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Autoregression

• How to characterize dynamical systems?

yt yt+1

Spatiotemporal system

⇒

yt+1

≈

At

×

yt

+

ϵt

Time-varying autoregression

• On spatiotemporal systems Y ∈ RN×T :

yt+1 = Ayt + ϵt︸ ︷︷ ︸
time-invariant (e.g., DMD)

v.s. yt+1 = Atyt + ϵt︸ ︷︷ ︸
time-varying

• How to discover spatial/temporal modes
(patterns) from the tensor A ≜ {At}t∈[T−1]? N

︸ ︷︷ ︸

N

︸
︷︷

︸

T
−
1︸ ︷︷ ︸

At

t
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• On the data Y ∈ RN×T :

yt+1 = Ayt + ϵt︸ ︷︷ ︸
time-invariant (e.g., DMD)

v.s. yt+1 = Atyt + ϵt︸ ︷︷ ︸
fully time-varying (ours)

Time t

Coefficients

Time-invariant
Windowed time-varying

Fully time-varying
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A1

A2

A3

A4

A5

A6
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DATF

• Tensor factorization:

A = G ×1 W ×2 V ×3 X︸ ︷︷ ︸
Tucker decomposition

⇕
At = G ×1 W︸︷︷︸

spatial modes

×2V ×3 x⊤
t︸︷︷︸

temporal modes

• (Ours) Dynamic autoregressive tensor factorization (DATF):

min
G,W ,V ,X

1

2

∑
t∈[T−1]

∥∥yt+1 − (G ×1 W ×2 V ×3 x
⊤
t )yt

∥∥2

2

s.t. W⊤W = IR︸ ︷︷ ︸
orthogonal spatial modes

• Solution: G (LS) → W (OPP) → V (CG) → xt (LS)
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OPP

• Orthogonal Procrustes problem
(OPP): For any Q ∈ Rm×r, m ≥ r,
the solution to

min
F

∥F −Q∥2F

s. t. F⊤F = Ir︸ ︷︷ ︸
orthogonal

is
F := UV ⊤

where

Q = UΣV ⊤︸ ︷︷ ︸
singular value decomposition
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Benchmark Evaluation

• Multi-resolution fluid flow dataset (the first 50 snapshots + 50

snapshots randomly selected from the last 100 snapshots)

◦ Produce interpretable patterns: Low-frequency modes (dominant
patterns) & high-frequency modes (e.g., secondary patterns, outliers)

◦ Identify the system of different frequencies (i.e., at t = 50)

Vectorize snapshots as {yt}t

=⇒

Spatial modes in W
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International Trade

• Import/Export merchandise trade values (annual)1 (215

countries/regions & period of 2000-2022)

◦ Total merchandise trade values
◦ Represent import/export trade data as a 215-by-23 matrix

Imports from 2000 to 2022 Exports from 2000 to 2022

1The dataset is available at https://stats.wto.org.
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Import pattern 1

Import pattern 2

Import pattern 3

Import pattern 4

Export pattern 1

Export pattern 2

Export pattern 3

Export pattern 4



International Trade

• Three-dimensional trade (Economy, Product, Year)

Y t

M
co
u
n
tr
ie
s

︸
︷︷

︸

N products
︸ ︷︷ ︸

Y t+1

• On spatiotemporal systems Y ∈ RM×N×T :

yn,t+1 = An,tyn,t + ϵn,t︸ ︷︷ ︸
time-varying & product-varying

• Optimization problem of DATF:

min
G,W ,U,V ,X

1

2

∑
n∈[N ]

∑
t∈[T−1]

∥∥yn,t+1 − (G ×1 W ×2 U ×3 V ×4 x
⊤
t )yn,t

∥∥2

2

s.t. W⊤W = IR︸ ︷︷ ︸
orthogonal country patterns
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Product Patterns

• On 17 merchandise types

1 2 3 4
Mode

Agricultural products
Food

Fuels and mining products
Fuels

Manufactures
Iron and steel

Chemicals
Pharmaceuticals

Machinery and transport equipment
Office and telecom equipment

Electronic data processing and office equipment
Telecommunications equipment

Integrated circuits and electronic components
Transport equipment
Automotive products

Textiles
Clothing
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od

uc
t/S
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to

r t
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e
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0.25

0.00

0.25

Imports
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Machinery and transport equipment
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Electronic data processing and office equipment
Telecommunications equipment

Integrated circuits and electronic components
Transport equipment
Automotive products

Textiles
Clothing
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od

uc
t/S
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to

r t
yp

e

0.75
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Exports

• Classify import/export merchandise according to product patterns

• Basic principle:

Import: What we buy? (demand) vs. Export: What we sell? (supply)
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Natural resources

Materials

• Classify import/export merchandise according to product patterns

• Basic principle:
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Human Mobility

• Origin-Destination (OD) matrices

Y t

M
or
ig
in
s

︸
︷︷

︸

N destinations

︸ ︷︷ ︸

Y t+1

• On spatiotemporal systems Y ∈ RM×N×T :

yn,t+1 = An,tyn,t + ϵn,t︸ ︷︷ ︸
time-varying & destination-varying

• Optimization problem of DATF:

min
G,W ,U,V ,X

1

2

∑
n∈[N ]

∑
t∈[T−1]

∥∥yn,t+1 − (G ×1 W ×2 U ×3 V ×4 x
⊤
t )yn,t

∥∥2

2

s.t. W⊤W = IR︸ ︷︷ ︸
orthogonal origin patterns
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Human Mobility

• Chicago taxi/ridesharing data

Source: https://spatiotemporal-data.github.io/Chicago-mobility/taxi-data
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Human Mobility

• Ridesharing: 96,642,881 trips in 2019 vs. 57,290,954 trips in 2022

Pickup trips (2019) Dropoff trips (2019)

Pickup trips (2022) Dropoff trips (2022)
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Human Mobility

• Ridesharing: 96,642,881 trips in 2019 vs. 57,290,954 trips in 2022

Pickup trips aggregated over 52 weeks in 2019
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Human Mobility

• Ridesharing trip data: 77 origins × 77 destinations × 168 hours

• Our model Identifies the changes in pickup zones before and after
COVID-19

2019

2022
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Concluding Remark

• Discovering spatial/temporal patterns from 2D and 3D spatiotemporal

systems with unsupervised learning:

◦ Time-varying autoregression on the data
◦ Tensor factorization on the coefficients

yt yt+1

Spatiotemporal system

Y t

M
or
ig
in
s

︸
︷︷

︸

N destinations

︸ ︷︷ ︸

Y t+1
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Thanks for your attention!

Any Questions?

Slides: https://xinychen.github.io/slides/dynamic_tensor.pdf

About me:

Ñ Homepage: https://xinychen.github.io

§ GitHub: https://github.com/xinychen

# How to reach me: chenxy346@gmail.com

https://xinychen.github.io/slides/dynamic_tensor.pdf
https://xinychen.github.io
https://github.com/xinychen
chenxy346@gmail.com

