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Abstract

The Shapley value and the fair proportion index of phylogenetic trees have been introduced recently
for the purpose of making conservation decisions in genetics. Moreover, also very recently, Hartmann
(2013) has presented data which shows that there is a strong correlation between a slightly modified
version of the Shapley value (which we call the modified Shapley value) and the fair proportion index.
He gave an explanation of this correlation by showing that the contribution of both indices to an edge of
the tree becomes identical as the number of taxa tends to infinity. In this note, we show that the Shapley
value and the fair proportion index are in fact the same. Moreover, we also consider the modified
Shapley value and show that its covariance with the fair proportion index in random phylogenetic trees
under the Yule-Harding model and uniform model is indeed close to one.

1 Introduction and Definitions

The Shapley value, a parameter long studied in cooperative game theory, has recently been suggested as a
prioritization tool for taxa in phylogenetics; see Haake, Kashiwada and Su [3]. However, this parameter
has the drawback that its definition is relatively complicated making its computation complicated as well.
Therefore, other (more simple) measures have been introduced. One of them is the fair proportion index
for which a high correlation with the Shapley value was observed by Redding, Hartmann, Mimoto, Bokal,
DeVos and Mooers [7].

This correlation was further investigated by Hartmann [4] who produced a lot of data which showed
that the correlation index between a slightly modified version of the Shapley value (which we call the
modified Shapley value) and the fair proportion index approaches one as the number of taxa tends to
infinity. He also gave an (heuristic) explanation of this phenomenon by showing that the contribution of
both parameters to an edge becomes equal when the number of taxa becomes large.
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In this note, we will further investigate the relationship between the Shapley value and the fair propor-
tion index. We will show that they in fact coincide. Moreover, we will also show that Hartmann’s modified
Shapley value is indeed highly correlated to the fair proportion index under both the Yule-Harding model
and the uniform model.

Before we give more details, we fix some notations. First, throughout this note, a phylogenetic tree T’
is a rooted binary tree, which is a rooted tree whose nodes have either two or zero children. Moreover, we
assume that the tree is a plane tree which means that an ordering is specified for the children of each node.
Accordingly,

and

are different trees. This definition differs from the standard definition of phylogenetic trees, where one
normally assumes that the tree is non-plane and that the leaves are labeled; see for instance Semple and
Steel [8]. However, this difference is irrelevant for the scope of the current study, as is frequently the case
for probabilistic studies of phylogenetic trees; e.g., see Chang and Fuchs [1].

We continue introducing notations needed below. The nodes of a phylogenetic tree having zero (resp.
two) children are called external (resp. internal) nodes. The taxa of a phylogenetic tree are the external
nodes (sometimes also called leaves) of the tree. The left (resp. right) subtree of a tree is the tree rooted at
the left (resp. right) child of the root.

The size of the tree will be the number of taxa and we will assign a weight to every edge e which
will be denoted by A\, A\ € R. In the sequel, we will also consider random phylogenetic trees under the
Yule-Harding model and uniform model. These models will be briefly reviewed in Section 3; for more
details see [1].

Now, we are going to give definitions of the two parameters above. Fix a phylogenetic tree 1" of size
n, i.e. with n leaves. Moreover, fix a taxon a of T'. Then, the fair proportion index is defined as

FPr(a) =) %,

where the sum runs over all edges e on the path from the root to a, D, denotes the number of taxa that are
descendants of edge e and ). is the weight on edge e.
For the reader’s convenience, we give an example. Consider

which is a phylogenetic tree of size 3, where )., is the weight on edge e,;. Consider a which is the leftmost
taxon of this tree. Then there are two edges e, es on the path from the root to @ and D., = 1, D, = 2.
Thus, FPr,(a) = A, + e, /2.

Next, we define the Shapley value as

SVr(@) = - 3 (1]~ )i — [S)IPDr(S) ~ PDr(S\ {a}), n
" S,aeS



where the sum runs over all sets of taxa containing a and PD(S) is the sum of weights of the edges of the
ancestor tree of S (the smallest spanning tree containing .S and the root). Here, PD is short for phylogenetic
diversity, which is a common measure of biodiversity; see [4]. If S is empty, we set PD7(S) = 0. Note
that the singleton set S = {a} is included in the definition of the Shapley value (i.e., the sum runs over all
S witha € Sand [S| > 1).

We continue to use 73 as an example to show the computation of SV, (a). There are four sets of taxa
in T3 that contain a which are S; = {a}, So = {a, b}, S35 = {a,c} and S, = {a, b, c}. It follows that

PDr,(S1) — PD7y(S1\ {a}) = Ae; + Aey,s
PDr,(S2) — PD7, (52 \ {a}) = Aoy
PDr,(S5) — PDr, (S5 \ {a}) = )\61 + Ae>
PDz,(S4) — PDr,(Ss\ {a}) =

and therefore by definition SV, (a) = A, + Ae, /2 = FPrp,(a). In Theorem 1, we will prove that the latter
equality is not a coincidence, i.e., SVy(a) = FPr(a) holds for every phylogenetic tree T of size n and
every taxon a of 7', namely the Shapley value is equal to the fair proportion index.

We will also consider a modified Shapley value, denoted by SV (a), which is defined as

SVr(a) = =5 3 (18] = Dl ~ [SPPDr(S) — PDr(S\ {a})). @

S,aeS
152

Comparing with (1), we have

SVy(a) = V() + 227

For the particular case \. = 1 for every edge e in T, PDr(a) is the depth of taxon « in the tree T, i.e., the
length of the path from a to the root in the tree 7'. The modified Shapley value is the one which apparently
was used in [4] (the definition in [4] does not make it very clear).

We conclude the introduction with a brief sketch of the paper. In the next section, we show that the fair
proportion index and the Shapley value are identical. In Section 3, we consider the fair proportion index
of random phylogenetic trees under the Yule-Harding model and uniform model and derive asymptotic
expansions for mean and variance. In Section 4, we use these results together with results for the depth to
show that the correlation coefficient of the fair proportion index and the modified Shapley value tends to
one as the number of taxa tends to infinity. We will finish the paper with a conclusion.

2 Fair Proportion Index = Shapley Value.

In this section, we will show that the fair proportion index and the Shapley value are actually the same. As
in the previous section, we will fix a phylogenetic tree 7" of size n. Let 7; and 7T, denote the left and the
right subtree of the tree T". We will assume throughout this section that the size of 7; is j (and consequently,
the size of 7). is n — 7). Finally, we assume that a is a taxon in 7; and denote the left edge of the root by e;
see Figure 1.

Clearly, the fair proportion index can be computed recursively by computing it first for the edge e and
then computing it in the left subtree. This yields the following proposition.

Proposition 1. We have,

Ae
FPT(CL) = 7 —+ FPTl (a)



Figure 1: A phylogenetic tree 1" with subtrees 7; and 7. of size j and n — 7, respectively. The node a is a
taxon in the left subtree 7;.

We now show that the Shapley value satisfies the same recurrence.

Proposition 2. We have,
Ae
SVT(CI) = 7 + SVTZ(G).

Before proving this result, we state a lemma which is needed in the proof.

0650

Proof. This identity can be proved by using the combinatorial interpretation of the binomial coefficients.
Let M,, ; be the family of sequences a,as - - - a,, such that a; = 0 or a; = 1 for every ¢ and there are j 1’s
contained in the sequence ajas - - - a,,. It is well-known that | M,, ;| = (?)

Now, for any sequence s152---s, € M, ; and m with 1 < m < j, we consider the position of
the m-th 1 in the sequence s;5s5 - - - s,. Suppose that s, = 1 is the m-th 1 in the sequence sys5--- s,
for some k, 0 < k£ < n — j. Then, we can decompose the sequence s;ss - - - 5,, into two subsequences
5159 Smak—11 and Sp,4k11 - - - S, such that the subsequence s159 - - - S;1x—11 contains k 0’s and m 1’s
and the subsequence S, x+1 - - S, contains (n — j — k) 0’s and (j — m) 1’s. So, the number of sequences
189+ + 8, in M,, ; such that s, 3 = 1 is the m-th 1 is counted by (m+,f_1) (2__?__:) By summing over all
k, (3) follows. 1

Lemma 1. We have,

forany 1l <m < j.

Proof of Proposition 2. For any set S; of taxa contained in the left-subtree 7; and a € S, we consider
Ag, ={S:5=5US,,S, is any set of taxa contained in the right subtree 7, or S, = 0 }.
It follows that for any S € Ag,, we have

PD7(S) — PDr(S\ {a}) = PDr(S5 U S;) = PDr((S U S;) \ {a})
= PDr(5)) + PDr(S,) — PDz(S5; \ {a}) — PDz(S;)
= PDz(S)) — PDr (S \ {a}). (4)



On the other hand, for any set S that contains a, there is a unique way to write S = S; U .S, where .5,
(resp. S;) is the set of taxa contained in the left (resp. right) subtree 7; (resp. 7;.) and a € \S;. This implies
that S € Ag, and hence

U Ag, ={S :a € 5,5 is aset of taxa in the tree 7'},
S

where the (disjoint) union runs over all the subsets S; of taxa contained in the left subtree 7; and a € S;.
The last property and (4) imply that

SVr(a) = Z (IS] = Dl(n — [SPUPD7(S) — PDr(S\ {a}))
S,aeS
Z > (1SI = Dl(n — [SPIPD7(S) — PD7(S \ {a}))
sl a€S; SeAs,
= 2 % > (181 = Dl —[S])! | (PD2(S) — PDr(S; \ {a})), )
5;,a€8; " SeAg,

where the first sum (from left to right) runs over all the sets S; of taxa from the left subtree 7; with a € S;.
We now simplify the expression inside the bracket as follows

] Z (I1S] = Din = |SP! = Z (151 + 15[ = D(n = [Si] = [5:])!

SEASZ S,
S=SUS,

where the second sum (from left to right) runs over all the sets .S,. of taxa from the right subtree 7,.. Since
the right subtree 7). has n — j taxa, we have 0 < |S,| < n — j for any S, and therefore

O D (R CARS R TR A

Sr
S=S51US

1
- — (ISi] + k= Di(n — | Si| - k)
|kZ( ) ! t

n—j

(|1Si| + k= D)l(n—|S)| — k)!
kl(n—j—k)!

k=0

_ <nn s - - sy (917 (5

_(SI= DG = IS i
j'

Y

where we used Lemma 1 in the last step.
Plugging this into (5) yields

SVr(a) = = 37 (81 = DG — [SIDPDL(S) — PDr(Si\ {a})), ©)

’ S1,a€S;



where the sum runs over all the sets S; of taxa from the left subtree 7; with ¢ € 5).
Now, note that for S; # {a}, we have

PDr(51) = PDz (S \ {a}) = PDz;(51) — PD7,(S; \ {a}) ()
since the edge e in Figure 1 is counted in both terms on the left-hand side. Moreover,

PDr({a}) = Ac + PDg,({a}), (8)
where A, comes from the edge e in Figure 1. Plugging (7) and (8) into (6) yields

SVr(a) = 2+ =5 3 (1] = DI = ISDPDr(S) ~ PDx (S {a}).

’ S1,a€S)]

This proves the claim. 1
We can now state the main result of this paper.

Theorem 1. The fair proportion index and the Shapley value are identical, i.e.,
FPT(CL) = SVT(CL)

Proof. This follows from the above two propositions, together with the initial condition FPr,(a) =
SVr,(a) = A, where T, is the tree of size 2. |

3 Fair Proportion Index of Random Phylogenetic Trees

In what follows, we assume that A\, = 1 for all edges e. Moreover, from now on, we will consider random
phylogenetic trees of size n and denote by F'P,, the fair proportion index of a random taxon (where a taxon
is picked uniformly from the set of all taxa).

We first consider the Yule-Harding model [ 1] which is defined by a tree evolution process: the tree
grows by choosing at random one of the leaves and replacing it by a cherry (an internal node with two
children). We stop when a tree with n external nodes is constructed. This is the top-down construction
of a phylogenetic tree of size n under the Yule-Harding model. Alternatively, a bottom-up construction
can be used: start with n external nodes and successively choose a random pair and coalesce the two
nodes; stop when only one node (the root) is left. It is clear that the random models arising from these two
constructions are the same.

We next recall some basic properties of this model; for details see [ |]. First, the size of the left subtree
I, is uniformly distributed on {1, ..., n — 1}. Moreover, if I, is fixed, then both left and right subtrees are
again random phylogenetic trees under the Yule-Harding model which are independent.

Using these properties and the same recursive procedure for computing the fair proportion index as in
the last section, we obtain that, forn > 2and 1 < 53 <n —1,

1
-+ FPy, with probability j/n;
FP,|(I, =j)=<¢7 4 )
-+ FP,_;, with probability (n — j)/n,
n—y

where FP; = 0. From this recurrence, we will deduce the following result.



Theorem 2. For the fair proportion index of a random phylogenetic tree under the Yule-Harding model,

we have 9
E(FP,) =2 - —

n
and

Consequently, as n — o0,
E(FP,) ~ 2 and Var(X,,) ~ 10 — 7 = 0.130395 - - -

Proof. We first prove the result for the mean of F'P,,. Therefore, observe that for any phylogenetic tree 7'
of size n, we have
ZFPT(a) =2n — 2,

where the sum runs over all the taxa a of T". This identity is easily explained: for every edge e that is
the ancestor of j taxa, we have D, = j and the edge e contributes exactly j - 1/j = 1 to the summation
> . FPr(a). Thus, >, FPr(a) is equal to the number of edges in the tree 7" of size n, which is 2n — 2.

The above identity now yields
2

1
FP,) = EZFPT(a) =2-=

since we consider a random taxon which is uniformly chosen from the set of all taxa.
For the second moment, we use (9) which yields, for n > 2,

n—1 . 2 . 2
1 1 n— |
E(Fpg):n_1§:<%E(3+ij) + nj]E(n_j+FPn j>)

Jj=1

where E(FP?) = 0. This recurrence can be simplified into
n—1
n(n — DEFP2) =8(n— 1) — 6H,_; +2 > jE(FP?),

Jj=1

where H, = Z?:l 1/j denotes the n-th harmonic number. By computing the difference of successive
terms of the sequence {n(n — 1)E(FP?)},~,, we obtain, for n > 1,

B(FPy) — B(FP,) = n(n8+ 1) n2(n6+ 1)

Iterating it yields

n—1

n—1
6 8 1 14
E(FP2) = =8———6) ———=14-6HP, - — 10
( G+1) 32(j+1)) n P+ 1m0

=1

<.

~ 14 — 72, (11)

where H\” = > i1 1/7% and we used lim,, HY =72 /6. From this, our result for the variance follows
by subtracting the square of the mean. |



For our considerations below, we need the moments for the depth D,, of a random taxon in a tree of
size n, where the depth is defined as the distance from the randomly chosen taxon to the root. Note that
similar to the fair proportion index, we have the following recurrence, forn > 2and 1 < j7 <n — 1,

, 1+ D;, with probability j7/n;

1+ D,_;, withprobability (n — j)/n,
where D, = 0. Then, with exactly the same method as above, we obtain the following result.

Proposition 3. For the depth in a random phylogenetic tree under the Yule-Harding model, we have
E(D,) =2H, — 2

and
Var(D,,) = 2H,, — 4H® + 2.

Consequently, as n — oo,
E(D,,) ~ Var(D,,) ~ 2logn.

Remark 1. For the above asymptotics, we used the elementary fact H,, ~ logn.

Remark 2. The above result can also be obtained from the well-known results for the unsuccessful search
in random binary search trees (which are known to be equivalent to random phylogenetic trees under the
Yule-Harding model); see Section 2.4 in Mahmoud [5].

Now, we turn to the uniform model which assigns the same probability to every phylogenetic tree of
size n. It is well-known that the number of phylogenetic trees of size n is the (n — 1)-th Catalan number
C,,—1. This implies that under the uniform model the size I,, of the left subtree has the distribution

Ci1Cho1j

P([n:j): C,1 9

where 1 < 7 < n — 1. Moreover, again once the size of the left subtree is fixed, both left and right

subtrees are independent random phylogenetic trees under the uniform model. As a consequence, the fair

proportion index again satisfies (9) with the only difference that 7, is replaced by the distribution above.
Before starting with our analysis, we recall that

. 1—V1—-4z 1 [(2n 4"
O(x) =) Gt =——5— and C":n+1<n>”\/m’

n>0

(13)

where the above asymptotics follows either from Stirling’s formula or, alternatively, from C(z) by singu-
larity analysis; for the latter standard tool from analytic combinatorics (which will be also used below) see
Chapter VI of Flajolet and Sedgewick [2].

We will now prove the following theorem.

Theorem 3. For the fair proportion index of a random phylogenetic tree under the uniform model, we
have, as n — oo,

2
E(FP,)=2——~2 and Var(FP,) ~ 12In2 — 8 = 0.317766 - - - .
n



Proof. First, observe that the mean is the same as for the Yule-Harding model

2
E(FP,) =2— —
(FP,) =2 - =
since under both models, we consider a random taxon which is uniformly chosen from the n taxa.

Next, for the second moment, we obtain from (9) the following recurrence, for n > 2,

2y ol ijlcnflfj j 1 2 n — j 1 2
E(FP2) =Y I (2R (= 4+FP; | + E +FP,._;) |,
" Cnfl n j ’ n n _] ’

j=1

where FP; = 0. Set X,, = 1/n + FP,,. Then, forn > 2,

n—1

3—4n .

nCn,1 (E(X?l) + n2 ) =2 Z; Cj,lcnflfij(X?), (14)
J:

where X; = 1. In order to (asymptotically) solve this recurrence, we use generating functions. Therefore,

set
F(z) = Z nC, 1 E(X2)2""1.

n>1
Our aim is to translate (14) into an identity for the generating functions C'(z) and F'(z) and then employ
the singularity analysis method to estimate (X ?). First, observe that

F(z)—1
ZnC’n,llE(Xg)z”’2 = —(Z)
V4
n>2

and

3—d4n , 5, 1 1 3lnz /1 -4z 3 1++v1—4z
ZCn—l 2 ==+ =+ - +—=h|——m=]) .
n z 22 222 22 222 1—+1-4z
This is the generating function of the left-hand side of (14). Next, note that the generating function of the
right-hand side equals 2C'(z) F'(z). Thus, by equating and solving for F'(z), we obtain that

1 3lnz +1 3 ! (1—1-\/1—42)

— — - — n :
21 =4z  2zy/1 -4z 2z 221 -4z 1—+v1-14z

From this, by singularity analysis and (13)

F(z) =

" F(2)

E(X) = —— .

~12In2 — 4.

Consequently,
3—4n

s— ~12In2 —4.
n

E(FP?) = E(X2) +
The claimed result for the variance follows from this and the result for the mean. 1
Again, with the same method, a similar result for the depth (which again satisfies the same recurrence
(12) as that under the Yule-Harding model) can be obtained.

Theorem 4. For the depth in a random phylogenetic tree under the uniform model, we have, as n — o0,

4n71
E(D,) = o 1~/ and  Var(D,) ~ (4—m)n
nln—1
Remark 3. The depth for internal nodes (which correspond to ancestors) was also considered; see, e.g.,

Meir and Moon [6] for the mean.




4 Correlation between fair proportion index and modified Shapley
value

In this section, we consider the moqivﬁed Shapley value of a random taxon in a random phylogenetic tree
of size n which will be denoted by SV,,. Similarly, the Shapley value will be denoted by SV,,. Recall that
since A\, = 1 for every edge e in the random phylogenetic tree, we have

_ D,
FP,, =SV, and SV, =SV, + 0 (15)

where D, is the depth from the previous section.
We again first consider the Yule-Harding model for which we have the following result for the correla-
tion of FP,, and SV,,.

Theorem S. For the correlation coefficient of the fair proportion index and the modified Shapley value of
a random phylogenetic tree under the Yule-Harding model, we have, as n — oo,

p(FP,,,SV,) ~ 1.
Proof. From (15),
Cov(FP,,SV,) = Var(FP,) — w.
Using the results from the previous section, we have
Cov(FP,, D,,) < (Var(FP,)Var(D,))"? = O(y/logn). (16)
From this, we obtain that, as n — oo,

Cov(FP,,SV,) ~ Var(FP,,).

Similarly,

Var(D,) N Cov(FP,, D,)

2

Var(SV,,) = Var(FP,,) + ~ Var(FP,,).

n n
Thus, the claimed result follows. 1
Remark 4. In fact, Cov(FP,,, D,) under the Yule-Harding model can be computed explicitly by solving
its recursion. First, by definition

Cov(FP,, D,) = E(FP,D,) — E(FP,)E(D,).

From Section 3, we know the expectations E(FP,,) and E(D,,). It remains to compute the expectation
E(FP,,D,,) which satisfies, for n > 2,

E(FP,D,) = — i - nz_l (%E ((1 +Dy) G - FPj)) 4 ; Ig ((1 + D) (ﬁ - FPnj)> >

j=

which can be simplified as

n

(2)E(FPnDn) = HZ(QHJ» +2j — 3+ jE(FP;D;)).

J=1

10



Again by computing the successive terms of the sequence {(})E(FP, D,,)},>1, we obtain that

2(2H; + 2i — 3)
iti+1)

which leads to

~— 4H; 4H, 2
= - -6+ —
—i(i+1) n n
2 4 272
—4HP 6+ =+ — ~ T 6= 0579736 .
n 3

Our final result of the paper is that the correlation coefficient of fair proportion index and modified
Shapley value under the uniform model tends to one, too.

Theorem 6. For the correlation coefficient of the fair proportion index and the modified Shapley value of
a random phylogenetic tree under the uniform model, we have, as n — oo,

p(FP,,,SV,) ~ 1.

Proof. This follows with the same proof as for the Yule-Harding model. |

Remark 5. Again, one can derive a more precise result for Cov(FP,, D,). Therefore, observe that
E(FP, D,,) satisfies, for n > 2,

1 C,_.C j 1
E(FP,D,,) = M_E(l_i_D <_+FP>)
w0, - 5 el (T (e (L,

; +n;JE((1+Dm> (nij—i_FPnj))).

By setting X,, = 1/n + FP,, and using E(D,,) = anl E(FP,) =2 — %, we have, for n > 2,

- nCp_1
n—1
nC_ . . =3 (O _
2 1E<XnDn) = Z(?] — 1 —|—jE(Xij))Cj_1Cn_j_1 —|— — 2 ! (17)
j=1

Next, consider the generating function
G(z) =Y nCE(X,Dy)2"""
n>2
Then, (17) can be translated into

(1 1_\/1_742)0(@ (1—\/@)2‘

1 1
=~ log(l—42) — —(1 - VI—42) +
z

2 2 4z 42y/1 — 4z
By performing singularity analysis on G(z), we finally get
n—1 G
E(FP,D,) = %M ~log n + 2y/mn.
nln_1

Therefore,

Cov(FP,, D,,)) = E(FP,D,,) — E(FP,)E(D,) ~ log n.

11



5 Conclusion

In a recent paper, Hartmann [4] observed that the modified Shapley value and the fair proportion index are
highly correlated and gave an explanation for this phenomenon. In this note, we proved that the Shapley
value coincides with the fair proportion index. Moreover, we also considered Hartmann’s modified Shapley
value for which we (asymptotically) computed the correlation coefficient with the fair proportion index for
random phylogenetic trees under the Yule-Harding model and the uniform model. For both models, the
correlation coefficient tends to one as the tree grows which explains the observations made in [4].
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