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Abstract

Let P, 4 be the set of n X n non-symmetric primitive matrices with ex-
actly d nonzero diagonal entries. For each positive integer 2 < k < n -1,
we determine the kth upper generalized exponent set for P, 4 and char-
acterize the extremal matrices by using a graph theoretical method.

1 Introduction

An n x n nonnegative matrix A is called primitive if there exists some positive
integer t such that A* > 0. The least such positive integer ¢ is called the ezponent of
A, denoted by y(A).

In [1], Brualdi and Liu defined the kth upper generalized exponent F(A,k) as
follows.

Definition 1.1 [1] Let A be a primitive matriz of order n and 1 < k <n—1. Set
F(A, k) = min{p | no set of k rows of A? has a column of all zeros }.

F(A,k) is called the kth upper generalized exponent of A.
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The kth upper generalized exponent is a generalization of the traditional concept
of the exponent. Background can be found in [1].

It is well-known that for each nonnegative matrix A there exists an associ-
ated digraph D(A) whose adjacency matrix has the same zero entries as A. A
digraph D is primitive iff D is strongly connected and g.c.d(ry, 2, -,72) = 1, where
{ry,rq, -+, 7} is the set of distinct lengths of the directed cycles of D. A is primitive
iff D(A) is primitive.

Definition 1.2 [1] Let X be the vertez subset of a primitive digraph D. The ez-
ponent expp(X) is the smallest positive integer p such that for each vertex y of D,
there exists a walk of length p from at least one vertez in X to y.

Definition 1.3 [1] Let D be a primitive digraph of order n and 1 <k<n-—1. Set
F(D, k) = max{expp(X) | X € V(D),|X| = k}. (1.1)
F(D,k) is called the kth upper generalized exponent of D.

It is obvious that
F(A,k) = F(D(A), k). (1.2)

Let P,q be the set of n x n non-symmetric primitive matrices with exactly
d nonzero diagonal entries, Enq(k) the set of kth upper generalized exponents of
the matrices in P, 4. In this paper, we determine the exponent set E,q(k) and
characterize the extremal matrices. '

Notice that if k = 1, then F(4, k) = v(A). In this case, the exponent set Eyq(1)
has already been determined in [3]. So we will only consider the cases 2 < k < n—1.

We will make use of the following notation. Let D be a primitive digraph with
D = (V(D), E(D)). We denote the distance from vertex z to vertex y of D by
d(z,y). If i,j € V(D), then (i, ) denotes an arc from vertex i to vertex J and [, 7]
denotes an edge between two vertices ¢ and 7, i.e. a 2—cycle.

2  The generalized exponent set E, (k)

Theorem 2.1 Letn,d, k be positive integers with2 < k <n—1and A € Ppq. Then
F(D(A),k)<2n—-k—d. (2.1)

Proof. Let X be any k-vertex subset of D(A) and let W be the set of loop vertices
of D(A).

(1) k<n-—d.

Case 1: XNW # 0. Then expp4)(X) < Jnax d(XnW,y) < n—-1< 2n—k—d.

v
Case 2: XNW = 0. Let I, = d(W,y) = d(wy,y) (wy € W) and h, = d(X,w,) for
. <n- <n- <
agmy y: Vd(D) Then I, < n —d, by < n—k and expp(4)(X) < ye\r/ré%)({A))(hy +1,) <
n—k—d.
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(2)k>n—d+1.
X must include at least one loop vertex. |XNW/| > k—(n—d) = k+d—n. Notice
that dXnNnWy)<n-(k+d—-n)=2n—-k—-d. Weh X) <
at max  d( y) <n—( n) = 2n e have expp(4)(X) <
2n — k —d.
The proof of the theorem is completed. 1

Theorem 2.2 Let n,d, k be positive integers with 2 < k<n-—1,d=1. Then
{k+1,k+2,---,2n—k - 1} C E,y(k). (2.2)

Proof. Firstly, suppose £ < m < n — 1. We consider D; = D(A) with ver-
tex set V(D;) = {1,2,---,n} and arc set E(D;) = {(1,1), (1,2), (2,3), ---,
(m— 1,m)’(mam+ 1)7(mam+2)""»(m’n):(m+1a1)7(m+2a 1)""’(7171)}‘

It is obvious that A € P,;. Take Xy = {2,3, -,k + 1}. It is not difficult to
verify that there is no walk of length 2m — k from any vertex of Xj to the vertex
m + 1. So we have

F(Dl, k) 2 exle (X()) 2 2m — k + 1. (23)

On the other hand, let X be any k—vertex subset of D;. If 1 € X, then
expp, (X) <m<2m -k + 1 (2.4)

If 1 ¢ X, letting ¢ be the vertex of X which is closest to 1, then d(i,1) < m+1 -
k—1+1=m-—k+1and

expp, (X)<m—-k+14+m=2m—-k+1. (2.5)
Combining (2.3), (2.4) and (2.5) we have
F(Dy,k)=2m -k +1. (2.6)

Next, suppose k +1 < m < n — 1.We consider D; = D(A) with vertex set
V(D) ={1,2,---,n} and arc set E(D,) = {(1,1),{1,2],(2,3),(3,4), -, (m—1,m),
(m,m+1),(m,m+2),---,(m,n),(m+1,1),(m+2,1),---,(n, 1) }.

It is obvious that A € P,;. Take Xy = {3,4,--,k + 2}. It is not difficult to
verify that there is no walk of length 2m — k — 1 from any vertex of Xj to the vertex
m + 1. Then F(Dy, k) > expp,(Xo) > 2m — k.

On the other hand, let X be any k-vertex subset of Dy. If {1,2} N X 5 0, then
expp,(X) <m+1<2m—k. If {1,2} N X = 0, letting j be the vertex of X which is
closest to 1, then d(j,1) <m+1—-k~2+1=m~—k and expp,(X) <m—-k+m=
2m — k.

So we have

F(Dy, k) =2m — k. (2.7)

Notice that k < m <n—1for Dy and k+1 <m < n-1 for D;. Combining
(2.6) and (2.7) we obtain (2.2). N
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Theorem 2.3 Let n,d, k be positive integers with 2 < k <n —1,d=1. Then
{2,3,-+,k} C Eni(k). (2.8)

Proof. (1)2<k<n—-2.

Suppose 2 < m < k. We consider D3 = D(A) with vertex set V(D3) =
{1,2,-+-,n} and arc set E(Dj;) = {(1,1),[1,2],(2,3),(3,4),- -+, (m — 1,m), (m,
m + 1),(mm + 2),---, (m,n),(m + 1,1),(m 2,1),---,(n, 1), (m + 1,2),
(m+2,2),---,(n,2)}.

It is obvious that A € P, ;. Take Xo = {n,n—1,---,n—k+ 1}. Then |Xo| = k.
Since n — k+ 1 > 3, it is not difficult to verify that there is no walk of length m — 1
from any vertex of Xy to the vertex m + 1. Then F(Ds, k) > expp,(Xo) > m.

On the other hand, let X be any k—vertex subset of D3. If 1 € X, then
expp,(X) <m. If 1 ¢ X, then XN {m+1,m+2,---,n} # 0 and expp,(X) <m.

So we have F(Djs, k) = m. Noticing that 2 < m < k, we obtain (2.8).

2)k=n-1

Suppose 1 < m < n — 2. We consider Dy = D(A) in Theorem 2.2.

Take Xo = {2,3,---,n}. Then |X¢| = n— 1. It is not difficult to verify that
there is no walk of length m from any vertex of X, to the vertex m + 1. Then
F(D, k) > expp, (Xo) = m+ 1.

On the other hand, let X be any k-vertex subset of D;. Since X N {m +1,
m+27"')n} ?é@, exle(X) <m+1l

So we have F(Dy, k) = m+ 1. Noticing that 1 < m < n — 2, we obtain (2.8). 1

Theorem 2.4 Let n,d, k be positive integers with 2 < k < n —d,d > 2. Then
{d+k—-1,d+k,---,2n—k —d} C Ena(k). (2.9)

Proof. Suppose d+k—1 < m < n—1. Firstly, we consider Dy = D(A) with vertex
set V(Dy) = {1,2,---,n} and arc set E(D4) = {(1,1),(2,2),"-,(d,d), (1,2), (2,3),
v (m— 1,m),(m,m+1),(m,m+2),---,(m,n),(m+1,1),(m+2,1),'~,(n,1)}‘

It is obvious that A € P, 4. Take Xo = {d+1,d+2,---,d+k}. It is not difficult
to verify that there is no walk of length 2m —d — k + 1 from any vertex of Xo to the
vertex m + 1. So we have

F(Dy, k) > expp,(Xo) > 2m —d — k + 2. (2.10)

On the other hand, let X be any k-vertex subset of Dy. If {1,2,--,d} N X # 0,
then
expp,(X) <m<2m—-d—k+2 (2.11)

If {1,2,---,d} N X = 0, letting i be the vertex of X which is closest to 1, then
di,)<m+1-d-k+1=m—-—k~d+2and

expp,(X) <m—d—k+2+m=2m—-d—-k+2 (2.12)
Combining (2.10), (2.11) and (2.12) we have
F(Dy,k)=2m —d—k+2. : (2.13)
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Next, we consider D5 = D(A) with vertex set V(Ds) = {1,2,---,n} and arc set
E(D5) = {(17 1)7 (21 2), T (d» d)v [L 2]1 (2’ 3)7 (3»4)7 Ty (m -1 m)v (m’m + 1)’ (7n>
m+2),-+, (myn),(m+1,1),(m+2,1),--+,(n,1),(m+1,2),(m+2,2),---,(n,2)}.

It is obvious that A € P, 4. Take Xo = {d+1,d+2,---,d+k}. It is not difficult
to verify that there is no walk of length 2m — d — k from any vertex of X, to the
vertex m + 1. Then F(Ds, k) > expp (Xo) > 2m ~d—k+ 1.

On the other hand, let X be any k-vertex subset of Ds. If {1,2,---,d} N X # 0,
then expp (X) <m < 2m—-d—-k+1. If {1,2,---,d} N X = 0, letting j be the
vertex of X which is closest to 2, then d(j,2) <m+1—-d—k+1=m—-k—d+2
and expp, (X) <m—k—-d+2+m-1=2m-k—-d+1

So we have

F(Ds,k)=2m—-k—-d+1. (2.14)

Notice that d+k—1 < m < n—1. Combining (2.13) and (2.14) we obtain (2.9).
|

Theorem 2.5 Let n,d, k be positive integers with 2 < k <n —d,d > 2. Then
{2,3,--,d + k — 2} C Ea(k). (2.15)

Proof. Suppose 2 < m < d+ k — 2. We consider D5 = D(A) in Theorem 2.4.

Take Xo = {n,n~1,---,n—k+1}. Then |Xo| =k. Sincen-k+1>d+1,it
is not difficult to verify that there is no walk of length m — 1 from any vertex of X,
to the vertex m + 1. Then F\(Ds, k) > expp,(Xo) > m.

On the other hand, let X be any k-vertex subset of Ds. If {1,2,---,d} N X # 0,
then expp (X) < m. If {1,2,---,d} N X =0, then XN{m+1,m+2,---,n} #0
and expp, (X) < m.

So we have F(Ds, k) = m. Noticing that 2 < m < d+ k — 2, we obtain (2.15). &

Theorem 2.6 Let n,d, k be positive integers withn —d+1 < k< n-1,d > 2.
Then
{1,2,--+,2n— k — d} C Ena(k). (2.16)

Proof. Suppose k+d—n <m <n-—1. We consider Dy = D(A4) in Theorem 2.4.
Take Xp = {1,2,---,k+d—n,d+1,d+2,---,n}. Then |Xy| = k. 1t is not difficult
to verify that there is no walk of length m+1—(k+d—n)—1 = n+m—k—d from any
vertex of Xy to the vertex m+ 1. Then F(Dy, k) > expp,(Xo) 2 n+m—k —d+1.
On the other hand, let X be any k-vertex subset of Dy and W = {1,2,---,d}.
Since | XNW| > k+d-n >0, yer{x/?g”d(XﬂW,y) <m+l-(k+d-n) =

n+m+1—k—d, then expp,(X) <n+m-k—-d+1.

So we have F(Dy, k) =n+m —k —d+ 1. Noticing that k +d-n <m <n-—1,
we obtain (2.16). 1
Theorem 2.7 Let n,d, k be positive integers with 2 < k <n—1. Then

Ena(k) = {1,2,3,,2n — k — d}. (2.17)
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Proof. We consider D = D(A) with vertex set V(D) = {1,2,---,n} and arc set
E(D) = {(13\7) | h,Jj= 1727"'»n}\{(271)’(d+ Ld+ 1),(d+2’d+2)"’ '»(n:n)}'
It is obvious that A € P, 4 and F(D,k)=1. Sol € Ena(k).
Combining (2.1), (2.2), (2.8), (2.9), (2.15) and (2.16) we obtain (2.17). &

3 The extremal matrices

In this section,we characterize the extremal matrices of kth upper generalized
exponent for P, 4.

Theorem 3.1 Let n,d, k be positive integers withk <n—d, A € P,4, D= D(A).
Then F(D,k) = 2n — k — d iff D is isomorphic to one of the digraphs Dj, where
D? are strongly connected digraphs with vertez set V(D}) = {1,2,---,n} and arc set
E(DI) = {(17 1)» (2’ 2), T (d, d)’ (11 2)’ (2, 3)» T (n -1, n)} U e.

(1) If k =n —d, then ® is a subset of {(d+4,1) |1 <i<n—d}U{(,J)[1<
j<i<d}.

(2) If k <n —d, then @ is a subset of {(3,7) |1 < j <i < dyuU{(d+i,d+7)]
1<j<i<n—dyu{(d+i,1)|1<i<n—d} suchthat D} satisfies the conditions:

(i) There exists d < zo < n such that d(zo,1) =n—~k—d+1;

(ii) Let P be a shortest path from xq to 1. Then the vertez set of P has the form

V(P):{wo,l,d+m,d+m+1,--~,d+s,d+l,d+l+1,'--,n—k+l+m—s—2}

wherem >1, n—k+l+m—-s—-2<nandl>s+1;
(iii) For any j > d and j ¢ V(P)\{zo}, there is no walk of length 2n —k —d -1
from j to n.

Proof. Take Xo = {d+1,d+2,--,n} (when k =n—d) or Xo = {j € V(D7) |j >
dand j € V(P)\{zo}} (when k < n —d). It is not difficult to verify that |Xo| =k
and there is no walk of length 2n — k — d — 1 from any vertex of X to the vertex n
in D}, so we have

F(Dj,k) > expp;(Xo) = 2n — k — d.

Combining with Theorem 2.1, we obtain
F(D}{,k)=2n—k—d.

On the other hand, let k < n—d, A€ P4, D= D(A), F(D,k) =2n-k—-d, X
be a k-vertex subset of D with expp(X) = 2n — k — d, and let W be the set of loop
vertices of D.

Case 1: WN X # (. Then expp(X) < yg%/z%)[c))d(XﬂWy) <n-1<2n-k-—d

It is a contradiction.
Case 2: WNX = 0. Let [, = d(W,y) = d(wy,y) (wy, € W) and hy = d(X, w,)
for any y € V(D). If I, <n—d or hy < n—k for any y € V(D), then expp(X) <

g%/a%)lc))(hy +1,) < 2n—k —d. It is also a contradiction. If [, =n —d and hy =n—k
v

24




for some y € V(D), then there exists a Hamilton path in D, and d loop vertices
of D are consecutive at the beginning of this Hamilton path. Now assume that
{(1,1),(2,2),--,(d,d),(1,2),(2,3),- -+, (n — 1,n)} € E(D). In this assumption, we
have y = n, wy = d and d(1,n) = n — 1. Further, (4,7) ¢ E(D) for 1 <i<n—2
andi+1<j<n.

Subcase 2.1: k = n —d. It is clear that X = {d + 1,d + 2,---,n}. Since that
there is no walk of length 2n — k — d — 1 from ¢ to n for any ¢ € X, we have that
(,j) ¢ E(D) ford+1<i<mnand 2 < j <i. Thus, D is isomorphic to one of the
Dr.

Subcase 2.2: k < n — d. Then D satisfies the conditions:

(1) Fori > dand j <d,if (,j) € E(D), then i ¢ X, j = 1, and i is unique. Else
hy < n —k. It is a contradiction.

(2) d(X,1) = n — k — d + 1. Further, letting d(X,1) = d(zo,1) (2o € X) and P
be a shortest path from zy to 1 in D, the vertex set of P has the form

V(P) = {zo,1,d+m, d+m+1,---,d+s,d+l,d+1+1,- - ,n—k+l+m—-s—-2}

wherem> 1, n—k+l4+m—-s—-2<nandl>s+1.
Notice that exp,(X) = 2n—k —d. Combining (1) and (2), D must be isomorphic
to one of the D}. &

Theorem 3.2 Let n,d, k be positive integers with k > n—d+1, A € P, 4, D = D(A).
Then F(D,k) = 2n — k — d iff D is isomorphic to one of the digraphs D3, where
D3 are strongly connected digraphs with vertez set V(D3) = {1,2,---,n} and arc set
B(D3) = {(1,1),(2,2),--,(d,d), (k+d-nk+d—n+1),(k+d-n+1,k+d -
n+2),--+,(n—1,n)}Ud, where ® is a subset of {(¢,j) |1 <t <k+d—n;1<j<
k+d-n)}u{(i,k+d—n+1)|1<i<k+d-n-1)}U{(, ) |k+d-n+1<i<
G1<j<i-1)U{(G,))|d+1<i<ml<j<k+d—n+1}U{(ij)|d+2<
i<md+1<j<i—1}. If{{d+ind+ ), (d+isd+ja),- -+, (d+ind+3)} C @
(j1 € ja < -+« £ ju), then there are no nonnegative integers ky, ky, - -+, ky such that
kl(il——j1+1)+k2(i2—j2+1)+~~+kt(it~—j¢+1)=n—k+m—1f0r1Smgjl.

Proof. Take Xy = {1,2,---,k+d—-n,d+1,d+2,.--,n} C V(D}). It is not
difficult to verify that |X,| = k and there is no walk of length 2n — k — d — 1 from
any vertex of X to the vertex n, so we have

F(Dj3,k) > expp; (Xo) > 2n — k — d.
Combining with Theorem 2.1, we obtain
F(D;,k)=2n-—k —d.

On the other hand, let k >n—d+1,A € P,4,D = D(A), F(D,k)=2n—-k—d,
let X be a k—vertex subset of D with expp(X) = 2n — k — d, and let W be the set
of loop vertices of D.

i XNnW|>k+d—nor ug%/%)d(XﬂW,v) < n—|X NW|{, we have expp(X) <

2n — k — d. It is a contradiction.
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fIXNW|=k+d-nand rer%/z%%)d(XﬂW,v)=d(XﬂW,y)=n—|XﬂW|=
v

9n—k—d, noticing expp(X) = d(XNW,y) = 2n—k—d, there exists a directed path of
length 2n — k —d in D with n—k+1 loop vertices. The loop vertices are consecutive
at the beginning of this directed path. Now assume that {(1,1),(2,2),-+,(d,d),
(k+d—n,k+d—n+1),(k+d—n+1,k+d—n+2),-~~,(n—l,n)} CEWD). In
this assumption, we have y =n, X = {1,2,---,k+d—n,d+1,d+2,---,n}. D also
satisfies the conditions:

(1) (i,5) ¢ E(D) fork+d-n <1 <n—2 and i + 2 < j < n. Otherwise,
d(X NW,y) < 2n — k — d, which gives a contradiction.

@) (i,j) ¢ E(D)for 1 <i<k+d-nand k+d—n+2<j<n Otherwise,
d(X NW,y) < 2n — k — d, which gives a contradiction.

(3) (5,7) ¢ E(D)ford+1<i<nandk+d-n+2<j<d Otherwise,
expp(X) < 2n— k — d — 1, which gives a contradiction.

(4) For d + 1 < i < n, there is no walk of length 2n — k —d—1 from i to n. This
implies that if {(d + 41,d + j1), (d + G2, d + ja), -+, (d + i, d + j)} C E(D), where
ji<gp < <jrand iy > gy 21 for 1 < s <t. Then there are no nonnegative
integers kl, k2, ey kt such that kl(il “‘jl + 1) +k2(22 "“jz + 1) +--+ kt('l:t —jt + 1) =
n—k+m-—1forl<m<j.

Noticing that expp(X) = 2n — k —d and D is a primitive digraph, D must be
isomorphic to one of the Dj. i
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