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Abstract

The smallest cardinality of an r-locating-dominating code in a cycle C,
of length n is denoted by M*P(C,). In this paper, we prove that for
any r > 5 and n > n, when n, is large enough (n, = O(r®)) we have
n/3 < MIP(C,) < n/3+1ifn =3 (mod 6) and MEP(C,) = [n/3]
otherwise. Moreover, we determine the exact values of M¥fP(C,) and
MEP(C,) for all n.

1 Introduction

Let G = (V,E) be a simple connected and undirected graph with V' as the set
of vertices and E as the set of edges. Let u and v be vertices in V. If u and v
are adjacent to each other, then the edge between u and v is denoted by wv. The
distance d(u,v) is the number of edges in any shortest path between u and v. Let r
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be a positive integer. We say that u r-covers v if the distance d(u,v) is at most r.
The ball of radius r centered at u is defined as

B,(u) ={z eV |du,z) <r}

A non-empty subset of V' is called a code, and its elements are called codewords.
Let C CV be a code and u be a vertex in V. An I-set (or an identifying set) of the
vertex u with respect to the code C'is defined as

I,(Ciu) = I.(u) = B (u) N C.

Definition 1.1. Let r be a positive integer. A code C C V is said to be r-locating-
dominating in G if for all distinct vertices u,v € V'\ C' the set I.(C; u) is non-empty
and

1,(C5u) # I,(Csv).

Let X and Y be subsets of V. The symmetric difference of X and Y is defined as
XAY = (X\Y)U(Y'\X). We say that the vertices u and v are r-separated by a code
C CV or by a codeword of C' C V' if the symmetric difference I,.(C;u) A L. (C;v) is
non-empty. The definition of r-locating-dominating codes can now be reformulated
as follows: C C V is an r-locating-dominating code in G if and only if for all
u,v € V\ C (u # v) the vertex u is r-covered by a codeword of C' and

I(C;u) A L(Csv) # 0.

The smallest cardinality of an r-locating-dominating code in a finite graph G
is denoted by M*P(G). Notice that there always exists an r-locating dominating
code in G. An r-locating-dominating code attaining the smallest cardinality is called
optimal. In [3], it is shown that the problem of determining M P (G) is NP-hard.

Locating-dominating codes are also known as locating-dominating sets in the
literature. The concept of locating-dominating codes was first introduced by Slater
in [13, 15, 16] and later generalized by Carson in [2]. The locating-dominating codes
have been since studied in various papers such as [5], [6], [7], [8], [9], [10], [14], [17]
and [18]. For other papers on the subject, we refer to the Web site [12]. Moreover,
location-domination in cycles have been examined in [1], [4] and [16].

Let n be a positive integer such that n > 3. A cycle C,, = (V,, E,,) is a graph
such that the set of vertices is defined as V,, = {v; | i € Z,} and the set of edges is
defined as

En = {UiUiJrl ‘ 1= O7 1, N e 2} U {Un,l’Uo}.

Throughout the paper, we assume that the indices of v; € V,, are calculated modulo
n. Hence, the set of edges can be written as E,, = {v;v;41 | @ € Z,}. For the rest of
the paper, we also assume that n and r are positive integers such that n > 3.

In [16], it is shown that MEIP(C,) = [2n/5]. For radius r > 2, Bertrand et al. [1]
provide the lower bound

M) > (5] M
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The exact values of MEP(C,) are determined in [4]. In particular, it is shown that
for n > 6 if n = 3 (mod 6), then MLIP(C,) = n/3 + 1, else MLP(C,) = [n/3]. In
Section 5, we determine the exact values of MEP(C,) and MEP(C,). In Section 4, we
prove that for any r > 5 and n > n, when n, is large enough (n, = O(r3)) we have
constructions showing MXP(C,) <n/3+1if n =3 (mod 6) and MLP(C,) < [n/3]
otherwise. The latter constructions are optimal by the lower bound (1). Using the
evidence provided in Sections 3 and 5, we conjecture that also the constructions in
the case n = 3 (mod 6) are optimal.

In what follows, we begin in Section 2 by introducing some basic results con-
cerning r-locating-dominating codes in cycles. Then, in Section 3, we proceed by
considering r-locating-dominating codes in cycles C,, with small n (for a given 7).
In Section 4, we present constructions for r-locating-dominating codes in cycles for
general r and, in Section 5, we consider r-locating-dominating codes in cycles when
2<r <4

2 Basics

We first present some useful observations concerning r-locating-dominating codes in
cycles. For this, we need the concept of C-consecutive vertices introduced in [1].
Let ¢ and j be positive integers. We say that (v;,v;) is a pair of C-consecutive
vertices in C, if v;,v; € V, \C and vy € C forall k =i+ 1,i4+2,...,5 — 1 or for
all k = j+ 1,7+ 2,...,i— 1. The following lemma is previously presented in [1,
Remark 4].

Lemma 2.1 ([1]). If C CV,, is a code in C,, then each codeword of C can r-separate
at most two pairs of C-consecutive vertices.

Bertrand et al. in [1] also presented a useful characterization of r-locating-dom-
inating codes in paths. The following lemma provides similar characterization in the
case of cycles.

Lemma 2.2. A code C C 'V, is r-locating-dominating in C, if and only if
(1) each vertex uw € V,,\ C is r-covered by a codeword of C,
(i1) each pair (u,v) of C-consecutive vertices in Cy, is r-separated by C and
(i11) there exists at most one vertex u € V,, \ C such that I,(u) = C.

Proof. If C'is an r-locating-dominating code in C,, then the conditions (i), (ii) and
(iil) immediately follow. Assume then that C' C V;, is a code satisfying these three
conditions. By the assumption, all the vertices of V,, are r-covered by a codeword
of C. Let then u and v be two distinct vertices of V,,. If I,(u) = C, then by the
condition (iii), the vertices u and v are r-separated by a codeword.

Hence, we may assume that I,.(u) # C and I,.(v) # C. If the intersection of I,.(v)
and C'\ I,(u) is non-empty, then the vertices u and v are r-separated by a codeword
of C. Otherwise, we have I,(v) C I,(u). Then there exists a non-codeword w € V,,
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such that (u,w) is a pair of C-consecutive vertices and the symmetric difference
I (u) A I (w) is a subset of I,.(u) A I,.(v). (Notice that if (u,v) is pair of C-consecutive
vertices, then v = w.) Therefore, by the condition (ii), we have I.(u) # I,(v). O

In the previous characterization, the condition (iii) is necessary. Indeed, consider
a code {vg,v2} in Cg when r = 2. Clearly, the conditions (i) and (ii) now hold.
However, the code is not 2-locating-dominating in Cq since I,.(v1) = I.(v4) = {vg, v2}.
Notice also that if n > 4r + 2 and the condition (i) holds, then there is no vertex
u € V, \ C such that I.(u) = C.

The following lower bound is presented in [1, Theorem 13]. For Lemma 2.4, we
include the proof of the lower bound here. In [1, Theorem 14], it is also shown that
for each 7 > 2 there exist an infinite family of n such that MIXP(C,) = [n/3]. In
particular, it is shown that if r is even, n > 6 and n = 0 (mod 3r) or if r is odd and
n =0 (mod 3r + 3), then the lower bound is attained.

Theorem 2.3 ([1]). For all integers n > 3 and r > 2, we have

MEP(C) = [ 5]
3
Proof. Let C be an r-locating-dominating code in C,,. By Lemma 2.1, each codeword
of C' can r-separate at most two pairs of C-consecutive vertices. On the other hand,
by Lemma 2.2, each pair of C-consecutive vertices has to be r-separated by at least
one codeword. Hence, we have 2|C| > n — |C|. Thus, the claim immediately follows.
]

The next lemma immediately follows from the previous proof.

Lemma 2.4. Let n be divisible by three and r > 2. If C' is an r-locating-dominating
code in C,, with n/3 codewords, then

(i) each codeword r-separates ezactly two pairs of C-consecutive vertices and
(ii) each pair of C-consecutive vertices is r-separated by exactly one codeword of C.

For future consideration, we introduce the concept of C-block of codewords. Let ¢
be a positive integer. Define Q,(i) = {vs, viy1, ..., V1) (i € Zy). Let C CV, be a
code. We say that @Q(7) is a C-block (of codewords) if the vertices vy, Vi1, ..., Vipi—1 €
C and v;_1,v;4; ¢ C. Moreover, if Q,(7) is a C-block of codewords, then the length
of the C-block is t. Notice that if Q.(¢) is a C-block, then (v;_1,v;4¢) is a pair of
C-consecutive vertices. Notice also that if v;_1,v;41 ¢ C and v; € C, then we say
that {v;} is a C-block of length one.

Now we are ready to present the following two lemmas.

Lemma 2.5. Let n be divisible by three and r > 2. If C' is an r-locating-dominating
code in C,, with n/3 codewords, then the length of any C-block of codewords is at most
r—1.
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Proof. Let C' be an r-locating-dominating code in C,, with n/3 codewords. Assume
that there exists a C-block Q;(i) of length ¢ > r + 1. Then it is immediately clear
that v; (and v;14_1) r-separate at most one pair of C-consecutive vertices. This is a
contradiction with Lemma 2.4 (i).

Assume then that @, (i) is a C-block of length r. Since (v;_1,v;y,) is a pair of
C-consecutive vertices, the symmetric difference I,.(v;_1) A I,.(v;1,) contains exactly
one codeword of C' by Lemma 2.4 (ii). Therefore, without loss of generality, we
may assume that I.(viy,) \ I (v;—1) = 0. Since the pairs (v;,v;41) of C-consecutive
vertices, where j = i +r;i +r+1,...,i 4+ 2r — 1, are r-separated by exactly one
codeword of C' and v;_, € I.(v;)\I(vj41), the vertices viior41, Vitarto, .. ., Viysr ¢ C.
Hence, the set I,.(v;y2,) is empty (a contradiction). Thus, the claim follows. O

Lemma 2.6. Let n be divisible by three and r > 2. If C' is an r-locating-dominating
code in C, with n/3 codewords, then the number of C-blocks of codewords is even.

Proof. Let C' be an r-locating-dominating code in C, with n/3 codewords. Assume
that @Q,(7) is a C-block (for appropriate integers i and ¢). Hence, (v;_1,v;1¢) is a pair
of C-consecutive vertices. This pair is r-separated by a unique codeword. Assume
that this codeword belongs to the C-block Qu (') (for some appropriate integers 4’
and t'). Now the pair (vy_1, vyyy) of C-consecutive vertices is clearly r-separated by
a unique codeword that belongs to the C-block @4(7). Therefore, each C-block can
be uniquely paired to another C-block. Thus, the number of C-blocks is even. [

3 Cycles with a small number of vertices

In this section, we consider r-locating-dominating codes in C,, with small n (for
a given 7). The following easy theorem gives the exact values of MXP(C,) when
3<n<2r+1.

Theorem 3.1. Let n and r be positive integers such that 3 < n < 2r+1 andr > 2.
Then we have
MMP(@C,) =n—1.

Proof. Let C be an r-identifying code in C,,. Assume that |C| < n — 2. Then there
exist u,v € V,, \ C such that u # v. Since B,(u) = B,(v) = V},, we have I,(u) = C
and I,(v) = C. Therefore, |C| > n — 1. On the other hand, {vg,v1,...,v,_2} is an
r-locating-dominating code in C, with n — 1 codewords. Thus, we have MEP(C,)
n—1.

oo

The following two theorems consider r-locating-dominating codes in the cycles
Cors2 and Corys.

Theorem 3.2. Let r > 2. Then we have

A{TLD(CQT+2) =r+1.
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Proof. Let C be an r-locating-dominating code in C,, with n = 2r+2. For v; € V,,\ C,
consider sets BL.(v;) = V;, \ B(v;) = {viyr+1}. Since C' is an r-locating-dominating
code in Co12, the sets BL.(v;) N C are unique for all v; € V,, \ C. Assume then that
|C] < r. Since now |V, \ C| > r+2, there exist (by the pigeonhole principle) vertices
v;,v; € V, \ C such that v; # v; and Bl.(v;) N C = B/ (v;) N C (a contradiction).
Thus, we have |C] > r + 1.

By Lemma 2.2, it is straightforward to verify that {vg,v1, ..., v, } is an r-locating-
dominating code in Cy, 4. Therefore, we have M P (Cy i) =17 + 1. O

Theorem 3.3. Let r > 2. Then we have

MIP(Coypyz) > {w-‘ :

)

Proof. Let C be an r-locating-dominating code in C,, with n = 2r+3. For v; € V,,\ C,
consider again the sets Bl.(v;) = V,, \ B(v;) = {Vitrt1, Vitrta}. Since C is an r-
locating-dominating code in Cy,13, the sets B..(v;) N C are unique for all v; € V,, \ C.
Hence, at most one of the sets B..(v;) can be empty and at most |C| of them contains
only one codeword of C. On the other hand, each codeword can belong to at most
two sets Bl.(v;). Therefore, we have the inequality

0] +2(n — 2|C| — 1) < 2|C].

Thus, the claim immediately follows. O

Let r = 51" 4+ 1, where 1’ is a positive integer. Now, by the previous theorem, we
have MEP (Copi3) = MEP(Cs2rr41)) > 2(21" + 1). Define then

2r'

C= U{U5i7U5i+1}-

=0

It is straightforward to verify that C' is an r-locating-dominating code in Co.,3 at-
taining the lower bound of Theorem 3.3. Thus, we have an infinite family of radii
for which MIP(Cy,y3) = [2(2r +2)/5].

Let us then determine the exact values of MXP(Cy,) and MEP(Cs,,3). The fol-
lowing theorem, which solves the exact values of MIP(Cs.) when r is even and
MZEP(Cy,.13) when r is odd, have previously been presented in [1].

Theorem 3.4 ([1]). Let r be an integer such that r > 3.
(i) If r is even, then MEP(Cs,) =r.
(ii) If r is odd, then MEP(Csryz) =1+ 1.

The remaining cases are solved in the following theorem.
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Theorem 3.5. Let r be an integer such that r > 3.
(i) If r is even, then MEP(Cypy3) =1 + 2.
(ii) If r is odd, then MEP(Cs,) =r + 1.

Proof. (i) Let r > 3 be an even integer. Assume that C is an r-locating-dominating
code in Cg,43 with 7+ 1 codewords. Let us first show that now each C-block of code-
words is of length one. Assume to the contrary that @, (¢) is a C-block of codewords
with ¢ > 2 (for an appropriate integer 7). Now (v;_1,v;1¢) is a pair of C-consecutive
vertices. The symmetric difference B,.(v;_1) A B, (vi4y) = Qur1(i—r—1)UQu11(i+7)
contains at most one codeword, by Lemma 2.4 (ii). Without loss of generality, we
may assume that Qu1(i —r — 1) N C' is empty. Since the pairs (Vi_pys—2, Viopii—1)
and (v;_p14—3,Vi_ryt—2) of C-consecutive vertices are r-separated, respectively, by
the codewords v;14—1 and v;14_o, the vertices v;_o,1;_o and v;_o.1;_3 do not belong
to C, by Lemma 2.4 (ii). By the considerations above, the symmetric difference
Br(vi—2r+t—3) A Br(Ui—2r+t—2) = {Ui—3r+t—37 Ui—r+t—2} = {Ui+t7 Ui—r+t—2} does not con-
tain codewords of C' (a contradiction). Hence, each C-block is of length one.

By Lemma 2.6, we know that the number of C-blocks is even. Therefore, by the
fact that each C-block is of length one, it immediately follows that the number of
codewords in C' is even. However, this contradicts the assumption that the number
of vertices in C' is equal to r+ 1. Thus, there does not exist an r-locating-dominating
code in C,4 3 with r+1 codewords. Hence, we have MIP(Cs,,3) > r+2. On the other
hand, it is straightforward to verify (using Lemma 2.2) that {vg,v1,..., 0y, Ugpy1}
is an r-locating-dominating code in Cs.;3 with r + 2 codewords. Thus, we have
MTLD(Cgr+3) =r+2.

(ii) Let » > 3 be an odd integer. Assume that C is an r-locating-dominating
code in Cs. with r codewords. Using similar ideas as in the case (i), it can be
shown that each C-block is of length one. Then a contradiction again follows using
Lemma 2.6. Thus, we have MLP(Cs,) > r + 1. On the other hand, it is easy to
verify that {vg,v1,...,v.} is an r-locating-dominating code in Cs,.. Therefore, we
have MEP(C3,) = r + 1. O

4 Cycles with a large number of vertices

Let r be an integer such that » > 5. In this section, we prove that for any n > n,
when n, is large enough we have constructions showing MXP(C,) <n/3+1ifn=3
(mod 6) and MLP(C,) < [n/3] if n # 3 (mod 6). By Theorem 2.3, the latter
constructions are optimal.

The path of length n is defined as P, = (V,,, E/,), where V,, is the same as in
the case of cycles and E!, = {vviy1 | i = 0,1,...,n — 2}. The following theorem
provides a useful relation between the optimal r-locating-dominating codes in cycles
and paths.

Theorem 4.1. Let n > 4r + 2. Then we have
MP(C) < MPP (Po).
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Proof. Let C be an r-locating-dominating code in P,,1. Assume first that v, ¢ C.
Now each pair of C-consecutive vertices in C, is r-separated by C', since each pair
of C-consecutive vertices in P, is r-separated by C. It is also easy to see that all
the vertices of C,, are r-covered by a codeword of C' and that there does not exist a
vertex u € V,, \ C such that B,.(u) = C (since n > 4r +2). Therefore, by Lemma 2.2,
C is an 7-locating-dominating code in C,,.

If vg ¢ C, then the proof is analogous to the previous case. Hence, assume
that vy and v, both belong to C. Let then v;,v;,v; € V,, \ C be vertices such
that v, v1,...,vi.1 € C, Vi1, Vg2, ..., Up € C and Viqq, Viga, ..., U1 € C. In other
words, (v;,v;) and (v;, vy,) are pairs of C-consecutive vertices. Consider then the code
C" = C\ {v,} in C,. Tt is straightforward to verify that all the pairs except (v;,v;)
of C'-consecutive vertices in C, are r-separated by C’. Moreover, the symmetric
difference of B,.(v;) and B, (vy) contains a codeword of C’. Therefore, by Lemma 2.2,
C" U {v;} is an r-locating dominating code in C,. Thus, in conclusion, we have
MTLD(Cn) < MTLD(PnH)- o

Assume that r > 5 and n > 3r 4+ 2+ 6r((r — 3)(2r + 1) + r). In [5], it is shown

that now MEP(P,) = [(n +1)/3]. Hence, if n =1 (mod 3), then
n+2

5|
Therefore, M P (C,) = [n/3]. If n = 3 (mod 6), we similarly obtain n/3 < M*P(C,)
< MIP(P,i1) = n/3+ 1. We also conjecture that MIP(C,) = n/3 + 1 (see Con-
jecture 5.4). In what follows, we give optimal constructions for the remaining cases
when n = 0,2 or 5 (mod 6). For this, we first recall some preliminary definitions

and results (previously presented in [5]).
Let 7 and s be non-negative integers. First, for 1 < i <r — 2, define

5] < MEP(C) < MEP P = |

r—1
M;(s) = U {vsi} | U{vsiari}
=0
jF#Er—i—1
and M/(s) = M;(s) \ {vs42r—i}. Notice that |M;(s)| = r. Furthermore, for 1 < i <
r — 3, define

4r

Kl(s) = M{(S) U {vs+2r7 /Us+3r7i} U U {vs+j} U {/Us+5r7i7 Us+5r+2}7
Jj=3r+2
jAAr—i
and K,_o(s) = M/ _5(s) U{vsyar, Vsyarta}. Notice that fori =1,2,...,r—3, we have

T

|K;i(s)] = 2r + 1 and |K,_2(s)| =7 + 1. Finally, define

4r+1

Ly(s) = Ma(s) U | |J {vers} [ U{vsser}-
Tz
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Notice that |La(s)| = 2r + 1.

Denote by K; and Lo the patterns {vs, vsi1,. .., Usie—1} where the codewords are
determined by K;(s) and La(s), respectively. The length ¢ of each pattern K; and
L4 is equal to three times the number of codewords in the pattern. For example, the
length of the pattern Lo is equal to 67 + 3 (see the case (iii) below). The following
lemma, which is a slightly reformulated version of a result in [5], says for general r > 5
that the patterns K; and L, can be concatenated to form r-locating dominating codes
(because the beginning of each of them contains M](s)).

Lemma 4.2 ([5]). Let s be a non-negative integer and r > 5. Let C be a code in C,.

(i) Leti be an integer such that 1 < i <r—3. If K;(s)UM],,(s+6r+3) C C, then
each pair (v;,,vj,) of C-consecutive vertices in C,, such that s < j; < s+7r+2
and s < jo < s+ Tr + 2 is r-separated by a codeword of C.

(11) If K,_o(s) U M{(s + 3r +3) C C, then each pair (vj,,v;,) of C-consecutive
vertices in C, such that s < j3 < s+4r+2 and s < jo < s+ 4r+2 is
r-separated by a codeword of C'.

(tii) If Lo(s)UM|(s+6r+3) C C, then each pair (v;,,vj,) of C-consecutive vertices
in C, such that s < j1 < s+Tr+2 and s < jo < s+ Tr+ 2 is r-separated by a
codeword of C'.

For the following constructions, we also define

r—3

= |J Kixa(s +i(6r + 3)).

=0

Now we are ready to proceed with the remaining constructions of r-locating-domin-
ating codes in cycles. These constructions are based on [5], although attention needs
to be paid to details. First let m = p((r — 3)(6r +3) +3r + 3) + ¢ - 2(6r + 3), where
p and ¢ are non-negative integers. Define then

UC ((r —3)(6r +3) + 3r +3))
UUK1 ((r — 3)(6r +3) 4 3r + 3) + 2j(6r + 3))
UUL2 ((r —3)(6r +3) +3r +3) + (2j + 1)(6r + 3)).

The code Cy is illustrated in Figure 1. Notice that M](s) C K;(s) and Mi(s) C
Ly(s) for any s. Therefore, by Lemma 4.2, it is immediate that each pair (v;,vy)
of Cyp-consecutive vertices in C,, is r-separated by Cy. It is also obvious that all the
vertices in C,, are r-covered by a codeword of Cy and that there does not exist a
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Figure 1: The r-locating-dominating code Cj illustrated when r = 5. The pattern
C, which obtained by concatenating the patterns K, K3 and K3, is repeated p times
and the concatenation of K7 and L, is repeated ¢ times.

vertex u € V;, \ Cp such that I,.(u) = Cy. Thus, by Lemma 2.2, it is easy to conclude
that Cp is an r-locating-dominating code in C,, with m/3 codewords.

Notice further that the greatest common divisor of (r — 3)(6r + 3) + 3r + 3 and
2(6r + 3) is equal to 6. Hence, the greatest common divisor of 1/2 - ((r — 3)(2r +
1) +7r+1) and 2r + 1 is equal to 1. Thus, by [11, Theorem 8.3], if n’ is an integer
such that n' > r((r — 3)(2r + 1) + r — 1), then there exist non-negative integers p
and ¢ such that n’ = p/2- ((r —3)(2r +1) + 7+ 1) + ¢(2r + 1). Therefore, if n is an
integer such that n > 6r((r —3)(2r+1)+r—1) and n =0 (mod 6), then there exist
integers p > 0 and ¢ > 0 such that n = p((r — 3)(6r + 3) + 3r + 3) + ¢ - 2(6r + 3).
Thus, if n is an integer such that n > 6r((r —3)(2r+1)+r—1) and n =0 (mod 6),
then by the previous construction MLP(C,) < n/3.

Let m = 6r + 2 4+ p((r — 3)(6r + 3) + 3r + 3) + ¢ - 2(6r + 3), where p and ¢ are
non-negative integers. Define

Cy=K, 5(r—1) UD C4r+2+j((r —3)(6r +3) +3r+3))
uDKl(4r+2+p((r —3)(6r +3) + 3r + 3) + 2j(6r + 3))
j=0
qu_J Ly(4r+2+p((r —3)(6r +3) +3r+3) + (25 + 1)(6r + 3))
j=0

UM (4r + 2+ p((r — 3)(6r + 3) + 3r + 3) + 2¢(6r + 3)).

By Lemma 4.2, it is immediate that if (v;,v;) is a pair of Cy-consecutive vertices
inCy,suchthat r—1<i<m-r—1landr—1<j<m-—r—1, then (v;,v;)
is r-separated by Cs. Consider then the remaining pairs of Cy-consecutive vertices.
For this, we first recall that M;(m — 2r) = {v_o,, V9041, ..., V_p_3,V_p_1,v_1} and
K, o(r—=1) ={v,_1,0541, Vg2, - - -, U2p_2, V3,1, U311 }. NOW it is easy to see that the
pairs (v_,_g,v_,) and (v,_2,v,) are r-separated by the codeword v_; and the pair
(v_a,vp) is r-separated by the codeword v,_;. Furthermore, for all i = —r, —r +
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1,...,=3and j = 0,1,...,7 — 3 the pairs (v;,v;41) and (v;,vj41) are r-separated
by the codewords v;_, and v;;14,, respectively. Thus, each pair of Cy-consecutive
vertices in C,, is r-separated by Cs. Therefore, by Lemma 2.2, it is straightforward to
verify that Cy is an r-locating-dominating code in C,, with [m/3] codewords. Thus,
as in the previous case, if n is an integer such that n > 6r42+6r((r—3)(2r+1)+r—1)
and n =2 (mod 6), then by the previous construction M*P(C,) < [n/3].

Let m = 12r + 5+ p((r — 3)(6r + 3) + 3r + 3) + ¢ - 2(6r + 3), where p and ¢ are
non-negative integers. Define

p—1

Cs = K,»(r) U C(4r + 3+ j((r — 3)(6r +3) + 3r + 3))

Jj=0

q
U Ei(4r + 3+ p((r = 3)(6r + 3) + 3r + 3) + 2j(6r + 3))
j=0
q—1
U La(4r + 3+ p((r = 3)(6r + 3) + 3r +3) + (2§ + 1)(67 + 3))
=0
UMy (4r + 3+ p((r — 3)(6r +3) + 3r + 3) + (2 + 1)(6r + 3)).
Again, using Lemmas 2.2 and 4.2, it can be shown that Cj is an r-locating-dominating
code in C,, with [m/3] codewords. Thus, if n is an integer such that n > 12r +5 +
6r((r —3)(2r +1)+r —1) and n = 5 (mod 6), then by the previous construction
ZWTLD(Cn) < [n/3].
Combining the previous results with the lower bound of Theorem 2.3, we imme-
diately obtain the following theorem.

Theorem 4.3. Let r > 5 and n > 12r +5+6r((r —3)(2r +1) +r —1).
(i) If n 2 3 (mod 6), then MEP(C,) = [n/3].
(i) If n =3 (mod 6), then n/3 < MFP(C,) <n/3 +1.
In the latter case of the previous theorem, we conjecture that actually MIP(C,) =

n/3 + 1 (see Conjecture 5.4).

5 On r-locating-dominating codes in cycles with 2 <r <4

In this section, we consider r-locating-dominating codes in C,, when 2 < r < 4. The
exact values of MIP(C,) are determined in [4]. In particular, it is shown that for
n > 6 if n = 3 (mod 6), then MIP(C,) = n/3 + 1, else MFP(C,) = [n/3]. In the
following theorem, we provide an alternative (and shorter) proof for the lower bound
in the case n = 3 (mod 6).

Theorem 5.1 ([4]). Let n =3 (mod 6). Then we have

MfP(C,) >n/3+1.
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Proof. Let C' be a 2-locating-dominating code in C, with n/3 vertices. Now, by
Lemma 2.5, each C-block is of length one. By Lemma 2.6, the number of C-blocks
is even. Hence, by combining these two observations, the number of codewords of C'
is even. This contradicts with the fact that |C] = n/3 (an odd integer since n = 3
(mod 6)). Thus, we have MEP(C,) > n/3 + 1. O

With our new approach, a lower bound similar to the previous theorem can also
be proved when = 3 and r = 4. The following theorem shows the result for
3-locating-dominating codes.

Theorem 5.2. Let n =3 (mod 6). Then we have
M, >n/3+1.

Proof. Let C be a 3-locating-dominating code in C,, with n/3 vertices. Notice that
each C-block of codewords is now at most of length 2 (by Lemma 2.6). In what
follows, we show that the number of C-blocks of length two is even.

Recall that according to Lemma 2.4 each pair of C-consecutive vertices is 3-
separated by exactly one codeword of C. Assume then that {v;, v;41} is a C-block
of length two. By the previous observation, the set B,(v;_1) A B,.(v;42) contains
exactly one codeword of C. Without loss of generality, we may assume that v;_4,
v;—3 and v;_o do not belong to C. Then either v;13 or v;15 belongs to C. (Notice
that if v;44 € C, then the pair (v;y3,v;45) of C-consecutive vertices is 3-separated by
at least two codewords.)

Assume first that v, 5 € C. If now vig ¢ C, then the pair (viie,vi3) of C-
consecutive vertices is not r-separated by any codeword of C'. Hence, v;,4 € C and
further v; 7 ¢ C. Therefore, {v;y5,v;46} is also a C-block of length two. Since the
neighbourhoods of the C-blocks {v;, viy1} and {v;y5,v,46} are symmetrical to each
other, these C-blocks of length two can be paired with each other.

Assume then that v;y3 € C. Considering the pairs (v;yo,vi14), (Virs,vir5) and
(Vive, Vit7), We obtain that v;ig, vir7, Virs and vi19 do not belong to C. The pairs
(Vixs, Vite) and (viy7, v48) of C-consecutive vertices imply that v;, ¢ and v;41; belong
to C. By the fact that now (v;ys, vi110) is a pair of C-consecutive vertices, we know
that either v;112 or v;413 is a codeword of C. If v;119 € C, then {v;i111,vip12} is
a C-block and the neighbourhoods of the C-blocks {v;, v;11} and {viy11,vip12} are
symmetrical to each other. Therefore, these C-blocks of length two can be paired
with each other. Assume then that v;13 € C. Consider then the symmetric dif-
ference B,.(vi110) & By(vi112), where (v;410, Vi+12) is a pair of C-consecutive vertices.
Now either v;;14 or v;115 belongs to C. If v;114 € C, then the pair (viy12,Viy15) of
C-consecutive vertices is 3-separated by at least two codewords (a contradiction).
Therefore, v;115 belongs to C. Using similar arguments as above, we obtain that
Vi116 Vit17, Vit18, Vit19; Vitao, Viroa & C and vi401,vi103 € C. The situation is now
analogous to the one in which we considered the pair (viys,viy10) of C-consecutive
vertices instead that here we have the pair (v 20, Vir22)-

The previous reasonings can now be repeated. However, since we are operating
in a cycle, at some point the repetition has to end. Therefore, for some non-negative
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integer k we have that {v;,v;11} and {viy 11112k, Vit12412% ) are C-blocks with sym-
metrical neighbourhoods. Clearly, the sets {v;,v;11} and {vir114128, Vit124106} doO
not coincide. Thus, these C-blocks of length two can be paired with each other. In
conclusion, each C-block of length two can be uniquely paired to another C-block of
length two. Therefore, the number of C-blocks of length two is even.

By Lemma 2.6, the number of C-blocks is even. Hence, by the previous con-
siderations, the number of C-blocks of length one is also even. Thus, the number
of codewords of C' is even. This contradicts with the fact that |C| = n/3 is odd.
Therefore, we have MEP(C,) > n/3 + 1. O

In the following theorem, a lower bound similar to the one in Theorems 5.1 and
5.2 is presented for 4-locating-dominating codes in cycles.

Theorem 5.3. Let n =3 (mod 6). Then we have
MP(C,) > n/3+1.

Proof. Let C be a 4-locating-dominating code in C, with n/3 vertices. As earlier,
we start by showing that the number of C-blocks of length two is even.

Let {v;, vi41} be a C-block of length two. Without loss of generality, we can again
assume that v;_s, v;_4 and v;_3 do not belong to C'. As in the previous proof, we
can also conclude that v;,5 does not belong to C'. Moreover, since v;_; and v;,o are
4-separated by C, either v;14 € C or v;44 € C' by Lemma 2.4.

In what follows, we are going to classify C-blocks of length two into different
types depending on their neighbourhood. If {v;y¢, viy7, vi1s} is a C-block of length
three, then we say that C-block {v;, v;41} is of type A;. If {v;16,vir7} is a C-block
of length two, then a contradiction follows since the pair (vi;3,v;14) of C-consecutive
vertices is not 4-separated by a codeword. Assume that {v;46} is a C-block of length
one. Then v;14 does not belong to C. If v;13 ¢ C, then the C-block {v;, v;41} is said
to be of type Ay. Assume further that v, 3 € C. If now v;_5 ¢ C, then we say that
{vi, viy1} is of type As, else it is of type Aj.

If {vi43,v44} is a C-block of length two, then (v;16 ¢ C and) {v;, vi41} is of type
As. Assume now that {v;4} is a C-block of length one. Then v;,4 does not belong
to C. If v;_5 € C, then the C-block {v;, v;41} is of type Ag, else it is of type A;.

For each of the previous types A; we also have a symmetrical pair A} which is
considered as a reflection of the neighbourhood of type A; (between the vertices v;
and v;1). For example, if v;_4, vi14, Viys, Vire & C and {v;_7,v;_¢,v;_5} is a C-block
of length three, then we say that C-block {v;,v;11} is of type A}. By the previous
considerations, it is straightforward to verify that each C-block of length two is one
of the types A; or Al

Assume that the C-block {v;,v;11} is of type A]. Then v;_a, v;_1, Viya, Virs,
Vit4, Virs and v;1¢ do not belong to C'. Considering the pairs (viy2, vit3), (Vits, Vita),
(Visa, Vits) and (viys, vi46) of C-consecutive vertices, we have that v; 7, v;48 € C and
Vi, Vir10 & C. The pair (vi49,vi110) of C-consecutive vertices imply that vy, 14 € C.
Therefore, considering the pair (v;y6,v;19) of C-consecutive vertices, we obtain that
the C-block {v;y7,v;48} of length two is either of type A; or A7. The proof of the
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following symmetrical result is analogous: if the C-block {v;, v;11} is of type Aj, then
the C-block {v;_7,v;_¢} of length two is either of type A} or Af.

Assume that the C-block {v;,v;1} is of type As. Then the vertices viy2, vits,
vir4 and vy5 do not belong to C. Considering the pairs (viyo,vi+3), (Vits,Vita)
and (viy4,vi15) of C-consecutive vertices, we obtain that vy 7, vip9 € C and vi,g €
C. Since viy1 € By(viys) A By(virr), then vi110,v,011 ¢ C. Considering the pair
(vir7, Virg) of C-consecutive vertices, we know that either v; 12 or v;413 belong to
C. If v;413 € C, then it is straightforward to conclude (using similar arguments as
before) that {vii13,vit14} is a C-block of type A}. Otherwise, it can be seen that
Vir12, Vir1a € C and v;113, Viy1s, Virie, Vir1r € C. The situation is now analogous
to the one in which we considered the pair (viy7,vip9) of C-consecutive vertices
instead that here we have the pair (v;413,vi115). The previous reasonings can be
repeated. However, since we are operating in a cycle, at some point the repetition
has to end. Therefore, for some non-negative integer k£ we have that {v;, v;11} and
{Vit13 46k, Vit14r6r} are C-blocks of type Ay and A), respectively. The following
symmetrical result also holds: if {v;,v;41} is a C-block of type A), then for some
non-negative integer k we have that {v;_13_gg, vi—12-6x} is a C-block of type As.

In the following, we list the results of the previous two paragraphs and other
analogous ones, which can be obtained using similar arguments:

o If {v;,vi41} is a C-block of type AY, then {v; 7, v;18} is a C-block either of type
A1 or A7.

o If {v;,v;41} is a C-block of type Az, then for some non-negative integer k we
have that {v; 11316k, Vit1416xt is & C-block of type Aj.

o If {v;,v;41} is a C-block of type Aj, then either {v;+11,vit12} is a C-block of
type Ag or {vit13,vit14} is a C-block of type A).

o If {v;,vi41} is a C-block of type Ay, then {v;i13,vi414} is a C-block either of
type As or As.

o If {v;,v;41} is a C-block of type AL, then either {v;+11,vit12} is a C-block of
type Ag or {vit13,vit14} is a C-block of type A).

o If {v;,v;41} is a C-block of type Ag, then {v;y11, 412} is a C-block either of
type As or As.

o If {v;,v;41} is a C-block of type A%, then {v;y7,v;45} is a C-block either of type
Ay or As.

The obvious symmetrical results also hold. For example, if {v;, v;11} is a C-block of
type A, then {v;_13,v;—12} is a C-block either of type A} or Af.

The results listed above provide an approach to pair C-blocks of length two. The
C-block {v;,v;11} depending on its type is paired with the C-block of length two
suggested by the previous results. For example, the C-block {v;, vi41} of type Aj is
paired with {v;111,vig12} or {vir13, viy14} depending on which one of these sets is a
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C-block. Using the results listed above, it is straightforward to verify that this way
each C-block of length two is uniquely paired with another such one. Therefore, the
number of C-blocks of length two is even.

By Lemma 2.6, the number of C-blocks is even. Hence, since the number of C-
blocks of length two is even, the number of C-blocks that are of length one or three
is also even. Thus, the number of codewords of C' is even. This contradicts with the
fact that |C| = n/3. Therefore, we have MEP(C,) > n/3 + 1. O

Theorems 3.5, 5.1, 5.2 and 5.3 suggest the following conjecture.

Conjecture 5.4. Let n be a positive integer such that n = 3 (mod 6). Then for any
r we have
MMP(C,) > n/3+1.

In what follows, we concentrate on constructing optimal r-locating-dominating
codes in C, when 3 < r < 4. In order to do this, we first need to present some
preliminary definitions and results.

Define an infinite path Ps, = (Vi Ew), where Vo, = {v; | i € Z} and E, =
{vvi41 | i € Z}. Define then

C ={v; € Vx| i=0,2mod 6}.

In [8], it is stated that if r is an integer such that r > 2 and r = 1,2,3 or 4 (mod 6),
then C is an r-locating-dominating code in P,,. This result is rephrased in the case
of cycles in the following lemma when r = 3 or r = 4.

Lemma 5.5. Let n and k be integers such that
D = {V, Vk12, V16 Uktss Ukt12, Vkp1a} © Vi

If a pair (v;,v;) of D-consecutive vertices in C,, is such that k+5 <1i <k +13 and
k+5<j <k+13, thenv; and v; are 3- and 4-separated by D. Moreover, for each
vertex v; € Vi, \ D such that k +6 < i < k+ 11 we have § C I3(D;v;) € D and
0 C 1y(D;v;) € D.

Consider then 3-locating-dominating codes in C,. The exact values of M3LD (Cn)
when 3 < n < 8 are determined in Theorems 3.1 and 3.2. Let p be a non-negative
integer. Define then

D(p) = U{U6i7 Ugita}-

It is straightforward to verify that D(1) and D(2) are 3-locating-dominating codes
in Cy, Ci9, C11, C1o and Cis, Ci6, Ci7, Cig, respectively. Therefore, by combining
Lemmas 2.2 and 5.5, it can be concluded that D(p) is a 3-locating-dominating code
in Cop+3, Copta, Copts and Cepre with 2(p+1) codewords when p > 1. Similarly, it can
be shown that D(p) U {vg,+5} is a 3-locating-dominating code in Cgpts with 2p + 3
codewords when p > 1. Furthermore, D(p) U {vsp+5, Usp+s, Up+10} is a 3-locating-
dominating code in Cgpi13 With 2p + 5 codewords when p > 0. In conclusion, the



192 G. EXOO, V. JUNNILA AND T. LAIHONEN

constructions given above attain the lower bounds of Theorems 2.3 and 5.2. Thus,
the exact values of MFP(C,) are determined for all positive integers n.

Consider now 4-locating-dominating codes in C,,. By Theorems 3.1 and 3.2, the
exact values of MFP(C,) are known when 3 < n < 10. By Lemma 5.5, D;(p) is
a 4-locating-dominating code in Cgpy6 when p > 2. Using analogous arguments as
above in the case r = 3, the following results can be shown:

e The code D(p) U {vep+5, Vop+7, Voprs ) s 4-locating-dominating in Cgpy1s with
2p 4+ 5 codewords when p > 0.

e The code D(p)U{vgpi7} is 4-locating-dominating in Cg,yg with 2p+3 codewords
when p > 1.

o The code D(p) U {Usp+d, Usp+7, Vep+9, Vep+10} 18 4-locating-dominating in Cepi15
with 2p + 6 codewords when p > 0.

e The code D(p) U {vgp+a, Vepi6} is 4-locating-dominating in Cgpiq0 with 2p + 4
codewords when p > 1.

e The code D(p) U{Vsp+7, Vspts, Vop+105 Vep+15, Vep+18, Vep-21 } 18 4-locating-domin-
ating in Cepto3 with 2p + 8 codewords when p > 0.

In conclusion, by Theorems 2.3 and 5.3, the exact values of MFP(C,) are determined
for all n except 11, 12 or 17. The missing values can be easily determined since it is
straightforward to verify that {vg, v1, vs, va}, {vo, v2, va, v6} and {vo, v1, v4, v7, V10, V11 }
are 4-locating-dominating codes in Cyy, C1 and Cy7, respectively, attaining the lower
bound of Theorem 2.3.

The following theorem summarizes the previous considerations on 3- and 4-
locating-dominating codes.

Theorem 5.6. Let n > 3 and 3 <r < 4. Then we have the following results:
(i) MEP(C)=n—1if3<n<2r+1.
(ZZ) 1\/ij Czr+2) =r+1.

(
(iii) MEP(C,) =n/3+1ifn>2r+2 andn =3 (mod 6).
(iv) MEP(C,) = [n/3] if n>2r +2 and n # 3 (mod 6).

In finding the optimal families of r-locating-dominating codes in the cases r = 3
and r = 4, some computer searches were applied to obtain the initial codes. In what
follows, we present a couple of approaches that were used to increase the efficiency
of the search algorithms.

Consider each vertex of C,, in order. There are two possibilities: either the vertex
is in the code, or it is not in the code. So there are 2" cases to consider. We can
reduce the number of cases we have to consider in two ways. First, we note that
after we have decided whether or not vertex v; is in the code, we can check vertices
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v, through v;_,. to make sure they have distinct identifying sets. The second method
for limiting the search uses a running count on the number of vertices in the code.
By symmetry, we can assume that the number of codewords in the first half of the
cycle is at most the number of codewords in the second half of the cycle. We also
know that among any consecutive set of vertices v; to v; that contains (exactly) k
codewords, the number of codewords must be at least log,(j —i+1—2r — k). These
two categories of checks were sufficient to reduce the running time of the algorithm
to a manageable level.

6 Conclusions

Previously, the exact values of MEP(C,) and MFP(C,) have been determined in
[16] and [4], respectively. In Section 5, we solved the exact values of MLIP(C,) and
MFEP(C,) for any n. In Section 3, we determined the exact values of MIP(C,) when
3 < n < 2r+2. Furthermore, in Section 4, it is shown that when n is large enough we
have n/3 < MLP(C,) <n/3+ 1if n =3 (mod 6) and MEP(C,) = [n/3] otherwise.
Moreover, we have Conjecture 5.4 stating that MXP(C,) > n/3 + 1 when n = 3
(mod 6).
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