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1 Energy
E(x) =

∑
t

Ψ(Ft(x))At (1)

Ψ(F(x)) = µ tr
[
(F−R(F))T (F−R(F))

]
+

λ

2
(
√

det(FTF)− 1)2

= µ tr
[
FTF− 2S+ I

]
+

λ

2
(
√

det(FTF)− 1)2
(2)

where, F = R(F)S(F) is the polar deconposition, RTR = I ∈ R2×2. And Ft,F,R ∈ R3×2, S ∈ R2×2.

2 First-Piola-Kirchhoff Stress
P(F) =

∂Ψ

∂F
(F)

= µ
∂

∂Fαβ
[FγδFγδ − 2tr(S)] + λ(

√
det(FTF)− 1)

∂det(FTF)/∂F

2
√

det(FTF)

= 2µF− 2µ
∂ tr(S)
∂F

+ λ(J − 1)
∂J

∂F

= 2µ(F−R) + λ(J − 1)JF(FTF)−T

(3)

2.1 ∂ tr(S)
∂F

δtr(S) = tr(δS)
= tr(δRTF) + tr(RT δF)

= tr(δRTR · S) + tr(RT δF)

= RαβδFαβ

(4)

Thus,
∂ tr(S)
∂F

= R (5)



2.2 ∂J
∂F

∂J

∂F
=

1

2J

∂J2

∂FTF
:
∂FTF

∂F

=
1

2J
J2(FTF)−1

δγ :
∂(FTF)γδ
∂Fαβ

=
J

2
(FTF)−1

βγ · 2Fαγ

= JF(FTF)−T

(6)

3 Energy Denisity Hessian

Cαγβϵ =
∂2Ψ

∂Fαγ∂Fβϵ
(F) =

∂Pαγ

∂Fβϵ
(F)

= 2µ(δαβδγϵ −
∂Rαγ

∂Fβϵ
) + λ

∂J

∂Fαγ
(JF(FTF)−T )βϵ + λ(J − 1)

∂J(F(FTF)−T )αγ
∂Fβϵ

= 2µ(I− ∂Rαγ

∂Fβϵ
) + λ(JF(FTF)−T )⊗ (JF(FTF)−T ) + λ(J − 1)

∂J(F(FTF)−T )αγ
∂Fβϵ

(7)
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