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Abstract

In a recent paper, Kim and Nakada proved an analogue of Kurzweil’s theorem for inhomogeneous
Diophantine approximation of formal Laurent series over finite fields. Their proof used continued
fraction theory and thus cannot be easily extended to simultaneous Diophantine approximation. In this
note, we give another proof which works for simultaneous Diophantine approximation as well.

1 Introduction and Result

We start by fixing some notation which we are going to use throughout this work. First, let F, denote
the finite field with ¢ elements. Moreover, denote by F,[T] the polynomial ring and by

Fo(T™N) ={f=anT" +an1T" ' +--- : a; €Fy,n € L}

the field of formal Laurent series.
For a formal Laurent series f = a, 1" + an_1T" 1 + - -, we define its fractional part { f} by

{(fy=a 1T ' +a T2+,

and its valuation by |f| = ¢9°¢7, where deg f is the generalized degree function. It is straightforward
to prove that | - | satisfies the ultra-metric property, i.e., | f — g| < max{|f|, |g} forall f,g € F,((T~1))
with equality whenever | f| # |g|. This property implies that balls, which we denote by

B(f;q™") ={g € Fo((T™) : g~ fl <™},

are either disjoint or contained in each other.
Next, let

L={feF,((T7") « |fl <1}.

Restricting the valuation to this set gives a compact topological group. Hence, there exists a unique,
translation-invariant probability measure (the Haar measure) which we are going to denote by m.

In several recent papers, the following inhomogeneous Diophantine approximation problem was
investigated: for f, g € IL consider

1Qf} =9l < . Q € Fy(T].deg @ = m, 1)



where [, is a sequence of non-negative integers. One is interested in the number of solutions in () of
(1). Three situations have been studied: (D) f and g are both random; (S1) g is fixed; f is random,;
(S2) f is fixed; g is random. The first case is called the double-metric case and the other two cases are
called single-metric cases.

We are going to recall some previous results concerning the number of solutions of (1). First, in
all three cases, it follows immediately from the Borel-Cantelli lemma that the number of solutions
is finite almost surely whenever Y~ ¢~ converges. Moreover, in the double-metric case and the
single-metric case (S1) it was proved By Fuchs [2] and Ma and Su [7] that divergence of the latter series
entails that the number of solutions is infinite almost surely. Interestingly, the same result does not hold
for the single-metric case (S2). More precisely, for some functions f, the number of solutions remains
finite almost surely even for sequences /,, for which ano ¢~ '" = co. This then raises to question
of characterizing those f where the convergence or divergence of >, - ¢! determines whether the
number of solutions is finite or infinite almost surely. -

To this end, we define the following set

o0
W={felL : Vi, with Z ¢~ = o0, (1) has infinitely many solutions for almost all g.}

n=0

A characterization of this set was given in a recent paper by Kim and Nakada [4], their result being
an analogue of Kurzweil’s theorem from the real case. In order to state the result, we need a notation:
f € Lis called badly approximable if there exists a ¢ € N such that for all Q) € F,[T'] with deg Q = n,

we have
1

qn—i-c :

H{Qf} >

Then, Kim and Nakada proved the following result.

Theorem 1 (Kim and Nakada). We have,
W ={f €L : fisbadly approximable}.

As for the proof of the above result, Kim and Nakada used continued fraction theory. Hence, their
proof is not easily extended to simultaneous Diophantine approximation. It is the purpose of this note
to give another proof which works for simultaneous Diophantine approximation as well. Our new
approach combines ideas of Kurzweil’s original proof [6] and Kim and Nakada’s approach from [4].

In order to state our result, we need further notation. Therefore, fix non-negative integers r and
s. Then, we denote by F,[T]" the r-th fold Cartesian product of F,[T] and by F,((T~1))" the r-th
dimensional vector space over F,((7~1)). Throughout this work, vectors will always be row vectors
and will be denoted by bold, lower-case letters.

Letf = (f1,..., fr) € Fo((T71))" be a vector. Then, we define its fractional part by

{f} = ({f1}7 .- 7{f7“}>

and its valuation ||f|| = ¢ = maxj<j<r | fi|, where deg f = max;<;<, deg f;. Note that | - || again
satisfies the ultra-metric property and balls

B(f;q ") ={g € F((T7))" : g —fll <a™}

deg f

are again either disjoint or contained in each other.

Finally, we let " denote the r-th fold Cartesian product of I which we equip with the product
measure of I (also denoted by m). Note that due to Tychonov’s theorem, IL." is again a compact
topological group and hence the product measure is the unique Haar measure.



Now, we consider the following extension of (1): for A € ."*® and g € IL° consider
1 T
[{aA} —gll < PESET q € Fy[T]", degq = n, (2)

where [,, is a sequences of non-negative integers. Again, one has three cases: (D) A and g are both
random; (S1) g is fixed and A is random; (S2) A is fixed and g is random.

In this note, we are interested in case (S2). We mention in passing that similar results as in the
one-dimensional case have been proved for the double-metric case and the single-metric case (S1) by
Kristensen in [5]. So, the only case which has not been studied yet is (S2). In this case, we again have
from the Borel-Cantelli lemma that if Y, ., ¢~ is convergent, then the number of solutions of (2) is
finite almost surely. As for the other direction, we again define the set

oo
W,s ={AeL™ : VI, with Z ¢ "% = 00, (2) has infinitely many solutions for almost all g.}
n=0

We need the following notation: A € IL."*% is called badly approximable if there exists a ¢ € N such
that for all q € IF,[T]" with deg q = n, we have

1
H{qA}H > W 3)

Then, our main result is the following extension of Theorem 1.

Theorem 2. We have,
W, s ={A L™ : Ais badly approximable}.

The structure of the paper is as follows: in the next section, we will collect a couple of results which
are needed in the proof of Theorem 2. The proof of Theorem 2 is then presented in Section 3.

2 Some Preliminaries

Throughout this section, let A € I."** with

fin fiz o fis
A f2',1 f2',2 f2‘,s
fr,l fr,Q e fr,s

We first recall the higher-dimensional version of Dirichlet’s theorem.

Theorem 3. The following diophantine inequality
1 T
{aA} || < J= € Fo[T]",degq =n

has infinitely many solutions.

Proof. This is proved as in the real case. |
Next, we need the the following result.

Lemma 1. If AuT € F,[T]" for some u € F,[T|® with u # 0, then A is not badly approximable.



Proof. Letu = (Uy, ..., Us) with U; € F,[T] and assume w.l.o.g. that Us # 0. From the assumption,
we obtain that
AuT = (Vp,..., V)T

with V; = ijl fi’jUj S Fq[T].
Next, denote by A’ the matrix A with the last column removed. Then, by Dirichlet’s theorem,

H{ad'}|| < ¢ 51, q e Fy[T]" degq = n
has infinitely many solutions. The latter is equivalent to

’Qlfl,l + Q2f271 + .o+ Qrfr,l o Pl‘ < q_L£J7
’Qlfl,? + Q2f2’2 4+ .-+ Qran _ PQ‘ < q—LS7LT1J7

’Qlfl,s—l + Q2f2,s—1 + .04 Qrfv",s—l N Ps—l‘ < q_L%J

has infinitely many solutions in Q1, ..., Q,, Pi, ..., Ps_1 with max;<;<, deg Q); = n. Multiplying by
Us and setting Q) = UsQ;,1 < i < r and P]f = UsP;,1 < j < s—1implies that

Q1 fr1+ Qhyfor+ -+ QLfr1 — Pl| < q—L%J—q’
Q1 f12+ Qofoo+ -+ Qfra— P3| < q—L:%qJ—cl’

| “)
|Q/1f1,5—1 + Q’2f275_1 4ot Q;«fr,s—1 _P < q_L;%J—Cl

has infinitely many solutions, where maxi<;<, deg Q; = n' and ¢; is a suitable constant.
Now, fix a solution of the latter system and observe that

UsQllfl,s + UsQl2f2,s +--+ UsQ;fr,s

— Z(VL — Ulfi,l — = s—lfi,s—l)Qg

=1
T s—1 s—1
= ViQ, = Ui Qi fri+ e+ Qufrg — P =Y U,
i=1 j=1 j=1

Rearranging yields

r s—1 T s—1
Usd Qifis+ Y UiPj=> ViQi=—=> Us(Qifij+ -+ Qfrj— P}
i=1 j=1 i=1

j=1

Hence,

r s—1 T
Us > Qifis+ > UiPi = > ViQ;
i=1 j=1 i=1

where the last line follows from (4) and ¢5 is a suitable constant. Dividing both sides by |U,| gives

< max ‘UjHQllfl,j + -+ erfnj — PJI‘ < q_LﬁJ—Q’
1<j<s—1

s—1

Us ’

r s—1 Dl r oY ,
S Qfy o 2t U i VOt
=1
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where c3 is a suitable constant. Note that Us|Q},1 < i < r and US]P;7 1 < j < s—1 and hence

o SOUP - T,
Us

is a polynomial. Overall, we have proved that

Q1 fris + -+ + Qpfrs +T| < g 7117,
So, we can add this equation to (4) and the resulting system still has infinitely many solutions. This in
turn yields that if we set ' = (QY, ..., Q) ) and ¢4, = min{cy, cs}, then
' A} < ¢~ 17 o € Fy[T]", degq = n (5)

has infinitely many solutions.
The latter, however, implies that A is not badly approximable because otherwise (3) would hold
which clearly contradicts (5). Hence, the proof is finished. |

Remark 1. In the real case, a matrix A is badly approximable if and only if AT is badly approximable
(see Theorem VIII in [1]). If the same is true for formal Laurent series as well (which we expect), then
Lemma 1 would follow from this as a simple consequence.

For the final two results of this section, assume that A is badly approximable, i.e., (3) holds.
Lemma 2. The set {{qA} : q € Fy[T]"} is dense in L.
Proof. Fixn € Nand g = (g1, ...,9s) € L° with
i =gVT " +gT 2+
We have to show that there exists a q € F,[T']" with
{aA} —gll <q¢™" (6)

In order to do so, we reformulate (6) as a solvability problem for a system of linear equations. There-
fore, letq = (Q1, ..., Q) with

Qi =al’ + a7+ +aQ)TV
andforl <i<randl1<j<s

fi,j — fli:j)Tfl + f2(i7j)Tf2 4.

Moreover,
W\ I o\
) ST e
for1 <i<randl < j <s. Finally, set
u \ ' Arp Arg oo A vi\ '
u— 11.2 ’ A — A'Q,l A2,2 Az,s R V2
ll.r A‘n A;“Q A;‘s V.s

)



Then, (6) has a solution if and only if the system of linear equations uA’ = v has a solution u.
In order to show that the latter system is solvable, it suffices to show that rank(A’) = ns for N

large enough. Assume that this is wrong. Then, there exist i, . . . , ai,s not all 0 with
1,1 1,1) ,(2,1 2,1 1 1
an (F00, o S FED, B0 A, )
1, 27 )
+ ot Qs <f7(1175)7 trey ](\[jy)pf72278)a N 7f](\7:7)17 s 7f7(zr75)7 N 7f](\;1—i7)1) =0. (7)
If we now set u = (U, ..., Us) with

Ui=o1 +aT + -+ OznTn_l,
Uy = apy1 + anpoT + - + g, T,

Us = Qp(s—1)+1 + an(s—1)+2T +oee ansTn_ly
then (7) can be reformulated as
{fialUi+ -+ fisU < g V7!

for 1 < i < r. This in turn gives that
lAuT] < ¢~ )
Now, since A is badly approximable, Lemma 1 implies that || AuT|| > 0. Consequently, since there are

only finitely many possible choices of u (since n is fixed), (8) becomes wrong if N is large enough.
This gives a contradiction and hence our result is proved. |

Lemma 3. Let E C L* and assume that E is invariant under the action - + {qA} for all q € F,[T]".
Then, m(E) =0o0rm(E) = 1.

Proof. First, recall from the introduction that IL® is a compact topological group and m is its Haar
measure.

Now, assume that m(E) > 0. We have to show that m(E) = 1. In order to do so, we use
Lebesgues’s density theorem for compact topological groups (see Remark 5 on page 268 in [3]): for all
€ > 0, there exists a d € Z with

m (E NB (g; q’d))

/ m (B (g;¢ %))

where y g denotes the indicator function of E. The latter implies that

/ <1 _m(ENB (g q_d))> dm < em(E).

m (B (g;q )

xe(g) — dm < em(E),

Hence, there exists a g € .° with

B m(EﬂB(g;q’d)) .
m (B (g;q¢~ %))

m (E NnB (g;q‘d)) > (1—em (B (g;q‘d» :

Since F is invariant under the action - + {qA} and m is translation-invariant, we obtain
m (B0 (B (ga") +{ad})) > (1= m (B (g:a7) + {aa})

for all q € F,[T]". This together with Lemma 2 clearly implies that m(E) > 1 — € and since this holds
for all € > 0, we have m(E) = 1 as desired. |

and consequently,



3 Proof of the Main Result

In this section, we will prove Theorem 2. We will start with the case where A is badly approximable.
For the next two results again assume that A satisfies (3).

Lemma 4. Ler g € L® and d > 0. Then, the number of q € F,[T|" with degq < N such that
{qA} € B(g;q~?) is at most max{qNrTes=ds 1}

Proof. First, fix q,q’ € Fy[T]" with deg q,degq’ < N. Then, since A is badly approximable, we have

dcg(q*ql)w

I{aA} — (@' A} = (@ - )A}| = g L5 e 5 g 1%,

. . . . Nz
This means that the distance between any two points {qA} and {q’ A} is at least ¢ L= 17¢,
Now, we consider two cases.

Case 1. If qu%ch > g%, then there is at most one point in B(g; ¢~%).

— &) —c —d . . C—dy
Case 2. If ¢ s < ¢~ %, then the number of points in B(g; ¢~ ) is at most

—d\$
(q ) < Nr+cs—ds
( *LMJ*C> 5 >4 :
q £
Hence, our claimed result is proved. |

Lemma 5. Let I, be a sequence with ), -, q "% = occ. Then, forall k > 0

™ [j U B({adkq %) >qcs1+1-

n=k degq=n

Proof. We first exclude the case ¢ = 2 and r = 1.
Let I/, = max{l,,c+ 1}. Then, ", -, ¢~* = co. We will use proof by contradiction. Therefore,
assume that the claim is wrong. Hence, there exists a kg > 0 such that for all N > kg, we have

N
m{ U U B(faake 5 0) | =g, ©

n=ko deggq=n
Next, define the following set

N
LN:{degQ=N aare J U B({daye 5

n=ko degq’'=n
N—-1 ,
\J U B ({Q’A}; q_L?Hn> }
n=ko deg q'=n
Our first goal is to estimate the cardinality of L. Therefore, set
N-1
U U B({dake ™) =B (faaka™)
n=ko deg q'=n %

where the B({q}A}; g~%) are disjoint for all 5. Then, from (9),

¢ >m NU1 U B ({q’A};Q’L%J’@ =m <UB ({qéA};qdﬂ) => g

n=ko degq’'=n 7



Using Lemma (4) implies that the number of q with deg q < N such that {qA} € U, B{d}A}; ¢~ %)

is at most
Z max {qu—ﬁ-cs—dis’ 1} — max {qu—‘rcs Z q—dis’ qNT} _ qNT'
7 7

Hence, the number of elements in L is at least

q(N—l-l)r - qu - qu _ qu(qr - 2) _ qur’

where d > 0 is a constant.
Next, we claim that

U B <{qA}; q_L%H?V)

q€ln

QG U B(*{q’A};q‘LTJ—l?)\NJ U B({Q'A};Q_L%J_l%)' (10

n=ko deg q’=n n=ko deg q’=n

In order to show this, fix a q € Ly and assume that there exists a ' with deg q' = n < N such that
B ({qA};q’L%J’”V) nB ({q’A};q’L%J’”) # 0.
Since we know that {qA} & B({q'A}; ¢~L= /=), we obtain that
B ({d/Ayq 7)€ B ({ad}ia 15 )

and hence {q'A} € B({qA}; q_L¥J_l/N). The number of g with degq < N and {qA} belonging to
the latter set is, however, at most

max {qNTJrcsf(L%jJrlg\,)s, 1} < max {q(c—ﬁ-l)s—l}vs’ 1} -1

This gives a contradiction and hence (10) is established.
Finally, we claim that the balls appearing on the left-hand side of (10) are pairwise disjoint. There-
fore, consider q1,qo € Ly with

B ({aid}:q57) 0 B ({apd)ig 7)) 20,
Thus, these two balls are equal and hence
Nr|_
a1 A} — {aeAY | = [{(a — az) A} < ¢ L5,

Now, as above, the ball B(0; q_L%J_”V) contains at most one point {qA} with degq < N. Conse-
quently, q; = g2 and our claim is proved.
Now, from (10) and the latter claim, we obtain

m< L]j U B({Q’A};qtnf“il))

n=ko degq’'=n

= m NJ U B({Q'A};Q_L%J‘l%) +m | U B({qA};q—L%—l?v)

n=ko degq’=n q€Lly

2 m NJ U B<{q’A};q‘L%J‘*) +quT<q—L%J—13v)S

n=ko degq’'=n

N—-1
>m| U U B({dAhg 50 | 1 ag e

n=ko degq’'=n




Iterating yields

N N

m( U U B ({Q'A};qtnf“il)) >dy g
n=ko degq’'=n n=ko

v

nS

Since ), -, ¢ "»® = oo this gives a contradiction when N is large enough.

Now, what is left is to consider the case ¢ = 2 and » = 1. Here, we note that since ) _, - q_lits =

o0, we have either 37 ¢ %% = 0o or 3, 5, ¢ 2n+1® = co. W.lo.g. assume that the first case

holds. Then, the same proof as above can be used with the only difference that instead of Ly, we
consider

2N
Loy = {degq =2N : {q4} € U U B ({q’A};q_L%J—l%>

n=ko deg q’=n
2N-2
vJ U B ({Q'A};Q*LTJ*Z“) }
n=ko degq’'=n

Details are straightforward and we leave them to the reader. |
Now, we can prove one half of Theorem 2.

Proposition 1. Ler A € ."*° be badly approximable. Then, for all sequences l,, with ano g s =
oo, we have that (2) has infinitely many solutions for almost all g € 1.°.

Proof. Consider
o0 (0.9}
e=UJ U B ({qA}; q_LTH”> :
k=0n=k degq=n
Then, we have for all g € L° that g € F if and only if (2) has infinitely many solutions. Moreover,
Lemma 5 implies that m(E) > 0. Since E is invariant under the action - + {qA} for all q € F,[T]",
the latter and Lemma 3 yields m(FE) = 1 which is the desired result. |

In order to conclude the proof of Theorem 2 what is left is to consider the case where A is not badly
approximable.

Proposition 2. Let A € 1L"** be not badly approximable. Then, there exists a sequence l,, with
Y >0 g% = oo but (2) has only finitely many solutions for almost all g € 1L°.

Proof. First, since A is not badly approximable, there exists a sequence q; = (Qgi), cee Qﬁ«i)) e F,[T]"
with deg q; = n; and n; increasing such that
_ L (ni+i)rJ i

H{ai A}l < ¢

Now, define ¢ty = 0 and ¢; = n; + ¢ for all :. Moreover, for n with t;_1 < n < t; set

L (ti —n)r
Note that [,, is a sequence with
oo o0 oo
DTRLEED DYREEES YRS S
n>0 i=1 i=1 i=1

Next, assume w.l.o.g. that ¢"' = ||q;|| = ]Qgi)]. We claim that

U U s <{qA};q‘L%J‘l") clUs ({qu};q—L%Hz) ’

t;—1<n<t; degq=n



where the second union runs over all ' = (Q}, ..., Q,) with
Q11 < g™ Q5 < g Q] < g
In order to show this, fix q = (Q1,...,Q,) with t;_1 < degq = n < t;. Using division with
remainder gives a P € F,[T] with |Q; + PQgi)| < ¢™~L. Note that | P| < ¢%~'=™. Now set
d = (Q+PQ{",....Q + PQY).

Then,
N /L IRz
I{aA} — {d'A}|| < [P|[{aA}| < g~ L=t = g7,
Also, note that

nr nr (t;—n)r nr (t;—n)r tir
— | »T 7ln _ PR I LY A 2 _nr__ 1% 2 | 2
R i P L)

Consequently,
_|nri_y / —Ltl'—errQ
B ({qA};q L] ") CB <{qA};q : )
which proves the claim.
In order to conclude the proof, observe that the claim implies

ml U U B({qA};qﬂ%J—zn) < L s riti(e1) o

ti—1<n<t; degq=n
Hence,
o (o, ¢] )

>m|l U U B ({qA};q*L?H”) < ¥ < oo

=1 ti—1<n<t; degq=n =1
The Borel-Cantelli lemma now implies that for almost all g € L.®

ge | U B ({qA}; q’L%H”)
t;i—1<n<t; degq=n

for only finitely many n which proves the desired result. |
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