b3, by, b5} so that a; = b; for each 1 < i < ig
and {a; :i0+1<i<5}N{b:ip+1<i<5} =0 We consider the cases where
1o = 2 and 7o = 3 separately. In each case, we get a contradiction.

Case 1: iy = 2.
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Note that Iy = {aq, az, as, a4, a5} and Fy = {ay, as, bz, by, bs}. The following claim
follows from Claim 3.7.

Claim 3.8 Let a € {as,as,as} and b € {bs,by,bs}, and let F € F(ab). Then
FﬁFlﬂngFﬁ{al,ag}:@and|Fﬁ(F1UF2)\ = 2.

Proof. By symmetry, we may assume that a = a3 and b = bz. If F N {ay,as} # 0,
then it follows from Claim 3.7 that Fy — Fy C F or Fy, — F; C F, which contradicts
the fact that as, b3 ¢ F. Thus F N{a1,as} =0, and hence FN{ay,a5} = FNF; # 0
and F N {by,bs} = FNF, # (). We may assume that a4,by € F. Suppose that
Fn{as,bs} # 0. We may assume a5 € F. Let F' € F(asby). Then arguing
as above, we get F' N {ay,a} = 0. This implies F' N {aq,a5} # 0. Note that
|[Fi NF| = [{as,a5}| = 2 and Fy N FNF' # (. Hence by Claim 3.7, F; — F C F’
or F'— Fy C F’, which contradicts the fact that as, by ¢ F'. Thus F' N {as,bs} = 0.
This implies that |F' N (Fy U Fy)| = [{as, ba}| =2. O

Let Fy € F(asbs). By Claim 3.8, we have |F3 N Fy| = |F3 N {a4,a5}| = 1 and
|Fy N Fy| = |[F30 {bs,bs}| = 1. We may assume that ay, by € F3. Let Fy € F(asby).
By Claim 38, |F4 n Fl‘ = |F4 n {ag,a5}\ =1and ‘F4 ﬂF2| = ‘F4 N {b37b5}| =1. We
may assume that as, b3 € Fy. Let Iy € F(asby).

Claim 3.9 We have F5 N (F1 U Fy) = {as, b5}

Proof. 1t follows from Claim 3.8 that |[F; N Fy| = |FsN{a4,as}| = 1 and |FsNFy| =
|F5 N {bs, b5}| = 1. Suppose that F5 N Fy = {as}. Then by Claim 3.1, |€| = |C[a;] U
Clas]| + (|C(a1as)[asbs]| + C(arazbs)[aa]|) + (1€(a1a2a4)[asba]| + |C(@rasasbs) as]|) +
|€(&1ZL2&3&4) [bg” + |€(&1&2&3&4b3)\ S 221+ (5 + |F2 - {a17a27b3}| . ‘F4 — {bg}‘) +
(1F5 —{as}| +[F> —{ai, a2, ba}| - |F5 — {a, b }]) + [F1 — {ar, az, as, as}| - |[F5 — {aa}| +
|Fy — {a1, a2, a3, a4}| - |Fo — {a1, a2,b3}| - |Fy — {as, bs}| = 75, a contradiction. Thus
Fs N Fy # {a4}, and hence 5 N F; = {as}. Similarly F5 N F, = {b5}. Hence
Eaﬂ(FlUFQ) :{ag,,bg,}. [l

We can now complete the discussion for Case 1. Recall that F3 N (Fy U Fy) =
{a4, b4} and Fy N (Fy U Fy) = {as3, b3} and, by Claim 3.9, we have F; N (Fy; U F) =
{as,bs}. In particular, |F5 N F5| < 3. Therefore by Claim 3.1, |€] = |Clay] U
Clas]| + (|C(araz)|asba]| + |C(arasba) azbs]| + [€(@1azbsba)[as]|) + (|C(ara2as)[asbs]| +
|C(@1a2asbs)[ad]]) +|C(a1a2a3aa)[bs]| + |C(araza3asbs)| < 221 + (54 |F3 N Fs| +
|2 = {ar, a2, b3, ba}| - |[F5 — {ba}]) + (5 + [F2 — {a1, a2, b5}| - |[Fy — {as, bs}|) + |[F7 —
{ar, as, az, as}|-[Fs—{as}|+|Fi—{a1, as, as, as}|-[Fo—{ a1, az, b3 }|-| Fa—{as, bs }| < 75,
which is a contradiction.

This completes the discussion for Case 1.
Case 2: iy = 3.
We have shown that Case 1 leads to a contradiction. Thus

|FNG|+#2forany F,G € F. (3.1)
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With the aid of (3.1), we first prove a result corresponding to Claim 3.7 (see
Claim 3.11).

Claim 3.10 Let F\G,H € F with H # F,G, and suppose that |F NG| = 3 and
FNGNH#0. Then | FNGNH|=1.

Proof. Write F' = {uy,us,u3,v1,v2} and G = {uy,ug, uz, wy, ws}. Suppose that
2<|FNGNH|<3. By Claim 3.3, HC FUG.

First we consider the case where |[FNGNH| = 3. Since H # F, G, |[HN{vy,v3}| =
|H N{w1, we}| = 1. We may assume that H = {u1, ug, u3, v1, ws }. Let F' € F(v1101).
Then by (3.1), [F"'NH| = |F'N{uy,us,us}| =1 or 3. Suppose that [F"'NH| =1. We
may assume F'NH = {u;}. By (3.1), this implies F'NF = {u;} and F'NG = {u;}.
Hence by Claim 3.1, |€] = | <;<3 Clui]| + [C(uuztis) [v1]| + [C(uuzusv1 )| < 3-21 +
|G —{ur, ug, us}|- |[F' = {ua b+ [F = {ur, uz, ug, v} [H = {ur, ug, ug, vi [ [F' = {un }] =
75, a contradiction. Thus F'NH = {u1, uz, us}, and hence F'NEFNG = {uq, ug, u3}.
Consequently F C F UG by Claim 3.3, which implies F' = {u1, ug, us, va, wa}.
Hence by Claim 31, \G\ = | U1§i§3 C[U1]| + (‘6(17/1’1]2’1]3)[1}111}2” + ‘e(ﬂﬂjgﬂgwg)[’l}l”) +
|€(111122123171)| S 321+ (5 + ‘G - {u17u2,u37w2}| . |Fl - {u17u2,u37w2}\) + ‘F —
{uy,ug,ug,v1}| - |H — {uy,uq,uz,v1}| - 5 = 74, a contradiction.

Next we consider the case where |[FNGNH| = 2. We may assume that uy,uy € H
and |[FFNH| > |GnN H|. Recall that H C FUG. Hence we have v,v2 € H and
|H N {wy,wsr}| =1. We may assume H = {uy, ug, v1,v2, w1 }. Let F' € F(uzwy).

Subclaim 3.10.1 We have F' N {uy,us} = 0.

Proof. Suppose that F' N {u1,us} # 0. We may assume u; € F’. Suppose that
ug € F'. Then FNGNF = {u,us}, and hence F/ C F UG by Claim 3.3,
which implies F' = {uy, u2, vy, v9, wa}. Hence by Claim 3.1, |C| = |Cluy] U Clus]| +
|e(’lj1ﬂ2)[U1]Ue(ﬂ1ﬂ2)[U2]|+‘e(ﬂ1ﬂ2@1@2)‘ S 221+(|G*{U17U2}|5+|G*{U1,U2}‘5>+
|F—{uy, ug, vy, v} |H — {uy, ug, vy, va}| - |[F' — {uy, ug, vy, v2}| = 73, a contradiction.
Thus F' N {uy,us} = {us}. By (3.1), this implies F' NG = {u; }. If F'N{v,v2} =0,
then F' N F = F'N H = {u,}, and hence by Claim 3.1, |€| = |Clwy]| + |C (@) [uz]| +
|Curtin)[us]| + |C(uruaus)| < 21+ [F" —{ur} -5+ [H — {ur, up}| - [F' = {us }| + [F —
{ur, ug, uz}|-|G—{u1, uz, us}|-| F'—{u1 }| = 69, a contradiction. Thus F'N{vy,va} # 0.
This implies that F' N F' = {uy,vy,v9} by (3.1). Hence FNF' N H = {uy, vy, 02}
Consequently H C FUF’ by Claim 3.3, which contradicts the fact that wy ¢ F'UF".

O

Recall that F' = {uy, ug, us, v1, v}, G = {us, ua, us, wr, wa}, H = {uq, ug, v1, va, wi}
and F’ € F(uzw;). By Subclaim 3.10.1, F' N {uy, ug, uz, w1} = 0. Hence F' N H =
F'n{v, v} #0. By (3.1), |[F" N H| = 1. We may assume F' N H = {v;}. Then
by Claim 3.1, |€| = |Clus] U Cluz]| + |C(t1t2)[v1]| + |C(@1 tat1 ) [us]| + |C(U1 tatizty)| <
2214+ |G —A{uy, uo}| -5+ |H — {ur, ug, v1 }| - |F' — {v1 }| + | F — {w1, u2, us, 1 }| - |G —
{u1,ug,us}| - 5 =75, a contradiction.
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This completes the proof of Claim 3.10. OO

Claim 3.11 Let F,G,H € ¥, and suppose that |F NG| =3 and FNGNH # ).
Then F—-GCHorG—-FCH.

Proof. Suppose that FF' — G € H and G — F ¢ H. By Claim 3.10, |[FNG N
H| =1 Write FNGNH = {u}. Since F—G € H and G — F ¢ H, we have
|[HN(F—-G)| <1land |[HN(G — F)| < 1. Hence by (3.1), HN F = {u} and
HnNG = {u}. Write H = {u,z1,%2,x3,24}. Let F' € F(uzy). Then FFNH =
F'n{ag, x3,24} # 0. We may assume x5 € F’. Then by (3.1), HN F' = {a3} or
{2, x3,24}. Suppose that F NG N F’ # (). Then by Claim 3.10, |[FNGN F'| = 1.
Write FNGNF = {v} and FNG = {u,u/,u"}. If F'NH = {x}, then by
Claim 3.1, [C] = [€[u]| + [C(a)[w]| + (|C(at)[u"2,]| + |C(ut'Z,)[u"]]) + [C(un'a")| =
21+ |H —{u}| -5+ 5+ |H — {u,zo}| - |F' — {u, z2}|) + |F — {u, v/, u"}| - |G —
{u, v, u"}|-|H—{u}| = 71, a contradiction; if F'NH = {3, x3, x4}, then by Claim 3.1,
€] = |€u]| +[C(a)[w]] + (| Us<ics (a0 x| + \G(W’@%@)[U”H) +[C(au'n")| =
21+|H —{u}|-5+(3-5+|H—{u, x2, x3, x4 }|- | F'—{W/, x2, x3, 24 }|)+|F —{u, v/, u" }||G—
{u, o/, u"}|-|H—{u}| = 73, a contradiction. Thus FNGNF' = ). Hence by Claim 3.1,

€] = [Clu][ + (’ Uyetrne)—quy (Uscica €(@) ly])| + | Uye(rne)-fu} e(ﬁf2f3f4)[y”)

+[C(FNG)| <21+ (2:3-542 |H — {u, 2, x3,24}| - |F' — {xa}|) + |F — (F N G)|-
|G — (FNG)|-|H — {u}| =75, a contradiction. O

Recall that Fy = {a1, as, as, as, a5} and Fy = {ay, as, ag, by, bs}. We can now start
an argument corresponding to the argument in Case 1. The following claim follows
from Claim 3.11.

Claim 3.12 Leta € {ay,as} and b € {bs,bs}, and let F' € F(ab). Then FNFyNF, =
Fnia,az, a3} =0.

Proof. Since a,b ¢ F, it follows from Claim 3.11 that {ay, as, as}NF = FINFNF =
.

Let Fy € F(@sby). Then by Claim 3.12, Fsn{ay, as, as} = (), and hence as, b5 € Fy.
Write F3 = {as, bs, c1,¢2,c3}. Note that ¢; € X — (Fy U Fy) for each 1 <1 < 3. Let
F, € F(asbs) and F5 € F(asbs). Arguing as above, we get Fy N (Fy U Fy) = {ay, by}
and F5 N (F1 U FQ) = {a5,b4}.

Claim 3.13 We have F3N Fy = {cy1, ¢, c3}.

Proof. By (3.1), we have either |Fy N F3| = |FyN{c1,c2,¢3}] = 1 or 3. Suppose
that |Fy N {c1,c2,¢c3} = 1. We may assume that Fy N {cy,co,c3} = {c1}. Write
Fy = {ay4,by,c1,d1,do}. Note that d; € X — (Fy U Fy U F3) for each 1 < ¢ < 2.
Suppose that ¢; € F5. Since |F5 N Fs| > [{as,c1}| = 2 and |F5 N Fy| > {bs, a1} = 2,
it follows from (3.1) that F5 N {co,c3} # 0 and F5 N {dy,d>} # 0. We may assume
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F5 = {CL5, b4701702, dl} Then F3 N F5 = {CL5, Cy, C2} and F3 n F5 n F1 = {a5}. HBHCG,
applying Claim 3.11 with F' = F5, G = F5 and H = F, we get F3 — F; C F} or
F5 — F3 C Fy, which contradicts the fact that by, bs ¢ Fy. Thus ¢; ¢ Fs.

Now suppose that Fs N {cg,c3,d1,da} # (0. By the symmetry of {cs,c3} and
{d1,ds}, we may assume that F5N{cs,cs} # 0. Then by (3.1), F3N F5 = {as, s, c3},
which implies F3 N F5 N Fy = {as}. Consequently F3 — F5 C Fy or F5 — F3 C Fy by
Claim 3.11, which contradicts the fact that by, b5 ¢ Fy. Thus F5 N {cy,c3,dy,da} = 0.

Combining the assertions in the two preceding paragraphs, we obtain
F5 N {017027037d1,d2} = @ This 1mphes that F1 — {CL4,CL5}7 F3 — {CL5701}, F4 —
{ag,bs,c1} and F5 — {as, by} are pairwise disjoint, and hence @(@4asbs¢;) = @. Con-
sequently by Claim 3.1, |€] = [Clas]| + [C(as)[ba]| + |C(asbs)[c1]| + [C(asbacr)]as]| +
|C(agasbacr)| < 21+ [F1 —{as}|- [F3—{as}+|Fs — {as, ba}| - |[FA N Fo|+ [F5 — {a5, ba |-
|Fo N F3) + 0 = 49, a contradiction.

This completes the proof of Claim 3.13. O

We are now in a position to complete the proof of Theorem 2. By Claim 3.13,
FsNFy ={cy,ca,c3}. Since ay, by ¢ Fs, it follows from Claim 3.11 that FsNF,NF5 =
{c1,¢2,c3} N F5 = @, and hence F5 N (Fy U F, U F3 U Fy) = {as, by}. Therefore
by Claim 3.1, €| = [Clas]| + |€(as)[ba]| + |U<;<3 Cl@sbs)[ai]| + |C(@razasasbs)| <
21+ [Fy = {as}] - |[Fs — {as}| + 3+ [F5 — {as, ba}| - [F3 N Fy| + [Fy — {a1, a2, a3, a5} -
|Fo — {ay, a2, a3,bs}| - |F5 — {as,bs}| = 67, which is a contradiction.

This completes the proof of Theorem 2.

Remark. By the same (but complicated) argument, we have verified that Theorems
B and D hold for the remaining cases where 6 < k < 8.
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