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Geometric Words
Words: w1 - - - wy, with w; € N.
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Geometric Words

Words: w1 - - - wy, with w; € N.

Random model:

w; are independent and geometrically distributed with success probability
p, i.e.,
P(w; = £) = pg' 1, €N,

where ¢ :=1 —p.
Such words are called geometric words.

Studied because related to:

@ Approximate counting;

o Digital trees
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|
(Some) Previous Work

o Left-to-right maxima

Archibald & Knopfmacher (2007, 2009); Bai & Hwang & Liang
(1998); Brennan & Knopfmacher & Mansour & Wagner (2011);
Knopfmacher & Prodinger (2001); Oliver & Prodinger (2012);
Prodinger (1993, 1996, 2002, 2006, 2012)
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(Some) Previous Work

o Left-to-right maxima

Archibald & Knopfmacher (2007, 2009); Bai & Hwang & Liang
(1998); Brennan & Knopfmacher & Mansour & Wagner (2011);
Knopfmacher & Prodinger (2001); Oliver & Prodinger (2012);
Prodinger (1993, 1996, 2002, 2006, 2012)

o Maximum value

Bruss & O'Cinneide (1990); Eisenberg (2008); Prodinger (2012)

@ # of times the maximum occurs

Kirschenhofer & Prodinger (1998)

Other parameters: # of different letters, missing letters, gaps,
inversion, ascends and descends, runs, etc.
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Left-to-Right Maxima

Ly, =# of left-to-right maxima of a geometric word.
Q:=1/q.
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Left-to-Right Maxima

L,, =7 of left-to-right maxima of a geometric word.

Q:=1/q.

Theorem (Prodinger; 1996)
We have,

E(Lyn) ~ ploggn + ®1(loggn) and Var(L,) ~ pqloggn + ®a(logg n),

where @1, ®o are 1-periodic functions.
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Left-to-Right Maxima

L,, =7 of left-to-right maxima of a geometric word.

Q:=1/q.

Theorem (Prodinger; 1996)
We have,

E(Lyn) ~ ploggn + ®1(loggn) and Var(L,) ~ pqloggn + ®a(logg n),

where @1, ®o are 1-periodic functions.

Theorem (Bai & Hwang & Liang; 1998)

We have,
Ly,—p IOgQ n q

— N(0,1).
\/Pqloggn
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Geometric Words satisfying GRGP
W=wi- Wy
w satisfies generalized restricted growth property (GRGP):

wi < d+ max{wo,...,w;i—1} with wy:=0

and d > 1.
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Geometric Words satisfying GRGP
W=wi- Wy
w satisfies generalized restricted growth property (GRGP):
wi < d+ max{wo,...,w;i—1} with wy:=0

and d > 1.

L,(ld) = # of left-to-right maxima of a geometric word satisfying GRGP.
d=1:
@ 1-to-1 correspondence with set partitions:

{{2,7},{1,3,4},{5,6}} — w=1211332
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-
Geometric Words satisfying GRGP
W=wi- Wy
w satisfies generalized restricted growth property (GRGP):
wi < d+ max{wo,...,w;i—1} with wy:=0

and d > 1.

L,(ld) = # of left-to-right maxima of a geometric word satisfying GRGP.
d=1:
@ 1-to-1 correspondence with set partitions:
{{2,7},{1,3,4},{5,6}} — w=1211332

° Lg) = maximum value = # of blocks
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Distribution of L,(%d)

Dn,k = probability that a word satisfying GRGP has k left-to-right maxima

Michael Fuchs (NCTU)

Maxima in Geometric Words



|
Distribution of Lﬁf”

Dn,k = probability that a word satisfying GRGP has k left-to-right maxima

We have,

n
pn+1k—2pq£ ! ( )(1—q)” 74" pjk-1-

=0
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Distribution of Lﬁf”

Dn,k = probability that a word satisfying GRGP has k left-to-right maxima
We have,

Then,
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|
Distribution of L,(ld)

Dn,k = probability that a word satisfying GRGP has k left-to-right maxima

We have,

n
pn+1k—2pq£ ! < )(1—q)” 74" pjk-1-
0

j:
Then,

P (LY = k) = —Zp "]’D’“ .
k E'n,

Goal: find asymptotics of moment generating function
( L( t) ZP<L(d _k) kt

in a complex neighbourhood of 0.
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Asymptotics of Moment Generating Function (i)
Set

~ _ Zn
L(z,t):==¢€e"* Z mekektm.
n k
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N
Asymptotics of Moment Generating Function (i)

Set "
~ . z
L(z,t) :==e Z an,kektm-
Then, nok
9 d
T T t {—17/ £
L(z,t)+ aL(z,t) = pe Z_Zlq L(¢"z,t).
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Asymptotics of Moment Generating Function (i)

Set
f/(z t) Zan kektz
Then,
d
T T t 0—17 /.40
L(z,t)—i—aL(z?t)—pe Z_Zlq L(q Z,t)

Can be solved with the Mellin transform:

= /00 f(2)2971dz
0

M [f(az);w] = a .M (f(2);w].

because of
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Converse Mapping Theorem

Theorem (Flajolet, Gourdon, Dumas; 1995)
Let the Mellin transform of f(z) exist in the strip (o, 3).

Assume that .4 [f(z); s| can be continued to a meromorphic function on
(av,7y) with B <~ with simple poles at s, - - -

5 Sk-
Then, under some technical conditions,
s —
E Res( A [f(2);s],s = s;)27% + O (277)
as z — . )
Michael Fuchs (NCTU)
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Asymptotics of Moment Generating Function (ii)

Applying the converse mapping theorem gives:

PP 16110

B ~logery (1 + —Xk
o og Xk)Z ,
1og(Q)pe P, (1) () ; (logg e + Xk)
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Asymptotics of Moment Generating Function (ii)

Applying the converse mapping theorem gives:

PP 16110

B ~logery (1 + —Xk
o og Xk)Z ,
1og(Q)pe P, (1) () ; (logg e + Xk)

where xi = 2kmi/log(Q) and

d

Pi(2) =1 - pe' qu_lzza Q(s) = H Pi(q"s)

(=1 £>1

and p; is the unique positive root of P;(z).
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Asymptotics of Moment Generating Function (ii)

Applying the converse mapping theorem gives:

PP 16110

B ~logery (1 + —Xk
o og Xk)Z ,
1og(Q)pe P, (1) () ; (logg e + Xk)

where xi = 2kmi/log(Q) and

d

Pi(2) =1 - pe' Z ¢, Q(s) = H Pi(q"s)

(=1 £>1

and p; is the unique positive root of P;(z).

Finally, note that

= n' . .
L(n,t)=e" Z me,kektm ~ an,kekt ... Poisson heuristic!
m  k ) k
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Asymptotic of Moment Generating Function (iii)

Proposition
Uniformly in a neighbourhood of 0,

E (EL%) B2 (D)o Fy(p0)20(P0) 10841 /60)
q%0 (1) pe P/ (pt) 2 (pr)
" > Tlogg pt + xx)n Xk
> i T(logg po + xk)n =Xk’
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Asymptotic of Moment Generating Function (iii)

Proposition
Uniformly in a neighbourhood of 0,

E (eL;C“t) B2 (D)o Fy(p0)20(P0) 10841 /60)
q%0 (1) pe P/ (pt) 2 (pr)
" > Tlogg pt + xx)n Xk
> i T(logg po + xk)n =Xk’

Corollary
Form > 1,
E(LY — loggn)™ ~ <I>(1)(logQ n),

m

where <I>£,1L) are 1-periodic functions.
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Limit Law of Lgd)
Theorem

Lg) —logg n does not converge to a fixed limit law.
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|
Limit Law of Lg{”

Theorem

lel) —logg n does not converge to a fixed limit law.

Theorem
We have,

L 41 P,
n’ +loggn/(poFy(po)) 4y N (0, 02),
Vioggn

for a constant afl which is > 0 iffd > 2.
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|
Limit Law of L%d)

Theorem

lel) —logg n does not converge to a fixed limit law.

Theorem
We have,

i) e P,
n’ +loggn/(poFy(po)) 4y N (0, 02),
Vioggn

for a constant afl which is > 0 iffd > 2.

Thus, the limit law of L%d) undergoes a phase change from non-existence
for d = 1 to normal for d > 2!
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Maximum Value (i)
d

MY = maximum value of a geometric word satisfying GRGP.
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N
Maximum Value (i)
d

MY = maximum value of a geometric word satisfying GRGP.
d=1. MM = LY.
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Maximum Value (i)

M,(L ) — maximum value of a geometric word satisfying GRGP.

d=1. MM = LY.

Question: does the limit law of Mr(Ld) also undergo a phase change?
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Maximum Value (i)

M,S ) — maximum value of a geometric word satisfying GRGP.
d=1. MM = LY.
Question: does the limit law of Mr(Ld) also undergo a phase change?

Theorem
Form > 1,
E(M — loggn)™ ~ @(d)(logQ n),

m

where <I>£ff) is a 1-periodic function.

Thus, M,(Ld) — logg n does not converge to a fixed limit law.
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Maximum Value (i)

Mé ) — maximum value of a geometric word satisfying GRGP.
d=1. MY =,
Question: does the limit law of M}f’) also undergo a phase change?

Theorem
Form > 1,
E(M — loggn)™ ~ @(d)(logQ n),

m

where <I>£ff) is a 1-periodic function.

Thus, M,(Ld) — logg n does not converge to a fixed limit law.

Answer to above question is NO!
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Maximum Value (ii)

g1 = probability that a word satisfying GRGP has maximum value k.
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Maximum Value (ii)

g1 = probability that a word satisfying GRGP has maximum value k.
We have,

n
An+1k = ZQPe IZ( ) )" ququk 2

J=
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Maximum Value (ii)

g1 = probability that a word satisfying GRGP has maximum value k.
We have,

n

ik = qu’“’ 12( ) )" 74710

J=

With the same method as before:

Proposition

Uniformly in a neighbourhood of 0,

E (er(ld)t)  Po(e)0(€") 11050 2k T 108G po — t/10g @ + i)™
q%Q0(1) > L(logg po + xx)n =X .
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Size of Block containing Largest Element

N, = # of occurrences of maximum value
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NS
Size of Block containing Largest Element

N, = # of occurrences of maximum value

= size of block containing largest element.
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Size of Block containing Largest Element

N, = # of occurrences of maximum value
size of block containing largest element.

Question: does IV, converge to a limit law?
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Size of Block containing Largest Element

N, = # of occurrences of maximum value
size of block containing largest element.

Question: does IV, converge to a limit law?

Theorem
Form > 1,

E(N;") ~ Um(loggn),
where V., are 1-periodic functions.

Thus, N,, does not converge to a limit law.
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Size of Block containing Largest Element

N, = # of occurrences of maximum value
size of block containing largest element.

Question: does IV, converge to a limit law?

Theorem
Form > 1,

E(N;") ~ Um(loggn),
where V., are 1-periodic functions.

Thus, N,, does not converge to a limit law.

Answer to above question is again NO!
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Summary

Seventh Cross-straight Conference on Combinatorics and Graph Theory:
E(LY) = E(MV) ~ logg n + & (logg n).

| listed results for higher moments and limit laws as open problem.
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Summary

Seventh Cross-straight Conference on Combinatorics and Graph Theory:
E(LY) = E(MD) ~ logg n + @1 (logy n).
| listed results for higher moments and limit laws as open problem.

These open problem were solved by F. & Javanian (2015):

parameter m-th central moments limit law
1@ { d =1 : periodic { d =1 : does not exist
" d>2:0 ((logn)™?) d > 2 : normal
Méd) periodic for all d > 1 does not exist for all d > 1
N, periodic does not exist
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