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Abstract

Let G and H be graphs. A substitution of H in G for a vertex v € V(G)
is the graph G(v — H), which consists of a disjoint union of H and G—v
with the additional edge-set {zy : © € V(H),y € Ng(v)}. For a hered-
itary class of graphs P, the substitutional closure of P is defined as the
class P* consisting of all graphs which can be obtained from graphs in P
by repeated substitutions.

Let 2K, be the graph consisting of two disjoint copies of the complete
graphs K. The graph K; 4+ 2K, is obtained from 2K, by adding a domi-
nating vertex. We characterize K +2K,-free graphs in terms of forbidden
induced subgraphs.

1 Introduction

The neighborhood of a vertex z € V(G) is the set Ng(z) = N(z) of all vertices in G
that are adjacent to x, and N[z] = {z} U N(x) is the closed neighborhood of .

Definition 1. Let G and H be graphs. A substitution of H in G for a vertex
v € V(Q) is the graph G(v — H) consisting of the disjoint union of H and G — v
with the additional edge-set {zy : x € V(H),y € Ng(v)}.

Definition 2. For a class P of graphs, its substitutional closure P* consists of all
graphs that can be obtained from P by repeated substitutions, i.e., P* is generated by
the following rules:

(S1) P CP*, and
(S2) if G,H € P* and v € V(G), then G(v — H) € P*.

* The DIMACS Summer 2004 Support of the first author is gratefully acknowledged.
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Let ISub(G) be the set of all induced subgraphs of a graph G [considered up to
isomorphism]. A class of graphs P is called hereditary if ISub(G) C P for every
graph G € P. For a set of graphs Z, the class of Z-free graphs consists of all graphs
G such that ISub(G)N Z = (. It is easy to show that if P is a hereditary class, then
P* is also a hereditary class.

Problem 1. For a hereditary class P given by a set Z of forbidden induced subgraphs,
find a forbidden induced subgraph characterization of the substitutional closure P*.

Bertolazzi, De Simone, and Galluccio [1], and De Simone [2] noted that this prob-
lem is especially interesting in the case where P is a good class for the vertex packing
problem, i.e., the weighted stability number can be found in polynomial time for all
graphs in P. We say that such a class is a,,-polynomial. The substitutional closure of
a hereditary ay,-polynomial class is always «,,-polynomial. The same observation is
valid for Weighted Clique Problem [and similarly defined w,,-polynomial hereditary
classes].

We shall use the Reducing Pseudopath Method of Zverovich [5] for constructing
the substitutional closure of an arbitrary hereditary class.

Definition 3. A set W C V(G) is called homogeneous in a graph G if
(H1) 2 < W] < V(&) - 1, and
(H2) N(z)\W =N(y)\W forallz,y e W.

According to (H2), a homogeneous set W defines a partition WU WTUW ™ =
V(G) such that

e every vertex of W is adjacent to every vertex of W [notation W ~ W], and

e every vertex of W is non-adjacent to every vertex of W~ [notation W £ W~].

By (H1), WHUW ™ # ( for every homogeneous set .
A graph without homogeneous sets is called prime. A graph H is called a (primal)
extension of a graph G if

(E1) G is an induced subgraph of H, and

(E2) H is a prime graph.

Definition 4. An extension H of G is minimal if there are no extensions of G in
the set ISub(H)\ {H}. We denote by Ext(G) the set of all minimal extensions of a
graph G.

In general, we can change some of the forbidden induced subgraphs for an «,-
polynomial (respectively, w,-polynomial) class with their substitutional closure to
obtain a wider «,,-polynomial (respectively, w,,-polynomial) class.



CLOSURE OF K; +2K,-FREE GRAPHS 5

Problem 2. Given a graph G, find Ext(G).

Problem 2 was solved for all graphs of order at most four that have finitely many
minimal extensions. For many graphs of order five it is easy to construct the set
Ext(G), see Zverovich [4]. This method cannot be applied to the graph K; + 2K,
also known as Butterfly. Here 2K is the graph consisting of two disjoint copies of the
complete graphs K, and K; + 2K, is obtained from 2K, by adding a dominating
vertex. We solve Problem 2 for G = K; + 2K,. In other words, we characterize
the substitutional closure of K; + 2K,-free graphs in terms of forbidden induced
subgraphs.

For a set of graphs Z we put Ext(Z) = |J Ext(G), and we define Z° as the set

Gez

of all minimal graphs in Ext(Z) with respect to the partial order ‘to be an induced

subgraph’.

Theorem 1. If Z is the set of all minimal forbidden induced subgraphs for a hered-
itary class P, then Z° is the set of all minimal forbidden induced subgraphs for P*.

2 Reducing pseudopaths

The notation z ~ y (respectively, = # y) means that z and y are adjacent (respec-
tively, non-adjacent). For disjoint sets X and Y, the notation X ~ Y (respectively,
X #Y) means that every vertex of X is adjacent to (respectively, non-adjacent) to
every vertex of Y. In case of X = {z} we also write x ~ Y and z # Y instead of
{z} ~Y and {z} # Y, respectively.

Definition 5. Let G be an induced subgraph of a graph H, and let W be a homo-
geneous set of G. We define a reducing W-pseudopath with respect to G in H as
a sequence R = (uy, ua,...,u), t > 1, of pairwise distinct vertices of V(H) \ V(G)
satisfying the following conditions:

(R1) there exist vertices wy,wy € W such that

(R1a) uy ~ wy, and
(Rlb) Uy 76 Wa,

(R2) for eachi=2,3,...,t either

(R2a) u; ~ u;—q and u; £ WU {ug,ug, ..., ui—2}, or

(R2b) U; 7{' Ui—1 and U; ~ W u {ul,uZ, e ,Ui_Z}
[when i = 2, {uy,us,...,ui_a} = 0];

(R3) foreveryi=1,2,...,t—1
(R3a) u; ~ W™, and
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(R3b) u; £ W—;
(R4) either

(R4a) u; # x for a vertexz € W, or
(R4b) u; ~ y for a vertexy € W~.

Theorem 2 (Zverovich [5]). Let H be an extension of its induced subgraph G, and
let W be a homogeneous set of G. Then there exists a reducing W -pseudopath with
respect to any induced copy of G in H.

3 The substitutional closure of K; + 2K,-free graphs

As usual, C), and K, denote the cycle and the complete graph of order n, respectively.

Theorem 3. A graph is in the substitutional closure of K1 + 2K,-free graphs if and
only if it has no induced subgraphs G1,Gs,...,Gsr shown in Figure 1, Figure 2 and
Figure 3.

We simplify the pictures of some graphs G; in Figures 1, 2 and 3 as follows. If
G; contains a vertex marked ’d’ then d is adjacent to all other vertices of G; except
a unique vertex that is linked with d by a dotted line.

Proof. Let W be a homogeneous set of a graph G. We denote by H (G, W) the set of
all graphs that can be obtained from G by adding a reducing W-pseudopath. Also,
H:(G, W) is the set of all graphs that can be obtained from G by adding a reducing
W-pseudopath of length t¢.

Claim 1. Let W be a homogeneous set of a graph G. If W = {2} and W~ =0
then H(G, W) is reducible to H,(G, W)U H*(G,W), where H*(G,W) consists of
all reducing W -pseudopaths R = (uy,us,...,us) such thatt > 2 and each vertex u;,
i=2,3,...,t, satisfies (R2a).

Proof. Let H be a graph that obtained from G by adding a reducing W-pseudopath
R = (u1,us,...,u). If the statement does not hold, then ¢ > 2 and there is a vertex
u; satisfying (R2b). We assume that ¢ is the minimal number in {2,3,...,t} such
that w; satisfies (R2b).

By (R2b), u; ~ W and u; % u;—;. The set W U {u;} induces a subgraph G’
isomorphic to G [with u; for z]. Clearly, W is a homogeneous set in G'. It follows
from u; # w;—; and (R4) that (ui,us,...,u;—1) is a reducing W-pseudopath with
respect to G'. |

Claim 2. Every graph in Ext(K; + 2K,) contains at least one of G1,Ge, Gas (Fig-
ure 1), or Hy, Hy, Hy, Hy, Hy (Figure 4) as an induced subgraph.
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Figure 1: Forbidden induced subgraphs of order six and seven.
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Figure 2: Forbidden induced subgraphs of order eight.
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Figure 3: Forbidden induced subgraphs of order nine.
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Figure 4: The graphs H;.
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Proof. Let G be a graph isomorphic to K 4+ 2K,. Specifically, V(G) = {a, b, c,d, e}
and E(G) = {ab,cd, ea,eb,ec,ed}. The set W = {a,b,¢,d} is homogeneous in G.
Hence every graph H € Ext(G) contains a reducing W-pseudopath R = (u1,us,. ..,
u). According to Claim 1, we may restrict ourselves with (G, W)U H*(G, W).

If ¢ = 1 then we obtain one of Gy (Figure 1) or Hy, Hy, H; (Figure 4). If t = 2
then we may assume that uy % W and u; ~ a.

o If uy o {c,d} then {a,c,d, e, us,us} induces Hy. So let u; ~ c.

o If uy o {b,d} then WU {e,u,uy} induces Gg. So let uy ~b. By (R1b), uy o4 d
and W U {uy,us} induces Hy.

Finally, let ¢t > 3. We have {u;_1,u} # W, us # e, and {us—a,ur—1} ~ e.

o If us_y # {a,b} then {a,b, e, us_1,us_2,u;} induces H;. Thus, ui—y = u;. By
the symmetry, may assume that u;—s ~ {a,c}.

o If ws_s o {b,d} then W U {e, us—1,us—2,u:} induces Gaz. So let u;_y ~ b. Since
Ut—9 = U1 satisfies (:R].b)7 Ut—2 ’7(’ d, and W U {ut,l,ut,g,ut} induces H5.

a

Claim 3. (Zverovich and Zverovich [7]) Let W be a homogeneous set of a graph G.
If W] = 2 then H(G, W) is reducible to H,(G,W).

Claim 4. Every graph in Ext(H,) contains at least one of
G17 G27 G37 G47 G57 G77 GQ, G107 G117 G127 G16
(Figure 1) as an induced subgraph.

Proof. The graph H; has a unique homogeneous set X = {f, g}, see Figure 4. By
Claim 3, we need to construct reducing X-pseudopaths of length ¢ = 1 only. For Hj,
there are 15 possible variants, 5 of them being redundant [there is a proper induced
subgraph isomorphic to G4]. O

Claim 5. Every graph in Ext(H,) contains at least one of
Gla G147 G157 G177 G187 G197 G207 G217 G22
(Figure 1), or Hy (Figure 4) as an induced subgraph.

Proof. The graph H, has a unique homogeneous set X = {f, g}, see Figure 4. By
Claim 3, we need to construct reducing X-pseudopaths of length ¢ = 1 only. There
are 15 possible variants, 5 of them being redundant [there is an induced subgraph
isomorphic G4], and two variants being reducible to H;. a
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Figure 5: Cases (bl), (b2), (c1) and (c2).

Claim 6. Every graph in Ext(Hs) contains at least one of
Gla GSa G137 G297 G307 G317 G32
(Figure 1 and Figure 2), or Hy (Figure 4) as an induced subgraph.

Proof. The graph Hj has two homogeneous sets, namely, Wi = {b,c} and W, =
{d,e}, see Figure 4. By Claim 3, we need to construct reducing pseudopaths of
length ¢ = 1 only.

a) Suppose that R = (u;) is a reducing Wi-pseudopath and a reducing Wo-
pseudopath simultaneously. In other words, u; is adjacent to exactly one of b, ¢, and
uy 1s adjacent to exactly one of d,e. If u; # a then {a,b,c,d, e,u;} induces G, and
the proof is complete. If u; ~ a then {a,b,c,d,e, f,u;} induces either Gy [when
uy % f] or Giz [when u; ~ f].

b) Suppose that R; = (uq) is a reducing Wi-pseudopath, but it is not a reducing
Wy-pseudopath. We may assume that u; is adjacent to b and u; is not adjacent to c.

by) Let uy +# {d,e}. If u; % a then {a,b,c,d,e,u1} induces Hy. If u; ~ a then
uy ~ f [by (R4)], and {a,b,d, e, f,u; } induces H,.

by) Let uy ~ {d,e}. If u; % a then {a,b,c,d,e,u1} induces Hy. If u; ~ a then
we obtain the variants (b1) and (b2) shown in Figure 5.

c) Suppose that Ry = (u}) is a reducing Wy-pseudopath, but it is not a reducing
Wi-pseudopath. We may assume that «} is adjacent to d and «} is not adjacent to
e.

c1) Let uf o {b,c}. If u} +# a then {a,b,c,d, e, u}} induces Hy. If u} ~ a then
uy # f [by (R4)], and {a,b,c,d, f,u}} induces H;.
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co) Let u) ~ {b,c}. If u| +# a then {a,b,c,d,e,u}} induces Hy. If u] ~ a then we
obtain the variants (c1) and (c2) shown in Figure 5.

d) It remains to consider four possible variants: (b1) and (c1); (b1) and (c2); (b2)
and (c1); (b2) and (c2). Each of them has two subvariants depending on adjacency
of u; and uj.

If we have (bl) & (cl) then either {a,c,e, f,u;,u}} induces Hy [when uy o u}]
or V(Hs) U {uy,u}} induces Gag [when u; ~ u]. If we have (bl) & (c2) then either
{a,c,e, f,ur,u}} induces Gy [when uy # u!] or {b,c,d, e, f,us,u}} induces G153 [when
up ~ uy]. If we have (b2) & (c1) then V(Hs) U {u;,u}} induces either Gz¢ or Gs;.
Finally, if we have (b2) & (c2) then either {b, ¢, d, f,u;, u}} induces Hy [when u; o u}]
or V(Hs) U {uy,u}} induces Gsp [when uy ~ u]. O

Claim 7. Every graph in Ext(H,) contains at least one of
Gla Gﬁa G247 G257 G267 G277 G28
(Figure 1 and Figure 2), or Hy, Hy (Figure 4) as an induced subgraph.

Proof. The graph Hy has a unique homogeneous set X = {f, g} (see Figure 4). By
Claim 3, we need to construct reducing X-pseudopaths R = (u;) only. Let u; ~ g
and u; # f.

Suppose that u; o c¢. Then the set {a,b,c, f, g,u1} induces G, or H;. Hence we
may assume that u; ~ ¢. Further, suppose that u; ~ e. If |[N(u;) N {a,b}| < 1 then
the set {a, b, c,e,g,u;} induces either Gg or Hy. Let u; ~ {a,b}. If u; # d then the
set {a,c,d,e, f,u1} induces G;. If uy ~ d then V(Hyg) U {u;} induces Gas. So we
may assume that u; # e.

Now we know that u; ~ ¢ and u; % e. It remains to consider seven possible
variants. If uy o {a,b} then uy + d and {a,b,c,d, e, g,u;} induces Gé.

Let uy ~ a. If u; # d then {a,c,d,e, f,u;} induces Hy. If u; ~ d then V(Hy) U
{u1} induces one of Gz, Ga7. Let uy # a. Then u; ~ b and V(Hy) U {u;} induces
one of Gag, Gos. O

Claim 8. Every graph in Ext(Hjs) contains at least one of
Gla G6a G23? G33? G347 G357 G367 G37
(Figure 1 and Figure 2), or Hy, Hy, Hy (Figure 4) as an induced subgraph.

Proof. The graph Hj has a unique homogeneous set X = {f, g}, see Figure 4. By
Claim 3, we need to construct reducing X-pseudopaths R = (u) only. Let u; ~ g
and u; # f.

Suppose that u; ¢ c¢. Then the set {a,b,c, f,g,u1} induces one of Gy, H; or
H,. Therefore we may assume that u; ~ c. Further, suppose that u; ~ e. If
|N(u1) N {a,b}] < 1 then the set {a,b,c,e,g,u1} induces either Gg or H;. Let
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uy ~ {a,b}. If uy + d then the set {a,c,d,e, f,u1} induces Hy. If u; ~ d then the
set {a,b,c,e, f,g,u1} induces Hy. So we may assume that u; # e.

Now suppose that u; ~ h. If u; # {a,b} then the set {a,b,c,e, h,u;} induces H;.
If [N(u1) N {a,b}| = 1 then the set {a,b,c,e, f,g,h,u1} induces Gas. If u; ~ {a,b}
then either the set {a,c,d,e, f,h,u;} induces Gg or the set V(Hs) U {u;} induces
G37.

Thus, u; ~ ¢ and u; % {e, h}. It remains to consider seven possible variants. If
uy % {a,b} then u; # d and {a,b,c,d,e, g,h,u;} induces Gas.

Let uy ~ a. If u; % d then {a,c,d, e, h,u;} induces Hy. If u; ~ d then V(H;) U
{u1} induces one of G35,G3s6. Let uy # a. Then u; ~ b and V(Hs) U {u;} induces
one of G33, G34. O
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