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Abstract

Let G = (V,E) be a graph and let v € V. Let IRS(v,G) denote the
maximum cardinality of an irredundant set in G which contains v. Then
IRS(G) = min {IRS(v,G) : v € V}is called the irredundance saturation
number of G. In this paper we initiate a study of this parameter.

1 Introduction

By a graph G = (V| E') we mean a finite, undirected graph without loops or multiple
edges. The order and size of G are denoted by n and m respectively. For graph
theoretic terminology we refer to Chartrand and Lesniak [4].

One of the fastest growing areas in graph theory is the study of domination and
related subset problems such as independence, irredundance, covering and matching.
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An excellent treatment of fundamentals of domination in graphs is given in the book
by Haynes et al. [10]. Surveys of several advanced topics in domination are given in
the book edited by Haynes et al. [11].

Definition 1.1. Let G = (V,E) be a graph. A subset S of V is said to be a
dominating set in G if every verter in V — S is adjacent to some vertex in S. A
dominating set S is called a minimal dominating set if no proper subset of S is a
dominating set of G. The domination number v(G) is the minimum cardinality taken
over all minimal dominating sets in G. The upper domination number I'(G) is the
mazimum cardinality taken over all minimal dominating sets in G.

Definition 1.2.  Let S be a subset of vertices of a graph G and let uw € S. A vertex
v 1s called a private neighbor of u with respect to S if N[v] NS = {u}. The private
neighbor set of u with respect to S is defined as pnlu, S| = {v: N[v]nS = {u}}. The
set S is called an irredundant set if for every u € S, pnlu, S] # 0. An irredundant set
S is called a mazimal irredundant set if no proper superset of S is irredundant. The
minimum cardinality of a mazimal irredundant set in G is called the irredundance
number of G and is denoted by ir(G). The mazimum cardinality of an irredundant
set in G is called the upper irredundance number of G and is denoted by IR(G).

Definition 1.3. A subset S of V' in a graph G is said to be independent if no two
vertices in S are adjacent. An independent set S is called a maximal independent set
if mo proper superset of S is independent. The minimum cardinality of a maximal
independent set is called the independent domination number of G and is denoted by
i(G). The mazimum cardinality of an independent set in G is called the independence
number of G and is denoted by (o(G).

The six parameters concerning domination, independence and irredundance are
related by the chain of inequalities, ir(G) < y(G) < i(G) < fo(G) <T(G) < IR(G).
This inequality has been the focus of more than 100 research papers. These param-
eters can be considered to be the basic building blocks of domination, independence
and irredundance.

Acharya [1] introduced the concept of domsaturation number ds(G) of a graph,
which is defined to be the least positive integer k£ such that every vertex of G lies
in a dominating set of cardinality k. Arumugam and Kala [2] observed that for
any graph G, ds(G) = v(G) or v(G) + 1, and obtained several results on ds(G).
Motivated by this concept Arumugam and Subramanian [3] introduced the concept
of independence saturation number of a graph.

Definition 1.4. Let G = (V, E) be a graph and let v € V. Let I1S(v,G) denote the
mazimum cardinality of an independent set in G which contains v. Then IS(G) =
min {IS(v,G) : v € V'} is called the independence saturation number of G.

Thus IS(G) is the largest positive integer k such that every vertex of G lies in
an independent set of cardinality k.

The independence saturation number IS(G) extends the domination chain, as
shown in the following theorem.
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Theorem 1.5. [3] For any graph G we have ir(G) < v(G) < i(G) < IS(G) <
5(G) <T(G) < IR(G).

In this paper we introduce the concept of irredundance saturation in graphs and
initiate a study of the corresponding parameter. We need the following theorems
and definitions.

Definition 1.6.  The middle graph of a graph G = (V, E) is the graph M(G) =
(VUE,E"), where uwv € E' if and only if either u is a vertex of G and v is an edge
of G containing u, or u and v are edges in G having a vertex in common.

Definition 1.7.  The independence graph of a graph G = (V,E) is the graph
I(G) = (I, E") where the vertices correspond one-to-one with independent sets of
vertices in G and uwv € E" if and only if the independent sets corresponding to u and
v have a vertex in common.

Definition 1.8. Let G = (V, E) be an arbitrary graph and let k be any positive
integer. The trestled graph of index k, Tx(G), is the graph obtained from G by adding
k copies of Ky to each edge uv of G and joining u and v to the end vertices of each
Ky, respectively.

Theorem 1.9. [5] For any graph G,
(a) Bo(M(G)) = IR(M(G)) =n, and

(b) Bo(I(G)) = IR(I(G)) = n.

Theorem 1.10. [6] If G is a bipartite graph, then Bo(G) = IR(G).
IR(G).

Theorem 1.11. [12] If G is a chordal graph, then Go(G)

Theorem 1.12. [8] Let G = (V,E) be any graph and let To(G) = (V', E’) be the
corresponding trestled graph of index 2. Then Gy(T2(G)) = IR(T2(G)).

Theorem 1.13. [3] The problem of determining whether IS(G) > k for any graph
G is NP-complete.

Theorem 1.14. [7] For any n-vertex graph G with minimum degree 6, IR(G) <
n — 6, where equality holds if and only if G is one of the following graphs:

(i) V(G) = X UW, where | X| =n — 0, X is independent in G and each vertex in
X is joined to each vertex in W. The vertices in W are joined to one another
arbitrarily, subject to deg w > § for each w € W.

(it) V(G) = X UY U Z, where | X| = Y| =n—6(i.e.,6 > in)(X) = (V) 2 K, s
and the vertices in X are joined to the vertices in'Y by a matching. Further,
|Z| = 26 —n, each vertex in Z is joined to each vertex in XUY and the vertices
in Z are joined to one another arbitrarily, subject to deg z > § for each z € Z.
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2 First Results

Definition 2.1.  Let G = (V, E) be a graph and let v € V. Let IRS(v, G) denote the
mazimum cardinality of an irredundant set in G which contains v. Then IRS(G) =
min {IRS(v,G) : v € V'} is called the irredundance saturation number of G.

Thus TRS(G) is the largest positive integer k such that every vertex of G lies
in an irredundant set of cardinality k. We observe that IRS(G) = 1 if and only if
A=n—-1

Theorem 2.2.  For any graph G,

ir(G) <7(G) <i(G) < IS(G) < IRS(G) < IR(G).
Proof.  From Theorem 1.5 we have ir(G) < v(G) < i(G) < IS(G). From definition
we have TRS(G) < IR(G) and hence it is enough to prove that IS(G) < IRS(G).
Since every independent set is an irredundant set 1S(v, G) < IRS(v,G) for allv € V,
so that IS(G) < IRS(G). O

We cannot include I'(G) and fy(G) in the chain given in Theorem 2.2, since there
is no relation between IRS(G) and §y(G) as well as ITRS(G) and I'(G) as shown in
the following theorems.

Theorem 2.3.  Given any positive integer k, there exist graphs Gy and Gs such

Proof.  For the bistar G; = B(k+1,k+1), we have 8y(G1) = 2k+2 and TRS(G1)
k + 2. For the direct product Gy = K} 2[0K>, we have §y(G2) = 2 and TRS(G5)

oo

k+ 2.
The above theorem leads to the following problem.
Problem 2.4.  Characterize graphs G for which IRS(G) = [o(G).
Theorem 2.5. Given any positive integer k, there exist graphs Gy and G such

Proof.  For the bistar Gi = B(k+1,k+1), we have I'(G;) = 2k+2 and IRS(G,) =
k+2. Now, for the direct product G = K,00K, with p > ¢ > 4, it is proved in [9] that
I'(G2) = p and IR(G3) = p+q—4. Since Gy is vertex-transitive, I RS(Gy) = IR(G3).
Hence if we take ¢ = k + 4 we have IRS(Gs) — I'(G2) = k. O

Problem 2.6.  Characterize graphs G for which IRS(G) = T'(G).

Theorem 2.7.  Given any three positive integers a,b and ¢ with 2 < a < b < ¢,
there exists a graph G with ir(G) = a, IRS(G) = b and IR(G) = c.
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Proof.  Let a,b and ¢ be three positive integers with 2 < a < b < c.
Casei. a=2.

0 ife<2b—1
Letk‘{ c—%+1  ife>2—1

andlem_{ 2b—1—c ife<2b—1
0 if e >2b—1.

Let P3 = (v1,v2,v3) be a path on three vertices. Attach b — 1 pendant vertices
Up, U, - .., Up—1 to v1 and b — 1 + k pendant vertices wq, ws, ..., wp_14% t0 v3. Add
the edges ujwy, ugws, . . ., ugw,. For the resulting graph G, we have ir(G) = 2 = q,

IRS(G) =band IR(G) =c.
Case ii. a > 2.

0 ife<2b—a
Letk_{chJra ifc>2b—a

andleta—{%ac ife<2b—a
0 if ¢ > 2b— a.

Let P = (v1,v9,...,v,) be a path on a vertices. Attach b—(a—1) pendant vertices
Up, Ug, . . ., Up—(a—1) tO vy, attach b—(a—1)+k pendant vertices wy, wy, ..., Wp—(a—1)+k
to v, and attach a pendant vertex x; to each v;, 2 < i < a—1.If ¢ < 2b — a, we
add the edges ujwy, ugws, . .., uswy. For the resulting graph G, we have ir(G) =
a,IRS(G) =band IR(G) = c. O

Theorem 2.8. Let G be a connected graph. Then IRS(G) = 2 if and only if
A <n—1 and there ezists a vertex v € V such that the following conditions hold.

(i) The induced subgraph (V(G) — N[v]) is complete.
(ii) For any subset S C N(v) with |S| > 2, one of the following holds.

(a) Every vertex of N(v) — S is adjacent to at least one vertex of S.

(b) There exists a vertex w € S such that either N(w) N (V — N[v]) =0 or
for every x € N(w) N (V — N[v]), we have |[N(z) N S| > 2.

Proof.  Suppose IRS(G) = 2. Clearly A < n — 1. Now let v € V be such that
IRS(v,G) =2.

(i) If {V(G) — NJ[v]) is not complete, then there exist at least two vertices u and
w in V(G) — N[v] which are non-adjacent and hence {v,w, u} is an irredundant set
of cardinality 3, which is a contradiction. Hence (V(G) — N[v]) is complete.

(ii) For any subset S C N(v) with |S| > 2, S} = S U {v} is not an irredundant
set. Hence there exists w € S such that pn[w, S1] = 0. If w = v, then every vertex of
N(v)—S is adjacent to at least one vertex of S. Suppose w € S. If N(w)N[V —Nv]] #
0, let € N(w) N (V — N[v]). Since z is not a private neighbor of w, it follows that
[N(z)n S| > 2.

To prove the converse, let A < n — 1 and there exists a vertex v satisfying the
conditions of the theorem. Then {v,w}, where w € V — N[v], is an irredundant set
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so that TRS(v,G) > 2. Now let R be any irredundant set of maximum cardinality
containing the vertex v. The set R contains at most one element of V —N{v], by (i). If
|[RN(V — Nv])| =1, then |R| = 2 for if x € RN N(v), we would have pn(z, R) = 0.
Suppose now R C NJv]. Since IRS(v,G) > 2, RN N(v) # 0 and (N(v)) is not
complete. If [R N N(v)| > 1, then either pn(v, R) = ( if (ii) (a) holds for S = R,
or pn(w, R) = 0 for some w € RN N(v) if (ii) (b) holds. Therefore [RN N(v)| =1
and |R| = 2. In both the cases IRS(v,G) = |R| = 2. Hence IRS(G) < 2 and since
A<n—1,IRS(G)=2. O

Observation 2.9. [t follows from Theorem 2.8 that if IRS(G) = 2 and 6 = 0,
then G has a unique vertex x of degree 0, V.— N[v] = {x} for the vertexz v of Theorem
2.8, and A =n — 2.

Theorem 2.10.  Let G be a connected graph of order n with IRS(G) = 2. Then
(n—1) < |E(G) < {@J . Also |[E(G)| = n—1 if and only if G is isomorphic
to the graph Gy obtained from the star Ki,_o with ezactly one edge subdivided or
the graph Gy obtained from the star Ki,_s with one edge subdivided twice. Further

|E(G)| = [@J if and only if G = K,, — M where M is a perfect matching, when
n is even and M = M; U {e} where M, is a mazimum matching and e is any edge
incident with the unique Mi-unsaturated vertex, when n is odd.

Proof.  Let G be a connected graph of order n with IRS(G) = 2. The lower bound
is obvious since G is connected. Since IRS(G) = 2, we have A < n — 1. Hence
deg v <n—2 for all v € V(G), so that |E(G)| < @

Let G be a graph with TRS(G) = 2 and |E(G)| = n — 1. Then G is a tree.
Let v € V(G) such that TRS(v, G) = 2. Since (V(G) — N[v]) is complete it follows
that deg v =n —2 or n — 3. If deg v = n — 2, then G is isomorphic to Gy, and if
deg v =n — 3, then G is isomorphic to G. The converse is obvious.

Now, let G be a connected graph with /RS(G) = 2 and |E(G)| = [@J It
follows that if n is even, then deg v = n —2 for all v € V and if n is odd, exactly one
vertex of G has degree n — 3 and all the remaining vertices have degree n — 2. Hence
if n is even, G is isomorphic to K, — M, where M is a perfect matching of K, and if
n is odd, then G is isomorphic to K, — (M; U{e}), where M is a maximum matching
and e is an edge incident with the unique M;j-unsaturated vertex. The converse is
obvious. O

Theorem 2.11.  For any graph G,IRS(G) <n — A.

Proof.  Let v be a vertex of degree A in G. Let S be a maximum irredundant set
in G such that v € S. Let k = |[N(v) 0S| so that v is adjacent to A — k vertices in
V —S If k=0, then |V — S| > A and hence |S| < n — A. If £ > 0, then each of
the k neighbors of v in .S must have a private neighbor in V' — S and these private
neighbors are distinct. Hence |V — S| > (A —k)+k = A, so that |S| <n—A. Thus
IRS(v,G) <n— A and hence IRS(G) <n — A. O
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Remark 2.12.  The bound given in Theorem 2.11 is sharp. For any graph G
with A = n — 1, we have IRS(G) = n — A = 1. Also for the corona K}, o Ky,
IRS(G)=n—A=k.

Theorem 2.13. A d-regular graph G = (V, E) of order n satisfies IRS(G) =n—d
if and only if V is partitioned into Vi UVoU---UV, , Vi, Va,...,V} are independent
sets K, for some positive integer ¢ and some k with 0 < k < p, Viy1,...,V, induce
prisms KOK,, and for 1 <i# j <p, every vertex of V; is adjacent to every vertex
of Vj.

Proof. Tt is easy to check that a graph with the described structure is d-regular
with d = n — ¢ and satisfies IR(G) = ¢ = n — d. Moreover IRS(G) = n — d since

every vertex x of a part V; belongs to the independent set K, if ¢ < k or to an
irredundant set K, if ¢ > k.

To prove the converse, we make an induction on n. For n < 5, the d-regular graphs
such that IRS(G) =n —d are K,,, K,,, K55 and thus the property is true. Suppose
the property true for regular graphs of order less than n with n > 6 and let G be a d-
regular graph of order n such that TRS(G) = n—d. Since IRS(G) < IR(G) <n-—1§
for every graph and § = d, IR(G) = n — d. Hence by Theorem 1.14, we have two
cases.

Casei. V =X UW with |X| =n—d and |W| =d > |X]|, X is an independent
set, and each vertex in W is adjacent to every vertex in X and to 2d — n vertices
in W.

In this case (W) is a dj-regular graph with d; = 2d —n and of order n; = d. Note
that ny —d; =n—d. If n —d = 2, then d; = ny — 2 and every vertex w of W is
contained in an independent, and thus irredundant, set of order 2 = n — d of (W).
This is also obviously true when n — d = 1. Suppose n —d > 3. Let w be a vertex
of W and S an irredundant set of order n — d of G containing w. If S contains two
vertices z and y in X, then pn[z, S] = pnly, S] = 0, a contradiction. If SNX = {x},
then S N W contains a vertex ¢ different from w and pn[t, S] = pn[w,S] = 0, a
contradiction. Hence S C W. Moreover the private neighbors of the vertices of S
cannot be in X, since every vertex of X is adjacent to every vertex of S, and belong
to W. Therefore S is an irredundant set of (W).

Case ii. V = X UY UW where (X) = (V) = K,,_4 and the vertices of X and
Y are joined by a perfect matching, |W| = 2d —n > |X| and each vertex in W is
adjacent to all the vertices of X UY and to 3d — 2n vertices in W.

In this case (W) is a dj-regular graph with d; = 3d —2n and of order n; = 2d —n.
Note that again ny —dy = n —d. If n — d = 2, then d; = ny — 2 and every vertex
w of W is contained in an independent set of order 2 = n — d of (W). This is also
obviously true when n —d = 1. Suppose n — d > 3. The same argument as in the
previous case shows that if S is an irredundant set of order n — d of G containing
a vertex w of W, then S cannot contain vertices in X and is an irredundant set of

In both cases, every vertex of W is contained in an irredundant set of (W) of
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order n — d. Therefore (W) is a dj-regular graph of order n; such that ITRS(W) =
n —d = ny — dy. By the inductive hypothesis, (W) has the form described in the
theorem with ¢ = n—d. By adding X (X UY respectively) and all the edges between
W and X (X UY respectively), we see that G has also the required form. O

Vizing [13] has given an upper bound for the number of edges in a graph of given
order and a given domination number. In the following theorem we obtain a similar
result for the irredundance saturation number.

Theorem 2.14. If G is a graph of order n, with irredundance saturation number
IRS, then m < n(n — IRS)/2, and equality holds if and only if G is r-regular and
V is partitioned into Vi U Va U -+ UV, such that Vi,..., Vi, are independent sets K,
for some positive integer ¢ and some k with 0 < k < p,Viq1,...,V, induce prisms
K OK,, and for 1 <i# j < p, every vertex of V; is adjacent to every vertex of Vj.

Proof.  Since 2m < nA and IRS < n — A, we have m < n(n — IRS)/2, and
equality holds if and only if 2m = n(n — IRS) — 1 and IRS = n — A. Hence G is
regular and the result follows from Theorem 2.13. O

Theorem 2.15.  Let G be any graph with at least three vertices. Then 3 < IRS +
IRS<n+1—(A—=¢)and2<IRS-IRS <(n—A)d+1).

Further the following are equivalent.

(a) IRS +TRS = 3.
(b) IRS -TRS = 2.

(¢c) Either G or G has the property that it has a unique vertex of degree n — 1 and
has at least one pendant vertex.

Proof.  Since IRS > 1,and TRS > 2 when IRS = 1, it follows that ITRS+TRS > 3
and IRS - IRS > 2. By Theorem 2.11, TRS < n — A and hence it follows that
IRS +1RS < (n+1)—(A—6)and IRS-TRS < (n— A)(1+9).

Obviously (a) and (b) are both equivalent to /RS = 1 and TRS = 2 or IRS = 2
and IRS = 1.

To prove (a) implies (c), we assume without loss of generality that TRS = 1 and
TRS = 2. Since IRS = 1, we have A(G) = n—1 and thus §(G) = 0. Since TRS = 2,
it follows from Observation 2.9 that G has exactly one vertex of degree A and has
a pendant vertex. Thus (a) implies (¢). Suppose now that G satisfies the property
described in (c¢). Then RS = 1 and every pendant vertex v of G satisfies in G the
conditions (i) and (ii) (b) of Theorem 2.8. Therefore IRS = 2, which implies (a). O

Corollary 2.16.  For a tree, IRS + IRS = 3 if and only if it is a star.
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3 Graphs with IR(G) = (y(G)

We now extend for some families of graphs the property IR(G) = (y(G) recalled in
Theorems 1.9, 1.10 1.11 and 1.12 to the property IRS(G) = 15(G).

Proposition 3.1.  Let v be a vertex of a bipartite graph G = (V,E) and T an
wrredundant set of G containing v. Then there exists an independent set S of G
containing v and of same order as T. Therefore 1S(v,G) = IRS(v,G) for every
vertex v of G.

Proof. Let A and B be two independent sets partitioning V' with v € A. Let U
be the set of isolated vertices of T and Ty =T NA, Tg =TNB, Ug =UNDB. If
Tg — Upg = 0, then T is independent and we are done. If Tg — Up # (), we consider
for each vertex x € Tp — Up a T-private neighbor 2’ of . Then 2/ € A — T4 and
TAUUgU {2’ : x € Ty — Ug} is an independent set of G containing v and of order
|T|. O

Corollary 3.2. For any bipartite graph G, IS(G) = IRS(G).

Since IS(P,) = |%] and IS(K,,,) = min(m, n) we have the following corollaries.

Corollary 3.3. For the path P, = (v1,va,...,v,) we have IRS(P,) = L%J .

Corollary 3.4. For the complete bipartite graph G = K, ,, IRS(G) = min{m, n}.

Remark 3.5. For any vertex transitive graph G, we have IRS(G) = IR(G). Hence
IRS(C,) =IR(C,) = |2].

2

Proposition 3.6.  Let v be a vertex of a chordal graph G = (V,E) and T an
wrredundant set of G containing v. Then there exists an independent set S of G
containing v and of same order as T. Therefore 1S(v,G) = IRS(v,G) for every
vertex v of G.

Proof.  The proof is by induction on the order n of G. The property is easy to
check for n < 3. Suppose that the property is true for chordal graphs of order less
than n and let G be chordal of order n. Let v € V and let T be an irredundant set of
G containing v. Let I be an irredundant set of G with same order as T, containing v
and under the previous conditions, having the maximum number of isolated vertices.
If visisolated in I let G’ = G— N[v]. The graph G’ is chordal and the set I’ = I —{v}
is irredundant in G’. By the inductive hypothesis, G’ contains an independent set S’
of order |I'| and S" U {v} is an independent set of G of order |T|. Suppose v is not
isolated in I. Let J be the set of non-isolated vertices of I. For each vertex z € J
we choose an [-private neighbor 2’ and consider the subgraph G’ of G induced by
the set V/' = JU J" with J' = {2/ : © € J}. The graph G’ is chordal and the set .J is
irredundant in G'. If |[V’/| < |V, then by the inductive hypothesis, v is contained in
an independent set S’ of G’ of order |J|. Since S’ U (I — J) is an independant set of
G, we are done.
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Assume finally G’ = G. This means that I has no isolated vertex, each vertex of
I has exactly one I-private neighbor, each vertex of V' — I has exactly one neighbor
in I and the edges of G between [ and I’ = V — I form a perfect matching. Let
Ay, Ay, - -+, A, be the connected components of (1) with v € Ay, let By, ..., B, be the
compondents of (I’) and for 1 < i < p, let A, = {2';2 € A;}. The graph H obtained
by contracting each component A; of (I) into one vertex a;, each component B; of
(I") into one vertex b;, and deleting the loops is chordal and bipartite with classes
A={ai,...,a,} and B = {by,...,b,}. Since G is chordal, the I-private neighbors '
of the different vertices x of a component A; of (I) belong to different components
B; of (I'y. Hence the graph H is simple and dg(a;) = |V(A4;)| > 2 for 1 < i < p.
Similarly, if two vertices 3’ and 2’ of a component B; of (I’) are the respective I-
private neighbors of two vertices y and z of I, then y and z belong to different
components of (I) . Hence dy(b;) = |V(By)| for 1 < j < g. Moreover, for each vertex
x € I — v, the I-private neighbor 2z’ of x is adjacent to at least one other vertex
y' of I', for otherwise (I — {z}) U {2’} is an irredundant set of G containing v and
with more isolated vertices than I. Therefore each component B; of (I') has order
at least two, except possibly one equal to {v'}, and dg(b;) > 2 for 2 < j < ¢. Hence
at most one vertex of H has degree one, which contradicts the fact that the simple
graph H, which is chordal and bipartite, is acyclic. Therefore the case G' = G is
impossible. a

Corollary 3.7.  If G is chordal, then IS(G) = IRS(G).

Theorem 3.8.  For any graph G of order n, IS(M(G)) = IRS(M(G)) =n — 1.

Proof. Tt follows from the description of the middle graph M(G) by means of n
cliques partitioning E(M(G)) (see [5]), that the subset V(G) of V(M (G)), which is
independent in M(G), is the unique TR(M(G))-set and that all the independent sets
and all the irredundant sets of M(G) containing a vertex e € E(G) have maximum
order n — 1. Therefore IS(v, M(G)) = IRS(v, M(G)) = n for every v € V(G) and
1S(e, M(G)) = IRS(e, M(G)) = n — 1 for every e € E(G). Hence IS(M(G)) =
IRS(M(G)) =n—1. O

Theorem 3.9.  For any graph G of order n, IS(I(G)) = IRS(I(G)) =n—[o+ 1.

Proof.  Let Sy € V(I(G)) be any independent set of G and let {S1,S5s,..., Sk}
with k& = TRS(S1,1(G)) be an irredundant set of I(G) containing S;. For 2 <
i < k, each vertex S; of I(G) has {Sy,Ss,...,Sk}- private neighbor S} in I(G),
which means that each set .S; intersects an independent set S; of G (possibly equal
to S;)which is disjoint from (J;; S;. Therefore n > [U,c;cp Sil > [Si] + &k — 1.
Therefore IRS(S1,I(G)) < n — |Si] + 1. On the other hand, let V(G) — S; =
{21,202, ..., &nosy}. Then {Si, {1}, {22}, .., {@n—js,}} is an independent set of
I(G). Hence 15(51,1(G)) > n—|S1| + 1. Since I5(S1, I(G)) < IRS(S1, I(@)), both
of them are equal to n—|S;|+1. Hence IS(I1(G)) = IRS(I(G)) = min{n—|S;|+1: 5
independent in G} =n — By + 1. |
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Theorem 3.10. Let G = (V. E) be any graph and let To(G) = (V', E') be the
corresponding trestled graph of index 2. Let x € V' and let S’ be an irredundant
set in To(G) of mazimum cardinality containing x. Then there exists an indepen-
dent set S* in To(G) containing x such that |S'| = |S*|. Therefore, 1S(x, T5(G)) =
IRS(x,T5(Q)) for every vertex x in To(G).

Proof.  For any edge wv in G let «'v" and «”v” be the edges in T2(G) such that u
is adjacent to u/,u” and v is adjacent to v',v" (cf. Figure 1). If other edges ending
at v are considered, we denote v' and v" respectively by v/ and v/

G
u ul
v 1/
\. ,

Figure 1

Let V(T5(G)) = V. Suppose S’ NV contains a pair of adjacent vertices u,v and
let v # x. Since S’ is irredundant, it follows that S’ N {v/,v',v”,v"} = ) and o', u”
are two S'- private neighbors of u. Hence (5" — {v}) U {¢'} is an irredundant set
in T5(G). By repeating this process for every pair of adjacent vertices in S' NV, we
obtain an irredundant set Sy such that x € Sy, S;NV is independent and |.S;| = |.5|.
Now, suppose S; N (V' — V) contains a pair of adjacent vertices say u/,v" and let
v # x. Then S; N {u,v,uv”,v"} = @ and (S; — {v'}) U {v"} is an irredundant set
in T5(G). Again, by repeating this substitution process, we obtain an irredundant
set Sy in To(G) such that x € Sy, both Se NV, Se N (V' — V) are independent and
|So| = |S’]. Finally, if Ss is not independent, then Sy contains a vertex u in V and a
corresponding adjacent vertex v’ in V' — V', Then v’ ¢ S,.

Now, if u = z, then we replace Sz by (S2 — {u'}) U {v'}. Let ' = z. If u
has Sp-private neighbor p(u) belonging to V' — V| say p(u) = u), where uw is an
edge of G, then, since So NV is independent, w ¢ Sy and (S — {u}) U {u),} is
irredundant. If w has no Sy-private neighbor in V' — V, let w be an S)-private
neighbor of w in V. Then Npy@(w) NSy = {u} and {u),,u,} C S,. Suppose some
vertex t of Npyg)(w) is the unique Sp-private neighbor of a non-isolated vertex y of
Sy —{u,, ul }. Since Npy(qy(w)NSy = {u}, t € Vand San{wy, wy, t,,,th} = 0. Hence
(82 — {u}) U{w,,w} is an irredundant set of 75(G) containing = and larger than
S, a contradiction. Therefore w is not adjacent to the unique Sy- private neighbor
of any vertex of Sy — {ul,, v} and (Sy — {u}) U {w} is irredundant. By repeating
this process, we ultimately produce an independent set S* such that x € S* and

|S*| = |97|. Hence IRS(z, T3(G)) = 1S(z, To(G)). O
Corollary 3.11.  For any graph G, 1S(T2(G)) = IRS(T2(G)).
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Remark 3.12.  The results of this section lead to the following question: Does
every graph G such that IR(G) = (o(G) satisfy IRS(G) = IS(G)? The following
example shows that the answer is negative.

Let G consist of two paths P = v1v9u3v4v5 and P = vivhvivjvl forming together

a prism by addition of the edges v, 1 < i <5, plus the edges vivs, V1V, V1Us5, VsV,
vsvs, Vhvy.  The independent set {v},vq,vh, v4,vi} is mazimum and the two irre-
dundant sets {v1,v2,v3, 04,05}, {07, 05, 05, 05,05} are mazimum. Therefore By(G) =

IR(G) = IRS(G) = 5 while 1S(vy,G) = 3. Hence IS(G) < IRS(G).

4 Complexity results

Fellows et al. [8], using the trestled graph T5(G), have proved that given any positive
integer k, the problem of determining whether IR(G) > k is NP-complete. We now
proceed to establish the NP-completeness for the decision problem corresponding to

IRS.
Lemma 4.1.  For any graph G of size m, [S(T2(G)) = IS(G) + 2m.

Proof.  For any edge uv in G let v'v" and «”v” be the edges in T5(G) such that u is
adjacent to v/, u” and v is adjacent to v/, v” (cf. Figure 1). Any maximal independent
set of T5(G) exactly contains two vertices on each pair of edges associated to an edge
of G. Therefore the maximum independent sets of T5(G) containing a given vertex
x of G have order |A| + 2m where A is a maximum independent set of G containing
x. Hence IS(x, To(G)) =1S(z,G) +2m forall x € V O

Theorem 4.2.  Given any graph G and a positive integer k, the problem of deter-
mining whether IRS(G) > k is NP-complete.

Proof. Tt follows from Corollary 3.11 and Lemma 4.1 that TRS(T»(G)) = IS(G) +
2m. Hence IS(G) > k if and only if TRS(T3(G)) > k 4 2m and the result follows
from Theorem 1.13 O
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