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Abstract: This article is devoted to a mathematical model of a new piezoelectric sensor used for
measuring bending strains. The first simple model of a piezoelectric sensor of bending deformations
(we will call it a classical sensor) was presented in our previous paper. The classical sensor is
a one-dimensional three-layer structure, in which the two outer layers are made of piezoelectric
ceramic with preliminary polarization across the thickness of the sensor, and one elastic middle
layer is located between these piezoelectric layers. In the present modified model of the new sensor,
piezoelectric stacks are used instead of simple piezoelectric elements. As shown in the paper, this kind
of piezoelectric composite sensor with stacks allows us to significantly increase the value and stability
of the measured electrical signal and increase the accuracy of strains measurement. Piezoelectric
ceramic is a brittle material. The use of stacks significantly reduces brittleness by enclosing thin layers
of piezoelectric ceramic in a metal matrix. Piezoelectric laminated stacks have a periodic structure,
and we will use the mathematical homogenization method to correctly determine their effective
moduli (physical constants). Increasing the reliability of the proposed sensors, as well as the accuracy
and stability of their deformation measurements, is aimed at enhancement of the mechanical safety
of building structures, increasing the efficiency of their monitoring. The most important characteristic
of any sensor is its efficiency. Our first classical bending strain sensor has a simple structure and an
efficiency approaching the value of the coupling coefficient k31 (k31 is a constant describing a known
physical property of a piezoelectric material). Our classic piezoelectric flexural strain sensor has
an efficiency of the order of the coupling coefficient k31. For piezoelectric materials with a strong
piezoelectric effect, the k31 value is approximately 0.30–0.35. The efficiency of our classical sensor
is hundreds of times greater than the efficiency of the most popular tangential (longitudinal) strain
sensor, developed by Lord Kelvin. The efficiency of the flexural strain sensor using stacks is of the
order of the coupling coefficient k33. For the sensor with piezoelectric stacks, the value of efficiency
is approximately 0.60–0.70. Note that the efficiency of the improved sensor is twice as high as the
efficiency of our classic flexural strain sensor.

Keywords: piezoelectric sensor of bending strains; piezoelectric stacks; homogenization method;
effective moduli of stacks; sensor efficiency

1. Introduction

Experimental research plays an important role in the design and operation of structures.
In this case, experimental and computational methods are used together, complementing
each other.

Experimental research allows us to gather data on the distribution of stresses and de-
formations of a structure during operation to determine the stress-strain state of a structure
of a very complex shape, which is difficult even with the use of modern computational
methods and computers.

The first strain sensor was created by Professor Thomson in the middle of the 19th
century. For his outstanding achievements in science, Professor Thomson received a new
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name from the English Queen—Lord Kelvin. Lord Kelvin was the first to notice that the
deformation of a conductor is accompanied by a change in its electrical resistance. By
measuring the change in resistance, its deformation can be found. The first strain sensor—
Lord Kelvin’s strain sensor—is based on this fact. The change in resistance is extremely
small, but it can be amplified and measured using additional equipment.

Along with the widely used method of tensometry, other methods, such as pho-
toelasticity, holographic and laser speckle interferometry, Moiré interferometry, optical
heterodyne technology, and others, have been developed. The emergence of new materials
and new directions in science, such as piezoelectric materials and electroelasticity, has led to
new developments in experimental mechanics. One of these new branches of experimental
mechanics is related to various piezoelectric sensors, which are based on the direct piezo-
electric effect [1–6]. Currently, piezoelectric sensors are widely used in construction [7–11],
and in many areas of modern technology [12,13].

Lord Kelvin’s strain sensor and piezoelectric strain sensors measure strains in the
plane of the sensor. They allow us to determine the strains of extension, compression, and
shear on the surface of the structure. As a result of their measurements, we determine only
three tangential components of the strain tensor. This is not enough to determine the six
components of the strain tensor, which are generally present on the surface of the structure.
In [14], we described a new model of piezoelectric sensor that measures bending strains on
the surface of the structure. This sensor has a layered structure.

It is important to note that in a static electroelastic state, an electric charge appears on
the sensor electrodes at the moment of application of a static load, but its value decreases
very quickly to zero as a result of the appearance of an electric current in the electrical
circuit connecting the electrodes and the influence of air ions. That is why the piezoelectric
sensor is used only to measure dynamic deformations.

The error assessment of the sensor measurements and the choice of the sensor length
depend on the geometry of the structure, the frequency of its oscillations, and the properties
of the materials of the structure. In this paper, we will provide complete recommendations
after a complex study of the mathematical model of the contact problem and a series
of experiments.

In the model of the new piezoelectric sensor of bending strains, piezoelectric stacks are
used as piezoelectric elements. These are layered elements of a periodic structure, which
are produced industrially. Piezoelectric stacks are usually used as actuators. Piezoelectric
stack actuators are a type of smart device that can activate large power and displacement
outputs due to their unique stack configuration. They have been widely used in various
engineering applications. As shown in the paper, the use of stacks in the sensor allows us
to increase the magnitude of the electrical signal of the sensor and reduce its fragility.

The problem of calculating the effective moduli of inhomogeneous media with a
periodic structure was posed at the beginning of the twentieth century in the papers of
Poisson, Maxwell, Rayleigh, Voight W. [15], Reuss A. [16], and others. Voight W. used the
values of the stiffness tensor, averaged by volume and orientation, as the effective moduli,
and Reuss A. used the values of the inverse compliance tensor. Voight W. and Reuss
A. made simple assumptions, without mathematical justification and error assessment,
without studying the applicability area of simplified theories. In the second half of the 20th
century, in numerous papers (see, for example, [17,18]) it was proved, using mathematical
methods of the theory of functions of complex variables as well as asymptotic methods,
that the Voight W. method gives an upper estimate and the Reuss A. method gives a lower
estimate of the effective moduli. The difference between the results of these methods can
reach very large values. Thus, for composites with very different characteristics, the error
value of the Voight W. and Reuss A. approximations may be comparable to the effective
moduli themselves and can exceed 100%.

Mathematical methods allow us to obtain justified formulas for effective characteristics
of piezoelectric stacks.
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To simplify the presentation of this new topic, we have neglected the influence of
temperature and magnetic phenomena. In subsequent studies, we intend to consider
the effect of temperature on the sensor operation. For this purpose, we will replace the
equations of electroelasticity with the equations of thermoelectroelasticity.

We also did not consider the effect of humidity on the operation of the piezoelectric
sensor. If the structures are tested at high humidity and for a long time, the sensors,
as a rule, should be protected from moisture. Moisture penetrates the sensor materials
and worsens their mechanical and electrical characteristics. These issues have been well
studied and methods for sealing the sensors have been developed. To seal the sensors,
various moisture-proof coatings are used, for example, several layers of moisture-resistant
adhesives or layers based on bitumen, wax, rosin, or epoxy resins can be applied.

In the theory of strain sensors, it is assumed that the conditions of ideal contact exist
in the contact area between the sensor and the structure. In practice, various methods for
installing sensors can be used, for example, gluing or welding them to the surface of the
structure. In the experiments described in [14], the sensors were glued.

Experimenters often must solve the following problem: at what points in the structure
are the maximum stresses or displacements expected to occur, so that sensors can be
placed there. Typically, the location of large stresses and displacements coincides with the
lines of geometry distortion, areas of maximum load application, areas adjacent to rigid
edge fastenings, and areas of contact between various structural elements. It is in these
dangerous places that sensors should be placed.

2. Schematic Representations of Piezoelectric Stack and Basic Equations

In this section, we derive effective moduli for the piezoelectric composite active
elements (stack) of a periodic structure [19]. The stack constitutes a layered bar obtained by
sintering thin plates of piezoelectric ceramics with a strong piezoelectric effect and metal
layers (electrodes). Piezoelectric ceramic plates are pre-polarized along the axis of the
bar. Vanadium, copper, silver, aluminum, and platinum are used for the electrodes. The
composite bar with a periodic structure is schematically depicted in Figure 1a. Piezoelectric
layers are shown in white, while metal electrodes are shown in black. One cell consisting
of one piezoelectric layer and one metal electrode is shown in Figure 1b.
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Figure 1. (a) Schematic structure of stack; (b) its periodic cell. Figure 1. (a) Schematic structure of stack; (b) its periodic cell.

Figure 2 shows a sensor consisting of two external piezoelectric stacks and one middle
elastic layer, which is shaded. In Figure 2, the wires connecting the electrodes and going to
the voltmeter are marked in red. The conditions of ideal contact are met between all layers
of the sensor. In Figure 2, the elastic layer and stacks are separated for clarity.
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Figure 2. Schematic representation of a sensor with piezoelectric stack.

Figure 1a shows a piezoelectric stack, which has a periodic structure developed
according to modern technology standards and is made by sintering piezoelectric layers
with metal layers. Stacks of this type are industrially produced and are described in [19].
Figure 1b shows a periodicity cell for the stack shown in Figure 1a. The cell consists of two
layers: one is a piezoelectric layer (marked in white in the figure) and the other a metal layer
(marked in black in the figure). The condition of ideal contact is met between the layers.
Figure 2 shows the design of a piezoelectric bending strain sensor. The sensor consists of
two piezoelectric stacks, which are the outer layers of the sensor, ideally contacting the
inner layer (marked in hatching in the figure). To show how the electrodes are connected,
the distance between the inner layer of the sensor and the piezoelectric stacks is added
in Figure 2. To illustrate the arrangement of the electrodes, Figure 2 shows conditionally
the distance between the inner layer of the sensor and the piezoelectric stacks. In fact, the
sensor design does not have this distance, and the condition of ideal contact is met.

Effective modules describe the physical properties of materials of a periodic structure.
Their values do not depend on either the type of dynamic load or the edge conditions;
therefore, when deriving formulas for effective modules, for simplicity, we take a dynamic
load varying in time t as e−iωt; here, ω is the circular oscillation frequency. This type of
load makes it possible to further simplify the equations as a result of the transition to the
amplitude values of the initial values.

Let us write out the well-known one-dimensional equations of elasticity and electroe-
lasticity obtained using Kirchhoff hypotheses for mechanical quantities and the hypotheses
formulated in [20] for the electric unknown quantities.

Equation of motion:
dσ1

dx1
+ ρdω2u1 = 0 (1)

where the subscript d at the letter ρ should be replaced by m for the metal layer and by p
for the piezoelectric layer.

Hooke’s law for a metal layer reads:

σ1 = Eme1 (2)

Electroelasticity relationship for a piezoceramic layer pre-polarized in the direction of
the axis x1 is given by:

σ1 =
1

sE
33

e1 −
d33

sE
33

E1 (3)

Electrostatic equations can be written as follows:

D1 = sE
33E1 + d33σ1E1 = − dφ

dx1
(4)

It is known that the magnitude of the electric potential at each electrode is a constant
value:

φ|x=xk±hp/2 = ±V (5)
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Here, xk are the coordinates of the electrodes of the k-th layer. The relation between
deformation and displacement has the form:

e1 =
du1

dx1
(6)

The symbols and terminology employed here align with those established earlier [20].
In Equations (1)–(6), E1 and D1 denote components of the electric field vector and the
electric displacement vector along the x1 direction, respectively, sE

33 presents the elastic
compliance at zero electric field, d33 is the piezoelectric constant, εE

33 is the dielectric constant
at zero voltage, and φ is the electric potential.

To derive the effective moduli, we use the homogenization method [17,18]. The
homogenization method, developed by famous mathematicians in the last century, allows
us to obtain mathematically sound effective modules, the correctness of which is confirmed
by mechanical experiments and practice. Since the designs and materials of the periodic
structure are widely used, at the end of the twentieth century, the method aroused great
interest among scientists and engineers. Unfortunately, nowadays the method is not often
used. That is why we describe, in detail, the application of the homogenization method
using a simple example, although other similar examples were considered earlier.

In the homogenization method, the electroelastic state in a periodic structure depends
on both macroscopic and microscopic variables, the latter being defined within the periodic
cell. For simplicity, macroscopic variables are denoted by x.

We introduce the following scaling on a single cell:

y = x/ε, ε = h/l, h = hm + hp (7)

Then:
d

dx
=

∂

∂x
+ ε−1 ∂

∂y
(8)

The sought quantities that determine the behavior of a one-dimensional layered
periodic structure can be expressed as asymptotic expansions in a small parameter ε:

F(x) = F0(x,y) + εF1(x,y) + ε2F2(x,y) +. . . (9)

The superscript of the function Fi(x) is equal to the degree ει in the term on the right
side of the Formula (9) and means the approximation number.

The derivative of the function F(x), taking into account Formula (9), can be written as:

dF(x)
dx

=
∂F0(x, y)

∂x
+

1
ε

∂F0(x, y)
∂y

+ ε
∂F1(x, y)

∂y
+ ε2 ∂F2(x, y)

∂x
+ ε

∂F2(x, y)
∂y

+ . . . (10)

F(x) refers to any of the required quantities—displacement, stress, deformation, elec-
trical quantities. All functions Fi(x,y) are smooth in y and periodic in y, equal in magnitude
and opposite in sign on opposite sides of the cell. Let us imagine the desired quantities
and their derivatives in the form of Equations (9) and (10), substitute these expansions
into the original Equations (1)–(6), and put the coefficients at the same degrees of the small
parameter ε equal to zero. As a result, we obtain the following equations:

Equations of motion:

∂σ0

∂y = 0, ∂σ0

∂x + ∂σ1

∂y + ρdω2u0(x, y) = 0

∂σk

∂x + ∂σk+1

∂y + ρdω2uk(x, y) = 0, k = 1, 2, . . .
(11)

From the first formula of (11), it follows that σ0 = σ0(x), and this is accounted for in
the second equation of (11).
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Formulas linking displacement by strains are written as:

∂u0

∂y
= 0, e0 =

du0

dx
+

du1

dy
, ek =

∂uk

∂x
+

∂uk+1

∂y
, k = 1, 2, . . . (12)

From the first formula of (12), it follows that u0 = u0(x), and this is taken into account
in the second formula of (12).

Equations of state for metal layers have the form:

σk = Emek, k = 0, 1, 2, . . . (13)

Relations of electroelasticity for piezoelectric layers can be written as:

σk =
1

sE
33

ek − d33

sE
33

Ek
1, k = 0, 1, 2, . . . (14)

Electrostatic equations are given by:

φ0 = const, E0
1 = −∂φ1

∂y
, Ek

1 = −∂φk+1

∂y
, k = 1, 2, . . . (15)

In the piezoelectric layer, E0
1 is a constant value, and electrical potential φ is a linear

function of argument y; for the elastic layers, these values are absent. After satisfying
the conditions (5) on the electrodes of the piezoelectric layer, the electric potential is
φ = φ0 + εφ1 and electric field strength is E0

1.

φ = V
(

1 − ε
2Y
hp

+ ε
2y
hp

)
, E0

1 = −V
2
h

, Y =
h
ε

(16)

3. Effective Moduli and Equations of the Macroscopic Electroelastic State for Stack

We now integrate, with respect to local variable y, Equations (13) and (14) in the
interval of the periodicity of the cell, taking into account that the properties of the layer
materials are piecewise continuous functions:

Ey =

{
Em, 0 ≤ y ≤ hm/ε

1/sE
33, hm/ε ≤ y ≤ Y

, d33y =

{
0, 0 ≤ y ≤ hm/ε

d33, hm/ε ≤ y ≤ Y

εT
33y =

{
0, 0 ≤ y ≤ hm/ε

εT
33, hm/ε ≤ y ≤ Y

, Y =
hm+hp

ε

(17)

Then, the ratio of electroelasticity for the cell is written as:

σ0 = Ey

(
e0 − d33yE0

1

)
(18)

We divide this relation by Ey and integrate over y within the periodicity of the cell from 0
to Y. As a result, we obtain the averaged ratio of electroelasticity:

σ0 = Ẽ
(

e0 − d̃33E0
1

)
, D0

1 = s̃T
33E0

1 + d̃33σ0

Ẽ = h/
(
hpsE

33 + hm/Em
)
, d̃33 = d33hp/h, s̃T

33 = sT
33hp/h

(19)

Here, magnitudes with a wave form above Ẽ, d̃33, and s̃T
33 are the effective moduli.

Similarly, integrating the second equation of (11) within the periodicity cell, we obtain
the averaged equation of motion:

dσ0

dx
+ ω2ρ̃u0 = 0, ρ̃ =

hpρp + hmρm

h
(20)
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where ρ̃ is the material density averaged within the cell.
Integrating the second formula of (12) within the periodic cell, we obtain the relation

as in the theory of isotropic bars:

e0 =
du0

dx
(21)

Here, it is taken into account that the integrals with respect to y of periodic functions
∂σ1(x,y)/∂y are equal to zero.

Equations (19)–(21) constitute a complete system of equations describing the macro-
scopic behavior of the bar. They differ from the corresponding equations of the theory of
isotropic bars only in the sense of physical constants.

There is no need to derive a rapidly changing electroelastic state, since it is not required
in the theory of the sensor.

4. Analysis of Effective Moduli of Piezoelectric Stacks

A very important characteristic of the performance of piezoelectric elements is the elec-
tromechanical coupling coefficient (EMCC). It gives the ratio of the electrical (mechanical)
energy stored in the volume of a piezoelectric stack and is capable of converting to the total
mechanical (electrical) energy supplied to the stack. Generally speaking, determination of
EMCC is a difficult problem.

To evaluate EMCC, we will need an effective coupling coefficient formula for the
effective coupling coefficient k̃33:

k̃2
33 =

d̃2
33Ẽ
ε̃33

(22)

We have calculated and plotted the dependence of the effective characteristics of a
stack with PZT-8 piezoelectric ceramics [21] on the thickness of the electrode layer in the
stack. Figure 3 shows this dependence for the copper electrodes and Figure 4 shows similar
results for the silver electrodes.
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In Figure 3, the blue line corresponds to the thickness of the piezoelectric layer
hp = 0.001 m; the red line corresponds to the thickness of the piezoelectric layer hp = 0.002 m;
and the green line corresponds to the thickness of the piezoelectric layer hp = 0.003 m.

The plots in Figure 3 show that the effective elastic modulus of the stack increases
with increasing metal layers, since the elastic modulus of the copper is greater than the
elastic modulus of the piezoelectric ceramics. The EMCC decreases with the increasing
thickness of the metal layer.
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electrode is significantly less than the thicknesses of the piezoelectric and the adhesive
layers, so the electrodes can be ignored when calculating the effective modules. The
derivation of effective moduli for such a stack completely repeats the derivation for the
first type of stack. In this case, formulas for effective moduli can be obtained by replacing
the lower indices m with a in (17). In this case, the dependence of the effective moduli of
elasticity and the effective EMCC on the adhesive layer thickness is shown in Figure 5.

In Figures 3–5, the blue line corresponds to the thickness of the piezoelectric layer
hp = 0.001 m; the red line corresponds to the thickness of the piezoelectric layer hp = 0.002 m;
and the green line corresponds to the thickness of the piezoelectric layer hp = 0.003 m.

Figure 5 shows how both the effective modulus of elasticity and EMCC decrease with
the increasing thickness of the adhesive layer. Since the elastic modulus of the adhesive is
significantly smaller than the elastic modulus of the piezoelectric ceramics, the presence
of adhesive layers in the stack significantly reduces the effective elastic modulus and
effective EMCC.
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5. Electromechanical Coupling Coefficient (EMCC)

The most important property of piezoelectric materials is their ability to convert
energy: mechanical energy into electrical energy and vice versa. The electromechanical
coupling coefficient (EMCC) is widely used to evaluate the efficiency of energy conversion.
The generally accepted and understandable definition of EMCC is formulated as follows:
EMCC is the ratio of the energy capable of conversion to the total energy stored in the
deformed body. However, there is no single answer to how to find the energy that can
be converted. The definition of EMCC was studied deeply in the second half of the
20th century. Unfortunately, interest in the definition of EMCC has decreased recently.
That is why we will describe the derivation of the formula for calculating the EMCC,
using the results found in [22]. In our previous work [14], EMCC was calculated for a
simple piezoelectric bending strain sensor, and it was shown that it depends on the sensor
parameters. For a new piezoelectric sensor with increased efficiency and improved strength,
the derivation of the formula for EMCC is similar to that presented in the article [14]. Since
the effective properties of stacks are different from the properties of piezoelectric plates [14],
we will derive the formula for determining EMCC for our new high efficiency and strength
bending train sensor.

In [22], a study of various methods for calculating EMCC was conducted. One of the
most common formulas for calculating EMCC is written as follows:

k2
s =

U2
m

Ue Ud
(23)

where Ue, Ud, and Um are the elastic, electric, and interaction energy, respectively. The
EMCC in Equation (23) is designated as k2

s .
The results of article [22] prove that Equation (23) is applicable only for electroelastic

states as uniform states, and it is not suitable for electroelastic states changing in coordi-
nates and time. According to this formula, it is possible to determine only the tabular
characteristics of the piezoelectric material k33, k31, etc.

The second method for determining EMCC belongs to Mason. In Mason’s formula,
the resonant and antiresonant frequencies of vibrations of the piezoelectric element are
used to calculate EMCC:

k2
d =

ω2
a − ω2

r
ω2

a
(24)
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where ωr is the resonance frequency of the vibrations and ωa is the corresponding antireso-
nance frequency of the vibrations.

Note that Equation (24) gives the EMCC, denoted here as k2
d, for one vibration fre-

quency ω, contained in the interval from (ωr, ωa). It gives the values of EMCC for individual
specific values of the circular frequency ω. Due to its simplicity, Equation (24) is often used
in modern papers [23–27].

The most general formula for calculating EMCC is the following [22]:

k2
e =

U(d) − U(sh)

U(d)
(25)

Here and in the future, the values with the upper indices (sh) and (d) refer to problems with
short-closed and open electrodes, respectively. In this way, U(d) is the internal energy of
the piezoelectric element with disconnected electrodes and U(sh) is the internal energy for
the element with short-circuited electrodes.

In [22], it is shown that this equation is applicable to any problem of statics and
dynamics. Note that the calculation of EMCC ke is a complex problem. To determine ke,
three problems must be solved. The first problem is to determine the electroelastic state
of the original problem. In the second problem, we calculate the internal energy of the
piezoelectric element with disconnected electrodes U(d). The condition on open electrodes
is written as: ∫

S

D(d)
3 ds = 0 (26)

where s is the surface of the electrode and D(d)
3 is the component of elastic induction vector

normal to the electrode surface.
In the third problem, the internal energy for a piezoelectric element with short-circuited

electrodes must be determined. When solving the second and third problems, it is assumed
that the deformations from the original problem are known.

For the conditions of short-circuited electrodes, the electric potential φ(sh) must
be zero:

φ(sh) = 0 (27)

Note that the equation for calculating the EMCC (25) is applicable for any problem.
The energy method of determining the EMCC was discussed previously in [22]. In the
case of a uniform state, the values of ke coincide with the values of ks; near resonances ke
coincides with kd.

We will use Equation (25) for our new high efficiency and strength bending strains
sensor. The equations for the stacks use the effective coefficients found above. Below are
the equations for the first type of stacks obtained by sintering.

Electric current in the case of vibrations with a circular frequency ω is calculated by
the following equation:

I = −iω
∫
Ω

D3,0dΩ = −iωΩ

[
−2V

h2
ε̃T

33

(
1 − k̃2

33

)
+ (z2 + z1)

ε̃T
33k̃2

33

2d̃33l
dw0

dξ

∣∣∣∣
ξ=1

+
d̃33

s̃T
33

u0|ξ=1

]
(28)

Since the quantities U(d) and U(sh) are even functions of the variable x3, we will
calculate U(d) and U(sh) only for the values x3 ≥ 0. The superscripts (±) should be omitted
from the equations.
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In the case of open electrodes, the following equations hold true:

D(d)
3,0 = 0, E(d)

3,0 = − 2V(d)

hp
+ (h + he)

k̃2
33

2(1−k̃2
33)

1
d̃33

e1,1 = 0,

V(d) = (h + he)hp
k̃2

33
4(1−k̃2

33)
1

d̃33
e1,1, E(d)

3,1 = − k̃2
33

1−k̃2
33

1
d̃33

e1,1,

σ
(d)
1,1 = − 1

s̃T
33

1
1−k̃2

33
e1,1, σ

(d)
1,0 = 0.

(29)

For the case of short-circuited electrodes, the following equations apply:

V(sh) = 0, E( sh)
3,0 = (h + he)

k̃2
33

2(1−k̃2
33)

1
d̃33

e1,1, D( sh)
3,0 = (h + he)

k̃2
33
2

ε̃T
33

d̃33
e1,1,

E(sh)
3,1 = − k̃2

33
1−k̃2

33

1
d̃33

e1,1, σ
(sh)
1,1 = 1

s̃T
33

1
1−k̃2

33
e1,1,

σ
(sh)
1,0 = −(h + he)

k̃2
33

2(1−k̃2
33)

1
s̃T

33
e1,1

(30)

Using Equations (29) and (30), obtained above, we present the expressions for the
internal energy of the sensor with open electrodes U(d) and its internal energy in the case
of short-circuited electrodes U(sh):

U(d) =
∫
V

γσ
(1)(d)
1 γe(1)1 dv + U(e) =

(
h3 − h3

e
)

3(1 − k2)

e(1)
2

1
s̃T

33
+ U(e)

U(e) =
∫
V

γσ
(1)(e)
1 γe(1)1 dv =

h3
e

3
Ee(1)

2

1

(31)

U(sh) =
∫
V

[(
σ
(0)(sh)
1 + γσ

(1)(sh)
1

)
γe(1)1 +

(
E(0)(sh)

3 + γE(1)(sh)
3

)
D(0)(sh)

3

]
dv + U(e)

=
1

1 − k2
e(1)21
s̃T

33

(
−
(
h2 − h2

e
)
(h + he)k2

2
+

h3 − h3
e

3
+ hp

(h + he)
2k2

4

)
+ U(e)

=
1

1 − k2
e(1)21
s̃T

33

(
−hp

(h + he)
2k2

4
+

h3 − h3
e

3

)
+ U(e)

(32)

Finally, the EMCC ke can be evaluated using Equation (25)

k̃2
e =

U(d) − U(sh)

U(d)
=

3
4

k̃2
33

hp(h + he)
2

h3 + h3
e
(
Es̃T

33 − 1
) (33)

Using Equation (33), we calculate EMCC for the new high efficiency and strength bending
strain sensor.

6. Equations for Calculating Bending Deformation Based on the Experimentally
Measured Difference in Electric Potential on the Sensor Electrodes

In our previous paper [14], for a classic bending strain sensor, a detailed derivation
of the equations for calculating the strain from the measured electrical signal and EMCC
is given. The derivation of the main results for the modified sensor is performed in
exactly the same way here. The equations for the sensor of the first type (the stacks of this
sensor are obtained by sintering piezoelectric ceramics with metal electrodes) are written
out by analogy, replacing the physical constants in the formulas of the paper [14] with
corresponding effective moduli. The bending deformations κ for an arbitrary dependence
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of the stress-strain state of a body on time can be determined in accordance with the follow
equation:

dκ

dt
=

2d̃33

k̃2
33(h + hm)

(
VY

ε̃T
33Ω

+
2
hp

dV
dt

(
1 − k̃2

33

))
(34)

In the case of harmonic vibrations of a deformable body according to the law e−iωt (ω
is the circular frequency of vibrations), Equation (23) takes a simpler form:

κ =
2V
hp

d̃33

k̃2
33(h + hm)

i
Yhp

ε̃T
33ωΩk̃2

33

+
2
(

1 − k̃2
33

)
k̃2

33

 (35)

All quantities on the right-hand sides of Equations (34) and (35) are known. Therefore,
using the difference in electric potential V measured by the voltmeter on the sensor elec-
trodes, we can calculate the bending deformation component k using Equations (34) or (35).

One of the characteristics of Lord Kelvin strain gauges is the sensitivity coefficient,
which is defined as the ratio of the relative change in the resistance of the sensor conductor
to the relative deformation of the sensor (the sensor is considered as a one-dimensional
element). Note that the sensitivity of the Lord Kelvin sensor is a small value.

The sensor proposed in the article is an effective energy converter, so we will consider
the EMCC as a measure of its sensitivity. The EMCC shows what amount of mechanical
energy of the sensor, as a result of sensor deformation, is converted into electrical energy
as a result of the direct piezoelectric effect. For a sensor based on the use of piezoelectric
stacks, the sensitivity exceeds 0.5 (50%).

7. Determination of Bending Components of Deformations at a Point on the Surface of a
Structure Based on Sensor Socket Readings

The bending deformations on the surface of the structure being studied are described
by three strain components: tensor, κxx, and τxy. Torsional deformations cannot be mea-
sured by a sensor, since sensors only measure κxx and κyy and do not respond to torsional
deformations.

In this case, proceed as follows: at a point on the body, measure deformations κA, κB,
and κC in three directions at angles βA, βB, and βC relative to the x-axis (Figure 6).
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The equations for transforming deformations when rotating coordinate axes have the
familiar form:

κA = κxx cos2 βA + κyy sin2 βA + τxy sin βA cos βA,

κB = κxx cos2 βB + κyy sin2 βB + τxy sin βB cos βB,

κC = κxx cos2 βC + κyy sin2 βC + τxy sin βC cos βC.

(36)
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For given angles βA, βB, and βC, and known results of strain measurements κA, κB, and κC,
components of the strain tensor in the Cartesian coordinate system (κxx,κyy, and τxy) are
found by solving the system of Equation (30).

To determine the torsional deformation, the following equation is used:

γxy = 2κB − κA − κC (37)

The principal deformations κ1 and κ2, as well as their directions, are calculated using
the following equation:

κ1 = 1
2
(
κxx + κyy

)
+ 1

2

√(
κxx − κyy

)2
+ τ2

xy,

κ2 = 1
2
(
κxx + κyy

)
− 1

2

√(
κxx − κyy

)2
+ τ2

xy,

2β = arctg
(

τxy

(κxx−κyy)

)
.

(38)

where β is the angle of inclination of the strain κ1 to the axis x.
Based on the main values of deformation κ1 and κ2, we determine the stress on the

surface and the maximum torsional stress at the point:

σ1 =
E

1 − ν2 (κ1 + νκ2), σ2 =
E

1 − ν2 (κ2 + νκ1), τmax =
σ1 − σ2

2
, (39)

where E is the elastic modulus and ν is Poisson’s ratio.
The most commonly used arrangement of strain gauges is in the form of a delta socket

(Figure 7).
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Figure 7. Delta socket.

For a delta socket, the sensor directions are characterized by the following angles:
βA = 0, βB = 60◦, and βC = 120◦.

The main deformations κ1 and κ2 and their orientation relative to the x-axis and angle
β are determined in accordance with the following equation:

κ1 = κA+κB+κC
3 +

√(
κA − κA+κB+κC

3

)2
+
(

κB−κC√
3

)2
,

κ2 = κA+κB+κC
3 −

√(
κA − κA+κB+κC

3

)2
+
(

κB−κC√
3

)2
,

β = arctg (κB−κC)/
√

3
κA−(κA+κB+κC)/3 .

(40)
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Torsional voltages for the delta socket through sensor readings κA, κB, and κC are
determined by the following equations:

σ1 = E

[
κA+κB+κC

3(1−ν)
+ 1

1+ν

√(
κA − κA+κB+κC

3

)2
+
(

κB−κC√
3

)2
]

,

σ2 = E

[
κA+κB+κC

3(1−ν)
− 1

1+ν

√(
κA − κA+κB+κC

3

)2
+
(

κB−κC√
3

)2
] (41)

8. Conclusions

This paper builds a mathematically sound model of a new modified piezoelectric
sensor of bending deformations. The new sensor uses the best energy converters of
the present time—piezoelectric stacks. Piezoelectric stacks have been applied in a large
variety of domains, including optoelectronics, aerospace science and technology, MEDTEC,
precision metrology, etc. [19,23–30]. The advantages of piezoelectric stacks are their: fast
response, high acceleration rates, high power generation, compact design, high mechanical
power density, and low power consumption.

Stacks are usually used as actuators. We have applied them in strain sensors.
Using piezoelectric sensors to determine strain is very simple: first, measure the

electrical signal from the sensor electrodes (experiments are described in [14]), then calculate
strains based on the measured electrical signal. For example, for a modified sensor of type 1,
bending strains should be determined using Equations (34) and (35). It is very important to
have the correct equations to calculate strains. If the equations are incorrect or the effective
moduli are obtained incorrectly, strains will be determined incorrectly, and the results of the
experiment will be erroneous. We use modern mathematics to obtain the correct effective
moduli and Equations (34) and (35).

Bending strains can be experimentally determined not only by new piezoelectric
sensors of bending strains, but also by other experimental methods. Let us discuss the
advantages of piezoelectric sensors compared to the following methods of determining
bending strains:

- brittle strain-sensitive coatings: deformations are determined by the formation of
cracks during deformation.

- The Moire fringe method (Moire method) is based on the occurrence of interference
fringes, which are geometric locations of equal displacements. The method uses
dividing Moire images, recorded either by photogrammetry or by digital recording.
The grid is deformed together with the body under study, and measurements are
carried out using a microscope.

- Optically sensitive coatings: measurements are carried out only on the surface acces-
sible for observation. Coatings are made of transparent, optically sensitive material
1–3 mm thick.

- Holographic interferrometry using a laser allows measuring displacements in three-
dimensional structures. The method is applicable for precise measurements of small
displacements of surface points under mechanical, thermal, and other loads, for
studying vibrations of objects and recording structural changes in materials during
mechanical testing.

- Polarization: the optical method allows finding strain and stress fields for objects
made of transparent materials.

With all their advantages—a well-developed theoretical basis, with good measure-
ment accuracy–these methods of measuring bending deformations are not suitable for
long-term observations, since they require additional equipment, and the results of their
measurements require complex processing with the personal participation of a specialist
and only allow determining the desired values at one fixed point in time. For example, the
use of brittle coatings allows you to find areas of destruction of the coating of the structure
under high stresses or displacements only once; it is difficult to imagine a structure whose
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stress-strain state is monitored for a long time by the holographic interferometry method
using numerous lasers at different points of the structure; to use the polarization—optical
method, the object under study must be made of a transparent material, etc.

In the case of a thin-walled structure, the change in curvature can be measured by
placing two parallel sensors on the opposite structure’s faces. These sensors should be
positioned at points where the normal to the middle surface intersects the faces. The
bending strain is calculated based on the difference in longitudinal strains recorded by the
sensors. However, in practical scenarios, this approach is often difficult to implement. For
example, it may be impossible to measure strains on the inner surface of a nuclear reactor
or the outer surface of a dome covered with snow or ice, or even a waterproofing layer, etc.

Piezoelectric sensors are ideal for long-term observations of the stress-strain state
of a structure, and there are no restrictions on the number of sensors used. Proof of the
reliable operation of piezoelectric elements and especially piezoelectric stacks is their many
years of operation in electronics, robotics, generators, actuators, and combined systems,
from lighting technology to high-precision industrial systems, which confirms the status of
piezoelectric material as one of the most promising materials of our time.

As is known, piezoelectric sensors are effective, easy to use, and cheap. Sensors
that use piezoelectric stacks are significantly more expensive than sensors with simple
piezoelectric elements. But sensors that use piezoelectric stacks have several excellent
advantages, including increased efficiency and good strength properties. We especially
recommend using them in important and responsible structures.

Let us note the special achievements of the article:

- to calculate the effective characteristics of piezoelectric stacks with a periodic structure,
we applied a modern mathematical method—the averaging (homogenization) method;

- we replaced the piezoelectric plates in the first piezoelectric bending strain sensor [14]
with piezoelectric stacks and received a new high efficiency and strength bending
strain sensor;

- previously used tangential strain sensors, together with our new bending strain
sensors, allow us to determine all components of the strain tensor at any point on the
surface of the structure under study. Since piezoelectric sensors are simple and reliable
to use and do not require additional energy sources, the properties of the sensor
materials are stable, and they will fit perfectly into BIM construction technologies,
both at the design stage and at the operation stage, at all stages of the life cycle of
a construction site. In addition, they are indispensable in creating digital twins of
construction site. The increased reliability of the proposed piezoelectric composite
sensor with stacks, as well as the accuracy and stability of deformation measurements
by such a sensor, ensures an increase in the mechanical safety of building structures
due to an increase in the efficiency of their monitoring.
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