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Abstract

A perfect dissection of a polygon P into a polygon P’ is a decomposition
of P into internally disjoint pairwise incongruent polygons all similar to
P'. Tt is known that there is no perfect dissection of an equilateral trian-
gle into smaller equilateral triangles. On the other hand, an equilateral
triangle has trivial perfect dissections into any number n of right triangles
where n > 3. We give an example of a perfect dissection of an equilateral
triangle into 7 non-right triangles and prove that 7 is the smallest number
of tiles in such dissection.

1 Introduction

Let P and P’ be polygons in the Euclidean plane. A P’-dissection (tiling) of P is a
decomposition of P into finitely many, internally disjoint polygons Pj, ..., P, (n > 2)
such that all of the P/ are similar to P’. A dissection is perfect if the P are pairwise
incongruent. Polygons P/ are called the tiles of the dissection.

Perfect dissections were first studied in the case of dividing a rectangle into
squares. The first examples were found by Morori [2] in 1925. In 1939 Sprague [3]
found a perfect dissection of a square into 55 squares. The main contribution to
this theory was made by Brooks et al. [1] in 1940, where the authors developed a
beautiful and powerful method of transforming a square tiling into an equivalent
electrical circuit. Tutte continued the study of perfect dissections and proved [4]
in 1948 that there is no perfect dissection of an equilateral triangle into smaller
equilateral triangles. On the other hand, one can easily divide an equilateral triangle
into any number n > 3 of pairwise incongruent right triangles with angles 7/2, 7/3
and 7/6. In this paper we prove that an equilateral triangle can also be perfectly
divided into non-right triangles. We present an example of such a dissection into
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seven tiles (see Fig. 1) and prove that 7 is the smallest number of triangles in such
a dissection.

C E A
v=271/3, a+ B =m/3, (sin®a+3/4)% sin® 3 = sin”

Fig. 1. Perfect dissection of an equilateral triangle into

non-right triangles.

2 Notation

In the paper T denotes an equilateral triangle and /A denotes a non-right triangle
which is a common shape of all tiles. We assume that T has corners A, B, C' and
A has angles «, 3, 7. At times we mean by the word dissection a graph obtained
as a result of a A-dissection of T. Let V and E denote the set of its vertices and
edges, respectively, and let v and e denote the number of its vertices and edges. We
distinguish two sets among boundary vertices:

Vo——corners of T,
Vi—set of vertices lying on the boundary of T', but different from

its corners.

Let vy and vy, denote the cardinalities of the above sets. Thus, v, = 3.

Similarly let us distinguish two sets among internal vertices:

Vi—set of vertices each of which is an internal point of a side of some tile,

Va—set of vertices (lying in the interior of T') each of which is a corner of every
tile it belongs to.

Let vy and v3 denote the cardinalities of those sets. Let us recall the following
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definition. The degree of a vertex x, degx, is the number of edges incident to it, in
other words the number of edges with z as an endpoint.

3 Preparatory results

Recall the following known way of counting vertices in a dissection. Summing the
angles of n tiles we obtain

n-m=mT+V T+V3: 20 +vy4-T.

Thus,
up+ 203 +v,=n—1. (1)

Using Euler’s formula e = n + v — 1 and formula (1) we obtain
e=2n+1—uvs. (2)

Proposition 1 Every A-dissection of T satisfies the following conditions:
1. if v € V; then degz > 2,
2. if x € V3 then degx > 3,

3. ifxeVyorx eV, then degz > 4.

PROOF. Properties 1 and 2 are obvious. To prove property 3, note that the sum
of any two angles (not necessary different) of a non-right triangle is always different
from 7. [ ]

dS—d>-1=0

Fig. 2. The only triangles that have a perfect A-dissection into 5 tiles.
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Proposition 2 Consider a perfect N\-dissection of T with V3 # 0. Let x € V3. If
degx = 3 then every corner of T has degree greater than or equal to 3.

PROOF. Suppose on the contrary that one of the corners of T, say A, has degree
equal to 2. Hence one of the angles of A is equal to 7/3. Note that because T is
divided into triangles the sum of any two angles at x is greater than or equal to .
Since these angles are angles of A, they are equal. Thus all three angles at x are
equal, hence are equal to 2w /3. Therefore the angles of A are 7/3, 2r/3 and 0, a
contradiction. ]

Proposition 3 In every perfect A-dissection of T', vs > 1.

PROOF. Suppose on the contrary that vz = 0. Using (1), (2) and Proposition 1, we
obtain
dn+2 =2e = Zdengr Z degx >

z€V2 z€V,UV)
6+ 4(vp +v4) = 4dn+ 2.

Thus for all z € V5, degx = 2 and for all z € V, UV}, degz = 4. Hence one of
the angles of A, say «, is equal to 7/3. Moreover, because A is non-equilateral (by
Tutte’s result), 3 # 7/3 and v # 7/3. Since each angle of T is equal to 7/3 = a,
there exists a vertex y € V, UV, that compensates the global number of angles «
in the dissection. Thus, there exists a vertex y € V, UV} such that no angle at it
equals a. Hence, p + ¢y = 7 with p + ¢ = 3. We may assume that p > ¢q. Hence,
26+~ =7 or 33 = . However, in both cases A is equilateral. Thus, the dissection
cannot be perfect. ]

4 Main result

Theorem 1 An equilateral triangle has a perfect dissection into 7 non-right triangles
with angles o, B, satisfying v =27 /3, a+ = m/3 and

(sin® a + 3/4)% - sin® B = sin” a (3)

(see Fig. 1).

PrOOF. First note that one can arrange three similar triangles with any angles o, 3, v
satisfying o + f = 7/3 in such a way that they form a quadrangle with opposite
angles equal to 7/3 and 27/3; see quadrangle BC' DG in Fig. 1. Consequently, by an
appropriate arrangement of such a dissected quadrangle and its similar copy one can
obtain a pentagon with angles 47/3, 27 /3+ (3, o, w/3, 7/3, where angles 27/3+ 3 and
« are adjacent to the angle 47/3; see pentagon BCGEA in Fig. 1. Now, by drawing
a line connecting the vertices at the angles 27/3+ 3 and « (vertices FE and C' in Fig.
1), one obtains a figure dissected into 7 triangles, 6 of which are similar. We shall
prove that if «, 3 satisfy (3), then the resulting dissection is a perfect dissection of
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an equilateral triangle into 7 similar triangles. We use the notation of Fig. 1. It is
enough to prove that in the triangle CEG, ZE = a and ZC = 3, and that all the
tiles are pairwise incongruent. Without a loss of generality we assume that |[EF| = 1.

Then by the law of sines, |EG| = Ska — 25‘“‘* ,|FG| = SnB — 2B gnq

siny siny V3
|AF| = Tno 2;/1!:& Furthermore,
D)= 30 4y - YD
sin « 2sin” o
sm*y sinf ., sin 3
|DH| = (\GF\+\DF|) o (sin®a + 3/4) = [/ ——, by (3),
sin® a sin «
GH| = ST“ﬁ|DH| _ 2ysinfsina
sin 7y V3
S P
sin a 24/sin Bsin a
. 35
ICH| = Smﬁ|BH __V sin 8

sin « 2sin av/sin o

Now, in triangle CEG
|EG| |CH|+|GH]|

sinC sin K

Hence

sin E ( V/3sin 3 +2\/sinﬁsina> . 2sina 34/sin 3 \/sm

sinC  \2sin aV/sin a V3 V3 - 4sin® oz\/sinoz Vsin
Vsin3(3/4 +sin’a)  sina

= = by (3
sin? av/sin o sin 37 ).

Moreover, sina = sin(r/3 — ) = @ cos 3 — 1sinf and sin E = @ cosC' — §sinC.
Thus cot C' = cot 3. Therefore C = 8 and E = «. Hence all tiles are similar.
Checking that the tiles are pairwise incongruent is left to the reader. ]

Theorem 2 There is no perfect dissection of T into fewer than 7 non-right triangles.

Proor. To simplify the discussion, let us distinguish the following situation:

(**) there is a segment, different from any side of 7', that connects one of the vertices
of T with the side opposite to it.

In [5] it was proved that no triangle has a perfect dissection into fewer than 5 non-
right triangles and only two triangles, both non-equilateral (see Fig. 2), have a
perfect dissection into 5 non-right triangles. Therefore, it remains to show that
an equilateral triangle cannot be dissected into 6 pairwise incongruent triangles, all
similar to a non-right triangle /A. Suppose on the contrary that 7' is dissected in a
perfect way into 6 triangles similar to A. Note that we can assume that (**) does
not occur. Indeed, otherwise T is divided into two triangles. Hence one of these
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triangles is divided into 2, 3, 4 or 5 tiles. This is not possible, because there is no
perfect dissection of any triangle into fewer than 5 non right triangles. Moreover, one
can see that the only perfect dissections into 5 non-right triangles (Fig. 2) cannot be
a part of a perfect dissection of T" into 6 non-right tiles.

We may further assume that at least two sides of T" are divided by vertices from
V, (hence vy, > 2), because otherwise two sides of T are sides of two congruent tiles.
Therefore, by formula (1) and Proposition 3 we have to analyze only two cases.

1. v3=1,0,=3,v4 =0,
2. v3=11,=2v4=1.

Assume case 1. Let z € V3. Note that if each corner of T has degree greater
than or equal to 3, then (since (**) does not occur) each corner of T' is connected by
an edge with x. Hence three edges incident to x divide T into three triangles, two of
them containing vertices from V;. Since every vertex from V}, has degree greater than
or equal to 4, these two triangles are divided into at least three tiles each. Hence the
number of tiles in the dissection is at least 7, a contradiction. The above situation
occurs if degx = 3; see Proposition 2. Hence we may assume that degz > 4 and
one of the corners of T, say A, has degree equal to 2. Thus one of the angles of A,
say «, is equal to 7/3. Furthermore, z is connected to another corner of T, say B.
Because (**) does not occur, deg B = 3. Hence angle B of T is divided into two
smaller angles, both different from «. Since o+ 3+~ = 7 these two angles are equal
to each other and hence both equal 7/6. Thus A is a right triangle, a contradiction.
Hence case 1 is not possible.

Assume case 2. Let € V3 and y € V,. Suppose that one of the corners of T,
say A, has degree equal to 2. Note that because (**) does not occur, every corner of
T with degree equal to 2 is adjacent to two vertices from V;. Since v, < 2, deg B > 3
and deg C' > 3. Moreover, analogously as in case 1, we show that deg B # 3 and
deg C' # 3. Hence ) . degv > 10. By formula (2), e = 12. Thus
24 = 2¢ = Zdegv: ZdengerengrdengrdegyZ 10+8+3+4 =25

veV veEVS veEV)

a contradiction. Therefore every corner of T has degree greater than or equal to 3
and hence is connected to x or y. If z is connected to y, then three or four edges
divide T into three regions, two of them containing a vertex from V. Since every
vertex from V, has degree greater than or equal to 4, these two regions are divided
into at least three tiles each. Hence the number of tiles in the dissection is at least 7,
a contradiction. Therefore x and y are not connected. Hence y lies on the segment
connecting two vertices different from x. Since (**) does not occur, y lies on the
segment connecting two vertices from V;,. This segment divides T into a triangle and
a quadrangle. Because there is no perfect dissection of any triangle into fewer than 5
non-right tiles, the quadrangle is divided into 5 tiles. Thus a corner of T" has degree
equal to 2, which is a contradiction with previous observations. Therefore case 2 is
not possible. This completes the proof of the theorem. ]



PERFECT DISSECTIONS OF AN EQUILATERAL TRIANGLE 93

Acknowledgement

Support of Polish Ministry of Education and Science, Grant 1 PO3A 02029 is ac-
knowledged.

References

[1] R.L. Brooks, C.A.B. Smith, A.H. Stone and W.T. Tutte, The dissection of
rectangles into squares, Duke Math. J. 7 (1940), 312-340.

[2] Z. Moroni, O rozkladach prostokatéw na kwadraty (in Polish), Przeglad
matematyczno-fizyczny 3 (1925), 152-153.

[3] R. Sprague, Beispiel einer Zerlegung des Quadrats in lauter verschiedene
Quadrate, Math. Z. 45 (1939), 607-608.

[4] W.T. Tutte, The dissection of equilateral triangles into equilateral triangles,
Proc. Cambridge Philos. Soc. 44 (1948), 463-482.

[5] A. Zak, Dissection of a triangle into similar triangles, Discrete Comput. Geom.
34 (2005), 295-312.

(Received 2 Feb 2008; revised 18 Nov 2008)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /OK
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


